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SOME HECKMAN-OPDAM HYPERGEOMETRIC FUNCTIONS
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ABSTRACT. The Heckman-Opdam hypergeometric functions of type BC ex-
tend classical Jacobi functions in one variable and include the spherical func-
tions of non-compact Grassmann manifolds over the real, complex or quater-
nionic numbers. There are various limit transitions known for such hypergeo-
metric functions, see e.g. [dJ], [RKV]. In the present paper, we use an explicit
form of the Harish-Chandra integral representation as well as an interpolated
variant, in order to obtain two limit results, each of them for three continuous
classes of hypergeometric functions of type BC which extend the group cases
over the fields R, C, H. These limits are distinguished from the known results
by explicit and uniform error bounds. The first limit realizes the approxima-
tion of the spherical functions of infinite dimensional Grassmannians of fixed
rank; here hypergeometric functions of type A appear as limits. The second
limit is a contraction limit towards Bessel functions of Dunkl type.

1. INTRODUCTION

The theory of hypergeometric functions associated with root systems provides
a framework which generalizes the classical theory of spherical functions on Rie-
mannian symmetric spaces; see [H|, [HS] and [O2] for the general theory, as well
as [Sch] and [NPP] for some more recent developments. Here we consider the
non-compact Grassmannians G, ,(F) = G/K over one of the (skew-) fields F =
R, C,H, where G is one of the indefinite orthogonal, unitary or symplectic groups
SOo(q,p), SU(q,p) or Sp(q,p) with p > ¢, and K is the maximal compact sub-
group K = SO(q) x SO(p), S(U(q) x U(p)) or Sp(q) x Sp(p), respectively. The
real rank of G/K is ¢, and the restricted root system A(g,a) is of type BC. Let
Fpc (A, k;t) denote the Heckman-Opdam hypergeometric function associated with
the root system

R=2-BC, ={+£2e;,+4e;,4+2¢; £ 2¢; : 1 <i < j < q} CRY,

with spectral variable A € C? and multiplicity parameter k. The spherical functions
of G/K = Gp, (F), which are K-biinvariant as functions on G, are then given by

O (ar) = Fpe(iX, kp;t) (t € RY)
with A € C? and multiplicity
ky = (d(p —q)/2,(d —1)/2,d/2)
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corresponding to the roots +2e;, £4e; and 2(+e;*e;) respectively; here d € {1, 2,4}
denotes the dimension of R, C,H over R; see [R2] and Remark 2.3 of [H]. In [R2],
the product formula for spherical functions,

(9)d(h) = /K o(gkh)dk (g.h € G),

was made explicit in such a way that it could be extended to a product formula for
the hypergeometric function Fpc with mulitplicity £, corresponding to arbitrary
real parameters p > 2g — 1. This led to three continuous series of positive product
formulas for Fpe corresponding to F = R, C, H as well as associated commutative,
probability-preserving convolution algebras of measures (hypergroups in the sense
of [J]) on the BC,-Weyl chamber

Cq:{t:(tl,...,tq)Equtl2...th20}.

On the other hand, the spherical functions of G/K have the Harish-Chandra inte-
gral representation

Rla) = [ P00y, N e oz =

see [Hel] or [GV] for the general theory and Section 2 for details in our particular
case. The Harish-Chandra integral was made explicit by Sawyer [Sa] for the real
Grassmannians G, ,(R). In the present paper, we extend Sawyer’s representation
to general F and further reduce it to a form which allows an extension from the
spherical case with integers p > 2q to a positive integral representation for the three
classes of hypergeometric functions Fgc as above, with arbitrary real parameters
p > 2¢—1, the rank ¢ being fixed. This (in part) generalizes the well-known integral
representation of Jacobi functions, which are the hypergeometric functions of type
BC in rank one (see [K1]). We also give an analogous integral representation for
the corresponding Heckman-Opdam polynomials.

Our integral representation (Theorem 2.4) for the spherical functions of G, ,(F)
is closely related to those for the spherical functions of the type A symmetric
spaces GL(q,F)/U(q,F). In particular, we obtain immediately that for p — oo, the
spherical functions of G, 4(F) tend to the spherical functions of GL(¢,F)/U(q,F),
a result which was proven recently by completely different methods and in more
generality in [RKV], see also the note [K2] for the polynomial case. As described in
[RKV], this limit transition realizes the approximation of the Olshanski-spherical
functions of infinite dimensional Grassmannians of fixed rank ¢ over IF, which can
be naturally identified with the spherical functions of GL(q,F)/U(q,F).

As a main result of the present paper, we shall deduce from our explicit integral
representation a result on the rate of convergence (Theorem 4.2): the convergence
of the bounded hypergeometric functions Fgc, with multiplicities depending on p
as above, is of order O(p_l/ 2) for p — oo, uniformly on the chamber C, and locally
uniformly in the spectral variable. Moreover, a corresponding result is obtained
in the unbounded case. It seems that these results cannot be obtained by the
methods of [RKV]. Corresponding results for ¢ = 1, i.e., for Jacobi functions, can
be found in [V2]. We also mention that our convergence results are related to
further limits, e.g., to limits in [D] and [SK] for multivariate polynomials as well as
to the convergence of (multivariable) Bessel functions of type B to those of type A
and related results for matrix Bessel functions in [RV2], [RV3]. We point out that
these convergence results with error bounds may serve as a basis to derive central
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limit theorems for random walks on the Grassmannians G, ,(F) when for fixed rank
q, the time parameter of the random walks as well as the dimension parameter p
tend to infinity in a coupled way. For results in this direction we refer to [RV3],
[V2].

In generalization of the contraction principle for Riemannian symmetric spaces,
Heckman-Opdam hypergeometric functions can be approximated for small space
variables and large spectral parameters by corresponding Bessel functions of Dunkl
type. This was first proven in [dJ] by an asymptotic analysis of the Cherednik
system; see also [RV1]. In the present paper, we shall use the integral representation
of Theorem 2.4 in order to obtain this approximation in our series of BC-cases
(which include the spherical functions on Grassmannians), again with an explicit
error estimate. For the case ¢ = 1 and the use of the error estimate in the proof of
central limit theorems we refer to [V2] and references cited there.

We finally mention that the Harish-Chandra integral in Proposition 5.4.1 of
[HS] for the K-spherical functions of the symmetric spaces U(p, q)/(U(p) x SU(q))
over C may be used to derive an explicit integral representation for Heckman-
Opdam hypergeometric functions of type BC for a different class of parameters
than considered here. For such cases, associated convolution structures have been
derived in [V3].

The organization of this paper is as follows: In Section 2 we treat the Harish-
Chandra integral representation for the spherical functions of G, ,(F) as well as for
the associated three continuous series of Heckman-Opdam hypergeometric func-
tions. In Section 3 we deduce the convergence of the spherical functions of G, 4(F)
to those of GL(q,F)/U(q,F) as p — oo. Section 4 is then devoted to explicit esti-
mates for the rate of convergence. In particular, in order to obtain a uniform rate
for t € Cy, we need a technical result on the convex hull of Weyl group orbits of the
weighted half-sum p of roots which will be proven separately in an appendix (Sec-
tion 6). The quantitative contraction estimates between hypergeometric functions
of type BC and Bessel functions of type B will be presented in Section 5.

2. AN INTEGRAL REPRESENTATION FOR SPHERICAL FUNCTIONS ON (GRASSMANN
MANIFOLDS AND HYPERGEOMETRIC FUNCTIONS OF TYPE BC

In this section, we extend Sawyer’s ([Sa]) integral representation for spherical
functions on real Grassmannians and deduce an explicit integral representation
(Theorem 2.4) for three continuous series for hypergeometric functions of type BC.

Let F be one of the (skew-) fields R,C,H and d = dimgF € {1,2,4}. On T, we
have the standard involution = — Z and norm |z| = (zz)'/2. By M, ,(F) we denote
the set of ¢ x p matrices over F, also viewed as F-linear transformations from F? to
F4, which are considered as right F-vector spaces. We write M, (F) = M, ,(F).

