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Abstract
We consider positive solutions of the Cauchy problem in R™ for the equation
up = uPAu+uf, p=>1lg>1,

and show that concerning global solvability, the number ¢ = p+1 appears as a critical growth
exponent which is, in contrast to the case 0 < p < 1, independent of the space dimension.

MSC 1991: 35K55, 35K65

Introduction

When investigating the Cauchy problem for the semilinear heat equation u; = Au + uf, ¢ > 1,
the authors in [Fu] and [We] discovered that there is a critical exponent g peqt = 1 + % having
the property that

o for 1 < ¢ < gc heat, there is no positive global (in time) solution and

(C1) e for ¢ > qc heat, there are both global (small data) and non-global (large data)

positive solutions, where the latter ones become unbounded in finite time.

Among the numerous answers to challenging questions on critical exponents in different situa-
tions studied since these pioneering works (see [Le] and [DL] for a survey) there are also some

concerning degenerate parabolic equations such as the forced porous medium equation

ve=Av" T 108 6>0,8>1. (0.1)

B—o—1

o+1
=1, b:= (0+1)26-1 this equation

+

o

After the transformation u(x,t) := av® ! (bx,t), a := (o +1)
translates to

up = uP Au + uf (0.2)
with p = ;%7 € (0,1) and ¢ = % € (1,00), and one of the results derived in [GKMS] reads as
follows:

o For 1 <q¢<qgepme:=p+1+ %(1 — p) there are no global (positive) solutions.
(C2)

e for ¢ > gcpme, there are both global solutions and solutions blowing up in
finite time.



The aim of the present work is to see what happens if we drop the restriction p € (0,1) in (0.2)
by considering general positive p and thereby allowing the diffusion coefficient u? in (0.2) to
decrease more rapidly as u N\ 0. More precisely, we shall examine the Cauchy problem

w = uPAu+u? inR"x(0,7),
ulg=0 = up (0.3)

with ug € CO(R™) N L (R™) positive and p > 1 as well as ¢ > 1. That the exponent p = 1
indeed appears as some kind of turning point for the diffusion coefficient in degenerate parabolic
equations not in divegence form is already indicated in [LDalP] and [Winl] where it is e.g. proved
that the spatial support of (weak) solutions to (0.3) does not increase with time if p > 1. This
behavior, drastically contrary to the case p < 1, may be interpreted as a consequence of the fact
that near points where u is small, diffusion is weakened more effectively when p > 1. We will
therefore not be too much surprised if the corresponding assertion on the interaction between
the source term u? and global solvability of (0.3) essentially differs from (C2) in that it shows
for small ¢ a significant tendency towards global existence. Roughly speaking, our main results
can be formulated as follows:

e For1<g<p+1(resp. 1 <g¢< % if p=1), all positive solutions of (0.3) are
global but unbounded, provided that uy decreases sufficiently fast in space (cf.
Lemma 2.1 and Theorem 2.7).
(C3) . . e
e For ¢ = p+ 1, all positive solutions blow up in finite time (Theorem 3.1).
e For ¢ > p+1, there are both global and non-global positive solutions, depend-
ing on the size of ug (see Theorem 4.1).

It follows from (C3) that as in the previous cases there is a critical growth exponent ¢. = p + 1
for (0.3) which now, however, has a slightly different meaning and is independent of the space
dimension n. Moreover, unlike the forced heat and porous medium equations, (0.2) for p > 1 has
the property that this critical exponent would be the same if we replaced R™ with any smooth
bounded domain 2 C R"; namely, in this case the results in [Wi2] and in [Winl] imply global
existence for 1 < g < p+ 1 and the proof of Theorem 4.1 will show that both global existence
and finite time blow-up may occur in € if ¢ > p + 1. The critical case ¢ = p + 1 in bounded
domains is more subtle (cf. [FMcL], [Wil], [Wi2], or [Winl]).

Unfortunately, returning to the Cauchy problem, we are not able to close the gap appearing for
p = 1 between ¢ = % and ¢ = p + 1; we believe, however, that this is mainly due to technical
difficulties, and that for p = 1 the behavior is actually the same as for larger p.

1 Existence and approximation of solutions

In this section we briefly collect some results on existence and approximation of a local-in-time
solution to (0.3) under the assumption that

(HO)  up € CO(R™) N L>®(R") is positive.



