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Abstract

This paper deals with nonnegative solutions of

U= Au—u sy i Q x (0,00) Q)

with ¢ € (0,1) and prescribed continuous Dirichlet data B = B(x) on 9. It is proved
that for n < 6 there is a critical parameter ¢. € [0,1) with the following property: If
q > q. then there exist at least two continuous weak solutions emanating from some
explicitly known stationary solution w: one that coincides with w and another one
that satisfies u > w but uw # w. For n < 6 and ¢ < ¢. (or n > 7), however, such a
second solution above w is impossible.

Moreover, it is shown that for n < 6, ¢ > ¢. and any sufficiently small nonnegative
boundary data B there exist initial values admitting at least two continuous weak
solutions of (Q). The final result asserts that for any n and ¢ nonuniqueness for (Q)
holds at least for some boundary and initial data.
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1 Introduction

This paper deals with the
absorption,

Ut

uloo

U|t:0

semilinear parabolic boundary value problem with singular

= Au—u X0 in Q x (0, 00),
= B(z),
= wuo(x). (1.1)

Here, 2 C R™ is a smooth bounded domain, ¢ € (0,1) is a fixed parameter and X0
denotes the characteristic function of the set of points where u is positive. The initial



data ug and the boundary function B are supposed to be nonnegative and continuous and
throughout we assume that the compatibility condition

uO|3Q =B (1.2)

holds.

It was shown in [19] that if B is a positive constant then (1.1) admits at least one non-
negative continuous weak solution. Recently, the requirement B > 0 could be relaxed in
[4], where it has been proved that also in the case B = 0 there exists a nonnegative weak
solution; however, it was left open there if such solutions are continuous up to 9.
Several qualitative aspects of solutions to (1.1) with general ¢ > —1 have been explored
during the last decades. Most of them concerned the possibility or the impossibility of
dead cores to occur in finite or in infinite time ([17], [6], [7]), or quenching rates and pro-
files ([15], [16], [8]). Also, various results on the evolution of the positivity set and on the
large time behavior of solutions are available ([5], [2], [1], [9], [12], [10], [3]).

A crucial role in many of these results is played by stationary solutions and especially by
the singular steady state w, 4 that is explicitly given by

2
Wnq(T) 1= Apglz|aFT,

where

2 2 —
N

Observe that wy,, € C'T9(Q) with § = ﬁ € (0,1), but if 0 € Q then wy, ¢ C?(),
whence w,, 4 is a continuous weak solution, but not a classical solution of (1.1).

As far as the uniqueness question for (1.1) is concerned, very little is known up to now: For
instance, it is easy to see upon a standard manipulation of the nonlinearity in (1.1) that
weak solutions are unique (and classical) under the extra assumption u > ¢ > 0. Similary,
uniqueness of weak solutions in the neighboring case ¢ = —a € (—1,0] follows from a
straightforward argument; then, namely, the nonlinearity u — u®xy,>0} is nondecreasing
in v and hence well-behaved with respect to the comparison principle, although it also
causes typical effects of strong absorption ([5], [3]). By a more subtle reasoning, Davila and
Montenegro in [4] achieved uniqueness for (1.1) with B = 0 within the class of functions
satisfying u(z,t) > c(dist (x,00Q))"” for some v < qT21 and ¢ > 0.

The principal goal of the present work is to prove that for a large class of boundary
functions B, weak solutions of (1.1) are in general not unique, even if they are assumed
to be continuous. Assuming henceforth that
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and writing
0 if n <2,

qe(n) := (n—2)2—4n+8/n—1
(n—2)(10—n)

(1.3)

if 3<n <6,
we can formulate the first of our main results as follows.

Theorem 1.1 Ifn <6 and q € (0,1) satisfies ¢ > q.(n) then for any nonnegative initial
data ug € C°(Q) N C?(Q\ {0}) fulfilling

Uy < Wpyg N Q and Uy = Wp,q near x =0,
there exist at least two distinct continuous weak solutions w, @ of (1.1). These satisfy

u(0,t) =0 VYt>0 and u(0,t) >0 for smallt > 0. (1.4)

Particularly, the continuous weak solution v = wy, with initial value uy = wy 4 is not
UNIQUE.

Observe that Theorem 1.1 implies that for any continuous boundary data satisfying 0 <
B < wy qla0, there exist many initial functions for which (1.1) has more than one solution.
The exponent g.(n) indeed appears to be critical with respect to uniqueness. Namely, we
have

Lemma 1.2 Suppose n > 3 and

0<q<gqcn) if3<n <6,
0<g<l ifn>1.

Then the solution u = wy 4 of (1.1) with uy = wy, q is unique within the class
{v | v is a continuous weak solution of (1.1) with v > wy 4 in Q x (0,00)};

equivalently, u = wy, 4 15 the mazimal solution emanating from wy, 4.

However, if we allow larger zero sets of ug (measured e.g. in terms of their Hausdorff
dimension), we can prove nonuniqueness for arbitrary n and ¢ € (0,1) — but then need
more technical restrictions on the initial and boundary data:

Theorem 1.3 Assumen > 1, g € (0,1) and
uo(z) = wyg(x1, ..., TN) Vo= (x1,..,2,) €Q

with some N < min{n,6} satisfying q.(N) < q. Then (1.1) has at least two continuous
weak solutions with the properties (1.4).



In the course of our analysis we will also prove that the problem (1.1) is at least partially
well-posed in the sense that

e for any nonnegative and continuous ug and B satisfying (1.2), (1.1) possesses a
unique mazimal continuous weak solution (Theorem 3.5), and that

o if (ugr)reny C CO(Q) is a sequence of nonnegative initial data, uniformly convergent
to some ug, then a subsequence of the corresponding sequence of maximal solutions
converges locally uniformly in € x [0,00) to a continuous weak solution emanating
from up (Lemma 3.4).

Unfortunately, the latter limit need not coincide with the maximal solution corresponding
to the initial value ug, as the proof of Theorems 1.1 and 1.3 will show. As a consequence,

e the maximal continuous weak solution does not depend continuously on the initial
data

when we measure distances of initial data in C°(£2) and distances between solutions in any
reasonable space that separates continuous functions v and @ with the properties (1.4).
Anyhow, this supplements the previously established existence theory for (1.1) in so far
as it now provides continuous weak solutions for arbitrary — not necessarily positive —
boundary data.

We remark that the nonuniqueness result in Theorem 1.1 has an analogue in the study of
the Cauchy problem for uy = Au+ u? with n > 3 and p > 5. For this problem, namely,
it is known that there is a critical exponent

o0 if n < 10,

De -= n—2)2—4dn+8y/n—1 .
( n—=2)(n—10) it n > 11,

which has, apart from a number of other interesting features (cf. [13], [14], [20]), the
following property ([11]): If -5 < p < p. then there exist at least two distinct weak

solutions evolving from the explicit singular steady state w(z) = L|x|_%, where L is
given by L = (p%l(n —2— %))Tﬁl One of these is & = w and another one is a selfsimilar
solution u that is smooth for ¢ > 0, so that particularly u(0,¢) < oo for all ¢ > 0. When
n > 11 and p > p., however, such a self-similar solution does not exist, and moreover
the solution u = w is the (unique) minimal solution (which is sometimes also called the
‘proper’ solution; cf. [11, Theorem 10.1]). Observe that if we extend the definition of g.
to n > 11 then we have p. = —q. for such n.