We consider the Grassmannians G/K = G, ,(F) where G is one of the groups
SOo(p,q),SU(p,q) or Sp(p,q), and K is the maximal compact subgroup K =
SO(p) x SO(q), S(U(p) x U(q)), Sp(p) x Sp(q), respectively. Note that G is the
identity component of SU(q,p;F), where U(q,p;F) is the isometry group for the
quadratic form

‘371‘2 +.o.+ ‘5‘7q|2 - |$q+1‘2 e |37p+q|2
on FPT4. In the same way, K is a subgroup of U(q,F) x U(p,F) where
U(q,F) = {X € M,(F): X*X = I,}
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is the unitary group over F; here X* = X' denotes the conjugate transpose. The
Lie algebra g of G consists of the matrices

A B
X = (B* D) € MP+Q(F)

with blocks A = —A* € M,(F) and D = —D* € M,(F) satisfying trA + trD = 0,
as well as B € M ,(F). Let £ be the Lie algebra of K and g =t@®p the associated
Cartan decomposition of g, with p consisting of the (g, p)-block matrices
0 X
X = (X* 0) . X € My,(F).
In accordance with [Sa], we use as a maximal abelian subspace a of p the set of
matrices

0q><q t OqX(p*Q)
Hy = t Ogxq Ogx (p—q)
Op-axa Ow-a)xa Ow-a)x(r—q)
where t = diag(t1,...,t,) is the diagonal matrix corresponding to ¢t = (t1,...,t,) €

RY. We remark that our present notions are adjusted to those of [Sa] (with p and
q exchanged), and are slightly different from those used in [R2].

The restricted root system ¥ = X(g,a) of g with respect to a consists of the
non-zero linear functionals « € a* such that

go={X €g:[H X]=a(H)X YH € a} # {0}.

In our case, the root system is of type B, if F = R and of type BC,; if F = C
or H. The multiplicities m, = dimg g, can be found e.g. in table 9 of [OV]. We
shall need an explicit description of the root spaces. For this, define f; € a* by
fi(Hy) =t;, i =1,...,q. We shall write matrices from g in (g, ¢, p — ¢)-block form.
By E;; we denote a matrix of appropriate size which has entries 0 except in position
(i,7), where the entry is 1. Notice that E;; - A = A - E;; for A € F. The following
list of roots is easily verified by block multiplications; in the real case, it matches
Theorem 5 of [Sa].
(1) a = +f;, 1 < i < q. The root space g, is given by go = {XE(\): A €
F,r=1,...,p—q} with
0 0 AE;,
Xt =1 o 0  £\E;,
XEM' :FXEM 0
The multiplicity of a is m, = d(p — q).
(2) a==x(fi — f;), 1 <i<j<gq.In this case, go = {Y;(A) : A € F} with
+(AEij —AEji)  AEi; +AE;; 0
Y;]i(/\) = )\Ez‘j + )\Eji :E()\EZJ - )\Eji) 0
0 0 0
The multiplicity is m, = d.
(3) a==%(fi+ f), 1<i<j<q Here go ={Z;()): A € F} with
+(\Eij — AEji)  —AEij +XEj;; 0
ZEN) = | —XEji +AEy;  +(AEj —AEy) 0
0 0 0
Again, the multiplicity is m, = d.
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(4) @« = £2f;, 1 < i < g. This family of roots occurs only for F = C,H. The
root spaces are given by g, = {\- I/Vii :ANEF, A= —)\} with

Ei 0 FEy
wE=1 0 0 0
+E; 0 —E;

In order to obtain a unified notion, we consider o« = +2f; also a root if
F = R, with multiplicity zero. Then my, =d — 1 for F =R, C, H.
In our unified notion, ¥ is of type BCj, in all cases, with the understanding that
0 may occur as a multiplicity on the long roots. As usual, we choose the positive
subsystem
ZJr :{fi72fi?1 SZSQ}U{flifJ, 1 SZ<J Sq}
Then the weighted half-sum of positive roots is

1 1. d ‘
pBC = pBC () — 5 > maa = Z(i(p+q+2—22) ~Ufi.  (21)
aEX i=1
Let
n= > ga
aEeX

and N = expn, A = expa. Then A is abelian, N is nilpotent, and G = KAN is
an Iwasawa decomposition of G. The spherical functions of G/K are given by the
Harish-Chandra integral formula

P (ar) = / A=PPO @R gf ) € a. (2.2)
K
where H(g) € A denotes the unique abelian part of g € G in the Iwasawa decom-
position G = KAN (see e.g. [GV]), and
cosht sinht 0
a; = exp(H;) = | sinht cosht 0 (2.3)
0 0 I
with cosht = diag(cosht,,...,cosht,), sinht = diag(coshty,...,cosht,).
We shall identify af with C? via A — (A1,..., ) for A € af given by A(H;) =
I Mty A €C
In order to state a more explicit form of the Harish-Chandra integral above, we
need some further notation. For a Hermitian square matrix A = (a;;) over F we
denote by A(A) the determinant of A, i.e. the product of its eigenvalues (which are
real) and by A, (A) = A((a;j)1<i,j<r) its r-th principal minor, see [FK] for details.
We introduce the usual power functions on the cone
Q, = {x € My(F) : x = z*, x strictly positive definite},
(cf. [FK]), Chap.VIL1.): For A € C? = af, and = € Q,, we define
Ax(z) = Ap(x)M 722 A ()M A A ()M (2.4)

We also define the projection matrix

I, )
0p 1= € M, ,(F).
<0(p—q)Xq pa(E)

The following result generalizes Theorem 16 of [Sa].
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Theorem 2.1. For the Grassmannian G, 4(F), the spherical functions (2.2) are
given by
& (ar) = / Aoy (o (k))dk, A € CO
K

u 0
0

x¢(k) := (coshtu + sinht ogvog)*(cosht u + sinh t ojvog) € Q.
Proof. We closely follow [Sa]. Let

where for k = < > € K with we U(q,F),v € U(p,F),

1 Iy Ogx(p—q) Jq _
S = ﬁ . Iq OqX(p—q) *Jq with Jq = (§i,q+1,j)i7j € Mq(F)

Op—q)xq ‘/ilpfq Op—q)xq
Notice that S*S = I,;4. Using the explicit form of the root spaces above, one
checks that S* XS is strictly upper triangular for each X € n. Thus for n € N, the
matrix S*nS is upper triangular with entries 1 in the diagonal. Furthermore,

S* exp(H;)S = diag(e, ..., el 1,...,1,e b ... e ™)
with p — ¢ entries 1. Consider g = kexp(Hy)n € KAN and let 1 <r < ¢. Asin
the proof of Proposition 14 of [Sa], we calculate the principal minors

A (S g*gS) = A((S*nS)*(S* exp(2H;)S)S*nS) = ettt

4 B) , the upper left

Writing ¢ = kexp(H¢)n in (g,p)-block form as g = (C D

q % g-block of S*¢g*¢gS becomes

(A+ Boy)*(A+ Bog) with g9 = ( Iy ) € M, 4(F).
O(p—a)xq
Thus
A, ((A+ Bog)*(A+ Boy))

1
t, = 5 log (2.5)

AT,1<(A + BO’())*(A + BO'())) ’
with the agreement Ay := 1. Notice that this generalizes Proposition 14 of [Sa],
and that the arguments of A, and A,_; belong to the cone 2, because ¢S is
non-singular.

Now consider g = a;k with k = (u 0

0 ) € K. We have

atk = | sinht cosht 0 0 v . N
0 0 I,

By (2.5), this gives

A(H (ask) ﬁ( (k) ))/\T/z = Ay ja(we(K)),

r—1 r 1 5L’t(

cosht sinht 0 . (u O) B (coshtu sinhto'gfu)

which proves the statement. O

For p > 2¢ we may reduce the integral in Theorem 2.1 by techniques from [R1],
[R2]. For this, consider the ball

By ={w e My (F) : w'w < I},
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where A < B means that B — A is (strictly) positive definite. Define also the
probability measure m,, on B, given by

1
dmy,(w) = s A = wrw)PY Y duw, (2.6)
P

where )
’y::d(qu)Jrl,

dw is the Lebesgue measure on the ball B, and
Kpd/2 = / A(I — w*w)PY?*7 dw. (2.7
Bq

Notice that m,, is a probability measure on B,.

