THE DUNKL-LAPLACE TRANSFORM AND MACDONALD’S
HYPERGEOMETRIC SERIES

DOMINIK BRENNECKEN AND MARGIT ROSLER

ABSTRACT. We continue a program generalizing classical results from the anal-
ysis on symmetric cones to the Dunkl setting for root systems of type A. In
particular, we prove a Dunkl-Laplace transform identity for Heckman-Opdam
hypergeometric functions of type A and more generally, for the associated
Opdam-Cherednik kernel. This is achieved by analytic continuation from a
Laplace transform identity for non-symmetric Jack polynomials which was
stated, for the symmetric case, as a key conjecture by Macdonald in [M13].
Our proof for the Jack polynomials is based on Dunkl operator techniques and
the raising operator of Knop and Sahi. Moreover, we use these results to es-
tablish Laplace transform identities between hypergeometric series in terms of
Jack polynomials. Finally, we conclude with a Post-Widder inversion formula
for the Dunkl-Laplace transform.

1. INTRODUCTION

The Laplace transform is an important tool in various areas of harmonic analysis
and forms a cornerstone in the analysis on symmetric cones, see [FK94]. In partic-
ular, there are important Laplace transform identities between ,Fy-hypergeometric
functions on a symmetric cone, which are given as expansions with respect to the
associated spherical polynomials, c.f. [FK94, Chap.XV]. For cones of positive defi-
nite matrices, such hypergeometric series trace back to ideas of Bochner and were
studied in detail by Herz [He55], where they were actually defined recursively by
means of the Laplace transform. For important further developments see for in-
stance [C63, GR89, Kan93|. Multivariable hypergeometric series have found many
applications in multivariate statistics [Mu82], but also in number theory and math-
ematical physics.

In his unpublished manuscript [M13] from the 1980ies, Macdonald introduced hy-
pergeometric series in terms of Jack polynomials, which include the hypergeometric
functions on symmetric cones as special cases. In this context, he also introduced
a generalization of the Laplace transform for radial functions on symmetric cones,
but many statements in [M13] remained at a formal level.

Radial analysis on symmetric cones is closely related to Dunkl theory for root
systems of type A, and also Macdonald’s concepts have a natural interpretation
within Dunkl theory, because the o Fp-hypergeometric function, which replaces the
exponential kernel in the Macdonald’s Laplace transform, is just a Dunkl-Bessel
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function of type A. The connection of the concepts in [M13] to Dunkl theory was
already observed by Baker and Forrester in their seminal papers [BF97, BF98]
related to the study of Calogero-Moser-Sutherland models.

To become more precise on these connections, consider a symmetric cone 2 =
G/ K inside a simple Euclidean Jordan algebra V of rank n and with Peirce constant
d, which takes only specific integer values. Let F' € L}, () be K-invariant, that is
of the form F(x) = f(spec(x)), where spec(xz) € R with R, =]0, oo denotes the
set of eigenvalues of x ordered by size. Then for y € €, the Laplace transform

LF(y) = /ﬂ e~ P (z)dx

depends only on n = spec(y) € R’} and can be written as
LF(y) = const - e Jas2 (=& ) f(§wasa(§)dE (1.1)
where for k£ > 0,

we(€) = [T16 — &

i<j
and
1 Cx(z;0)Cx(w; ) 1
= Fa = - .
Z |/\‘| C’)\ 1 a) 040 (Z,IU), « k G]0,00]
AeAd

Here A} denotes the set of partitions with at most n parts and the Cy(.;«) are
the (symmetric) Jack polynomials of index « in C-normalization as in Lemma 6.1
below. See e.g. [R20] for some details. On the other hand, it is well-known (c.f.
[BF98] and Remark 6.6) that for arbitrary k > 0, the function Jj coincides with a
Dunkl-Bessel function of type A, _1 with multiplicity k.

Macdonald [M13] considered the Laplace transform (1.1) with the Bessel function
e(z,w) = oF§(z,w) for arbitrary indices o > 0. Many of his calculations were of
a formal nature and rested on the following ”Conjecture (C)” about the Laplace
transform of Jack polynomials: For k£ > 0, let

po :=k(n—1) and A(z sz for z € C"
j=1
and write C)(2) := C\(2; 1) for abbreviation. Then for all A € A}, y € R" and all
@€ C with Rep > po,

[ o C@a@r s = T+ ) G ) A (12)

Here I';,(A) = T'(A\ k) is Macdonald’s multivariate gamma function defined in
formula (3.7) below. In [R20], we gave a rigorous treatment of the Dunkl-Laplace
transform

£7) = [ Bul-so)f@halods

where compared to Macdonald’s version, the Bessel function is replaced by the
Dunkl kernel E}, of type A,_1 and multiplicity k. This transform was already con-
sidered by Baker and Forrester [BF98] and later used in [SZ07], but convergence
issues had remained open for a long time. Formula (1.2) generalizes a Laplace
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transform identity for spherical polynomials on a symmetric cone, which is in turn
a consequence of the following important Laplace transform identity for the gener-
alized power functions Ay, s = (s1,...,s,) € C" with Res; > 2(j — 1) (see [FK94,
Chapter VII)):

/Q e~ WA, (2)A(z) ™/ dz = To(s)As(y™Y) (y € Q), (1.3)

where m is the dimension of the Jordan algebra, A denotes the Jordan determinant
and T'q is the Gindikin gamma function associated with . Taking K-means in
(1.3), one gets the same Laplace transform identity for the spherical functions of
Q, which may be parametrized as

o) :/ Ay(kz)dk, XleC"
K

and depend only on the eigenvalues of their argument. More precisely, for y €
and s € C” as above,

/Qe‘(y'”sos@)A(x)-m/"dx = To(s)es(y™). (1.4)

For parameters A € A7, the ¢, are just the spherical polynomials of {2 given by

_ Cx(spec(z), 2)
ox(z) = T ow?) d

Rewriting (1.4) by means of identity (1.1), one gets formula (1.2) for the particular
multiplicities k = d/2. It is well-known that the spherical functions of 2 can be
expressed in terms of Heckman-Opdam hypergeometric functions of type A,,—1 and
with multiplicity k = d/2, see e.g. [RKV13] for cones of positive definite matrices
over R, C, H.

In the present paper, we shall establish a generalization of formula (1.4) to the
Dunkl setting of type A,,_; with arbitrary multiplicity & > 0. Namely, we obtain in
Corollary 5.4 the following Laplace transform identity for Heckman-Opdam hyper-
geometric functions of type A,_1 and, more generally, for the associated Opdam-
Cherednik kernel Gi: For A € C™ with Re A > -1 and z € C™ with Rez > 0,

Ep(—2,2) G\, 2) A(z) " lwy(@)de = Trn(A+p) Ge(X, 1). (1.5)
RZ

The first step towards the proof of (1.5) will be a rigorous proof of Macdonald’s
Conjecture (C). More generally, we shall prove Dunkl-Laplace transform identities
for the non-symmetric Jack polynomials in the sense of [095, KS97], from which
(1.2) then follows by symmetrization. These non-symmetric identities were already
stated in [BF98], but the proof given there in terms of Laguerre expansions is
involved and not fully carried out. The proof we are presenting here is completely
different and very natural; it is based on a reformulation via Dunkl operators and
is carried out by induction, using the raising operator of Knop and Sahi [KS97] for
the non-symmetric Jack polynomials. The statement for the Cherednik kernel is
then obtained via analytic continuation with respect to the spectral variable, and
for the hypergeometric function it follows by symmetrization.
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Based on the Laplace transform identities for Jack polynomials, we then study
hypergeometric series in terms of Jack polynomials of the form

) e [a]x - - [uplx Cx(2)Cx (w)
pFa(sviz,w) )\GZAJr AR NENAD

(peCPyveCd

as well as their non-symmetric analogues, and we establish Laplace transform iden-
tities between them. This generalizes known results on symmetric cones and settles
several conjectural Laplace transform formulas in [M13]. As a further application,
we finally prove a Post-Widder inversion theorem for the Dunkl-Laplace transform,
which complements a result by Faraut and Gindikin in [FG90] for the Laplace
transform on symmetric cones.