Let us finally mention that for the degenerate counterpart of the PDE in (1.1), u, =

uPAu — u” x>0y, p > 0, it was proved in [23] that nonuniqueness of continuous weak



solutions holds for p > 1 and n = 1 in the whole range ¢ € (—1,p — 1] where continu-
ous solutions exist ([22]). However, nothing seems to be known in the intermediate case
p € (0,1), that is, when the degeneracy is of porous-medium type.

The paper is organzied as follows: In Section 2 we pursue some formal ideas based on
a self-similar ansatz. This will on the one hand indicate the criticality of g., but on the
other hand our approach will also give useful suggestions how to construct nonstationary
solutions evolving from steady states. In the rather technical proofs of Section 3 we as-
sert some results on existence and convergence of continuous weak solutions for arbitrary
nonnegative initial and boundary data. We also derive a useful estimate from below near
t = 0 there (see Lemma 3.3) which will enable us to deal with initial data up # w in The-
orem 1.1. Section 4 is devoted to a rigorous study of the ordinary differential inequality
proposed by our formal considerations. This prepares us to prove Theorems 1.1 and 1.3
and Lemma 1.2 in Section 5.

2 Formal analysis

Before going into technical details, let us first demonstrate the basic ideas of our approach.
We assume for simplicity that ug coincides with w = w,, 4 in the whole domain and seek
for a nonstationary solution u of the form

u(z,t) = w(x) + Ulx,t),
which leads us to the equation
Uy=AU+w 1 —(w+U)™ 1 (2.1)
wherever u is positive, because Aw = w™Y. Let us pursue the self-similar ansatz
U, t) = 1% - £(t7°|a).
Such a function would solve (2.1) if and only if
At f(€) = BTN (€) = 10T (1(E) + MEHF(€) +w U w) — (wlx) + 1 f(€)) 7Y, (2.2)

where ¢ = t7%|x|, so that the only reasonable choice appears to be § = % Upon this, we
now make use of the fact that

2 1

w(z) = An,q‘x’% = An,q(téf)qi1 = tatTw(§).



Thus, (2.2) turns into

n—1, £
Tf(§)+§
—q

() — 77 (w(€) + T R(©) T =0,

e + 7€) —af(©)

which recommends the choice a = qT11- In this case, f should satisfy
-1 19 1
Lof = f'+ = +2f - ——f+w ' — (w+ f) 7 =0, 2.3
of =1+ S = (w+ 1) (23

the suppressed argument being & now everywhere.
In order to investigate the structure of the operator Lg, let us proceed to transform f via

f(&) = h(&) - w(§),

the function h supposedly having small values such that u remains nonnegative. Then
(2.3) holds if h satisfies

-1 1
0 = h'w+2h/ v +hw' + [C— (h'w + hw') + §<h’w + hw’) — ——hw
& 2 qg+1
+ w1 — (1 + h) Tye
-1 ! 1 !
O P VSN S V. VY S S
13 w 2 qg+1 2w
(w” 4+ "T_lw’)h +w 1= (14 h) w1
¥ . ]
Since w” + %w’ =w % and %’ = q_%l . %7 this amounts to requiring
T " = +% / f / 1
Lohi= ' 4+ —— 0 4+ S0+ 1+h—(1+h)*q}w*q* = 0. (2.4)

Using the first-order expansion
1+h—(14h)" "= (q+1)h, |h| << 1,

and the identity w97t = Aﬁ,‘éflg —2, we obtain that h, if it remains small enough, should
satisfy

K =~ 0.

n—1 + 4 ( 1 —q—1

" q+1 5/ q-+ )An,q 3
h =

W+ z + @ ht s



Near £ = 0, the last term is small as compared to the second one, whence we end up with
the Euler-type ODE

al az

hl/ + 7h/ + e

3 &2

where a; =n—1+ ﬁ and ay = (¢+1)A4,5 1 =2. (qT21 +n—2). The characteristic roots

of this asymptotic equation, that is, the zeros of A — A(A — 1) + a1\ + ag, are computed
as

h =0, |h| << 1, &<<1, (2.5)

-1 1
)\i:—a12 :|:§\/(a1—1)2—4a2.

Both these roots have a nonzero imaginary part if and only if (a; — 1)? — 4as < 0 or,
equivalently,

0 < (q + 1)2 . [4&2 — (a1 — 1)2]
2
= 8(g+ 1) (Fr+n-2)—(a+1)* (n—2+ 1)
= 8(n—2)(¢+1)*+16(¢+1) — (n—2)*(¢ + 1)
—8(n—2)(¢+1)— 16

= (n—2)10 —n)(g+1)* + (32— 8n)(¢+1) — 16

= (n—2)(10 —n)¢*> — 2(n* — 8n+4)q — (n — 2)2.
Solving this inequality with respect to ¢ € (0,1), we conclude that the linearized asymp-
totic equation (2.5) allows oscillating solutions of the form

a;—1

P(€) = €5 sin (InghVin(m-1?) (2.6)

(and, of course, their cosine counterparts), if and only if 2 <n <6 and ¢.(n) < ¢ < 1. In
the case n = 1, all solutions are given by

h(€) = 015_2(‘71*_1(1) + ¢! if ¢ # %,
() = e+ tng ifq:%. (2.7)

Let us develop from this a strategy on how to construct a solution u # w above w but
with initial value w. By the approximation procedure performed in Section 3 below, we
know that there exists a weak solution (for instance, the maximal solution) u > w with
initial value w that is the limit of a decreasing sequence of smooth supersolutions of (1.1)
which initially lie strictly above w. Since all nontrivial solutions of the exact variant of
(2.5) are unbounded near £ = 0 and therefore useless for our puspose, we confine ourselves



with constructing subsolutions instead. Transformed back to the original coordinates,
such functions h, thus satisfying Loh > 0 and required to be small, should give rise to
subsolutions 4 of (1.1) with initial value w. If now we are able to achieve

@ < w on the lateral boundary of some parabolic domain @ of the form 2 x| < & (2.8)

and, say,
(0,t) >0 for small ¢ > 0, (2.9)

then 4 < w in @ by comparison and particularly «(0,¢) > 0 for small positive ¢, whence u
cannot coincide with w, though having evolved from w.

Rewriting (2.8) and (2.9) in terms of f, we can formulate as our goal the construction of
a function f satisfying

LOf 2 0 in (0’60)5
f(0)>0, f(0)=0 and f(&)=0
for some & > 0. As it is easy to see that each positive constant J satisfies Lo(d) > 0

on (0,&) for sufficiently small & (cf. Corollary 4.3), the main task will thus be to find
suitable 9, &, and a subsolution f for £ > & with

f&)=9 f(&) =0,
in such a way that
f reaches the value zero at some finite &.

It will be a consequence of the oscillatory nature of (2.5) that this in fact is possible under
the assumption 2 < n < 6 and ¢.(n) < ¢ < 1. Indeed, in this case we can choose one of
the infinitely many decreasing positive branches of the function

a;—1

£(€) = pei 7T gin (mgé 4“24“1*1)2) (2.10)

induced by (2.6). Here n > 0 is appropriately small in order to ensure that the smallness
conditions imposed above hold on the considered interval.
As to the case n = 1, the corresponding candidates take the form

FO) = met bmert gt
f©) = mEmeime  ifg=y, (211)

where all appearing terms are bounded near ¢ = 0. Thus, if we choose n; > 0 > 12 when
qg < % and m1 < 0 < n2 when ¢ > % then, as desired, these functions attain a positive



maximum and then decrease to —oo.
Let us briefly describe in how far this distinguishes from the case n > 3 and ¢ < ¢.(n) in

which the roots of (2.5) become real again. Then, namely, we always have A_ < —a-l

2
_HT*2 _ q% < _q-%l and thus the first term making up

f(§) = mﬁﬁﬂ_ + ﬂ2§ﬁﬂ+

becomes unbounded near £ = 0. Consequently, the only possibility to enforce a positive
maximum of f consists of choosing n; < 0; but then f will have no zero beyond this
maximum.