In order to approximate a solution, we write Br := Bgr(0) for R > 0 and let, for k£ € N,
Uok € C1(Byg) be such that 0 < uok < U k+1 in By, uoglop, = 0 and ugy * ug in R as
k /" 0o. Then we have

Lemma 1.1 There is T' € (0, 00| such that the problem

Oup, = uﬁAuk + uz in By x (0,T),
urlop, = 0,
ugli=0 = uok (1.1)

is uniquely solvable in C°(By, x [0,T)) N C*1(By, x (0,T)). The solution can be obtained as the
CP (B x[0,T)) ﬂCfo’cl(Bk x (0,T))-limit of a decreasing sequence of solutions uy e of (1.1) with
Ukelop, =€ and upeli—0 = uor +¢, € \( 0.

If ¢ < p4+1, we can choose T = .

For ¢ < p+ 1, the assertion is proved in [Wi2], Thm. 3.2, while for ¢ > p+ 1 the proof is nearly
identical to that of Lemma 1.1 in [Win2].

Throughout, we shall assume the wuy to be extended by zero to all of R™ x [0,7T). Taking k — oo
now yields a solution to (0.3), according to

Lemma 1.2 There is Tar € (0,00] such that (0.3) admits a positive classical solution u €
COR™ x [0, Tynaz)) N CHHR™ x (0, Thnaz)) N LS ([0, Trnax); L°(R™)). If ug denotes the solution

loc

of (1.1), we have uy — u in Cp) (R™ x [0, Trnaz)) N CEHR™ x (0, Tnag))-

loc

The proof can be carried out in almost exactly the same way as that of Lemma 1.2 in [Win2].

Concerning the question of uniqueness, we do not know a satisfactory answer covering all the
cases we wish to consider below. However, let us at least remark that using the same ideas
as in Lemma 1.4 in [Win2], one can achieve uniqueness of u (within suitable function classes),
provided that

e n<2 or

o sup [pnu®(t) < oo forall T < Tpnep and some o = a(T) > 0, or
te(0,7)

. ngréo lu()|| Lo (aBy) = 0 for all ¢ € [0, Thnaa)-

In particular, all the solutions to be discussed in Section 2 as well as the global solutions in Section
4 are unique. Unless otherwise stated we mean by ‘the’ solution u the limit © = limg_, oo ug from
Lemma 1.2 which clearly is actually a minimal solution in the sense that u < v for any positive
classical solution v of (0.3).

2 The subcritical case ¢ <p+1

In a smooth bounded domain 2, every positive solution of the initial-boundary value problem
corresponding to (0.3) with zero Dirichlet data on 0f2 exists globally and, as ¢ — oo, approaches



a ug-independent steady state W which solves AW + WP =0 in Q, W|gq = 0 (cf. [Wi2] and
[Winl]). In R", however, (0.3) has no nontrivial equilibria, so that it seems to be a plausible
guess that global positive solutions, if existing at all, must be unbounded. Indeed, we have

Lemma 2.1 Ewvery global positive solution u to (0.3) is unbounded in the sense that as t — oo,
u(t) — oo uniformly on compact subsets of R™.

PrROOF.  For any R > 0, let © be the principal Dirichlet eigenfunction of —A in B corre-
sponding to the first eigenvalue Ay = A1(Bg) > 0, with max© = 3. Letting v(z,t) := ¢oO(z)
with ¢ > 0 small such that Alch_Q <1 and ¢y < ug in B, we have v < u on dBg and at
t = 0, while

v —vPAv —v? = Alcngl@pH — clo1
IS LIONTe AR,

<
< 0 in Bg x (0,00),

hence v < u in Bg X (0,00) by comparison. It follows that for all R > 0 there is ¢o(R) > 0 such
that u > ¢o(R) in Bgr x (0, 00).

1
Next, defining yoo (R) := (*) 7T e let € (0, 1) be such that § < 0l and y(t) be

2X1(Br) Yoo (R)’
in C1([0,0)) and fulfil y(0) < ug in Bg, 0 <y’ < ?yq in (0,00) as well as y(t) — yoo(R) as
t — 00. Then the function w(zx,t) := y(¢)(0© + J) lies below u at t = 0 and, as y§ < cy(R), also
on OBp, while y < yoo (R) implies A\;yP*! < 1y9, so that

wy — wPAw — w! = (y’ +yPtO 4 8Pl — y(e + 5)q—1) (© +0)
S R N DI CE L [CE)
, 0!
< - Cn© )
< 0 in Bg x (0,00).