By Up(q,F) we denote the identity component of U(q,F). Notice that U(q,F) =
Uo(q,F) for F = C,H, while Up(¢q,R) = SO(q). With these notions, we obtain the
following integral representation:

Corollary 2.2. Let p > 2q be an integer. Then the spherical functions (2.2) can
be written as

o7 (ar) = / Airpicy 2(gr(u, w)) dmy(w)du (2.8)
Uo(q,F)x Bq

where du denotes the normalized Haar measure on Uy(q), and
gi(u,w) = u~'(cosht + sinhtw)*(cosht + sinhtw)u.

The same formula holds with the argument g;(u,w) replaced by
gi(u, w) = u~'(cosht + sinhtw)(cosht + sinht w)*u.

Proof. In a first step, we replace the integral over K in Theorem 2.1 by an integral
over Uy(q,F) x U(p,F). This is achieved in the same way as for the integral (2.5)
in [R2]; it is important in this context that the argument x:(k) depends only on
the upper left ¢ x g-block of v. Lemma 2.1 of [R2] then gives the first formula with
the argument (coshtw + sinhtw)*(coshtu + sinhtw) instead of g¢(u,w), which is
then obtained by a change of variables w — wu.

For the proof of the second equation, notice that for a := cosht + sinht - w €
M,(F), the matrices a*a and aa* have the same eigenvalues with the same multi-
plicities. Therefore, a*a = vaa*v* with some v € U(q,F) for F = R,C. In fact,
this also valid for H. To check this, write a € M,(H) as a = a1 + jas for complex
matrices a1, as € My(C), and form

Xa i= ( _(1(;2 gj ) € M, (C).
The mapping x : My(H) — Ms,(C), a — X4, is a *-homomorphism of algebras,
and xixe and xgX; have the same eigenvalues as a*a and aa™ respectively with
the doubled multiplicities; see the survey [Zh]. Thus, a*a and aa™ have the same
eigenvalues with the same multiplicities, and hence a*a = vaa*v* with some v €
U(gq, H).

Using a*a = vaa™v* for some v € U(q,F), we see that for each fixed w € B,

/ Ain 2 Gt s w))du = / Air 2 (uvaa® v u)du = / Air—py/2(g(t 1, w))du.
Uo(g,F) Uy (q,F) Uo(q,F)
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This yields the second equation. O

We now identify ¢t € C, with the matrices a; € G as above and regard the
spherical functions ¢4 above as functions on the Weyl chamber C,. With this
agreement we now extend the integral representation (2.8) above from integer pa-
rameters p > 2¢ to arbitrary real parameters p > 2¢ — 1. For this we fix F (and
thus d = 1,2, 4) and define the functions

A (t) == Fpc(iX, kpst) (teCy AeC¥) (2.9)
with
kp = (d(p — q)/2,(d = 1)/2,d/2),
which are analytic in p with Re p > ¢. Note that for integers p, the functions
@8 are precisely the spherical functions (2.2). For the extension of the integral

representation, we shall employ Carlson’s theorem on analytic continuation which
we recapitulate from [Ti], p.186:

Theorem 2.3. Let f(z) be holomorphic in a neighbourhood of {z € C: Rez > 0}
satisfying f(z) = O(e*) on Rez > 0 for some ¢ < w. If f(2) = 0 for all
nonnegative integers z, then f is identically zero for Re z > 0.

We shall prove:
Theorem 2.4. Let p € R with p > 2q — 1. Then the functions (2.9) satisfy

o2 (1) = / Ain ey 2 (ge () dimp(w)du (2.10)
Bq XUo(q,F)

for all A € C? and t € Cy, where again the argument g may be replaced by g: as
in Corollary 2.2.

Proof. We first observe that both sides of (2.10) are analytic in p and A. In order
to employ Carlson’s theorem to extend (2.8) to p €]2¢ — 1,00[, we need a suit-
able exponential growth bound on Fpc w.r.t. p in some right half plane. Such
exponential estimates are available only for real, nonnegative multiplicities; see
Proposition 6.1 of [02], [Sch], and Section 3 of [RKV]. We thus proceed in two
steps and closely follow the proof of Theorem 4.1 of [R2], where a product formula
is obtained by analytic continuation. We first restrict our attention to a discrete
set of spectral parameters A for which Fp¢ is a (renormalized) Jacobi polynomial
and where the growth condition is easily checked. Carlson’s theorem then leads to
(2.10) for this discrete set of parameters A and all p €]2¢g — 1, 00[. In a further step
we fix p €]2¢ — 1, 00[ and extend (2.10) to all A € C9.

Let us go into details. We need some notation and facts from [02] and [HS]. For
R = 2. BC, with the set R} of positive roots, consider the weighted half-sum of
positive roots

a

p(k) = % Z kla)a = Z(kl + 2ko + 2k3(q —7))e; (2.11)
acRy i=1
as well the c-function
- P(a) £ 3KE)  p T(e(h),a”) + 1h(3) + k)
08 = 1 e k@ T rGman + k)

(2.12)
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with the usual inner product on C? and the conventions oV := 2a/{a,a) and
k(§) = 0 for § ¢ R. The c-function is meromorphic on C? x C*. We consider
the dual root system RY = {av : « € R}, the coroot lattice QV = Z.R", and
the weight lattice P = {\ € R? : (\,a") € ZVa € R}. Further, denote by
P.={leP:(\aY)>0Vac R} the set of dominant weights associated with
Ry. In our case, P = C, N 2Z%. According to Eq. (4.4.10) of [HS], we have for
k >0 and A € P, the connection

Fpo(A+ p(k), ki) = c(A+ p(k), k) Px(k; t) (2.13)

where the Py are the Heckman-Opdam Jacobi polynomials associated with BCj,.
We also consider the specific multiplicities k, := (d(p — q)/2,(d — 1)/2,d/2) and
the associated constants p(k,) = pP¢ as in (2.1). With these notations we obtain
from (2.13) and (2.9) that the integral representation (2.10) can be written as

) — 1 . 1 ok, \pd/2—
Palkpit) = c(A+ p(kp), kp) Kpasa /Bq /Uo(q,]F) Bavalarlu,w) AlT-w™w) duwdu
(2.14)
Exactly as in the proof of Theorem 4.1 of [R2], it is now checked that both sides
of (2.14) are, as functions of p, of polynomial growth in the half-plane {p € C :
Re(pd/2) > ~—1}; we omit the details. We may therefore apply Carlson’s theorem
to (2.14), and this proves (2.10) for p with Re(pd/2) > + — 1 and all spectral
parameters of the form —i(\ + p(k,)) with A € Py.
We next fix p € R with p > 2¢ — 1 (in which case k), is nonnegative) and extend
(2.10) with respect to the spectral parameter A. According to Proposition 6.1 of
02,

|FBC(A, kp’ t)| S |W|1/2emaxwew Re (u})\,t>

where W is the Weyl group of BC,. Let Cg denote the interior of C, and H' :=
{AeC?: Rel € C0}. Then

Re(w, t) < Re(\,t) for Ne H,teC,, weW.

Now fix t € C, and p as above, and choose a vector a € Cg sufficiently large. Then
(2.10) for the spectral parameter A + p(k,) is equvalent to

€_<A’a+t>¢zii(/\+p(kp))(t) Z/B . e~ AL 1o (g (u, w)) dimy (w)du.
qXUolq,

The left hand side remains bounded for A € H’'. Moreover, for a € Cg sufficiently
large,
sup |e_<A’“+t>

' A)\/2(gt(uaw))| < 00,
(u,w)€Up(q,F) X Bg;A€H'’

which proves that also the right hand side remains bounded for A € H'. By a g-fold
application of Carlson’s theorem we thus may extend the preceding equation from
A€ Py to € H'. A classical analytic continuation now finishes the proof. O

The above proof reveals in particular the following integral representation for
Heckman-Opdam polynomials of type BC:

Corollary 2.5. Let k, = (d(p—¢)/2,(d—1)/2,d/2) withp € R, p > 2q— 1. Then
the Heckman-Opdam polynomials of type BC, with multiplicity k, have the integral
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representation
1

P)\ k ;t = T i~
(hpi 1) c(A+ p(kp), kyp)
Here A € P, = C;N2Z4 and

ge(u,w) = ut(cosht + w* sinh#)(cosht + sinhtw)u

/ Ay j2(g¢(u, w))dmy(w)du  fort € C2.
BgxUo(q,F)

Remark 2.6. For the limit case p = 2q — 1, a degenerate version of the integral
representation (2.10) is available. For this we follow Section 3 of [R1].