The organization of this paper is as follows: Section 2 provides the necessary
background on the type A Dunkl setting, both in the rational and trigonometric
case. In Section 3, we collect results on the symmetric and non-symmetric Jack
polynomials which will be relevant in the sequel, and we prove the Dunkl-Laplace
transform identities for Jack polynomials. Section 4 contains a digression on some
useful properties of the Opdam-Cherednik kernel for arbitrary root systems. These
will be employed (for type A,,_1) in Section 5, where the Laplace transform identi-
ties for Jack polynomials are extended to the Opdam-Cherednik kernel and to the
hypergeometric function. Section 6 is devoted to the study of Jack-hypergeometric
series, and Section 7 contains the Post-Widder inversion formula in the Dunkl set-
ting.

To avoid notational overload, we shall always suppress in our notations the de-
pendence on the fixed multiplicity parameter & > 0 on the root system A,,_;.

2. THE TYPE A DUNKL SETTING

For a general background, the reader is referred to [D89, dJ93, R03, DX14, 095,
R20, HO21].

We consider the root system A,_; = {£(e; —¢;) : 1 < i < j < n} in the
Euclidean space R with inner product (z,y) = Y. | ;y; and norm |z| = /(z, z),
where the e; denote the standard basis vectors. The inner product (-, -) is extended
to C™ in a bilinear way. The reflection group generated by A, _; is the symmetric
group S,, on n elements. It acts on functions f : R* — C by of = f(o™1).
The (rational) Dunkl operators associated with A,,_1 and a multiplicity parameter
k € C are given by

k e
=T =0+5 Y (087 (€eR)
aEA, 1 ’

where s, denotes the orthogonal reflection in the root . For fixed k, the operators
Te(k), € € R™ commute. Let P := C[R"] denote the space of polynomial functions
on R™. The assignment (-,&) — T¢ has a unique extension to a unital morphism of
algebras ¢ : P — End(P), and we shall write ¢(p) =: p(T).

The Dunkl operators satisfy a product rule: if f,g € C*(R") and one of them is
symmetric, then T¢(fg) = (Tef)g + fTeg.

In this paper, we shall always assume that k > 0. Let E(),-) := Eg(A,) : C" —
C, X € C" be the associated Dunkl kernel of type A,,_1, i.e. the unique holomorphic
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solution of the system
TeE(N, ) = <)\ & E(N,-), foralfeR”
E(A0) =
The associated Bessel function is defined by

J(A, 2) = Jp(A\ 2) = 'Z (N, o2).

cES,
The Dunkl kernel is positive on R™ x R™ and for A\, z € C*,s € C,0 € S,, one has
E(\z)=E(z,)\), E(s\z)=E(\sz), E(oc\oz)=E\z).
Moreover, it satisfies
E(\z+5)=eM B\ 2)
for s € C, where
s:==s-(1,...,1) e C"™.

wa)= [[ |e—a™

1<i<j<n

Let

Dunkl analysis associated with the root system A, _; generalizes the radial analy-
sis on symmetric cones, which just corresponds to the multiplicity values k = d/2,
where d is the Peirce constant of the cone. There is a well-behaved Laplace trans-
form of functions f € L}, (R} ), for arbitrary k > 0, which is given by

Lf(z)= f(@)E(—z,x)w(x)dz,
RY
and was first considered in [BF98]. For € R’} and z € C" with Rez > a for some

a € R™ (which is understood componentwise), the type A Dunkl kernel satisfies the
exponential bound

— < — . mi ) .
[B(=22)] < esp(~ el - min a), (2.1)
see [R20]. Here ||z||, = >_._, |a;|. This estimate, which seems to be exclusive

in type A, guarantees good convergence properties of the Laplace integral. In
particular, we recall the following

Lemma 2.1 ([R20]). Suppose that f : R} — C is measurable and exponentially

bounded according to |f(x)] < Ce*l*In with some constants C > 0 and s € R.
Then Lf(z) exists and is holomorphic on {z € C™ : Rez > s}. Moreover, for each

polynomial p € P, p(—=T)(Lf) = L(fp) on {Rez > s}.
Let us turn to the trigonometric setting. Here root systems are required to be
spanning, and therefore we consider A,,_1 as a subset of
Ry :={zeR" 21 +... +z, =0}
We fix the positive subsystem A | = {e; —e; : i < j}. The (trigonometric)
Cherednik operators on Ry associated with A:_l and a multiplicity parameter
k > 0 are given by

Sa

1_
De = De(Af_ 1, k) =8¢ — (p(Ry), &) + k Z (av, >m7 § R,
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with the Weyl vector

(R+)__p(R+a

Mlk

Z = —- n—ln—3 o, —n+1).
+

-1

The operators De , £ € R commute. Let Cj = R @ (Ry. Due to [095], there exist
an Sp-invariant tubular open neighborhood U of Ry in Cf and a unique holomorphic
function G = Gy, on Cj x (Rf + ¢U) which satisfies the joint eigenvalue problem

DeG(N, ) = (N EG(N,-), forall & €RY
G(),0) =

The function G is called the Opdam-Cherednik kernel associated with A, _1 and
multiplicity k. By symmetrization, one obtains the associated Heckman-Opdam
hypergeometric function

F(\ z) = Fp()\, 2) Z Gr(\, 02)
.UeSn
It is actually S,-invariant in both A and z. According to [KOO08, Theorem 13.15]
(see also [HO21, Cor. 8.6.2]), F' extends to a holomorphic function on C} x (Rf 4i2)
with
Q={zeRy:|z;—z;| <7 foralll<i<j<n},

and the proof of [095, Theorem 3.15] shows that G extends holomorphically to
the same domain. We mention that For k& = d/2 with d = 1,2,4, the func-
tions t — F(X,2t) on R} are naturally identified with the spherical functions of
SL,(F)/SU,(F) with F = R,C,Hj cf. [095, RKV13].

In this paper, we shall work with natural extensions of G and F. In order to define

them, we consider the Cherednik operators D¢ as operators on R", for arbitrary
& eR™
Lemma 2.2. Consider the orthogonal projection m: R" = Rf, z — = — %(x,l) -1.
Then for all £ € R™ and f,g € C*(R"™),

(1) De(fom) = Dy fom.

(2) If f or g is Sn-invariant, then D¢(fg) = f(Deg) + (D¢ f)g + (p(R+),€) fg.

Proof. Part (1) is obtained by a short calculation, using that 9¢(f om) = Oy fom
and that p and all roots are contained in Rfj. Part (2) is straightforward. (]

In order to extend the Opdam-Cherednik kernel, put V' := Q 4+ R1 C R", which

is Sp-invariant with 7(V') = Q. Keeping the notation, we define
G:C"x (R"+iV) = C, G\, 2) 1= en DD G(r(N), 7(2)),  (2.2)
where 7 is canonically extended to a linear mapping 7 : C* — C{. The extended

hypergeometric function F' is obtained in the same way.

Proposition 2.3. The extended Opdam-Cherednik kernel G(\,-),\ € C" is the
unique holomorphic solution on R™ + iV to the system

{D5G< ) = <As> (A,-) forall £ €R"

GO0 (2.3)
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Proof. Since z + =LA/ is S _invariant, it is immediate from Lemma 2.2(2)
that G(A,-) solves (2.3). Assume that f is a further solution in some neighborhood
U’ of 0 € C™. Then for £ € RY, Lemma 2.2 (1) gives

De(fom)=Defom= (A& (fom) = (m(A),&) (fom).

The uniqueness of the Opdam-Cherednik kernel on Rf thus implies that f coincides
with G(7()),-) on w(U’). Finally, for £ = 1 we have D; = 01, and the eigenvalue
equation Dy f = (A, 1)f leads to

) (e—<wl><hl>/" . f) =0 on R".