3 Maximal solutions and a convergence result

In the sequel, by a continuous weak solution of (1.1) we mean a function u € C°(Q2x [0, 00))
that satisfies u|i—o = up and ulgg = B = ug|gq classically and

—/ /uwt—/ /uA<p+/ /X{u>0}U‘qs0=/uOsD (3.1)
0 Q 0 Q 0 Q Q

for all nonnegative ¢ € C§°(€2x[0, 00)). This implicitly requires, of course, that x ,~0yu"? €
L} (% [0,00)).

A natural method to construct solutions of (1.1) consists of regularizing the problem and
consider solutions u. of

Ut = Aue — gs(us) on £ x (0, OO)»
uslpo = B,
Ua|t:0 = UQe, (32)

where B., ug. and ¢g. are suitably chosen smooth approximations of B, ug and u +—
u” X {u>0}, respectively. There are several possible ways to accomplish this. For definite-
ness, let us define g. as follows: We pick a cut-off function xy € C*°(R) such that x(s) =0
for s <1, x(s) =1 for s >2and 0 < x’ <2 on R. For € > 0, we set x.(s) := x(£) and

( ) XE(S) : 8_q7 s > 07
gs(8) ==
: 0, 5<0.

Moreover, with a fixed sequence of numbers € = ¢; \, 0, €; € (0,1), we let ugp. € W (Q)
be such that
ug + € < uge < ug + 2¢ in Q, (3.3)

and that ug: \, ug as € — 0. Here and below, in order to abbreviate notation, we fre-
quently use statements like ‘as e — 0’ or ‘for all € € (0,1)’” which are to be understood as



referring to the sequence € = ¢; throughout. Let us also agree upon the convention that
if ug € WH*°(Q) then we always choose ug. := ug + €. Finally, we set B. := ug|aq.
Using standard arguments involving parabolic Schauder theory and the comparison prin-
ciple, one can see that each of the problems (3.2) has a classical solution that satisfies

€ < e < |uoe||poe (o)
Moreover, the u. are ordered and

Ue \, U ase — 0
holds for some nonnegative u € L>(§ x (0, 00)).

Lemma 3.1 i) There exists ¢ > 0 such that for each ug € C°(Q) and all ¢ we have

1

g+1 +1
Vut (@) < e (1 Jug™ lomie) - (14673 + (dist (r,00)7) (3.4)

for all (x,t) € Q x (0,00).

q+1

ii) Moreover, if uy?> € W1°°(Q) then
a1 _ .
Vul® (2,0 < e (14 flug® froeqey) - (1 -+ (dist (2,00) ") (3.5)

is valid for any (x,t) € Q x (0,00) and some ¢ > 0.

ProoOF. The proof is a straightforward application of the well-known Berstein technique
as demonstrated for some closely related problems in [19], [4] or [18], for instance.
i) For small positive d and 7, fix ( € C*°(€2 x [0,00)) such that 0 < ¢ <1, ((x,t) =1 if

dist (z,09) > d and t > 7, {(x,t) = 0 if dist (z,0Q) < % or t < 7, and such that

Gl and [VCPHCIACS S QX (0,0)
q+1
holds with some ¢y > 0. The function v := u.? satisfies

1-— 1 _1-g 2
=Av+ —— i1 _1|V 1> — 9+ v }1+‘1zga(vqil)
and
1 2
§(|Vv\ i = Vou-Vy
1 2(1 —
= Vo -VAv- —y _2|Vv|4+7( 9 NV, D*v - Vv)
qg+1 g+1
1 2
_%%<v q+lg ('qul)) . ‘VU|2. (36)

10



For any T' > 0,
2@ t) 1= s 8) Vo, D)2

attains its maximum over Q x [0, T] at some point (g, tg) € Q2 x (0, T]; hence at this point,
Vz = 2¢V(|Vv|? + 2¢2D?v - Vv vanishes and z; > 0 as well as Az < 0. Therefore at
(z0,to) we find, using (3.6),

1
2
2 1 2 2 1

0

IN

—Az)

— GV + 2 [ Ly 2w+ ( +1q)v_1<Vv,D2v-Vv>
_%di<v q+lga(vq+1)) ’V’U|2:|

—(\VC|2 - CAC)!VU\2 — 4¢(V¢, D% - Vo) — C|D%f* — (*Vv - VAv

_ 2y2 4 200—-q), 27, .
= (G oIVl = S G VP Ve
—q;—ld%(v—mg (7)) - Vo
~(IVCP? + CAQ|Vu* + 4|V IVof? — ¢F| D, (3.7)

By Young’s inequality, we find

2(1 —
( ) +q1)§2v_2|Vv|4 + |VC|2|VU|2

1 2(1 _Q)
L VoV vg‘ e

and thus obtain from (3.7) that either Vou(z,%y) = 0 or

1—q 9o 9 2(1-q) 2 2
S pCIve s [ca (34 S HF)IveR - cadle
1 d 1-g 2
_q—; 2. - (v g, (v +1)>, (3.8)

Since g.(s) < s7% and g.(s) > —gs~ 97! for all s > 0 and € > 0, we find

S S (i) = e er) - g7
(%
1—
< Tq+q,

11



so that (3.8) yields

2.2 [C0  g+D ¢co | <o 9 g+1
CVu|” < -+ P +32) IVOllZe0 (@ (0,00 + 5 (3.9)

at the pont (wo,%0). As ue < |[uoe| roo(q), this implies (3.4).

1
ii) The proof in the case u;% € Whe(Q) (implying ug € Wh*°(Q2) and hence ug. =
ug + €) can be run in quite a similar way if we choose ¢ independent of ¢. Then the
maximum of z either satisfies an estimate of the form (3.9) without the term containing
T, or it is attained initially. In the latter case, however, we use that ug. = ug + € implies

2 2
[Vug oo ) < el Vg™ || e for some ¢ > 0 to conclude (3.5). //]/

The obtained regularity in space can be used to achieve regularity in time by a standard
argument.

Corollary 3.2 i) For any ug € C°(Q),

(ue)eco,1) 48 locally equicontinuous in €2 x (0, 00). (3.10)
ii) If even u;%l € WL(Q) then

(ue)ee(o,1) 18 locally equicontinuous in Q X [0, 00). (3.11)
PROOF. i) Since & := ul™" satisfies

q 1

i I R R a1
— A - Vil? — (q + 1)iiT g (575
Uy 0 oS 70 Vo (g + Dot g (varT)

with

and

4 a1
T 57Vl = —L | Vu.? 2,
qg+1 qg+1

the estimate from Lemma 3.1 i) shows that o; — Ao is locally bounded in € x (0, o). Thus,
standard parabolic theory entails uniform Holder estimates for o (and thereby also for w.)

on arbitrary compact subsets of £ x (0, c0).
a1
ii) The argument in the case uy> € Wh*(Q) is quite similar. /]]/

Remark. Involving results on maximal Sobolev regularity and suitable embeddings,

12



for t > 7 > 0 the method in the above corollary in fact yields uniform Hélder regularity
with respect to ¢ for ud™ with any Holder exponent v < 1. A more subtle approach shows
that away from ¢ = 0, in fact v = 1 is allowed, that is, ud™ satisfies the corresponding

locally uniform Lipschitz estimates in time. The same improvement is possible near t = 0,
41

g _
provided that instead of uy> € WH(Q), the slightly stronger condition uy € C%(f) is
imposed. Both these refinements can be found in [4].