We fix ¢ and consider the matrix ball B, := {w € My(F) : w*w < I,} as above
as well as the ball B := {y € F¢ : |[jy[l = (39, 7,5;)"/? < 1} and the sphere
S:={yeF?: |yl =1}. By Lemma 3.7 and Corollary 3.8 of [R1], the mapping

Y1 ;
Y2 (g — yiy)'?
P(y1,. . yq) := : (2.15)

Yg(lg — y;—lyq—l)l/Z (I — yTyl)l/Q

establishes a diffecomorphism P : BY — B,. The image of the measure dm,(w)
under P~! is given by

ly; [13) P02y, L dy, (2.16)

Thus for p > 2¢q — 1, the 1ntegra1 representation (2.10) may be rewritten as

(bp(t) - / / A ix—pBC)/2 gt 'U, P 7||«y || d(p q— j+1)/2 ldy
3O = Lo St D000 1:[

(2.17)
where dy,, . . ., dy, means integration w.r.t. the Lebesgue measure on F9. Moreover,

for p | 2¢ — 1, (2.17) and continuity lead to the following degenerated product
formula:

_ 1
() P - / / / Arpie)jage(u P)) -
K(2¢q-1)d/2 JBa-1 J5 JUy(g,F)

qg—1
T = Ny 1372y, . dyg -y do(y,) dw (2.18)
Jj=1

where o € M(S) is the uniform distribution on the sphere S and

q—1
K(2q—1)d/2 Z/B ) /S [T =y l3) =72y, . . dyg—1 do(y,).
q— j:1

2q—1

Notice that the ¢1?" " are the spherical functions of the Grassmannian Goq_1 4(F).

3. THE CONNECTION WITH SPHERICAL FUNCTIONS OF TYPE Aq,1

We shall compare the spherical functions of the Grassmannians G, ,(IF) with the
spherical functions of the symmetric space Py(F) = G/K with G = GL(q,F), K =
U(q,F). It is well-known that G has the Iwasawa decomposition G = K AN where
A =expa, a ={H =t,t= (t1,...,t;) € R?} and N is the unipotent group

. dygdw
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consisting of all upper triangular matrices with entries 1 in the diagonal. The
restricted root system A(g, a) is of type Aq_1, with a positive subsystem given by

Ay ={fi—fi:1<i<j<q}

Here the multiplicity is m, = d for all @« € Ay and the weighted half-sum of
positive roots is

q
d
A .
=N " Z(gr1-2)f;.
p ; 5(a+1-20)f
Again, af may be identified with C? via A — (A1,...,Ay) for A € af given by
AHy) =32 Aty A € C. We briefly recall the further well-known calculation,
which is similar to the Grassmannian case: For g = kexp(H;)n € K AN one obtains
A, (g*g) = 2ttt and thus

Ar(g%9)
Arfl (g*g)

If g = ask with a; = exp(H;) = et and k € K, then g*g = k~'e?'k. The spherical
functions of G/K = P4(F) are given by

1
tT.zilog (r=1,...,q).

7%\4(6;) = / e(iA*PA)(H(atk))dk’ A\ ey, (3.1)
K
The above considerations lead to the known integral representation

i (et) = / A(iA,pA)/Q(u_le%u)du = / A(i)\,pA)/g(u_le%u)du.
U(g,F) Uo(q,F)
(3.2)
We also remark that the functions wj(‘ can be written in terms of the Heckman-
Opdam hypergeometric function F4 associated with the root system 24, ; =
{£2(e; —e;) : 1 <i < j < g}, as follows:

Y(et) = eTON LRy (n(N),d/2;7(t)) (A e CY, teRY). (3.3)

Here m denotes the orthogonal projection R? — R := {t e R? : t; + ...+ t, = 0};
see Eq. (6.7) of [RKV] and note our rescaling of the root system by the factor 2.

We compare (3.2) with the integral (2.8) for the spherical functions of G, ,(F)
and, more generally, with representation (2.10) for the hypergeometric functions
¢§7ich. As for p — oo the probability measures m, on B, tend weakly to the
point measure at the zero matrix, we obtain:

Corollary 3.1. The spherical functions of G, (F), and more generally, the hyper-
geometric functions gbz;\ﬂ.ch with p € R, p > 2qg — 1 are related to the spherical
functions of Py(F) by

plggo (bi,ich (t) = wffipA (cosht) (t € RY).

This result was already obtained in Corollary 6.1 of [RKV] by completely dif-
ferent methods, namely as a special case of a general limit transition for hypergeo-
metric functions of type BC. However, the approach in [RKV] seems not suitable
to gain information on the rate of convergence. In the following section, we study
the integral representations (3.2) and (2.8) (or (2.10) for continuous p) in order to
derive precise estimates on the rate of convergence.
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4. THE RATE OF CONVERGENCE FOR p — 00

The main result of this section is Theorem 4.2. It sharpens the qualitative limit
of Corollary 3.1 for the Heckman-Opdam hypergeometric functions ¢ by a precise
estimate of the approximation error. Again, p > 2q — 1 varies and the rank ¢ as
well as the dimension d = 1,2,4 of F are fixed. For convenience, we consider the
type A spherical functions 1/1){‘ as functions on R? and study

Ua(t) == p3 (cosht) = / Agir—paya(u™ coshzju)du. (4.1)
Uo(q,F)

We write
M1 := M|+ ...+ [Ag] for A e CY%
:= min(t;,1) >0 for t = (t1,...,t,) € Cy.

The action of the Weyl group W of type BC,; extends in a natural way to C?. We
write

p=p""(p)
for the weighted half-sum defined in (2.1). Moreover, co(W.p) C R? denotes the
convex hull of the W-orbit of p.

Let us recapitulate the following known properties of ¢4 :

Lemma 4.1. (1) Forallt e Cq, AeCl and p e R withp > q,

’¢A ip
(2) @ is bounded if and only if Im X € co(W.p). In this case, ||¢X]lc = 1.
(3) If A is purely imaginary, then ¢% is real-valued and strictly positive on Cj.

Proof. (1) follows from Corollary 3.4 of [RKV]. For part (2) we refer to Theorem
5.4 of [R2] and Theorem 4.2 of [NPP] (the proof of the only-if-part in [R2] contains
a gap). Part (3) follows from Lemma 3.1 of [Sch]. O

< eMaxwew Im(w,t)

Notice that by Corollary 3.1, the same estimates as in Lemma 4.1 hold for the
function v, _;,4 (t). The following theorem is the main result of this section:

Theorem 4.2. There exists a universal constant C = C(F,q) as follows:
(1) Forallp>2¢q—1,t€ Cy and A € CY,
H)‘Hl -t max m(w
‘917,\ io —Pr_jpa ()‘SC- 0 . eMaxwew Im(wA,t)

(2) Let p > 2g— 1, t € Cy, and X\ € C? such that Im X\ — p is contained in
co(W.p), i.e., ¢§4p is bounded on Cy. Then

M-t
Reip(t) = Va—ipa (t)’ <C. ||p|1|}2

In particular, for these spectral parameters A the convergence is uniform of
order O(p~*/2) int € C,.