JRCRVIESY)

Therefore = +— e n f(x) is in each point constant in direction 1, i.e.
ERCHICHY) _{m(x),1H{\D)
e n fla)=e n fw(z) = f(=(z) = G(w(A),7(z))
The result follows by analytic extension. |

3. JACK POLYNOMIALS AND MACDONALD’S CONJECTURE

We first recall some well-known facts about Jack polynomials from [KS97, 10,
St89]. Let A ={A e Nj: )\ > ... > \,} denote the set of partitions of length at
most n. The dominance order on A} is given by

w<p A iff |\ =]ul and Zu]—SZ)\j foralr=1,...,n,
j=1 j=1

where |[A| = Ay + ...+ \,. The dominance order is extended from A} to NI as
follows: For each composition n € N} denote by n; € A} the unique element in
the Sp-orbit of 7. Then the dominance order on Ny is defined by

Ky < K
k<7 iff + SD N+ +7é77+’
Wy < W K+ =1+

where w,, € S, is the shortest element with w,ny =7, and < refers to the Bruhat
order on S,,. Consider the rational Cherednik operators

D =D;(k):=a;Tj+k(1-n)+k> s, 1=1,....n
i>j

where the Tj := T¢, (k) are the type A Dunkl operators with multiplicity k and s;;
denotes the reflection in the root e; — e;, which acts by interchanging x; and z;.
We remark that our notion differs by a factor k£ from that in [10]. This facilitates
the handling of the case k = 0. The operators D; are closely related to the usual
Cherednik operators D; := D, (k). Indeed, consider f € C'(U) for some open
U C R" and define g : exp 1(U) C R® — C by g(z) := f(e¥), where e” is
understood componentwise. Then a short calculation gives

k

5= 1)g(x) = (Dy)(e"). (3.1)

The operators D; are upper triangular with respect to < on P = C[R"]. More
precisely,

(D; -

Djz" = 72" + Z dien "

K=<n
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with some d,, € R and
ny=n—k#ELE<GIm>n}—k#ELE>G >0t
The non-symmetric Jack polynomials of index o« = 1/k with k& € [0,00) can be
characterized as the unique basis (E7 =FE,(.; a))neNg of P satisfying
(1) Ey(z) =2"+ 3, ., cpua™ with ¢y € C,
(2) DjE, =7,;E, forall j=1,...,n.
By definition, E,, is homogeneous of degree || = n1+...+n,, and for k = 0 we have

E,(x;00) = 2. Property (2) together with Proposition 2.3 and identity (3.1) show
that the polynomials F, are related to the (extended) Opdam-Cherednik kernel via

E, (ez)
5,0 ~ ¢

Tt e(n-11,2), 7= ) (3.2)

Following [10], we denote by Py(z) = Py(x;a), A € A} the symmetric Jack poly-
nomials in n variables of index a = % in monomial normalization. In the limiting

case k = 0, they coincide with the monomial symmetric functions
my(x) = Z x".
NESKA

The non-symmetric and symmetric Jack polynomials of the same index are related
via symmetrization: for A € A7 and n € N with ny = A,
Py(z) 1 E,(ox)
Ey(1)

(3.3)

ol
P/\ (l) n: gES,

The Jack polynomials Py satisfy a binomial formula:

Pl+a) _ A L)
P % (u) Pu(1)’ o4

where  C A for A\, u € A} means u; < n; for all 4, and (2) = (2
alized binomial coefficient. Symmetrization in (3.2) yields a relation between the
(extended) hypergeometric function F' = F}), and the symmetric Jack polynomials:

If A € A}, then

)k > 0 is a gener-

o~

X+§( -1)-1=X=p (3.5)
and therefore ( )
P)\ e’

Pr(D) = F(A—p,x). (3.6)

In the following lemma, we collect some further useful properties of the non-
symmetric Jack polynomials E;, = E,(.; 1), which can be found in [10, KS97, 31]
for £ > 0 and are obvious for k = 0. Here we consider the Jack polynomials as
functions on C™.

Lemma 3.1. (1) For all p € Ny,
A(2)"Ey(2) = EnJrg(Z)-

By this property, the non-symmetric Jack polynomials uniquely extend
to indices n € 7.



DUNKL-LAPLACE TRANSFORM AND MACDONALD’S HYPERGEOMETRIC SERIES 9

(2) Let z € C™ with z; #0 for all i =1,...,n. Then
By (3) = B_yn(="),

z

where 't = (N, ..., m), 2 = (2n,...,21).
(3) Let @ be the so-called raising operator, which acts on functions f : C* — C
by

(I’f(z) = an(Zn, 2Ly Zn—l)
and on N§ by
q)n = (7727"'77771’771 + 1)
Then the non-symmetric Jack polynomials satisfy
PE, = Eey (n€Ng).

According to part (1) this identity extends to alln € Z", because ®(AE;) =
A-®FE, and ®(n+p) = ®(n) +p for allp € N.

(4) The coefficients ¢, in the monomial expansion of E,,n € Ny, are non-
negative.

Lemma 3.2. There exists a polynomial Q € P such that for alle n € Nj and
A€ AT,

0< Ey(1) < Q). 0< A1) < Q).
Proof. By [10, Prop. 12.3.2],

E,(1) =
r)(_) H 771_]+1+k£(77’l"7)+k

(i,5)€n

with the leg length and coleg length £(n, 1, j), ¢ (n,i,7) € {0,...,n}. Therefore

no " . n
i+ kn (s + Fn))!
1) < =
_)_HHUi—j+1 H (kn)tm!

i=1j=1

which is polynomially bounded in 7 by Stirling’s formula. Similarly (c.f. [10, Prop.
12.6.2]),

(ij)@\)\—]—&-k:l(nZJ +k7 - )\—J-i—k

which is also polynomially bounded in A. [

To formulate the main results of this section, we introduce the gamma function
L (\) = Do (k; A) Hr (A —k(i—1)) (AeCm, (3.7)

with

as well as the generalized Pochhammer symbol

s )] n
=l —=kG-1)), = ===~ (LeCnely)

=1 r, (H)
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For abbreviation, we also write
Lp(p) :=Tp(p) for peC.

Note that T',, differs by the factor d, (k) from the notion in [R20, M13], but is in
accordance with the notion for the gamma function on symmetric cones. We shall
obtain the master theorem as a consequence of the following result, which involves
the type A Dunkl operators T' = T'(k) with multiplicity k.

Theorem 3.3. Fizk > 0, and consider the non-symmetic Jack polynomials (E,),eny
and the symmetric Jack polynomaials (PA)AGA:’, of index 1/k. Then for all p € C
and all z € R™ with z; #0 for alli=1,...

(1) Ey(D)A™(z) = (=1)" [y, (%) (2)

(2) PA(T)A™#(z) = (1) [u] (%) (z)~*.
For the proof, we first note
Lemma 3.4. The set N can be recursively constructed from 0 € Nij by a chain of
the following operations:

(i) apply the raising operator ® to n € Nj},

(ii) apply a simple permutation s; = (i,4+ 1) to n € N with n; < n;41.
Proof. This is easily verified by induction on the weight |7|. Indeed, assume that
all elements of weight at most r are already constructed and take n € Ny with

In| =+ 1. Consider the maximal index j = 1,...,n with n; # 0 and 7, = 0 for
j <k <mn. Then

n= (7717...,7”,0,...,0) = Sj"'Snfl('ﬂl,...77’]]‘,170,...70,7’“) :Sj"'Snfch)ﬁ
with 7= (n; —1,m,...,m;-1,0,...,0), which is already constructed by induction
hypothesis. O

Proof of Theorem 3.3. Part (2) is obtained from (1) by symmetrization. Part (1) is
clear for n = 0, since Fy = 1. In view of the above observation, it therefore suffices
to consider the following two cases:

Case 1. Assume formula (1) is correct for some n € N§j with ; < 1;4+1, and consider
Ej,y. According to [10, Proposition 12.2.1] there exists a constant d; € R such that

By =d'E, + s:E,.