Thus, w < u in Bg x (0,00) by comparison, which shows u(t) > 1y (R) in the set {© > 1} for
t large enough. But as O(z) = f(|z|) with f”(r) = =2 f/(r) = A1 f(r) > —=A1f(r), it is easy to
see that ©(z) > L if r < 1 =:ro(R). Consequently, for any K CC R™ and M > 0 we can

v A1 (BRr)

find R > 0 large such that K C B, g and %yoo(R) > M and conclude by the above arguments
that u(t) > M in K for large t. /]]/

Accordingly, although each of the u; exists for all times and converges to some W, it does not
seem to be too promising to look for global bounds on wy (or u); hence, the best we can hope
for is that some quantity involving ug(¢) does not increase too rapidly with ¢, uniformly in k. In
spite of the absence of divergence structure in (0.3) (resp. (1.1), a testing procedure will turn
out to be the key to success and show that an adequate quantity for our purpose is ||ug(t)|| o (®n)
for small o > 0, where we have set ||UH%Q(Q) = [q [v|* for measurable v. We shall therefore
require small summability powers in the Gagliardo-Nirenberg interpolation inequality which for
our purpose reads as follows.



Lemma 2.2 Suppose g € (0,2]. Then there is a constant ¢y = co(n,r9) > 0 such that for all
r € [ro,2], any s € (0,min{1,7}) and all p € L*(R") with Vo € L*(R"™), the estimate

ol Lr@ny < colVell7a Rn)HSOHLs R") (2.1)

holds, where the number a € (0,1) is defined by

n n n
—C=(1-2)a——(1-a). 2.2
L= (- D)e-21-0) (22)
PrOOF. Asr < s<2ands <1< 2, Holder’s inequality gives
) 2(r —s)
el or@mny < H@HL?(W HWHLs gry  with b= (2=
and
) 2(1—s)
el mny < H<PHL2(Rn HWHLs Rn) with  ¢= o

Using the standard Gagliardo-Nirenberg inequality (cf. [Ta], Ch. 3.4.), we infer that

n
lllzaqery < eVl faqun ol ik, where d= .
Combining these relations, we obtain
= (1b dyc 1 (1 ) b"'%
lollr@n) < e @ Vol BT ol ey @ (2.3)
As é— < %, we estimate
b B gr—S(l 4 1—s>—1
1-(1—dec  s2—s n+22—s
< 2n+2
s n

hence the constant in (2.3) is independent of r € [rg, 2] and s € (0, min{1,r}). Now an elementary
calculation shows that #C_d)c coincides with a and thus (2.1) follows. /]]/

The next auxiliary assertion on an integral inequality is elementary.

Lemma 2.3 Let T > 0 and suppose y € C°([0,T]) satisfies

y(t) < yo+co /Ot y T (s)ds Yt e[0,T] (2.4)
with positive numbers yg, co and A. Then

y(t) <yo- (1— Mgdeot)™> Ve [0,T). (2.5)
PRrROOF.  The assertion will follow as soon as we have shown that for all e > 0 and all ¢ € [0, T,

y(t) < (o +2) - (1= Ayo + ) eot) ™% =t ge(t). (2.6)



Indeed, for ¢ = 0 this is obvious, hence if (2.6) were false there were to € (0,7] such that
y(t) < ye(t) for all t < to and y(to) = y-(to). Noting that y. = coyl*?, we thus obtain

to
y:(to) = wyo+e +co/ yg(s)H)‘ds
0

to
> yo+te+ co/ y(s) T ds
0
> y(to),

a contradiction. /1]

Basing upon the last two lemmas, the following one will be the main ingredient in Theorem 2.7.
Before formulating it, we now state the announced decay condition on wug (see (C3)) which will
finally imply global existence.

(H1) There is a radially symmetric ¢ € C*°(R") with R + [|¢|| = (9B,) nonincreasing such that
ug < ¢ and

/ gOOL < CO[_A0+V
for some v > 0 and all sufficiently small o > 0, where

pt+l—q
A L % M (]_71 lfp > 17
Tl ni grp—n
2" g1 p=1

Remark. Hypothesis (H1) is fulfilled if Ag > 0 (that is, p>1orp=1and ¢ < %) and e.g.
up(z) < cre~@lel’ i re

for some [ > ALO and positive numbers ¢; and cs.