We briefly discuss this result in the rank one case ¢ = 1. Here the Heckman-
Opdam functions ¢% are Jacobi functions ¢>\ oB)
More precisely,

M) =¢(t)  with a=dp/2, B=d/2—1,d=1,2,4

as studied in Koornwinder [K1].
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and p=a+ 8+ 1=d(p+1)/2. Furthermore,
w}\(t) _ ei)vln(cosht) _ (COSh t)i)\
independently of d, and p* = 0. Thus, Theorem 4.2 implies for ¢ = 1 the following

Corollary 4.3. There exists a constant C > 0 as follows:
(1) For p=-1/2,0,1, allt € [0,00[, @« >0, and A € C,

‘fb,\ f) ~ (cosh t)* Al m\;%(t,l) lm ALt

(2) Let B =-1/2,0,1,t € [0,00[, « >0, and A € C with Im X € [0,2p]. Then

[A| min(¢, 1)

Ja .

Remarks 4.4. (1) For ImA =0 and all g > —1/2, Corollary 4.3(2) was proven
in [V2]. The proof there relies on the well-known integral representation for
the Jacobi functions for « > 8 > —1/2 in [K1] and is similar to that given
here. Corollary 4.3 (2) for Im A = 0 is used in [V2] to derive a central limit
theorem for the hyperbolic distances of radial random walks on hyperbolic
spaces from their starting point when the number of time steps as well as
the dimensions of the hyperbolic spaces tend to infinity. Similar results can
be derived from Theorem 4.2 for g > 2.

(2) Corollary 4.3 corresponds to the convergence of the known one-dimensional
Jacobi convolutions *(4,5) to a semigroup convolution on [0,00[ in [V1]
where the multiplicative functions of the limit semigroup are precisely the
functions ¢t — (cosht)™; i.e., the convergence of the convolution structures
*(a,) for a — oo corresponds to the convergence of the multiplicative
functions. The same picture appears for ¢ > 1; see [R2] for the explicit
convolution and [RKV] for the corresponding limit transition. In [K2], a
corresponding result for polynomials was derived.

(3) There are similar limit results to those of Theorem 4.2 for Dunkl-type Bessel
functions of types A and B, and for Bessel functions on matrix cones with
applications in probability; see [RV2], [RV3].

<C-

’gbf\a fp) — (cosh t)™

<C-

We now turn to the proof of Theorem 4.2. In fact, our main result is essentially
a consequence of Lemma 4.1 and the following technical variant of Theorem 4.2:

Theorem 4.5. For each n € N there is a constant C = C(F, q,n) such that for all
p>2¢—1,t€Cyand A € C9,

N N P
B ip () =amipn (0] € O (a5 402 i (05 ) 00

Notice that the functions ¢, on the right side take positive values by Lemma
4.1. In fact, Theorem 4.2(1) follows immediately from Lemma 4.1(1) and Theorem
4.5 with n = 1. For the proof of Theorem 4.2(2), consider A € C? with Im\ — p €
co(W.p). As ¢& is W-invariant in the spectral variable A and the mapping A — —\
is an element of W, we may assume without loss of generality that ImA—p € —C|, .
Now choose €y = €p(g) > 0 according to the following Lemma 4.6, and choose n € N
such that € := (2n — 1)7! < ¢y. Lemma 4.6 below for y := Im A — p thus implies
that

2n
2n—1

ImA—p=(1+e)ImA—p=(1+€)y+ep € co(W.p).
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This fact, Lemma 4.1(2), and Theorem 4.5 then lead to Theorem 4.2(2) as claimed.

Lemma 4.6. For each dimension q there exists a constant €9 = €p(q) > 0 such
that for all 0 < € < €, all p in the interior of Cy, and all y € co(W.p) N (—C),

(1+€)y +ep € co(W.p).

The proof of this lemma will be postponed to an appendix at the end of this
paper. We here only mention that for ¢ = 1,2 the lemma can be easily checked
with €9 = 1 at hand of a picture, but for ¢ > 3 the situation is more complicated,
and the lemma is then no longer true with ¢y = 1.

We now turn to the technical proof of Theorem 4.5. We decompose it into several
steps. We first recall the integral representation (2.10),

0= [ Al w) dmy(w)da (42)
Bq JUo(q,F)
with the probability measure dm,, as in Section 2 and
gt(u, w) = u*(cosht + sinhtw)(cosht + sinh t w)*u. (4.3)
In order to analyze the principal minors Ay, ..., A, appearing in the definition of
the power function A;y /2, we use the singular values o1(a) > ga2(a) > ... > 0g4(a)

of a matrix a € M, ordered by size, i.e., the square roots of the eigenvalues of a*a.
We need the following known estimates for singular values:

Lemma 4.7. For all matrices a1,a2 € My(F) andi=1,...,q,
loi(a1 + az) — oi(a1)| < o1(asz) and oi(ay - az) < oi(ar)or(ag).

Proof. For F = R, C we refer to Theorem 3.3.16 of [HJ]. The case F = H can be
reduced to F = C by the same arguments as in the second part of the proof of
Corollary 2.2. O

Lemma 4.8. Forte Cy, w € By, u € Up(q,F) andr =1,...,q,

A (ge(u, w))

A, (gt(u,0))
Proof. We write the matrix g;(u, w) as

gt(u,w) = b(I +w)(I +w*)b* (4.4)

€ [(1 —tor(w)*, (1 +to1(w)*], with t:=min(t;,1).

with
b:=u*cosht, w:= (coshz)*1 sinht-w = tanht-w
The inequalities of Lemma 4.7 imply for i = 1,..., ¢ that
1—o0;(I+w)|=lo;(I)—0o;(I +w)| <o1(w)=oy(tanht - w)
< oy(tanht) - o1 (w).
As 0 < tanhz < min(z,1) for £ > 0 and « — tanhz is increasing, we conclude
that B
oi(tanht) < min(ty,1) =t
and thus B
1 —o;(I+w)| < t-o1(w) €]0,1]. (4.5)
This implies for 1 = 1,...,q that
(1- t~01(w))2 <o;(I+ 117)2 <(1+ fal(w))2. (4.6)
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This leads to the matrix inequality
(1 —toy (w)?T < (I +@)(I +w*) < (14 toy (w))?I,
and thus
(1 —toy (w))? bb* < b(I + @) (I + T*)b* < (1 + tor(w))? bb*.

As for Hermitian matrices a,b with 0 < a < b the determinants satisfy 0 < A(a) <
A(b), we finally obtain

A (b(I 4+ @) (I +@*)b*) € [(1 — oy (w))* An(bb%), (1 + tor (w))* A (bb%)]  (4.7)
as claimed. [l

For the next step in the proof of Theorem 4.5 we use the integral representation
(4.1),

i () = Aw Aun o (™" (cosh 1)%u)du

/u/ i 2§ (1, 0)) iy (w) . (4.8)
Uo(q,F)

Using Lemma 4.8, we estimate the difference of the integrands in (4.2) and (4.8).
We shall obtain the following result.

Lemma 4.9. Let t € R? and A € C%. Then for alln € N,

~ 1
|¢>\ Zp — Yr—ipa ()| < 8q|[A|l1 t- (W/
P

1/2n
o1 (W) A(I — w*w)Pd/2—2n dw)
Bq

2n—1 2n—1
: (d)fgz iImA—ip(t> n ‘Hﬁszﬁ ilmA—ip4 (t) n )

T 1

Proof. We write the difference
D= ‘Aix/z(ﬁt(%w)) — Aix2(9:(u, 0))‘

of the integrands in (4.2), (4.8) as D = |e® — €”| with
q

Z()‘r = Arg1) - In Ar(ge(u, w))

r=1

a:=at,\,u,w) =

N | .

and
q

Z()‘T = Arg1) - In Av(ge(u, 0))

r=1

with the agreement A\;y; = 0. We further write the functions o, 8 as o = a1 + g
and 8 = B + if82 with oy, as, B1, 82 € R. By elementary calculus, we obtain

)

B =Bt A u) = 5

|ea _ eB| _ \60”“0‘2 _ 661+i[32‘ < ‘eiaz| . |ea1 _ 661| + ePr . |eia2 _ ez‘Bz|
< e — M|+ V2P |az — By
<l = Bil - (€ + ™) + VR(e™ + e™)laz —
< 2-]a— B (e + ). (4.9)