However, in the sequel we shall also need a Lipschitz-type estimate for us, but only from
below and only at ¢t = 0. This can be obtained via a simple barrier argument under the
weak assumption that Aug be uniformly bounded from below. Since we intend to choose
ug equal to the singular function w near x = 0, it is important for us that we do not
require an upper bound for Auyg.

g+l
Lemma 3.3 Suppose that ug®> € WH°(Q) and that
Aug > —cp in (3.12)

holds in the sense of distributions with some cog > 0. Then for each compact K C § there
exists cx > 0 such that

wIt (2, t) > ult(2) — et V(x,t) € K x (0,00) (3.13)
holds.

PROOF. Given K CC €, we fix a smooth domain € > K with & C Q and let
¢ € C§°(Y) be such that 0 <(<1linQand ¢ =1 in K. Recalling our convention that

uge = ug + € in case of “0 € WH>(Q), we calculate
4 1—q| _ a+12
+1 q “o
Aufl = (q+1)(uo +e)?Aug + —— g+ 1 (UO n 5) ‘Vuoz

> —(g+1)(uo +¢)e

> — in
in the distributional sense, which implies A(CuqH) > —cg = —co(up, K) in €, that is,

V(Cuqﬂ) Vi < 62/ @ for any nonnegative ¢ € W(}’Z(Q’). (3.14)

Recalling that v = ul™ satisfies

B D el n
w = Ao Loy VR - (g + Dot (i)
4q q+ 9
> Av— L Vu? |2 (g +1),



we see from Lemma 3.1 ii) that
v > Av—c3 in Q' x (0,00) (3.15)
with ¢35 depending on ug and ' (hence on K) only. We now let
2(,t) == C(x) - ullN () — ext — v(x, t), (x,t) € Q' x (0,00),

with cx 1= c2 + ¢3. Then z(z,0) < (¢(x) — l)ugjl(x) < 01in €, so that (3.14) and (3.15)
yield

1 1 t
[ Awn = 5[ 2@o+ [ [ o
2 ! 2 Q/ 0 /
t
= //Z+'(—CK—Ut)
0 U
t t t
—CK//Z++/ Vz+-Vv+03//z+
0 / 0 Q/ 0 !
t ¢ . t t
—CK/ / z++/ Vz+-V((ug€+)—/ |Vz+|2+03/ / L
0o Jor 0 Jor o Jor 0o Jor
t ¢
(cextertan) [ [ am [0 vap
0 Jor 0o Jor

< 0 Vi > 0.

IN

IN

This shows that zy = 0 and thus v(z,t) > ((x)ugjl(m) — cit in @ x (0,00), whereby
(3.13) follows since ( =1 in K. /]]/

We now turn our attention to the question of existence of continuous weak solutions. In
order to avoid a repetition of arguments, we already combine this with the question of con-
vergence of sequences of such weak solutions under the assumption that the corresponding
sequences of initial data converge uniformly. This is done in the following lemma.

Lemma 3.4 Let ug € C%(Q) and suppose (uor)reny C CO(Q) is a sequence of nonnegative

wnatial data such that ugr — ug uniformly in €. Set up := lir% Uge, where ug. denotes
E—

the solution of (3.2) with ug replaced by ugr. Then the functions uy are continuous in

Q x [0,00) and along a subsequence k; — 0o, we have

U, — U locally uniformly in Q x [0, 00)

as k; — oo, where @ is a continuous weak solution of (1.1) with initial value .
Before giving the somewhat technical proof, let us state two almost immediate but impor-

tant consequences.
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Theorem 3.5 For any nonnegative ug € C°(Q), (1.1) possesses the unique mazimal con-
tinuous weak solution u = llH(l) ue; here, maximality means that if o is any continuous weak

E—>

solution of (1.1) then necessarily @ < u.

PROOF. Choosing ugr = ug in Lemma 3.4 immediately shows that u in fact is a
continuous weak solution. To see its maximality, suppose u is another continuous weak
solution. Due to parabolic regularity theory, @ is smooth in {@ > 0} N{¢ > 0} and satisfies

w = Auw—u 1

< Ai—g.(a) in{a>0}n{t>0}

classically. Since u. > € and |g.(s)| < ge 4! for all s € R, 2 := (@ — u.), satisfies

[0 = Lo [ [
//|Vz+|2+ng1//z+ vt > 0.

By Gronwall’s lemma, z; = 0 and hence @ < u. in  x (0, 00) for any € > 0, which proves

i < u. /1]

IN

If the gy are ordered, then it is easy to deduce from (3.3) that the same ordering holds
for uy. Thus, Theorem 3.5 and Lemma 3.4 directly entail

Corollary 3.6 Assume that ug and ug, are nonnegative and continuous in Q and such
that ugr — ug monotonically in 2. Then as k — oo, the maximal solutions ux emanating
from ugy converge locally uniformly in Q x [0,00) to a continuous weak solution @ of (1.1).

PROOF (of Lemma 3.4).  The proof proceeds in six steps.
Step 1. We first claim that for each 1 > 0 there exist g > 0, kg € N and v > 0 such that

|uge (z,t) — uo(x)] < g V (z,t) € Q, x (0,00), Ve < eg, Vk > ko, (3.16)

where Q,, 1= {z € Q | dist (z,09) < v}.
To this end, let n > 0 be given and set &y := g. Since ugr — o uniformly, upz, > up and
uoge < Ugr + 2¢ in €, there exist ky € N and g¢p < &y such that

Uoke < UOZ, in Q Ve <egg, Vk > k. (317)

Since ugz, beolgs to W1 (Q) and ugz, < ug+2&p, we can pick some large ¢ > 0 (depending
possibly on £p) such that

oz, () < 280 + ce(x) in Q, (3.18)
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where e € C?(2) N C?(2) denotes the solution of —Ae = 1 in Q with e|gq = uglaq. As
(x,t) — 289 + ce(x) is easily seen to be a supersolution of uy = Au — g-(u) for all € > 0,
the comparison principle yields

uge < 280 + ce(x) in 2 x (0,00) Ve <eg, Vk> ko (3.19)

in view of (3.17) and (3.18).
If we now choose v > 0 small such that ce(z) < ug(x) + 7 in €, we obtain from (3.19)
and the choice of &y that

e (x,t) < up(z) + in 2, x (0,00) Ve <eg, Yk > ko. (3.20)

N3

In order to prove (3.16), we thus only need to show the corresponding estimate

e (z, 1) > uo(x) < g inQ, x (0,00) Ve>0, Vk> ko (3.21)
from below with some possibly smaller v and larger kq.
To this end, again by uniform convergence and uniform continuity we can fix pg > 0 and

enlarge kg if necessary so as to obtain
luok () — uo(zo)| < g Vag € 00, Vo € Q with |z — 29| < pg, Vk > ko (3.22)

Moreover, since 9 is smooth, we find R < £ such that for any xo € 0 there exists
y =y(xg) € R™\ Q such that Br(y) N Q = {zo0}.
n

Now given xg € JQ satisfying ug(zo) > 7, we intend to compare ug. from below with the

explicit time-independent barrier function v = v,, defined by

_ _R K
v(x,t)::b.[l_w} inQ::{(x,t)eQx(O,oo)‘R<\x—y\<R+p},
where k := qT21 > 17 Yy = y([lf()), b:= 'LL()(.Z'()) - g and

-~ min {2 (r-DE K(Kl),(n)"?}

P= 2 2(n—1) 8 :

In fact, if z € Qis such that R < |vr—y| < R+p then |[z—x¢| < |z—y|+|y—z0| < 2R+p < po
according to the choices of R and p, so that (3.22) implies

Uoke () > uo(xo) — g =b>v(x,0)

for such z. In quite a similar fashion one can see that ug. > v also holds if z € 92 and
R < |z —y| < R+ p; since v vanishes when |z — y| = R + p, we therefore find that e

16



lies above v on the parabolic boundary of @) for all € > 0 and k > kg. Furthermore, we
compute

vp—Av+g.(v) < v —Av+ov 9
(n—1)kb v —y| — R15—1  k(k—1)b v —y| — R1s—2
=
plz —yl p p p
Lha [1__,EE;:£iL:;f§]*q“
p
= 1 —Ih+1I3 in Q

and estimate, using the definition of p,

A:M.[l_lm—y!—fj
I (k—=1)|z—y| p

and

2

i 7 < <1 inQ
17 — in
Iy wln— DU s — 1) (D ’

comparison principle tells us that ug. > v in Q for all € > 0 and k& > k.