Lemma 2.4 Suppose ¢ > 1 and (H1) holds. Then for all Ty > 0 there exists a« > 0 and Cy > 0
such that

sup [Jug(t)||pe@ny < Co Vk €N (2.7)
tE(O,T())

a—1

PROOF. ~ We multiply the equation defining ug by u; ", 0 < a < 1 to be chosen later, and
integrate over By x (7,t), 0 < 7 <t < Ty, to obtain

1 ! —2 ¢ -1
— / up(t) + (p+a—1) / / uh 207 Vg P - / / ub £ O e
o By, T JBy T JOB)

1 t _
= / u%E(T)—I—/ / uiza L (2.8)
« Bk T Bk



As up. > ¢ in By x (0,00) by comparison and uks\aBk = ¢, the third term on the left is

nonnegative, while the second equals % f I} B, \Vuki |2. We now let 7 and then ¢ tend

pta p+a
to zero; taking into account that ug. — wug uniformly in By, x [0,¢] and Vu, 2 — Vu,? ae.

in By, x (0,t), we gain from Fatou’s Lemma that

1 1 t _
[ + +a1// VP < [ [ w2
a /B, By, « JB, 0 JBy

pta
If we define v := u, > then uf = v” with v = 2% and uZ+°‘_1 = % with § =

p+a
(2.9) reads

2(g+a—1)

T and

p+ o — t
HW (91723, ds < H O+, [v(s)1195,)ds- (2.10)
%) 0 (Bk)

In order to take advantage from the gradient term on the left, we estimate by the Gagliardo-

a” ( )HLv (Bg)

Nirenberg inequality, Lemma 2.2,

lo() 1555y < BIVOE) 5500 I o (2.11)

where

S| =

1
5

“TT T T
n 2 ¥

Let us continue with the case p > 1 first. Then the coefficient of the gradient term in (2.10) is

bounded below by ¢, := (( )3 > 0. To the right hand side of (2.11) we apply Young’s inequality

in the form

1
-1

AB < nA" +¢(r,n)B'"*, YA,B>0, wherec(r,n):= r (m)_ﬁ, (2.12)

with n:= 2 r:= 2. If a — 0 then also ¥ — 0 and thus ad — (qp U and r = 1> 1, so that
]
we may assume o to be small enough such that ¢(r,n) < ¢; < 0o, whence we have altogether
(1—a3§5
[0(5) 13551y < VOO 22 + 1 (o)) % (2.13)

Inserting this into (2.10) and writing y(t) := ||v(t )Hm (By) = Huk(t)H%a(Bk), t € [0, Tp], we obtain

t
y(t) < y(0) + crax / y M) (5)ds (2.14)
0
with A(«a) := (11:26% — 1. An elementary calculation reveals that
2
-1
Aa) = 1 >0,

sp+1—q) +a

and Lemma 2.3 guarantees

y(t) < y(0) (1= M)y (0) clat)“l“). (2.15)



Since A(«) & Ao = ﬁ(lg%ll_q) as a \, 0, we can now choose o > 0 fulfilling
2

1
T := > 2Ty, (2.16)

c’\(a)cl)\(a)al_%JwMa)

where v and ¢ have been taken from hypothesis (H1). With this value of « fixed henceforth,
(2.15) yields for t € [0,Tp] and all k

1

[0 < [ oo [ )]

< /Bk ug - [1 - %)\(a) (cof%ﬂv /\(a)claT] @

1
< [
By,

which proves (2.7).

If p = 1, however, letting o \, 0 means also taking the second coefficient (117(2)2 on the left of

(2.10) to zero. We have to respect this in the choice of 7 in (2.12), so that we use n :=

4o
5.
(1+a)2c

But then ¢(r,n) < cloz_i needs no longer be bounded as a \ 0. Fortunately, r — 1 — % SO
-1

that at least for any £ > 0 and all sufficiently small o < a(§), we have ¢(r,n) < cra” e ¢, Let

us set K 1= —%‘fq and fix £ € (0, "T’\O) Then with an obvious change in (2.13), we obtain (2.14)

q
in the modified form

t
y(t) < y(0) + cra”¢ / y O (5)ds,
0

Accordingly, the final choice of o will be such that

1
cMa) . ClA(g)g*)\(O&)AQ‘FV}\(O{)‘FH*f =

2Tﬂa

which is possible since —A\(a@)Ag + vA(a) + kK —& = —XAg + v Ao+ K —E& > ”—;‘0 >0as a— 0.
Now the remaining part of the proof is as before. /]]/