We have
la— B8] < ||A|l1 - _Inax |lnA (g(t,u,w)) — In A, (g(t, u, O))|
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Hence we obtain from Lemma 4.8, together with the elementary inequality

2] for |z| <1 (4.10)

[In(1 +z|<
— 7]

and with ¢ € [0, 1] that

= oi(w)
<IN - 2¢t - —————.
<Al - 2g T o)

— B < |A 2
a1 < 20 E2
Furthermore, as 1 > o1(w) > ... > o4(w) > 0 for w € B, we have

1 2 u 1 2
< <2 = . 4.11
1-—01(w) ~ 1—01(w)? — 71;[1 1—0o.(w)? A —ww) (411)
We thus conclude that
D < 2(e® 4+ )| — B] < 8q(e* + eP1)|I Z.ﬂ.
< 2(e M) — 4] < Ba(e™ + oA T g7
By this this estimate and Holders inequality we obtain
@5y (1) = a_ipa (B)] < (4.12)
= o1 (w)
< 8q||)\||1t~/ (e + M) —————dm,(w)du
By xUo(q,F) Al —wrw)

2n

1/2n
< [ S
SqlAL T /AI 2 mdmpw)

2n—1
X [(/ e%(’“dmp(w)cho + (/ eﬁﬂldmp(w)cho
BoxUo(g,F) By xUo(q,F)

2n—1

2n ]

2n

In view of (4.2) and (4.8), the [...]-term in the last two lines is equal to
2n—1 2n—1
¢iiﬁlﬂm,\_ip(t) 2 +1/}272L’j1i1m)\7ip'4 (t) R
and the lemma follows. O

The estimate of Theorem 4.5 is now a consequence of Lemma 4.9 and the fol-
lowing result:

Lemma 4.10. For each n € N there is a constant C = C(F, q,n) > 0 such that for
all p > 2q,
C
—d < —.
/AI w*w) mP(w)_p”

Proof. We transform the integral in the lemma. The diffeomorphism P : B¢ — B,
introduced in Remark 2.6, where B is the ball B := {y € F9: ||y|l» < 1}. We recall

from [R1] that for w = P(yl,...,yq) one has A(I — w*w) = ;1=1( lly;113)-
With (2.16) in mind, we obtain
1 1 o Con
R(p) = / a1(P(y1,---,1q))? H 1= |ly; 13)1PmamI T2 ).
Kpd/2 JBa j=1
(4.13)

Moreover, the j, j-element (ww*);; of ww* satisfies

(ww*); =y (T—yiy)? (I =y y—) P =y )2 (T —yiy) Py
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As the hermitian matrix I — y*y has eigenvalues in [0, 1], it follows readily that
0 < (w*);; < ;13 and hence

w)? <

q
j=

q
(ww”)j5 < Z [y513-

1

Therefore,

q
w?? < C- Yyl
j=1

with some constant C' > 0. This leads to the estimate

= Z/ ;113" —IIyrH%)d(”*q*T“)/Q’1’2”d(y1,-~-,yq)- (4.14)

“pd/
Using polar coordinates, we obtain for y = y,- and arbitrary « > 0 that
2ya—1 b ode 2ya—1 (Tq)
1—|lyl|5)*  dy = w /m‘k 1—29)*"dex=w
[ =1 dy = vy [ a0 dq”(a“)
I(a)D(n+ %)
2-T(a+n+ %)

1
/B I3 (1~ 1y]3)* " dy = wa / 21 (g2 g —

with the surface measure wg, := vol(S99~1) of the unit sphere in R% as normaliza-
tion constant. These formulas yield that

q
oo = [ T = Iy N, g

Wdq dq 1 (% p g—r+ 1))
(T' ) 1;[ L(d(p—r+1)) (4.15)
and
I;(p) := sz/Q /B lys 157 - TT = My 13) P02 2y, yy) =
I+ 9) I T(d(p—qg—r+1)—2n) 12[ L(d(p-r+1)
r(4) TrEe-—ji+D)-n)IL,TE@-—r+1)—2n) 2T (3(p—qg—r+1)’

From the asymptotics of the gamma function we obtain for p — oo the asymptotic
equality

I(n+ %) rdp\—
2
This implies that R(p) is of order O(p~") for p — oo. O

The proof of Theorem 4.5 is now complete.
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5. CONVERGENCE TO BESSEL FUNCTIONS OF TYPE B

In this section we consider the Heckman-Opdam function ¢4 for fixed p € R with
p > 2q — 1 in a scaling limit. More precisely, we use the integral repesentation of
Theorem 2.4 in order to derive convergence of the rescaled functions ¢¥, p(t/n)
for n — oo to Dunkl-type Bessel functions associated with root system B,. While
such limit transitions are well-known in a general context from the asymptotics
of the hypergeometric system, we here obtain a precise estimate for the rate of
convergence.

To explain the result, let us first recall some facts on Bessel functions from

[FK],[Ka] and [R1].

Multivariate Bessel functions 5.1. Let m = (mq,...,my) be a partition of length
g with integers mi > mo > ... > my >0 and let jm|:=m; + ...+ my. Forz € C
and a parameter a > 0, the generalized Pochhammer symbol is given by

q
1.
@ = [[E-~G-1),,. (1)
J=1 '
For F = R,C,H with d = dimgF and partitions m, the spherical polynomials ®,
are defined by

D () :/U Am(uzuY)du for z € H,(F)

where Ay, is the power function of Eq. (2.4). We also consider the renormalized
polynomials Z,, = ¢y - Py with certain normalization constants ¢y, > 0 which are
characterized by the formula

(tra)f = > Zm(z)  for k€ No, z € Hy(F). (5.2)

|m|=k

By construction, the ®,, and Z,, are invariant under conjugation by U(g, F)
and thus depend only on the eigenvalues of their argument. More precisely, for
a Hermitian matrix € H,(F) with eigenvalues & = (&,...,&;) € RY, we have
Zm(z) = C% (&) where the Cg, are the Jack polynomials of index a := 2/d; see Sec-
tion XTI of [FK] and references cited there. The Jack polynomials are homogeneous
of degree |m| and symmetric in their arguments.

Following Kaneko [Ka] (see also Section 2.2 of [R1]) we define Bessel functions
in two arguments

B (=)=l Ce ()02 (n)
Ju(fﬁn) . Z (Iu)l?tn‘m“ ’ Cﬁ‘q(l, ceey ].)

m

(5.3)

for p € C with (p)&, # 0 for all partitions m and with fixed parameter « := 2/d. A
comparison of (5.3) with the explicit form of the Dunkl-type Bessel functions J2
associated with root system B, in [BF] shows that the Bessel function J, can be
expressed in terms of JZ as
& n ,
Ju(?v ?) = ‘]k‘B(E? Zn)a

with the multiplicity parameter k := k(u,d) :== (u— (¢ —1)d/2—1/2,d/2). For the
details see Section 4.3 of [R1] and [O1] for the general context.
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For certain indices u, the Bessel functions J,, appear as the spherical functions of
the Euclidean-type symmetric spaces Go/K where K = U(p,F) xU(q,F) and Gy =
K x M, 4(FF) is the Cartan motion group associated with the Grassmannian G, 4(F).
The double coset space Gy//K is naturally identified with the Weyl chamber Cj,
with ¢t € C, corresponding to the double coset of (I, I;,t) € Gy. So we may
consider biinvariant functions on Gy as functions on C,. It is well known (see
Section 4 of [R1]) that the spherical functions of (G, K) are given in terms of the
Bessel function J,, as follows:

Proposition 5.2. The spherical functions of (Go, K) are given by the Dunkl-type
Bessel functions
~ A2

oY1) = JP(t,iN) = Ju(? 5), M e C?
with p = pd/2 and k as in Section 5.1. Moreover, (Ef is bounded precisely for

A € R,

The spherical functions of (Gg, K) with dimension parameters p > 2¢ admit a
Harish-Chandra integral representation which can be extended by Carlson’s theo-
rem to all real parameters p > 2¢ — 1 and thus to the corresponding indices u. This
leads to the following

Proposition 5.3. For all real parameters p > 2q —1 and all t € Cy and X € C9,

:/ / e~ Retr(wtud) gy (w)du (5.4)
By JUo(q,F)

with the probability measure m, € M*(By,) of Eq. (2.6). Moreover, for p=2q — 1
and with the notations of Remark 2.6,

Ro= e [ e, H 1y 137y . dy 1oy )
R(2q—1)d/2 JBa-1x5s JU, q]F)
(5.5)

Proof. For p > 2q —1 and X € Cy, the first formula is immediate by a combination
of the integral representations (3.12) and (4.4) in [R1] (in the latter, integration
over U(q, F) may be replaced by integration over Uy(q, F).) The general case A € C?
then follows by analytic continuation.