Now (3.21) follows from this upon a standard argument: Let v < p be small enough
S

such that (1 — %)" > ——% for all z satisfying 4 < 2 < luo|| oo (). Further diminishing

because b = ug(zg) — ¢ > 7 — ¢ = %. Hence, v; — Av + g-(v) < 0 in @Q, so that the

v if necessary, we may assume that for all x € Q, there exists a unique zo(z) € 9
with |z — zo(z)| = dist (z,092). Note that this entails that xo(x) lies on the line segment
spanned by = and y(zo(z)), so that |z — y(zo(z))| = dist (z, 092) + R.

Now if € Quu and ug(z) < Z, (3.21) is trivially fulfilled. When ug(x) > 3, however, by
(3.22) we find |ug(z) — uo(zo(z))| < § and particularly ug(zo(z)) > 7, so that

ukE(x’t) > Vo (z) (:L‘,t)
= b [1, |x—y(330($))\—Rr
P

> (wtat)-2) -]
> (w92
> w(z)— L We>0, Yk > ko

in accordance with our choice of v. Thus, (3.21) holds for all z € Q,,.
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g+l
Step 2. If we additionally require uy®> € W1°°(Q) then the convergence u. — u is

uniform in Q x [0, 7] for any 7' > 0.

In fact, let n > 0 be given. Applying Step 1 upon the particular choice ugr = ug, we
obtain €9 > 0 and v > 0 such that

lue(z,t) —up(x)| < V(z,t) € Q, x (0,00) Ve < ep. (3.23)

N3

From Corollary 3.2 ii) and the Arzela-Ascoli theorem we now gain that u. — u uniformly
in (Q\ Q,) x [0,T], whence there exists &y > 0 such that

lue —ues| < in (Q\Q,) x[0,T] Ve, & < é&.
Combining this with (3.23) completes Step 2.

Step 3. We next claim that for any n > 0, there exist e; > 0, k1 € N and 71 > 0 such
that

ug—gguksguo—i—g in Qx(0,71) Ve<er, Vk> k. (3.24)

.

Indeed, given 1 > 0 let us choose an auxiliary nonnegative function u, such that (u; )% €

Whe(Q) and up — 7 < ug < (up — ¢)+ in Q. Then, according to Step 2, the monotonic
limit v~ := lim u is continuous in 2x [0, 00); here, clearly, uZ denotes the solution to (3.2)

e—0
emanating from ug. = uy +¢. Thus, there exists 71 > 0 such that u™(z,t) > uy (z) — 7
in Q x (0,71).
Next, due to the uniform convergence ugr — ug we can pick k; € N such that uge >

(uo — §)+ and hence ugr > ug in Q for all & > k;. Since this implies ug. > u~ for all

€ > 0 by a comparison argument, we obtain
ukEZU*ZUE—ZZUO—g in Q2x (0,77) Ve>0, Vk > k. (3.25)

As to the right inequality in (3.24), let us fix £; > 0 such that ups, < ug+ g. Then, thanks
to the continuity of ug,, we can diminish 7 so that

Uz, Suo—i—g in Q x (0,71).

We now enlarge k; and diminish €; so as to satisfy €1 < €1 and upge < ugz, in € holds for
all £ > k; and any € < ;. Then, again since g. > gz, for ¢ < £;, comparison yields

ungU§1§uO+g iIlQX(O,Tl) Vk >k, Ve <eq,

which together with (3.25) entails (3.24).
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Step 4.  We next assert that for any ug we have
Us — U locally uniformly in Q x [0, 00),
whence particularly u is continuous in € x [0, c0).

To see this, we consider the particular sequence (uor)ren given by ugr = ug for all k. Let
T > 0 and n > 0 and fix g, v,e1 and 71 as in Step 1 and Step 3. From Corollary 3.2 i) and
the Arzel/‘a-Ascoli theorem we infer that |u. —u.| < nin (Q\Q,) x [11, T] for sufficiently
small ¢ and ¢’, while Step 1 and Step 3 yield

[ue —uer| <ue <m inQy, x (0,T) for0<e <e<egg (3.26)

and

|ue — uer| < <u0—|—7) — (uo—ﬂ) =n inQx(0,7) for0<e <e<e (3.27)

respectively.

Step 5. The functions uy are continuous in Q x [0, o0), and a subsequence of (ug)ren
converges locally uniformly in Q x [0, 00) to some @ € C%(Q x [0, 00)).

In fact, applying Step 4 to uy for fixed k, we see that wg is continuous. In taking & — oo,
we argue in a similar way as above: We fix T" > 0 and n > 0 and take ko, v, k1 and 7 as
provided by Step 1 and Step 3. By Corollary 3.2 i) and Arzela-Ascoli, we can extract a
subsequence (k;);en along which |ug, — ug,, | <7 holds in (2\ Q,) x (1,T) for all large
and m. Letting ¢ — 0 in Step 1 and Step 3, we obtain estimates quite similar to (3.26)
and (3.27) and conclude that |ug, — uyg,,| < n also holds in ©, x (0,7) and in Q x (0,71),
provided that k; and k,, are greater than max{ko,k;}. A standard diagonal extraction
procedure now yields the assertion on the whole time interval [0, co).

Step 6.  We finally claim that @ is a weak solution of (1.1).

To this end, we employ a modified variant of the method used in [19, Theorem 1]: We fix
a nonnegative ¢ € C5°(Q x [0,00)) and multiply the equation ug.y = Aug. — ge(uge) by
Xs(uke) - @, where ys is the cut-off function introduced above and 6 > 0. Integration by
parts yields

_/TOO/Qq)&(u,%)% - /Too/gl%(uka)AgoﬂL/Too/gzx(s(uka)ge(uka)@

- /Q D5 (upe( 7))ol 7) — / h /Q Vs (k) Ve P (3.28)
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for any 7 > 0. Choosing 7 > 0 we particularly obtain [ [i, xs(uke)ge(urs)p < c(p) for
all k,e and 9. Here we successively let ¢ — 0, then £k = k; — oo and finally § > 0 to
achieve with the aid of Fatou’s lemma that

a_qX{ﬂ>0} € Llloc(Q X [07 OO)) (329)

This allows us to return to perform appropriate limit procedures in (3.28) along the lines
presented in [19], [18] and [4]: Due to Step 4 and Step 5, for any 6 > 0 the sets {ug. >
§} Nsupp ¢ lie in a compact subset of {& > $} for large k and sufficiently small ¢ < (k).
Therefore parabolic Schauder theory together with the Arzela-Ascoli theorem entails

lim lim/ /X5 Uke) ‘Vuk;gs’ p= / /X§ ’VU| P-
k=k;—o00e—0

Thus from (3.28) we easily deduce upon letting ¢ — 0 and then k = k; — oo that

_/TOO/Q%(@”L)% - /TOO/Q%(Q)A@JF/OO/M(&)-&‘%
- /Q%(ﬂ(' / /Xa |Val*e. (3.30)

Here we have used that as a consequence of the cut-off property of xs, both convergences

X5 (Uke)ge (ure) — xs(ug) - uy? as e — 0 and xs(ug) - u,? — xs() -4~ % as k = kj — o0
hold uniformly in supp ¢ because of Step 4 and Step 5.