Unfortunately, using Lemma 2.4 alone we cannot exclude the case that e.g. u blows up at single
points in finite time. However, if ug is radially symmetric and decreasing in |z|, Lemma 2.6 will
show that this is impossible. Its proof relies on

Lemma 2.5 For all k € N, we have

0 1
P > = i R™ x (0,00). (2.17)

U pt
Proor. For fixed 7 > 0, classical regulartiy theory tells us that the approximate solutions uy,
are in C*!(By, x[r,0)), hence the function z . := Otk uzzlAuk@—l—uZ;l is in CY(By x [, 00))

Uk e
and fulfils
atzk7a = (p - 1)’“2;—1(Auk,a + UZ;p)Zk,a + u£7_€1 (A(uk,szk,a) + (q - p)“z;pzk,a>

-1 -1
= pz,%,a +(qg—p— l)uzja Zke + u,]ia (2Vupe - Vg e +up Az ).

8



21 vanishes at OBy, x [1,00), while at t = 7, 2, > —M for all M > M, and some sufficiently
large M. > 0. Hence, by comparison, z, . > far on By, x (7,00) for all M > M., where fy/(t) is

the solution of f}, = pf; on (1,00), fu (1) = =M, ie. fu(t) = —W; note here that
far is negative, so that (¢ —p — 1)uz_€1fM > 0. Consequently, 2z . > —ﬁ on By x (1,00) for
all 7 > 0, hence also zj, . > —Z% on By, x (0,00). Taking ¢ — 0, we arrive at (2.17). /1]

Lemma 2.6 If u = limy_,o ug is radially symmetric and decreasing in |z| for each t then either
u exists globally or there is T' < oo and a sequence t; /T such that u(x,t;) — oo for all x € R™.

In other words, for such a solution finite time blow-up occurs either nowhere or everywhere in
R™.

PrOOF. If u does not exist globally, there is 7' < oo and a sequence t; T such that
u(0,t;) /* oo. For fixed t;, define a function f on [0,00) by u(x,t;) =: f(|z|). From Lemma 2.5
we infer Au(t;) > —ﬁjul_p(tj) — u?7P(t;) and thus f”(r) + 22 f/(r) > —f%(r)(cof(r) + fUr))
with ¢g > ﬁj independent of j. Writing a := f(0), the claim will follow as soon as we have
shown that f > ¢ on an interval [0,74] of length r, which satisfies 7, — 00 as a — 0.

To see this, suppose f(r,) = § for some r, < co — if no such r, exists, we are done. As f' <0
and f'(0) = 0, we have

a

flra)== = a+ /Ora /07" 1" (p)dpdr

\V)

Ta T 1
> a- / / (cof (o) + 19(p) ) dpdr
o Jo fP(p)
2\P 72
S
hence 72 > 277 lj‘r:% which yields the assertion, for p +1 > q. /]]/

Now we have collected all the tools to be used in

Theorem 2.7 Suppose p > 1 and 1 < q < p+ 1 with q < % if p=1. If either g = 1 or ug
satisfies (H1) then the solution u = limg_ o uy exists globally.

ProOOF.  Without loss of generality we may assume ¢ > 1 since in the case ¢ = 1 it is easily
seen by comparison that ug(z,t) < |lugl|peemnye’ uniformly in k, so that u clearly exists globally.
As u lies below a radially symmetric and (with respect to |z|) nonincreasing solution with initial
value satisfying (H1), we may furthermore restrict ourselves to the case that u itself has these
properties.