The Dunkl operators are S,-equivariant, i.e. O'TEO'_l = T,¢, 0 € S, Hence the
symmetry of A(x) leads to

(siEn)(T)A(z) ™" = (siEy(T)(siA) ") () = Ep(T)A™(siw)
)I
)I

(=) [, By () Asir) ™
(=D [y, (i) (1) D)

As |s;n| = |n| and (s;n)+ = 14, the formula follows for s;n by linear combination.

- u
- u

(1]

Case 2. Assume that formula (1) is correct for some n € Nf, and consider ®r.
Using the identity ®E, = Fg, from Lemma 3.1 and the product rule for the Dunkl
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operators, we calculate
Egn(T)A(z) ™" = Ty Ey(To, Th, . . ., Tp_1)A(z) "
= T (1) [y, Byl 5 50 A@) )
= (=) uly, (T A@) M Ey(E, 2 2)

+ () (T By (L ;))). (3.8)

? Tp—1

As T, acts on symmetric functions as the partial derivative %, we have
T A(2) ™" = —pay t Ale) ™"
Parts (1) and (2) of Proposition 3.1 show that
En(iv i,...,mn—l) ATP(2)Epe (Tp-1,...,21,Tpn)

with n* = —nf —|—p, where p € N is so large that —n’ +p € Nj. Note further that
LE, (-, ,..., =) = Egy(2). Thus formula (3.8) reduces to

Tn Tn? T1) 7 Tn—1

Egn(T)A(x)™"
= (1), Ale)H(— pBay(2) + T AP @)y (2, 20,22)). (39)

Again by the product rule for T}, and that fact that T}, commutes with s1,...,s,_2,
we further obtain

T7L(A7p(x)E77* (xn—la EERE xn))
= —pA(z) PE (Tn-1,...,21,2n) + A(z) P(To By (Tp-1,...,21,Zn))
= —pz, ' A@) PEp (Tn-1,. .., 71, 20) + A@) P (Tn By ) (Tn-1, ..., T1,Tn)

= x;lA(x)*p< —pEpe (@n_1,...,21,20) + (@nTn By ) (@n—1, . .. ,xl,xn)>.
As z,T, =D, + k(n — 1), we have
Ty T By (Xn—1, ..., x1,20) = (", +n — 1) Eps (Tp—1, ..., T1, Tn)

with 0%, =y — k#{{ <n|n; =n; }, so that

To(A™P(2) By (Tp—1,- .., 1, %n))
=(-p+ 0, +k(n—1)))Az )W%nEn*(In_hu-,Il,In)
= (=p+ 7+ R = 1)) By 30 5)
= (—p+ (%, + k(n — 1)) Bay(3)
Thus equation (3.9) reduces to

Eay(T)A() ™ = (=1)/"M ]y, (—=pp = p+ 17, + k(n = 1) Eay(3)A(x) . (3.10)
Let 1 < j < n be minimal such that the entry j in 74 is equal to i, i.e.

J=1=#{L>1|m<n}. (3.11)
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Now at position j in (®7)4 there is n; + 1. Thus, by definition of j we have
="+ D) —k#{C<n| =0 +p>—n+p}
=p4+m—k#E{l{<n |31 <M}
=p+m—k#{L>1]n <m}
=p+m —k(n—Jj).

So finally, since j is the position of 7, + 1 = (®7n),, in (®n); we have that (Pn), is
exactly n4 plus an 1 at position j. Therefore

(=)l (= — p+ 17, + k(n — 1))
= (=), (—p+m — k(n = j) + k(n — 1))
= (=DM ]y, (p=kG— 1)+ +1) - 1)
= (=11 (@), -

Plugging this into (3.10) we obtain the assertion. a

Theorem 3.5 (Laplace transform identities for Jack polynomials). Let (E,)peny
and (PA)AeAz be the mon-symmetric and symmetric Jack polynomials of index
1/k k> 0. Then for all p € C with Rep > pg and z € C™ with Re z > 0,

(1) [ B2 0B @@ w@)de = Tulns + 0By (DAG)

+

) / J(—z,2) Pr(@)A (@) \wo(x)dz = To(A+ ) Pr(L)A(z) ",

Part (2) is just Macdonald’s [M13] Conjecture (C), and part (1) corresponds to

formula (4.38) in [BF98] (there is a misprint: the Laguerre polynomial E,(7L) has to
be replaced by E, ).

Proof. The integrals converge by Lemma 2.1. According to [R20],

1
A(z)™H = L(Ar—Ho=1) (2),
) T (1) ( )@
and for each polynomial p € P,
1
p(=T)A™H(z) = L(p AF—Ho=1) ().
(“T)A ) = s L )(2)
Now part (1) is immediate from Theorem 3.3 (1) and part (2) follows by sym-
metrization. (]

4. SOME GENERAL PROPERTIES OF THE OPDAM- CHEREDNIK KERNEL

We want to extend the Laplace transform identities for Jack polynomials to the
Opdam-Cherednik kernel of type A. For this, we shall need some relations for this
kernel which are of a general nature and seem not to be stated in the literature. In
this section, we therefore consider an arbitrary crystallographic root system R with
Weyl group W in a Euclidean space a. In particular, it is required that R spans a.
The inner product in a is extended to ac¢ in a bilinear way. A W-invariant function
k: R — C,a — k, is called a multiplicity function. The Cherednik operators
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associated with multiplicity function £ and some positive subsystem R, of R are
defined by

De(Ry) = De(Ry, k) = 0¢ —

()IGR+

where p(Ry) = p(Ry, k) = %Za€R+ koo is the generalized Weyl vector. The
D¢(Ry), £ € a commute. According to [095], there exist a W-invariant tubular
neighborhood U of a in ac such that for fixed multiplicity £ with Rek > 0 and
each A\ € ac there exists a unique holomorphic function f = G(A\,-) = Gi(R+, A, ),
called the Opdam-Cherednik kernel associated with Ry and k, which satisfies the
eigenvalue system

{Dg(m)f = (\&)f forallz€a
f(0) =1.
Proposition 4.1. The Cherednik operators and the Opdam-Cherednik kernel as-
sociated with the positive system Ry of R have the following properties.

(1) wDe(Ry)w™ = Dye(wRy) for allw € W.

(2) De(Ry)f~ = —(De(R_)f)", where f~(x) = f(~) and R_:= —R, .
(3) G(R4+, A\ 2) = G(wRy,wA,wz). In particular the hypergeometric function
F(\ z) = Fi(\ 2) == |W| > G(Ri, A wz)
weW

does not depend on the choice of R .
(4) G(Ry, A\, —2z) = G(R4, —woA, woz), where wy is the longest element of W.
(5) F(A\,—2)=F(=\z2).

Proof. (1) This follows from the identities
w(0 — (p(Ry), ))w™" = due — (p(wR), wE)

and
Z ko (o, &) w Z ks (B, §
a€R4 BEwRy
(2) Note that (9 — (p(R4), )~ = — (0 — (p(~ Ry ),€) )™ AS b = i—a, we also
have
Saf — S -
Y kalag)L = )
a€ERy BeE—RL
Thus De(Ry)f~ = —(De(~Ry)f)™.
(3) In view of part (1) the defining eigenvalue equation D¢(R4)f = (N €) f is

equivalent to

Dyg(wRy)(wf) = wDe(Ry)f = (X, €) (wf) = (wA, wE) (wf).