Now by Lemma 3.1 i), we have \VQ%P < ¢(T,¢) in suppe N {t > 7} and hence the
second term on the right of (3.30) can be estimated according to

4 2 [
X Vugo < -CT#P"/ / ﬂl_q@
}/ / s(a) - [Vl (q+1)2 2 0 Jr Jis<a(<2s)
8 o0
(g+1)2 (r.¢) T J{6<a(-t)<26}

— 0 as 0 — 0

in view of (3.29) and the dominated convergence theorem.
Since x5 /" X{0,00} and ®s5(s) /s as § — 0, we once again invoke the dominated conver-
gence theroem and (3.29) to obtain from (3.30) in the limit 6 — 0

//wt //mw/ /u (a0} = /< el 7),

Finally, from (3.29) and the fact that @ is continuous down to ¢t = 0 it is clear that we can
take 7 — 0 in the latter identity to conclude that @ in fact is a weak solution of (1.1). ////
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4 ODE analysis

The aim of the present section is to construct explicit subsolutions of the operator Lg
introduced in Section 2. More generally, for any A > 0 and all supercritical ¢ we shall find
f € W2((0,00)) such that

Infm ety Syl (L+A)f+w—t <w+f>_q >0 ae in (0,00).
13 2 g+1
Here and throughout this section, we may write w instead of w,, 4 since there is no danger
of confusion. The parameter A will finally be set zero in the proof of Theorem 1.1, but
we need to choose A > 0 in the proof of Theorem 1.3 in order to compensate some effects
that are due to a possibly positive difference n — IV in that theorem. This role of positive
A will become clear in the proof of Lemma 5.3.
The construction of f basically consists of three steps. The first and third of these provide
a constant subsolution near £ = 0 and a negative subsolution near £ = oo, starting from
any prescribed zero with arbitrary negative initial slope. The main part is done in the
second step which essentially uses the ideas from Section 2 in constructing subsolutions
in an intermediate region which suitably match the constant inner subsolution and reach
zero at some finite &p.
For later reference, let us start with the following lemma, the elementary proof of which
may be omitted. It quantifies the error made in formal expansions of the form (1 + s)¢ ~
1+ as.

Lemma 4.1 Let q > 0.
i) For any so > 0,

(1+s5)79<1—(1—p(s0))gs  Vse0,s0]

holds with u(sg) :==1 — (14 s0) 7971,
it) Given s1 € (0,1),

(1—-5)"7<14+(14v(s1))gs Vs e |0,s1]

is valid with v(sy) := (1 —s1)7971 — 1.
iii) For s3 € (0,1) we can estimate

(1—5)71<1—(1-0(s2))- (¢4 1)s Vs e [0, s9]

with O(s2) =1 — (1 — s2)9.
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4.1 Subsolutions near £ =0

We first intend to detect up to which maximal value of £ the constant function £ +— ¢
remains a subsolution. This is prepared by

Lemma 4.2 Given A >0, let

Py(€) = —(qil + )5+ 0 ()~ (w(©)+5) " fore>0andse (0.1).

Then P§(§) < 0 for all & € (0,00), and there exists a unique & € (0,00) such that
Ps(&5) = 0. Moreover, we have lign i(l;lf &5 > &, where

(4.1)

PROOF.  Since w’ > 0, we have

Pi§) = —qu ' +q(w+08)"
< 0 VE>O0
due to the fact that § > 0. Thus Ps has a unique positive zero &s, because P5(§) — +o00
as £ — 0 and Ps(&) — —(ﬁ% +A) <0 as & — oo. To see that li%niélfgg > ¢ we only need

to show that for any fixed ¢ < £ we have Ps(¢) > 0 for sufficiently small 6. To this end we
fix g > 0 small such that

1
T A+ (1= p)gATT T2 5 4.2
1 At med e >0, (4.2)

which is possible for any ¢ < €. Next, we choose sg > 0 small such that u(so) =1 — (1 +
50) 7971 < p. Then for all § < sg - w(€) we infer from Lemma 4.1 that

P5(¢) = _<qj—1 + A)5 +w () —w (&) - (1 + wfg))q
> (qil +A)6+ (1= plso))aw ™"~ ()8
[~ A ey e
> 0
by (4.2), whence the proof is complete. /1]
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Remark. It is easy to see that P is negative on [€,00) for all §, whence it actually
follows that {5 — € as & — 0, but we do not need this in the sequel.

As an obvious consequence of Lemma 4.2 we state
Corollary 4.3 Let A > 0. Then there exists dg > 0 such that for all § < dg,

La(5) = —(qil + A)(S FwUE) — (W) +0)1>0  VE<

DO [y

4.2 Subsolutions in the intermediate region

The shape of our candidates for subsolutions in a region away from & = 0 is strongly
aligned with the functions formally found in (2.10) and (2.11); accordingly, the criticality
of g.(n) will now become evident. Since we are interested in qualitative behavior only, we
do not aim at rediscovering the exact exponents appearing proposed in these equations.
This significantly eases the proof and particularly enables us to avoid a distinction between
the cases q # % and g = % in the one-dimensional setting, as suggested by (2.11).
Lemma 4.4 Let n < 6 and ¢ > q.(n). Then for any A > 0, each & > 0 and all
sufficiently small 6 > 0 there exist positive numbers & and & with & < & < & and a
function fim € C%([&1,&0)) such that

fim >0 on (51760)3 fzm(g()) =0, z/m(g()) <0, (43)
fim(§&) =6 and im (1) =0 (4.4)

hold as well as

Lpfim =0 on (&1,o)-

PROOF.  According to the different formal expansions obtained in (2.10) and (2.11), we
split the proof into the cases n > 2 and n = 1.

i) For 2 < n < 6, we shall take f;,, as a decreasing positive branch of the rapidly oscillating
function

f(&) :=n& 7 sin(Ing"™), (4.5)

where + is close to ”T_Q and 7 and k are sufficiently small positive numbers.