The singular limit case p = 2¢ — 1 can be derived in the same way as in [R1]; see
also Remark 2.6. We omit the details. (]

A comparison of these integral representations for the Bessel functions 25;” with
the integral representation for the Heckman-Opdam functions ¢ of Section 2 leads
to the following theorem, which is the main result of this section.

Theorem 5.4. For each compact subset K C R? there exists a constant C =
C(K) > 0 such that for allp e R withp > 2g—1, all N € R4, t € K, and alln € N,

1605 (t/n) — () < - 120

Here again, | A1 = [A]+ ...+ [Aql.
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Proof. We only give a proof for the non-degenerate case p > 2¢ — 1. The case
p = 2q — 1 follows in the same way from (5.5) and Remark 2.6.
We substitute w — —u*w* in the integral (5.4) and obtain

gzNSf(t):/B /U( . ei'Re“(“*w*MA)de(w)du.
q olqg,

Moreover, denoting the trace of the upper left r x r-block of a g x g-matrix by tr, ,
we have

N

a
Retr(u*wtu)) = = - Z(U*((Zw)* + tw)w)ry - Ar
r=1

= > [t (tw)* + tw)u) — e (uw (tw)* + tw)u)] - A /2

=3t (tw)* + tw)u) - (A — Ars)/2

with Ag4q := 0. Thus,
q

(gf(t) - / H exp (i - tr, (u* ((tw)” + tw)u) - (Ar — Arg1)/2) dmy(w)du.
Uo(q,F)X By 721

Further, according to Theorem 2.4,

q
it/ = [ T 2 (gt w)) 52072 i ()
Uo(q,F)xBq ;=1
with the positive definite matrix
Gt/n(u,w) = u*(cosh(t/n) + sinh(t/n) - w)*(cosh(t/n) 4 sinh(t/n) - w)u.

Using the well-known estimate

q q
[Te-—1]0
r=1 r=1
we obtain

C = |¢h,_,,(t/n) — SL(1)]

= D B T O e
Z Uo(q,F)x Bq

r=1

q
§Z|ar—br| for a,,b, € {z€ C: |z| =1},
r=1

—exp (i - tr,. (u* ((tw)" + tw)u) - (A\r — Apg1)/2)| dmp(w)du.
Further, by the inequality
‘eizieiy|§\/§.|$7y| for l’,yGR,
we obtain
1
Cc< — A — Api1] - Cr
<% ; | +1
with

C, = / [nIn Ay (gejn (u, w)) — trp (u*((tw)* + tw)u) | dmy (w)du.
Uo(q,F)x By
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We now write g/, (v, w) = I+ A/n+ H/n? with A :=u*((tw)* 4+ tw)u and some
Hermitian matrix H = H(u,w,t,n) which stays in a compact subset of M, for
(u,w,t,n) € Uy(q,F) x By x K x N. Therefore,

nIn A (gejn(u,w)) =nln A (I + A/n+ H/n®) = nln(1 + tr,(A)/n + h/n?)

with some constant h = h(u,w,t,n) € C which remains bounded for the arguments
under consideration. Using the power series for In(1 + z), we get

nln Ay (ge/n(u, w)) — tr.(A) = O(1/n) for n — oo,

uniformly in uw,w and ¢t € K. This yields the assertion. (]

Remarks 5.5. (1) Similar to the results in Section 4, Theorem 5.4 can be ex-
tended from A € R? to A € C? with suitable exponential bounds on the
right side of the estimate.

(2) We point out that one may also compare the integral representation for the
spherical functions of the symmetric spaces GL(q,F)/U(q,F) in Section 3
with the integral representation for the spherical functions JA of (U(q,F)x
H,(F),U(q,F)), where U(q,F) acts by conjugation on the space Hy(F) of
all Hermitian ¢ x g-matrices. In this case, the methods of the preceding
proof lead to a result analogous to that of Theorem 5.4. Moreover, for
real spectral variables A it is possible to combine this result with Theorems
5.4 and 4.2(2), in order to obtain a convergence result for the Dunkl-type
Bessel functions gf to the functions QZA for p — oo with explicit error
bounds, similar to Theorem 4.2(2). However, these results will be weaker
than those which were derived directly in [RV2].

6. APPENDIX: ON CONVEX HULLS OF WEYL GROUP ORBITS

In this appendix we present a proof of Lemma 4.6. We start with some general
facts, where we assume that R is a crystallographic root system of rank ¢ in a
Euclidean vector space (V, {.)) with Weyl group W. We fix a closed Weyl chamber
C, for R and denote by a;,...,a, C R the simple roots associated with Cj;. We
further introduce the dual cone

Cl={zeV:(x,y >0}
It is well-known (see e.g. Lemma IV.8.3 of [Hel]) that for each z € C;f,
coW.x)NCy=Cyn (z—CJ). (6.1)

Lemma 6.1. Suppose that R is irreducible.
(1) Let z,y € Cy\ {0}. Then (z,y) > 0.
(2) There exists a constant €9 > 0 such that the ball B.,(0) = {x € V : ||z|| <
€0} is contained in co(W.x) for each x € Cyq with ||z|| = 1.

Proof. (1) Let Ay,...,A\; € V denote the fundamental weights associated with
ai,...,aq, defined by (\;,a)) = d;; with o = 20, /(;, ;). Then both = and y
can be written as linear combinations of the \; with non-negative coefficients (see
[Hu], Section 13.1). By our assumption on R and Section 13 of [Hu], the weights
Aq satisfy (A;, Aj) > 0 for all ¢, j. We therefore obtain that (z,y) > 0.
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(2) Let Cj := {z € Cy : ||z|| = 1} and consider the continuous mapping (z,y) —
(z,y) on the compact set Cj x C,. By part (1), there exists some ¢y > 0 such that

(z,y) > ¢ forall z,y € C’;.

Now fix # € C; . We claim that B, (0) C co(W.z). For this, let z € B,(0) N Cy .
Then for each y € C’;, we have

(z,y) < e <{x,y).
This shows that = — z € C and z € x — Cf". In view of (6.1), we thus obtain
B, (0)NnCy € co(W.z) N Cy.
The claim is now immediate. (]

We now fix some p € C;; and consider the compact convex set
K :=coW.p)nC,.
We collect some simple facts on the extreme points of K.

Lemma 6.2. (1) The topological boundary 0Cy of Cy is contained in the union
of the reflecting hyperplanes Hy, , . . ., Ho,, associated with the simple reflec-
tions 0qy, ..., 04q,, and Cy is the intersection of q closed half-spaces.

(2) The closed cone p — C’; is also the intersection of q closed half-spaces cor-
responding to hyperplanes Hf, ey H;r.

(3) K is a compact convex polytope which is obtained as the intersection of 2q
closed half-spaces. Moreover, if x is an extreme point of K, then x = 0,
x =p, orx € 9C, NA(co(W.p)).

(4) If x € K is an extreme point different from 0 and p, then there exists
ke {l,...,q— 1} such that x is contained in the g-fold intersection of k
hyperplanes H,,, and q — k hyperplanes Hl+.

Proof. (1) See Section 10.1 of [Hul.

(2) This follows from (1) and the definition of the dual cone.