Hence G(Ry, A\, w™'2) = G(wRy,wh, z).
(4) From part (2) we observe that

De(R-)G(A, =) = =(De(Ry)Gr(A,-))” = = (M GA, —).
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Therefore G(Ry, A\, —z) = G(R_,—\,z). The longest element wg € W satisfies
woR_ = Ry. Hence by part (3),
G(R4, N\, —2) = GlwoR_, —woA, wpz) = G(R4, —woA, woz).
(5) This is clear from part (4). O
If k£ > 0, then according to [Sch08] and [095], G(A,x) > 0 for all A\,z € a and
|G\, 2)| < G(Re A, z) < /|W]emaxwew (ReAdwa)  for a]l N e ac, z €a.  (4.1)

The following result generalizes the estimate of the Opdam-Cherednik kernel
stated in [RKV13, Theorem 3.3]. Notice that the eigenvalue characterization of G
implies that G(—p,-) = 1 for p = p(R4+).

Proposition 4.2. Suppose that k > 0. Then the Cherednik kernel G = G (R4, -, ")
satisfies the following estimate for x € a and all A\, € ac¢:

GO+ p,2)| < CRep, ) - emswew e
Moreover, since G(—p,-) = 1, we in particular have
|G\ — p,x)| < emaxwew (BeAwz) g0 Il X € ac, x € a.

Proof. In [RKV13, Theorem 3.3] it was proven by a Phragmen-Lindel6f argument
that for all A € a, p € ar and z € qa,

GO+ 1,2) < Giya) - @mmswew Owe), (4.2)

An inspection of the proof in loc.cit. shows that it can be carried out in exactly
the same way when ay is replaced by an arbitrary closed Weyl chamber C' C a.
Therefore estimate (4.2) extends to all u € a, and the claim follows from (4.1). O

Remark 4.3. For root system R = A, _1, items (3)—(5) of Proposition 4.1 as well
as Proposition 4.2 are easily checked to remain valid for the extensions of G and F'
as defined in (2.2).

5. LAPLACE TRANSFORM OF THE OPDAM-CHEREDNIK KERNEL

In this section, we return to A,_; and resume the notations from Sections 1-3.
We shall extend the statements of Theorem 3.5 to the Opdam-Cherednik kernel and
the hypergeometric function of type A,,_1. Formulas (3.2) and (3.6) suggest that it
will be convenient to work with suitable modifications of the (extended) kernels G
and F. According to our construction in Section 2, the extended Opdam-Cherednik
kernel G is in particular holomorphic on the set

C" x (R"+4Q) with @' ={zx eR": |z;| <5 forall i=1,...,n}.

The exponential mapping exp : z — e* (understood componentwise) maps R™ + i)/
biholomorphically onto H := {z € C" : Rez > 0} with inverse log. The modified
kernels

G(A z) == G(A, log(2)),

F(\ z) == F(\log(2))
are therefore holomorphic on C™ x H. We call them the rational version of the
Opdam-Cherednik kernel and the hypergeometric function, respectively. Obviously

F is Sp-invariant in each argument. We collect some properties of G and F which
shall be needed lateron.
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Lemma 5.1. (1) For allz€ H A€ C™ and p € C,
AP G\ 2) =G(A + i, z), AP FAz)=F(\ + i, z).
(2) For all z€ H and A € C™,
G\ 1) =G(=AF,2T),  F(A 1) = F(=A2),

3) For all x € and all A\, € s
For all R? and all A cr
IGN+ p,z)| < G(ReA, x) - max a0 (Ren)

In particular, for all v € R} and A € C",
A\ — < o(ReX)
I6(A = p2)| < maxz

and
G\, x)| < \/amz‘lsx zo(ReA)
[ASTo
The same estimates hold for F.
(4) For partitions X\ € A},
_ Ex(®)
E\(1)
Proof. Part (1) is clear from the definitions. Part (2) follows from Proposition 4.1,
since the longest element wg € S, acts by woA = A = (\,,...,A\1). Part (3) is

immediate from Proposition 4.2 (and the subsequent remark). Finally, part (4)
follows from identities (3.2) and (3.5). O

g(>\ - P Z)

The extension of Theorem 3.5 will be carried out by analytic extension with
respect to the spectral parameter, which is based on the following generalization of
the classical Carlson theorem [T76, p.186].

Lemma 5.2. Let U C C" be an open neighborhood of {Rez > 0} C C™ and let
[ : U — C be holomorphic. Put ||z||, := >, |zi]. If [ satisfies
() f(z) =0 for some ¢ < 7 and flar =0,
then f = 0.
Proof. We proceed by induction on n. The case n = 1 is Carlson’s classical theorem.
To achieve step n — 1 — n, consider for fixed A € A}l the holomorphic function
U =5 Cém fE+ AL, A0, A)

where U’ C C is a suitable neighborhood of {Re& + Ay > 0} C C. Then fi|y, =0
and

FA(€) = 0(e)
with ¢ as in (x). Therefore fy vanishes identically. From this we conclude that for
fixed £ € C with Re& > 0, the function

ge :U = C, wrs f(€,w)

vanishes on Afhl for some suitable neighborhood U Cc Cn 1 of {Rew > 0}. More-
over

ge(w) = @(eCH(&w)Hl) - @(GCIIle),
and by the induction hypothesis we obtain that g¢ vanishes identically. As £ was
arbitrary, we obtain f = 0. ]
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We are now in the position to prove the following generalization of Theorem 3.5.

Theorem 5.3. Let p € C with Rep > g = k(n — 1), A € C™ with ReX > 0 and
z € H. Then
(1) / B(=2,2) G\ 2) A@)* 0 Yw(@)dz = Ta(A+ p+ 1) G\ 1) A(z) "
. Jad
) [ Ina) FO) M) u(a)ds = Tt o+ ) FOLL AR,
R%
In view of Lemma 5.1, the above Theorem can be equivalently reformulated as
follows:

Corollary 5.4. Suppose that Re\ > po . Then for all z € H,

() [ Bl20) 6000) Alw) o lehde = Tah+ 9) GO0 )
¥
() [ Ima) FO) M) e(w)ds = Tald+ p) FA L)
RY
The second formula generalizes the Laplace transform identity (1.4) for spherical
functions on a symmetric cone.

Proof of Theorem 5.3. Tt suffices to check part (1). By Carlson’s theorem, we shall
prove that

1
Cn(A+p+ 1) Jre

Note first that (5.1) holds for all A € A} — p, by Theorem 3.5 and Lemma 5.1(4).
The right hand side of (5.1) is holomorphic in (A, z, u) on C* x H x C. Moreover,
the left hand side exists and is continuous on H x H x {Re pt > po} and holomorphic
on H x H x {Reu > po}. Indeed, suppose that Rez > s for some s > 0. Then by
[R20],

E(—z,2) G\, x) A(x)" " ty(x)de = GA, L) A(z) ™", (5.1)

'z

|E(—z,x)| < E(—Rez,z) < e (&%),
Together with Lemma 5.1 we obtain for x € R"}

|E(=2,2) G\, 2)A(z)HHo~t| < Vnle™ (&%) A(z)Ren—ro—1 max x7®e),

Hence the integral on the left hand side of formula (5.1) exists and is (by standard
arguments) continuous respectively holomorphic as stated. It therefore suffices to
check (5.1) for z € R™ with z > 1 and p € R with g > pg. We want to apply
Carlson’s Theorem 5.2 with respect to A. As z > 1, the right hand side of (5.1) is
bounded in A according to Lemma 5.1, and it remains to control the growth of the
left hand side. For A € H, define n(\) := ([ReA1)],...,[ReA,)])+ € A} . Then
for arbitrary x € R,

o(Re ) < 1 o(Re ) <P 1
g S e S Byt )

because the coefficients of P, (y) in its monomial expansion are nonnegative. Now
recall the binomial formula (3.4) for the Jack polynomials as well as the identity

/R e~ Lo P () Al) M w(z)de = Tk + p)Pa(l)

n
+
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from [M13, (6.18)] (c.f. also [R20, Lemma 5.1]). We may therefore estimate

/n |E(—2,2)G(\, z) A(w)“*’m*w w(z)dx

+

< [0 Py (L4 ) Al (o)