To be more precise, observe that due to ¢ > ¢.(n), we have qA;,?]_l > "772, whence it is
possible to choose ¢ € (0, g) still fulfilling (IAE{1 > "7_2, and then sg > 0 small such that
the constant p(sg) =1 — (1+s09) 79! from Lemma 4.1 satisfies (1 — u(s0))g > G. We next
pick v € ("T_Q, (jAﬁffI—l), which enables us to find a positive x with x? < ‘?"‘5751 —1.
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Then for any n > 0, f as defined through (4.5) is positive in (&,,,&) and has a zeros in

&h where In(£,,)" = —2mm7 and In(£5)" = —(2m — 1)7, that is,
2 2m —1
K7y K

for arbitrary integers m. Since & — 0 as m — oo, it is clear that we can fix a large
positive m such that & := & lies below & and satisfies

AT 2)~2
< |Hne ZUERN < 2@ 1o o). (4.6)

1
3t tA

We now let &; denote the unique point in (,,,&,") where f attains its maximum over this
interval, i.e. we set

arctan k — 2m7r>

& = exp <
Ry

In order to complete the definition of f, we finally let

2

n = So-Ang-& and
do = mo& 'sin(In&f”)
and, given any § < &g, set 7 := ——3—— € (0,79). This guarantees that f(&) = 4,

& 7 sin(lné;)

f'(&) = 0 and, moreover, that f satisfies

f(g) < n g_’y_% < S0 Vg S (51760)‘

w(é) ~ Ang

As a consequence, Lemma 4.1 tells us that

wl—(w+f)"1 = w_q—w_q<1+ f>7q

w

> w w1 (14 u(so))a
= (1+ p(so))qu 47t f
> GATTIETRf VE € (&, &)

Thus, computing
F© = =g sin (In(€)) +mrye 7 cos (In(e™)),

1€ = nhly+1) = k%€ 2sin (In(g™) ) = mry(2y +1)§ % cos (In(€"))),
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we obtain

Lnf

v

N (v +1) = k%y° = (n = 1)7]€ 77 sin (111(5””))

—nlry(2y +1) = (n = 1)r7y)¢77 2 cos <1n(£‘”))

—%5‘“’ sin <ln(§’w)) + ?5_7 cos (1n(§”7)>

_n((]il + A>£_7 sin (111(5'”)) +n- ch,;‘fl_lﬁ_W_Q sin (ln({’w))
= - {1 =7 = (n =27y + 47576 sin (In(e™))

—ky(2y +2 —n)¢ 7 2 cos (111(5'”))

= (% + qil +A)¢ 7 sin ("))

+ e eos ()} VEE (61.6).

Let S denote the set of points in (£1,&p) where cos (ln(f’”)) > 0. For £ € S, we observe

that £ > &1 implies tan & > k, so that k cos (1n(§’“’)> < sin (ln(§’”)). Hence

CIaf = [= = =2+ A =2+ 2= e sin (ne)

= (% + qur1 + A)g@g*’“ sin (m(gm))
- [— (14 K27 + A0 — (% + qil + A)gé}g*’“ sin (m(gm))
> 0 Vees

in view of the first condition in (4.6). If € € (&1,&0) \ S, however, we have
—ky(2y +2 —n)E 72 cos (ln(&’”)) + %5_7 cos (ln(f’”))
1
=gy 72, [ — cos (ln(f’w))] : [27 +2—n-— 552}

= /§7§7772 . [ — Cos (ln(ffw)>] : [2')’ +2—n-— %g(ﬂ
=0

by the second restriction in (4.6). Therefore
Lo > [0=m)?—(n—2)y+gasat— (1 P A)g@]gﬂ sin (m(gm))
U - ma 2 q+1
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v

(1= K292 = (0= 2)7 + (1 + #2)7? | 7 sin (In(e™))
= 9% (n—2))¢ 7 sin (In(e™))
> 0 VEe(&,8)\S

due to (4.6) and the fact that v > ”772 Altogether, we conclude that Ly f > 0in (£1,&0),
so that fim = fl¢, &) has all the desired properties.

ii) The case n = 1 runs similarly, involving
1
7€) = (¢ - re?)

instead, where 1 and v < % are small positive numbers and « will be large.
In contrast to the former case, we now fix any ¢ € (0,q) (not necessarily close to ¢) and
then, as before, s9 > 0 such that (1 — pu(sg))g > ¢. First choosing 7 small and then x > 0
large, we can achieve that

1 2

o1 (1 -
WW—D+¢%ZL—Q+51]+@H%ﬂ>0 (4.7)

holds as well as

Introducing furthermore
1
51 = (21> ;7
K
we then see that for each positive n, f will be positive and decreasing on ({1,&p) with
2

Z 2 1
f(&) = f'(&1) =0. Set ng := soAl,qu 1 and 8 :=no - [&] — kE]. Then, given 6 < do,

we choose 7 := —%— so that n < 1y and hence for all £ € (&1,&0) we have
& —rg?
v
O _fE) g
w() ~ w(é) earT
Aig- &

Therefore again w™? — (w+ f)~9 > chigflf_Qf in (&1,&0) and, consequently,

LoIaf 2 A -neteie o Sa

ol
n 4
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—(il +4)e"+ m(qi +4)¢r

+GATTTIET — kgA s

> [y +aar —454‘”—(L+A)]§7 2

1 .13
+/€[1_qu,3 1}5 2.

Since ¢ < ¢, we find

Logamto b g 1 200 -0) G- 1)?
4 1q

= (i (1—1—71+A>’{7%ﬂ'
(

Hence, using (4.7) we obtain Ly f > 0 in (&1, &o). /]]/

4.3 Subsolutions in the outer region

We now make sure that it is possible to construct a negative subsolution starting from
a given positive zero with prescribed negative initial slope and certain asymptotics near
infinity. This behavior for large £ ensures that on the one hand |f| remains small as
compared to w, so that one more linearization will be justifyable (cf. the proof of Lemma
5.2). On the other hand, |f| decays so slowly at infinity that the induced parabolic
subsolution remains below u. on some line |z| = §2t%, even if the initial data are above w
only near x = 0 (which will also be important in the proof of Lemma 5.2).

Lemma 4.5 Let A > 0 and g € (0,1). Then, given & > 0 and co > 0, there exists
fout € W2((&9,00)) such that

fout(€0) =0,  flu(€o) = —co,  —w < four <0 on (&, 00) and

fﬁg)” as well as - w(€)fou(€) —» —00  as € — 00 (4.8)

hold, and such that

Laf>0 a.e. in (&, 00) (4.9)

1s valid.
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Proor.  For small positive § < 1 to be specified below, let

)= (667 —3  forge [.6o+ o),
o

where ¢5 and &5 are adjusted in such a way that f2(§) = 0 and f5(&) = —co, that is,

c? 20
6524% and €5=§0+a'

Then fo < 0 on (&, & + g) and if we restrict § so as to satisfy § < %w(&)) then we have

the lower estimate {5((55)) > wzgi) > —%. Therefore from Lemma 4.1 we find (1 + %)*q <

1—q- 2q+1% and hence

w™ = (w+ fo)™1

(107

q- 20+ w01 f,

S G

v

v

with a := ¢ - 2‘1+1Aﬁfé—1. Thus, calculating the derivatives of fo and using fo < 0 we can
estimate

Lfy > 2c¢5— ngl 2c5(&5 — &) —es€(&s — &) — <CH1'1 +A>f2 — %5
> ey = Tl — ) — atal6s — ) —

2 2

cg n—1 c5 20 ¢ 26N 26 «a _ 4§
20 & 20 ¢ 46 (50 + Co> o & n (50, &+ Co>

Choosing now ¢ small enough we can achieve L fo > 0 on (&, &0+ %)‘ With this value of §
and any «y € (0, %
at & = &, it is possible to pick some &1 > s close to &s such that ¢; := —f2(&1) € (0, %w(ﬁo))

and cg := f5(&1) is a positive number small enough such that

) fixed henceforth, we observe that since fy attains a negative minimum

Y201
262

>y(y+1) +a. (4.10)
We then define

f3(£) = _d(§ - ‘52)_’y for g € [517 00)7
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where d and & are such that f3(&1) = f2(&1) = —c1 and f5(&1) = f5(&1) = co, e

y+1

2l
d="1°1 and & =& — 1L,
Cy Co
Then f3 increases on (£1,00), so that particularly J:j’((g)) > fi)(él)) > {US((EJ)) > —% and thus
again
a
w = (w+ f3)7 > ?Qfs on (§1,00).
Consequently, noting f3 <0 and f} > 0 we obtain
N N a _
Liv 2 —dy(y+1)(E = )77+ § ad(E - €)1 = Gdl€ - )7
_ o —v=2 I . l& _ - 6 B 52 2
= de-e) 7 [N+ -e) (> ) |