Suppose such a u blew up at some time T' < co. We apply Lemma 2.4 with Ty := T + 1 and
obtain o > 0 and Cjy > 0 such that

Huk(t)HLa(Bk) <Cy Vte (O,T + 1). (2.18)

Let M be any number larger than 4Cy and 7 := min{%,p% In2,1}. As u blows up in all of
R™ by Lemma 2.6, there is tg € [T' — 7,T') such that u(x,tp) > M where = is any point on



OB, and r is — for convenience — such that |B,| = 1. As uy " u, we find ky € N such that
ug(z,to) > M for all K > ko. Now Lemma 2.5 tells us that Oug(z,t) > —pizuk(a;,t) and
2

2
thus ug(z,t) > Me 7t for all ¢ > to and all k > ko. Hence if t € (T, T + 7), we have
t—to < (T+7)— (T —7) =27 <pLIn2 and therefore uy(z,t) > &. By radial symmetry and
monotonicity,

M
ug(t) > - on B, for k> koand t € (T, T + 7).

But then we have for such ¢ and k > kg

([ )= (f )" = >0

which contradicts (2.18). /1]

3 The critical case g=p+1

If ¢ = p+ 1, it follows from the results in [Wil] that for large k (such that the first eigenvalue
of —A in By, with zero Dirichlet boundary data is less than one), uj blows up in finite time, no
matter how small (but positive) ug  has been chosen. As, by comparison, u > uy, in By, for any
solution w of (0.3), we can state without further comment

Theorem 3.1 Suppose ¢ = p+ 1. Then any positive solution of (0.3) blows up in finite time.

4 The supercritical case ¢ > p+ 1

Rewriting (0.2) as u; = ﬁAu”“ — puP~1|Vul? 4+ u4 and using an equivalent version of (C2)
identifying 8 = 0+1 —|—% as critical exponent in (0.1), it is easy to see by a comparison argument
that (0.3) has global solutions evolving from sufficiently small initial data, provided ¢ > p+1+ %
However, this reduction to a problem similar to (0.1) does neither — at least not immediately —
give us any information about the gap ¢ € (p+1,p+ 1+ %], nor does it clarify whether we can
expect blow-up for large data. The L*-approach, having been successful in the subcritical case
yet, seems to fail as well. Alternatively, we shall look for explicit global solutions on the one
hand and on the other hand attempt to prove blow-up in the case of large data by an energy-type
method as performed e.g. in [FMcL]| in a slightly different setting.

Theorem 4.1 Let g > p—+ 1.

i) There exists a one-parameter family (wq)a>0 of radially symmetric positive functions wq(x)
vanishing at infinity with we(0) = a such that whenever ug satisfies (HO) and ug < wq in R™
then the corresponding solution u exists globally and obeys the decay estimate

1
[u(t)|| oo @ny < e(1+1) o 1.

ii) For each w satisfying (HO) there is b > 0 such that if ug = bw then any positive classical
solution u evolving from ug blows up in finite time.

10



PROOF. 1) Let us look for radially symmetric similarity solutions to (0.3) of the form
u(z, t) = (1+ 1)~ f((1+ 1) |z|) (4.1)
with positive a and S to be determined. Abbreviating 7 := (1 + t)~?|z|, we have for such u
w—wPAu it = —a(l+ 7 f) — B+ el ()
=+ (107 = (PR
~(1+ 07 ()
= a1+ )77 () = A+ f (1)
ST () () + ) — (1 )7 ).

')

Ifqoeza—l—landpoz—l—oe—i—Qﬂ:a—i—l,i.e.a——landB ql),
equal, so that u solves the first in (0.3) if and only if f is a positive solution on (0, c0) of the

all time exponents are

initial value problem

e+t f+ (ﬂrf +af+f1) = 0, re(0,00),

f0)=a, f(0) = 0 (4.2)

with some a > 0. Therefore the claim of part i) of the theorem follows if we show that for any
a>0,(4.2) has a positive solution fe C’Q([O oo)) We first prove local solvability of (4.2) near
Lo (1Y = g(r, f, f') with g smooth near the

point (0, a,0), and considering the equivalent 1ntegral equation

=aq TL panfl o, f(o), f'(0))do
r) = +/O pM/O 4(0, f(0), f'(0))dodp

which is solved by standard fixed point arguments in the space C''([0, R]) with sufficiently small
R > 0. A posteriori, g(o) := g(o, f(o), f(c)) is continuous at ¢ = 0, hence

fp

1/Ta"1(g(a)—g(0))da < max 15(0) = §(0) = 0 asr —0.
0

rh N o€0,r]

—f'(r)

1 _@‘:

Thus, f” is continuous at r = 0 and f € C?([0, R]). Moreover, f”(0) = lim,_o(—22f'(r) +
g(r)) = 15(0) < 0, so that f decreases near r = 0 and hence as long as being positive, for (4.2)
shows that f cannot have a positive local minimum. Thus, there is a maximal R < co such that
f exists and remains strictly positive on (0, R). To see that actually R = oo, suppose on the
E)n

contrary that R < oo and consider the case p > 1 first. Letting ¢ := i( 3

= , we observe that
for r € (&, R), the function ¢(r) := ef17P(r) — r"~1f/(r) satisfies

1 g = <6r_5( _1)>f/+ afi=P 4 prp

yn—1 rn fp
< fPatath.