+

S (”;”) / ie_@’m)PK(x)A(x)“_“o_lw(x)dx

KCn(A)
A
S (’7; >> Pe() T + ).
KCN(X)
By monotonicity of the classical gamma function,
D4 1) < Tu(n(N) + 1) < Tu((Re N + 1+ )
Moreover, by Remark 3.2,
n(A) )
> (")Aw = Aw@ = 2WEww < 20 Qw)
KCn(A)

with some polynomial () € P. Therefore

1 H—Ho— w(x)dx
L (A = Tt ot Ja E(—z,2)G(\ x) A(z) 'w(z)d
< Q- BN HTHD) o,

ITh(A+p+ p)|
Choose o € S, with o(ReA) = (Re )4 . Then

To(ReN)y +1+4p) ﬁ P((Red)4); +p+1—k(j—1)
ITu(A+p+ p)] (A + o+ p(k); — k(G — 1))

= Fi(Y)- B

with

(Rea(N); +p+1—k(j—1))

I'(Reoc(A)j +pu+1—4mn-1))’

Ni+pn—Emn—=1] - T(ReAj+p+1-5(n-1))
| Nj+p+1-E5n-1)

-1l
-1

By Stirling’s formula, F;()\) is polynomially bounded, i.e. Fj(\) = O(ell) for
arbitrary € > 0. For Fg, we employ the estimate ([N10, Formula 5.6.7])

I(z
m \/COShﬂ'y O€2|y| , x>%,y€R,
which leads to
() = 0(e(€+%)\|>\|\1)

with arbitrary e > 0. Putting things together, we obtain that I, ,()) satisfies the
growth condition of Carlson’s Theorem 5.2, which finishes the proof. (]
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6. MACDONALD’S HYPERGEOMETRIC SERIES AND THEIR LAPLACE TRANSFORM

In the setting of symmetric cones, the Laplace transform establishes important
identities between hypergeometric series. Analogous formulas were formally stated
by Macdonald [M13] for general Jack-hypergeometric series, as consequences of his
conjecture (C'). With Theorem 3.5 at hand, we shall make these identities precise,
and extend them to hypergeometric expansions in terms of non-symmetric Jack
polynomials. We start with the appropriate normalization of the symmetric and
non-symmetric Jack polynomials.

Lemma 6.1. (i) There are numbers c¢;, > 0 for n € Nj such that the renor-
malized Jack polynomials Cy := cxPy and L, := c,E, satisfy

Z Ci(z) = Z Ly(z) = (z1+...+2,)" for all m € No;

AEAT: A=m nENZ:|n|=m
(i) Cx= > Ly forall €A
nESHLA
[A]!
(iii) ey < 5\ for all X € Af.

Proof. We may assume that k£ > 0. Part (i) for the symmetric Jack polynomials is
well-known (see e.g. [10, (12.135)]), with
_ Al

RN,

Here the constants d;, for € Nii are given by

1 . A
d =11 (E(m -Jj+1) +€(n,m)) >0,
(,5)€n
with the leg length £(n,i,7) = #{€>i[j<n<m}+#{L<i[j<me+1<m}
In particular, for each partition A € A we have
Al Al Al
C)\ == . . S . =
[T ((Ni—J+1)+ kA4 j)) I[I N—-j+1) X

(B,5)€X 1<

Cx

which is part (iii). From [10, Proposition 12.6.1] it is further known that

1
Pa=dy Y - En. (6.1)
nES,A
Hence, we put
U
dﬁ+ Inl!

C, = C _— =
" g Inl g
d, — Kldy

for n € Nij, and part (i) for the non-symmetric Jack polynomials follows. Finally,

part (ii) is immediate from the definition of ¢, and relation (6.1). O

On the space Pg = R[R"] of real polynomials on R™ there exists an S,-invariant
inner product [-,-] = [+, | called the Dunkl pairing (cf. [D91]), which is defined by

[p, q] == (p(T)q)(0).
Here the Dunkl operators are again those of type A,,_; with multiplicity k. Polyno-
mials with different homogeneous degree are orthogonal with respect to this pairing,
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and [Tep, q] = [p, (-,€) ¢]. This property and the invariance under the action of S,
show that the Cherednik operators D; are symmetric with respect to the Dunkl
pairing. In particular, the non-symmetric Jack polynomials (E;),ens form an or-
thogonal basis of Pgr with respect to [., .]. More precisely, their renormalizations
L, = c,E, satisfy

[Lna Ln} = |77|' Ln(l) : 5n,n (62)
which is obtained by combining Proposition 3.18 and formula (2.4) of [BF98].

Lemma 6.2. The Dunkl kernel of type A,—1 with multiplicity k > 0 satisfies

¢ LGy
B = 2 L,

The series converges locally uniformly on C™ x C™.

Proof. This is immediate from [R98, Lemma 3.1] together with identity (6.2). Al-
ternatively, the stated expansion follows from [10, Propos. 13.3.4]. (]

Definition 6.3. Consider the Jack polynomials (L;)jeny and (Cx)ycp+ of index

o = 1, respectively (normalized as above). Following [M13], [Kan93] and [BF98],
we define for indices p € CP and v € CY with p,q € Ny the non-symmetric hyper-
geometric series

[aln, - [pplny Li(2)Ly(w)
Z [’/l]n+ T [’/q]n+ nl! Ln(l)

qu(MV; z,w) =
neEND

as well as the symmetric hypergeometric series

(1] - - [up)a Ca(2)Cx(w)
[ilx - [vgn  [ATCA(L)

pFalpivizw) ==Y

AEAS

More common in the literature are hypergeometric series in one variable, which
are obtained as functions in z by setting w = 1. For abbreviation, we write for
A€ A

[y o= [ala - [oplas VIa = [a)a - [vgla.

Note that for p = 0 or ¢ = 0, an empty product occurs. For those values of k for
which the C\ = C\(; %) are the spherical polynomials of a symmetric cone, the
convergence properties of ,F,-hypergeometric series in one variable are well-known,
see [FK94, GR89]. For general k > 0, partial results on the domain of convergence
of ,F, were obtained in [Kan93]. For some values of p and ¢, the nonsymmetric
series , K, were considered in [BF98]. But to our knowledge, their convergence
properties have not been studied so far.

Lemma 6.4. The non-symmetric and symmetric hypergeometric functions are re-
lated by

1
o Z pKo(usvyoz,w) =, Fy(psv; z,w).
" oES,
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Proof. By identity (3.3) and Lemma 6.1 we have

% Z pKo(psv;oz,w) = Z [ iLn(w)C’”—(z)

' oES, neNy [V]TH |77|' Cn+ (l)
_ HIA A (2)
_%@muﬁgf @) G
=, Fo(p;v;w, w).

O

Theorem 6.5. Let p € CP and v € C? with v; ¢ {0,k,...,k(n—1)} — Ng for all
i=1,...,n (ie. [V]x #0 for all X € A}).

(1) If p < q, the series yKq(p;v;-, ) and pFy(p;v;-,-) are entire functions.

(2) If p=q+1, the series ,Kq(p;v;-,-) and oFy(p;v; -, +) are holomorphic on

the domain {(z,w) € C" x C™ : ||z| Hw||c>o <1}
Moreover, the hypergeometric series are holomorphic in the parameters (u,v) on
the domain
{(u,v) eCP xC?|v; ¢{0,k,...,k(n—=1)} —=Ng foralli=1,...,n}.