(3) The first statement is clear by (1), (2) and (6.1). For the second statement,
consider some extreme point z of K = Cy N (p — CF). If z is contained
in the interior of Cy, then it is easily checked that x has to be an extreme
point of the cone p — C’(j which implies x = p. Moreover, if z is contained
in the interior of p — C;’ then by the same reasons, x has to be an extreme

point of Cy and hence x = 0.This yields the assertion.
(4) This follows from (3).
O

Lemma 6.3. Let W1, W5 be reflection groups acting on Vi and Vi respectively.
Let p; € Vi and a; € co(W;.p;) for i = 1,2. Then (a1,a2) € Vi x Vo satisfies
(a1,az2) € co((W1 x W2)(p1, p2))-

Proof. Fori=1,2, wehave a; = Y., cy. Ai,wip; with Xi, > 0and Y,y AL, =
1. Therefore,

(a1,a2) = Z Z Ay Ansy - (w11, w2p2)
w1 €W wa€Wa
as claimed. d
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We finally turn to the proof of Lemma 4.6. As for Weyl groups of type B the
mapping z — —x on R? corresponds to the action of some Weyl group element,
Lemma 4.6 is a consequence of part (1) of the following result.

Proposition 6.4. Consider a root system R of rank q in a Fuclidean space V
with reflection group W C O(V') and a fized closed Weyl chamber C,; in one of the
following cases:

(1) R=By and V =R, or

(2) R = A, and the symmetric group W = S,y1 acts either on V = Rt or

V=(1,...,1)* Cc R in a non-effective or effective way.

Then there exists some ¢y > 0 (depending on R) such that for all 0 < € < ¢,
p€Cy, andy € co(W.p) N Cy,

(1+€)y —ep € co(W.p).

Notice that for fixed y, the point (1 + €)y — ep = y + €(y — p) is opposite to p
with respect to y on the line through y and p, with distance €|y — p|| from y. In
case € = 1, it is obtained from p by reflection in y.

For the root systems A;, B; and By the maximal parameter is ¢ = 1 while in
the reduced As-case the maximal parameter is ¢g = 1/2. In fact, the cases A;, By
are trivial, while the cases As, By follow easily from the following diagrams:

7
p s
e o7
P ’
. .
-7 ! ’
i Yé .
/ :
/ .
L ’ 7

‘I L’ ‘
(Pl (y) qi s (0)

W=B, W=A,

Proof of Proposition 6.4. For the proof of the general case, we fix p € C; and
consider

K :=co(W.p)n(C,
as well as for € > 0, its image K. := ¢.(K) under the affine mapping

by (L+e)y—ep.

Clearly, K. is again compact and convex, and ¢. maps extreme points of K onto
extreme point of K.. For the proof of Proposition 6.4 it suffices to prove that
extreme points of K are mapped to points in co(W.p) for € € [0,€] with ¢ > 0
sufficiently small. For the proof of this statement, we may assume that in addition
lloll2 = 1 holds, and that, by a continuity argument, p is contained in the interior

of Cy.
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We prove Proposition 6.4 by induction on ¢ first for the A,-cases and then for
By, where the A-cases are used. The proposition is clear for A; and B;. Let y € K
be an extreme point. By Lemma 6.2(4), we have 3 cases of extreme points:

If y = p, then ¢.(p) = p, and the claimed statement is trivial.

Moreover, if y = 0, then ¢.(0) = —ep, and the statement follows in all cases with
€0 > 0 as in Lemma 6.1(2).

We now turn to the third case. Assume that S,y; acts on the vector space
V= (1,...,1)+ C RIT! where C, is the closed Weyl chamber associated with the
simple roots

Qa1 =€ —€2,q 1= €2 —€3,...,05 1= €; — €441,
and e, ..., €441 is the standard basis of R, We first study the extreme point
xg € CyNeo(W.p) contained in the intersection of the hyperplanes Hy,, ..., Ha, ; C
Vy and the hyperplane

H:={zeVy: (z,e411) = (p,eq+1)}
which contains the ¢ affinely independent points p, oa,(p),...,0q,_, (p) (notice that
p is in the interior of Cy). We observe that S, as a subgroup of S;41 acts on H by
permutations of the first ¢ components. We now identify H with the vector space
Vy—1 C R? via the affine mapping

(@1, -+, Tgs Pgv1) = (@1 — P41/ - T = Pgt1/Q)-
In terms of this identification, the action of S; on H is just the usual action of
Sy on Vi1 with the simple reflections oq,,...,04,_,- We now regard the points
P, %0, 9e(70), 00, (P); -, 0a, ,(p) € H as points of V,_; and may apply the as-
sumption in the induction for A,_;. This shows that ¢, (x¢) is contained in
co(Sq.p) C co(Sg+1.p) for eg > 0 sufficiently small. This proves the claim for
this extreme point xg.

The case of the extreme point in the intersection of H,,, ..., Hs, and the corre-
sponding hyperplane H containing the g points p, 0o, (p), - . ., 7a,(p) can be handled
in the same way.

For the next type of an extreme point, we fix k =2,...,¢ — 1 and define

Sw=pr+.o+pr=—(pr+1+ .+ pgr1)

We now consider the extreme point xy which is contained in the intersection of the
hyperplanes Hy,, ..., Hay_y, Hayyys - - -, Ho, and the hyperplane
H = {(lEl,...,.’Equl) €Rq+1 R % T RS S/ /7 8 :S, Tp+1+ .-+ Zgt1 :—S} - V:Z
H contains the affinely independent ¢ points p, oo, (p), - -, 0ay_, (P), Tarir (P)s - - Ta, (p)-
We write H as H := Hy x Hy with Hy := {(z1,...,23) €RF: 2y + ...+ 25, = S}
and Hy = {(Tkt1,...,Tq41) € Rk g+ + x441 = —S5} where the group
Sk X Sq4+1—k as a subgroup of Sy acts on H. We now identify H; with V,_, C R
via the affine mapping

p1i (@1, xk) = (o — S/ky . x — S/K),
and Hy with V,_p C R¥H17F via

D2t (Tpt1se s Bgr1) = (Tps1 +5/(q+1—k), ..., 2941+ S/(g+1—k)).

In terms of this identification of H with Vj;_; x V,_, the action of Sy x Sgy1—#
above on H is just the usual action of Sy, X Sq41—x on Viy_1 x Vy_. We now consider
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the Weyl chamber Cy_1 C Vj,_; associated with the reflections o4,,...,04,_,. We
see that p1(p) € Ck—1, and that the points

D1 (p)apl (xO)apl(d)e(xO))a Oay (pl (p))v s Oy g (pl (p)) € Vi1

are related in a way such that we may apply the induction assumption for Ag_;.
We conclude that p;(¢(zo)) is contained in co(Sy.p1(p)) for sufficiently small € > 0.
In the same way, ps(¢e,(z0)) € co(Sg+1-k-p2(p)) for sufficiently small € > 0. In
view of Lemma 6.3 we conclude that there exists some ey > 0 such that ¢.(zg) €
co((Sk X Sqr1-k)-p) C co(Sqs1.p) for 0 < € < € as claimed.

We next study the extreme points zoy with the property that for some k €
{1,...,q—1}, the point z is contained in the k reflecting hyperplanes He s Hay,
with1 < j; <... < jr < ¢+1as well as in the k-dimensional affine subspace H C Vj
which is spanned by the k+1 affinely independent points p, oo, (p),-- -, Oay, (p). As
in the preceding case, we split the problem into several lower dimensional problems
which can be handled separately by induction. Again, by Lemma 6.3 we obtain
some € > 0 such that ¢, (x¢) € co(Sg+1.p) for € < ey. This completes the proof for
the Ag-case.

We finally consider the case B, for ¢ > 1. We assume that C; is the Weyl
chamber associated with the simple roots

Qp 1= €1 —€2,02 1= €2 —€3,...,03_1 = €g_1 — €¢,0g = €.

We here immediately study the general case where for some k € {1,...,q— 1}, the
extreme point zg is contained in the k reflecting hyperplanes Hy; ..., Ha].k with
1<j1 <...<jr <q+1as well as in the affine subspace H C R9t! of dimension
k which is spanned by the k + 1 points p, 0, (), -, Oy, (p). As in the preceding
case, we split the problem into several lower dimensional problems which can be
handled either as a lower-dimensional B-case or as a known A-case. The proof is
again completed by induction and by use of Lemma 6.3. [
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