R*(a+a?™1)
€

Thus, writing v := and noting that £ 177 < ¢, we obtain
¢ <,
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so that ¢(r) < go(%)eﬂr*g) for all r € (%, R). In this interval we therefore have
Ilf'|<c and cl<f<a,

which contradicts the maximality of R.

In the remaining part p = 1, we proceed similarly, using that o(r) := —eln f(r) — "L f/(r),
with & := B(£)", satisfies ¢'(r) <r"Y(a+ f771) <con (4, R).

Let us finally show that f(r) — 0 as r — oo and thereby complete the proof of part i). Indeed,

suppose that we had f > > 0 on (0,00). Then, by (4.2),

< 2cirf —cg forr>1

f”:—<n_1 B >f_af+fq

r i fP
with positive numbers ¢; and ¢3. An integration of the differential equation y'(r) = —2c1ry(r) —
co leads to

< f/(l)e—cl(r2—1) — e /r ecilr®=r

1

%]

dr.

We estimate the second integral as follows:

/7’ ec1(’r—r)(7'+7‘)d7_ > /T qur(T—T)dT _ 1 (1 _ e—2clr(7‘—1))'
1 - 1 2017"

Hence, for rq sufficiently large and some c3 > 0,
c
flry< == ¥rzmn,
T

so that f(r) < f(1) —esIn - for r > ro, implying f(r) — —oo as 7 — oo which is again absurd.
Thus, f(r) — 0 as r — oo.

ii) We fix an arbitrary smooth bounded domain © C R™ with principal eigenvalue \; of —A

and a corresponding eigenfunction >0 With fﬂ = 1. Considering p > 1 first, we suppose u
exists for ¢ < T and let y(t) := = [, u'"P(¢)©, t € [0,T]. Then y € CO([0, T])ﬂC’l((O T)) and
since OnOlgn < 0, we have
y =— Mo = —/Au-@—/uq_p@
o uP
< )\1/ u® — / u?Pe. (4.3)

L

We claim that as long as y < 1(T)q = =: ¢p, wWe have

1 1

Yy <—=M(p—1) Ty »T, (4.4)

from which it will follow that if b is so large that yg := (1% fQ wl_p@> b'=P < ¢g then y decreases
and hence remains below ¢ for t € [0,T]; an integration of (4.4) shows that then

_pP_ —1

p—1
y(®) <(yg  —at) 7

12



__pb_
with ¢q := )qp(p—l)_ﬁ, and thus T cannot exceed 1y, "~ < 0o, that is, u becomes unbounded

in finite time.
To prove (4.4), we observe first that due to the Holder inequality,

1— —
/ul_p@ > (/ u@) P and /uq_p@ > (/ u@)q p, (4.5)
Q Q Q Q
where we have used fQ O =1, so that if y < ¢g then
—p—1
/qu(t)@ > (/ u@)q : /u@
Q Q Q
/ 1 ’q;ﬁl o
> u PO /u
(o) 7 ),

= (=1 [ e

Z 2)\1/'&@.
Q

Hence, by (4.3) and (4.5),

1
y < Al/u@g)q(/ ul_p@) r
Q Q
= M(p-1) Ty e
as claimed.
If p =1, we let y(t) := — [,Inu(t)© and the proof is similar: Using Holder’s and Jensen’s

inequalities in estimating [, u? 10 > ([,u0©)?" and [,u0 > elo™¥O we see as above that

1
as long as y < ln(ﬁ)qf2 =: ¢, we have [,u© < ﬁ Joui™'O and thus
y < )\1/ ud — / ul1te < )\1/ uO < —Apelamu® — ) o7,
Q Q Q

so that if (0) < ¢ — which is true for all sufficiently large b — then e¥®) < ¢¥(0) — \;¢ which
shows T' < /\%ey(o). /1]
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