Proof. Tt suffices to verify the statements for ,K,. From Lemma 3.1(4) we have
|Ly(2)] < Ly(|2]) < Ly(1) ||z and therefore

o [ | | Lo(2)Ly(w) e B
Sm”ﬁw”‘g%[mn"wwan’<2%[mu' )
A2 w2
=Z%§M&'W&
AEAT

where for the last identity, Lemma 6.1(ii) was used. From Lemmata 3.2 and 6.1 we

know that Al
Ca(1) = exPA(1) < /\—"Q(A) (6.3)

with some polynomial Q € P. Therefore, we can find to each ¢ > 1 a constant

C. > 0 such that Q(\) < C. elM. This gives

[Al

(ellzlloollwlloo )
Al

N A
[Vlx

S(p,v;z,w) < Ce Z

AeAS

(6.4)

To prove part (1), consider the case p < ¢. In this case, the quotient

by _ Iialmily

2PN Y 21N

is of polynomial growth in A. To see this, write

(vi —k(G—1) T+ —k(j —1))
HHF,uz—kj—l))F(VZ-—i—)\j—k(j—l))'

i=1j5=1

By Stirling’s formula we have, locally uniformly in pu and v,
D(pi + X — k(G = 1))
L(vi+ A = k(= 1))

~ (v +Aj —k(j — 1)) H for \j — oo.
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Moreover, |[v;]a| > 1 for large A\. Thus, for each € > 1 there are constant D > 0
and a compact neighborhood K C CP x CY of (u,v), such that

lul
225

< DN for all (u,v) € K.

Hence, for each ¢ > 1, we find a constant C¢ > 0 such that

A BY
oy IIZHoonlloo) <o Y HZHooIleloo)

AEAT AeNy

IN

S(p,v;z,w)

IN

O, enellzlloslwloe.

Therefore the ,K-series is converges locally uniformly on C" x C" and also locally
uniformly on the stated domain of parameters u and v, which proves part (1).
For part (2), observe that for p = ¢ + 1, we have

NN
Wb~ Tl b

As in part (1), the first factor is of polynomial growth. Moreover,

I ﬁ Dlpp — k(G —1) +A)
Al i PG + DT (pp — k(G — 1))

which is of polynomial growth as well. Starting from estimate (6.4), we therefore
obtain that for each € > 1, there is a constant C¢ > 0 with

A 1
S(p,v;z,w) < Ce ellzlloclwlloe) ™ < Ce
EA;( ) (1= ellzllcollwlloo)™

This yields the claim. (]

Note that part (2) of this theorem improves, in the case w = 1, the results of
[Kan93].

Remark 6.6. For p = q = 0, one gets the Dunkl kernel and Bessel function of type
A, _1, respectively. Indeed, Lemma 6.2 just says that

E(z,w) = oKo(z,w),
and symmetrization yields

J(z,w) = oFp(z,w),
which was already noted in [BF98].

Remark 6.7. The proof of Theorem 6.5 shows that for p < g and arbitrary € > 1
there is a constant C. > 0 such that

|pKq(psv; 2,w)| < S(p,viz,w) < Ce enellzlloollwlloo (6.5)

Taking a closer look at the above proof, we see that for p < ¢ this estimate can be
improved. Indeed, consider the quotient

[14]x pM] . 1
b _ppleb g7
]:1

j=p+1 [V]])\
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By Stirling’s formula, the first factor is of polynomial growth, and thus of order
O(e1M) for arbitrary e; > 1, while the second factor is of order O(sz_w) for arbi-
trary €2 > 1. Under the assumption p < g we therefore obtain the estimate
‘,,Kq(,u; V;z7w)’ < S(u,v;z,w) < Ce ellzllollwlloo (6.6)
for arbitrary € > 0, with some constant C, > 0.
The domain of convergence of the hypergeometric series , K, and ,F; and their
growth estimates (6.5), (6.6) are important to obtain from the Laplace transform

identities for Jack polynomials in Theorem 3.5 similar Laplace transform identities
for the hypergeometric series.

Theorem 6.8. Let p € CP, v € C? with v; ¢ {0,k,...,k(n—1)} — Ngy for all
i=1,...,n and let ' € C with Rey' > uo.
(1) If p < q, then for all z,w € C™ with Rez > 0,
[ Baa) v, 0) A o)

n
= Fn(:u/)A(Z)_HI p-‘rqu((M/v/”'); v,w, %)
(2) If p=gq, then part (1) is valid under the condition |w||, - H

Moreover, both parts remain valid if , K, is replaced by pFy.

1

1
RezHoo n’

Proof. (1) By expanding ,K, into its defining series, this is immediate from the
Laplace transform identity of Theorem 3.5 by interchanging the order of summation
and integration. We have to justify this interchange. Choose ¢ > 0 such that
wlly - 11/Re 2|, < L. Under these conditions the estimates (2.1), (6.5) and (6.6)
show that

|B(=2,2)| S, 5w, 7) < C e~elell
with d. = . lr%inn Re z; — €||lw]ls > 0. Hence, we can apply the dominated conver-

gence theorem to justify the interchange of summation and integration, so that part
(1) is proven since € > 0 was chosen arbitrarily. Part (2) is obtained in the same
way, by choosing € > 1 such that [Jwl|| - [|1/Rez|, < -L. By symmetrization we
get the same identities for ,F. (Il

We continue with an integral representation which was already observed in [M13,
p-39] for the symmetric case, i.e. for 1 Fp, but only at a formal level and without
any statement on convergence.

Corollary 6.9. Let u € C with Repp > pg. Then the hypergeometric series
1Ko(p; —z,w) has an analytic continuation to D := {Rez >0} x { Rew >0}
which is given by

A(Z)_# 1 —po—1

1Ko(p; —2z,w) = E(—2,2)E(—w,z)A(x)" " w(zr)dz.
L (p) R?

By symmetrization, the same formula is valid if one replaces 1Ky by 1Fy and the

Dunkl kernel by the Bessel function.

Proof. Recall that E(z,w) = ¢Ko(z,w). Then, by Theorem 6.8, the stated integral
formula holds on a suitable open subset of D. Moreover, estimate (2.1) for the
Dunkl kernel shows that the integral exists and defines a holomorphic function
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on D by standard theorems on holomorphic parameter integrals. Hence, analytic
continuation finishes the proof. ([

The following proposition is a generalization of the Euler integral for hyperge-
ometric functions on symmetric cones ( [FK94, Proposition XV.1.4]) and can be
found as a formal statement in [M13, formula (6.21)]. It will be obtained from
Kadell’s [Kad97] generalization of the Selberg integral,

C,\(aj) o —1 —o—1 Fn(:u) Fn(y) [/’Lb\
A(x)P7HOTA(L — @)V TR T w(x)de = 6.7
Jou GDA Ay ey = L EEEE IR (60
for all A € A" and p,v € C with Re pu, Rev > pg.

Proposition 6.10. Consider p < g+1 and p',v" € C with Re ', Re(v' — ') > po.
Moreover, let p € CP and v € C% with v; ¢ {0,k,...,k(n—1)} — Ny for all
i=1,...,n. Then for arbitrary w € C™ with the additional condition ||w| <1 in
the case p = q+ 1, one has

/[ Bl AP A ) e
0,1]™

_ Eﬁﬁﬁ%{iésL:;H2p+1Fb+1(0/7u);O/7V);wvl)

Proof. This is immediate from Kadell’s integral (6.7) after expanding ,F, into its
defining series and changing the order of integration and summation. The latter
is justified since the series ,Fy(u;v;w;-) is absolutely bounded on [0,1]” by the
estimates in the proof of Theorem 6.5 for w € C" and ||w| < 1ifp=g+1. O

The following theorem generalizes Proposition XV.1.2. of [FK94] for hypergeo-
metric series on symmetric cones.

Theorem 6.11. The Jack polynomials and the hypergeometric series have the fol-
lowing properties under the action of the Dunkl operator A(T) associated to the
polynomial A.
(1) A(T)E, = ¢, E,—1 with some constant ¢, € R. Moreover, ¢, =0 if n; =0
for some i € {1,...,n}.
(2) 1= ¢y is Sy-invariant.
(3) A(T)L,, =d,L,—1 and A(T)Cx = drCx—_1, where

nl!
dn = ‘77 - l"
0 otherwise.

(4) If p<q+1, then

ifn; 0 foralli=1,....n

AT) K (i s, ) = VA ) Ky + L + L, )

V)L
for all w € C™, with the understanding that [u]1 =1 if p=0 and [v]y =1
if ¢ = 0. The same is valid for , K, instead of ,Fy.

Proof. (1) From the properties of the Dunkl pairing together with Lemma 3.1 (1)
we can conclude that for compositions 7, k € N{,

0 ifn#k+1;

A(T)E,,E;l =|E,,AE;| =[E,,Es11] =
[A(T)Ey, E] = [Ey I =By +1] {[En,En]>O ifn=rx+1.
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Hence, A(T)E, must be a scalar multiple of E,_; ifn; > 1 foralli=1,...,n and
vanishes otherwise.

(2) Denote again by 7; the eigenvalue of E, under the Cherednik operator D; .
It suffices to show that ¢, = cs,y if 7; < 1;41. Due to [10, Proposition 12.2.1], we
then have

Es,p =d}E, + s,E, (6.8)

with the constant L
Tiv1 =T
It is immediate that 7+ 1 = 7 + 1 and therefore d/™* = d7. Applying A(T) to
equation (6.8), using d;ﬁl = d] and the S,-equivariance of the Dunkl operators,
we obtain from part (1) that ¢, = ¢, .

(3) As L, is a renormalization of E,, there is a constant d,, such that A(T)L,, =

dyLy—1, and d,, = 0 if n; = 0 for some . Since n — % is Sp-invariant and
Cx = > ,es, L » it suffices to verify the stated value of d,, with || > n. Recall
that T; acts as 9; on symmetric polynomials. We therefore conclude that for m € Ny

with m > n,

m---(m—n-+1) Z Lyz) =m---(m—n+1)(z1+...+z,)" "

dl =

neNg:
Inl=m—n
= A(T)(]jl 4+ ...+ an)m = Z A(T)L,l = Z d’V/L”/—l'
neNg: neNg:
In|=m [n|=m

Equating the coefficients proves the stated formula for d,,.

(4) This is an immediate consequence of part (3) by expanding the hypergeo-
metric series. One has to perform an index shift n — n + 1 after applying A(T)
and the identity of part (3) together with

and [0],,, = [0 + 1]y, —1[0]1. O

7. A PosT-WIDDER INVERSION FORMULA FOR THE DUNKL-LAPLACE
TRANSFORM

We consider again the Dunkl setting of type A, _1 with multiplicity ¥ > 0 and
keep our previous notations. As shown in [R20], the Dunkl-Laplace transform

Lf(z)= f(z)E(—z,z)w(x)dx
R
satisfies the following Cauchy inversion theorem: Let f € L} (R") such that £f(s)
exists for some s € R (then L£f(z) also exists for all z € C" with Rez = s). Assume
further that y — Lf(s +iy) € L'(R",w). Then f has a continuous representative

fo, and
(=)

2
Ck

fo(xz) for x € RY;
0 otherwise,

/ Lf(2)E(z,z)w(z)dz = {
Rez=s
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with the constant ¢, = fRn e_|x|2/2w(x)dm. For the classical Laplace transform

Lﬂa:A f@)e==de, fe L, (R,),

a further well-known inversion theorem is the Post-Widder inversion formula (see
e.g. [ABHNO1]): Assume that f € L} (R.) has a finite abscissa of convergence
and is continuous in £ € Ry. Then

£(€) = lim (=1 (E)U—H(Lf)(u) (K)

v—oo Ul & £

In this section, we prove a Post-Widder inversion formula for the Dunkl-Laplace
transform, which is the counterpart to a result of Faraut and Gindikin [FG90] in
the setting of symmetric cones.

Theorem 7.1 (Post-Widder inversion formula for £). Let f : R} — C be measur-
able and bounded, and suppose that f is continuous at § € R} . Then

. (—nm™ v\ Y tHo+l N v
1) = Jim Fn(v+uo+1)A(§> (A (ﬁf))<§)'

The idea of proof for this theorem is similar to [FG90]. It was elaborated to some
extent by Frederik Hoppe in his master thesis [Ho20], which was supervised by the
second author of this paper. A fundamental ingredient is Levy’s continuity theorem
for the Dunkl transform. Let us recall this for the reader’s convenience. Denote by
M, (R™) the space of positive bounded Borel measures on R™. The Dunkl transform
of u € M, (R™) (associated with A,_; and multiplicity k) is given by

A =6 = [ B(-i€a)du(z), € R

Note that g € C,(R™), since |E(—i&, z)| < 1 for all £,z € R™. The Dunkl transform
is injective on M, (R"), see [RV98]. The following is the essential part of Levy’s
continuity theorem for the Dunkl transform.

Lemma 7.2 ([RV98]). Let (u,)ven € M, (R") such that the sequence (fi,)ven
converges pointwise to a function ¢ : R™ — C which is continuous at 0. Then there
exists a unique p € M, (R™) with fi, = ¢, and (f,),en converges to p weakly.

Proof of Theorem 7.1. We consider on R’ the functions
hy(z) :== E(—%,x) A(x)”, veN.

By estimate (2.1), the Laplace transform

Ehu(z):/R E(—z,x)E(—%,:c)A(z)Vw(z)d:c

n
+
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exists for all z € C™ with Rez > 0. For such z, put v(z) := max;[||z]|« &] € N.
Then for v > v(z), we calculate

Lhy,(z) = /n %ﬂ %W)E(—%,x)A(m)"w(m)dm

Z |77|IL / L (x)E(—%w)A(a?)”w(a:)dx

neNy

= Z |77|'L To(ng +v+po+1) Ly (5) A(
neNg

)—V—Hg—l.

miT

Here the interchange of the sum and the integral is justified by the dominated
convergence theorem, because |L,(—z)| < Ly(||2]/ - 1) and therefore

|Ly(=2) Ly ()|
<E(-%2)E(lzle - 1,2)
€ 2 S, < PCE)
= E(—— + Iz]leo - 1, x)
This decays exponentially on R’} since —v//£ 4 ||2]|o0 - 1 < 0 by our assumption on
v. Thus for v > v(z),

AgpT Ly(=2)Ly(8)
fo(2)=—22  Lh(z) = cy(n) - =LA 7.1
= b ey O = 2 et Sy 0
with the coefficients
[V + po + 1]y, = 1+kn—j) B
Cu(”) - 1/|77| 1:[( 7)>\j7 A= N+ .
They satisfy
lim ¢,(n) =1 for fixed 7,
V—00
and it follows that
: Ly(=2)Ly(8)
lim f,(2) = —n:E—z,g. 7.2
2 = 3 S, - PR 72

neNgy

We still have to justify that the limit ¥ — oo may be taken inside the sum in (7.1).
For this, note that v — ¢,(n) is monotonically decreasing. Hence for v > v(z), the
series on the right-hand side of (7.1) is dominated by the convergent series

Z CV(Z)(T)) LH(HZHOO l) L"](S) — fy(z)(_”Z”OO l) < o0,

!
neNg |t Ly (1)
which justifies the above limit. We now consider the measures
A(K)V-Hto-‘rl
. ¢ v v + n

Due to Theorem 3.5, m, is actually a probability measure on R™. Formula (7.2),
considered for arguments z € iR", shows that the Dunkl transforms satisfy

m, — 0¢  pointwise on R",



DUNKL-LAPLACE TRANSFORM AND MACDONALD’S HYPERGEOMETRIC SERIES 27

where d¢ denotes the point measure in . Levy’s continuity theorem (Lemma 7.2)
now implies that m, — 0 weakly. Thanks to the Portemanteau theorem ([Klel4])
we even get

lim gdml,:/ gdoe = g(f)
R’n,

v—=0 Jpn
for all measurable bounded functions g : R®™ — C which are continuous at £. Now
suppose f : R} — C is measurable, bounded and continuous at £. Extend f by zero
to R™. Then

A(%)V+ILO+1 e o d
W/Ri f@)E(-¢,7)A(2) w(z)de = /Rnf my — £().

But in view of to Lemma 2.1 the integral on the left-hand side can be written as
LIAF)(2) = (A=T)"(LH(2),
which finishes the proof. O
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