> die - &) [+ 1) + e &) )

= &) [—ab B 1

> 0 in (&, 00)

in view of (4.10). As we chose v positive but smaller than we furthermore have

f3(&) — 0 (whence also {3((5)) — 0) and

2q
g+

w(€) f3(€) = —dAT €717 = —co

as £ — oo.
It is now evident that

fa(8), &€& &l
€)= { GRS GREO)
belongs to W2°°((&y,00)) and fulfills Lf > 0 a.e. in (£, 00). /]]/

4.4 Subsolutions on the whole interval [0, c0)

All that remains is to glue the three subsolutions together appropriately to obtain
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Lemma 4.6 Suppose n < 6 and g > q.(n). Then for each A > 0 there exists a function
f € W2°((0,00)) with the properties

f(0)>0, f'(0)=0,
& — and w? — —00 as & —
Lo =0 and w59 ¢

as well as

LAfEf”+ng1f’+§f’— <qj_1—|—A)f—|—w_q—(w+f)_qZO a.e. in (0,00).

PrROOF.  Our plan is to set
9, £ <&,
f(&) =19 fim(8), & < €< &, (4.11)
four (), £ > &o,

with suitably small § > 0, 0 < & < & and the functions f;,, and f,,;: being taken from
Lemma 4.4 and Lemma 4.5, respectively.
For this purpose, let dg and £ be as in Corollary 4.3. Then from Lemma 4.4 we know there

exist numbers & and & with 0 < & < & < % and a function fi,, € C?([£1,&]) such that
0= fzm(gl) < 507 fz/m(é.l) - 07
flm(g()) = Oa fz/m(g()) <0
and

Lafim >0 in (&,%&).

Furthermore, since 6 < §p and & < %, it results from Corollary 4.3 that Lx(d) > 0 on
(O’ gl ) .

Let now fo, be as provided by Lemma 4.5 with prescribed derivative f/ (%) = f..(&o)-
It is then an immediate consequence of our construction that f defined by (4.11) has all
the desired properties. /]]/

5 Nonuniqueness: The main results

5.1 Solutions remaining below steady states

In the first part of this section we shall utilize our convergence lemma 3.4 (resp. Corollary
3.6) to show that if the initial data ug are bounded above by some of the mentioned explicit
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steady states then the same will be true for some continuous weak solution evolving from
ug. This may be little surprising and one might suspect it to be a trivial consequence of
some comparison argument. However, as we shall see below in Theorems 1.1 and 1.3, this
implication does in general not hold for the maximal solution.

For the construction of suitable candidates for comparison, let us introduce for any n € N,
g € (0,1) and 6 > 0 the radially symmetric regular steady states ws = wy 45 defined
through the initial-value problem

Werpr + nT_lwér = wg_q in <07 OO),
ws(0) =4, wgr(0) = 0. (5.1)
Here and below we will identify ws with the induced radial function ws(z) = ws(|z|)

defined on R™. It is known (see [6] and [24, Lemma 6.2.2], for instance) that
W q,5 — Wn,q locally uniformly in R™. (5.2)

Lemma 5.1 If there exists N < n such that

2
pES] =
Vo= (21, ., TN, Tpy) € Q

up(z) < wng(x1,...,2N) = ANg - ’(ml, vty TN)
then the exists a continuous weak solution @ of (1.1) satisfying
w(z,t) <wyg(z1,...,TN) Y (z,t) € 2 x (0,00). (5.3)

PROOF.  For brevity let us write w = wy,4 and z = (2/,2"”) with 2’ = (z1,...,zn) and

2 = (TNt1y ey Tn)-

For § > 0, let w; be the regular steady state in RY given by (5.1). Then, since
wgs(z") — w(z") as  — 0 uniformly in bounded subsets of RY (5.4)

by (5.2), we can choose a nondecreasing sequence of nonnegative functions wug € CO(Q)
satisfying
uor(z) < w1 (2) in Q and (5.5)
uok /" U in Q. (5.6)
Then Corollary 3.6 ensures that the maximal solutions wuy of (1.1) emanating from wug
increase to a continuous weak solution @ with initial data ug. In order to estimate @ from
above, we consider the solutions ug. of (3.2) with suitable initial values ugk. lying between

uor +¢ and ugg 4 2¢. Due to our particular choice of g, we have g.(s) = s~7 for all s > 2¢,
whence for any § > 0,

we — Aws — ge(ws) = —Aws —w; =0 in Q x (0,00)
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holds for all € < g, because wg > 0. Therefore, from (5.5) and a comparison argument we

find uge(2z,t) < wi(2) in Q x (0,00) for sufficiently small £, so that uj = lir% uge satisfies
E—

1
k

ug(z,t) < wi(a) Y (z,t) € 2 x (0,00). (5.7)

1
k

In view of (5.4), (5.3) immediately follows from (5.7). /]]/

5.2 Solutions instantaneously lifting off steady states

On the other hand, the subsolutions supplied by Section 4 give rise to maximal solutions
which immediately lift off at = 0, provided that g is supercritical and ug does not fall
below wy, 4 near the origin. A combination of the lower Lipschitz estimate in time (Lemma
3.3) with the behavior of f for large ¢ (Lemma 4.6) makes it possible to abstain from any
further condition on ug such as, for instance, a further estimate from below on the whole
domain.

at1
Lemma 5.2 Suppose n < 6, q.(n) < ¢ < 1, and that ug satisfies uy> € WHe(Q),

Aug > —cg in the sense of distributions on 2 and
wo(z) > w(z) = Apgla|TT  Va € Br(0) C Q (5.8)

with some cg > 0 and R > 0. Then there exist tg > 0 and 6 > 0 such that the maximal
continuous weak solution u of (1.1) satisfies

w(0,8) > 6t Wi e (0, k). (5.9)

PROOF.  Since Aug > —c¢p in © and up > w in Bg(0), we can apply Lemma 3.3 with
K := Bg(0) to obtain

W et) 2wl (2) - et
> wit(z) —cxt  V(x,t) € Br(0) x (0,00). (5.10)

Let us take f from Lemma 4.6 (with A := 0) and 6 := 6(3) as in Lemma 4.1 iii). Then
There exists some large &5 such that

f(&2) 1
w() > 5 (5.11)
and e
wq(§2) f(&2) < W (5.12)



We set tg := (g%)Q and define the comparison function

w2, t) = w(x) £ P f(E 3 z]), (2,1) € Q,
on the parabolic domain

Q= {(m,t) e R"™ |t € (0,to) and |z| < g2t%}.

If |z| = §2t% then, by the identity w(x) = tqfllw(ég), we obtain from (5.11) that

() f(&)
w(z) w(&2)

Therefore Lemma 4.1 iii) and (5.12) entail that if |x| = £2 then

tqilf(t‘élx!)y“

(= (2, 8)) 7+ = qu(x)-(l—l- o (0)

1

tatt f(&2)
w(x) )
0)(q+1) - wi(z) - tatt f(&2)
0)(q+1) - wi(&) - f(§2) -t

wit(z) - (1 +(1-6)(g+1)-
wit () + (1

(
wit (z) + (1
(2)

with(x) — exct
ul™(z,t) Yt e (0,t)

IN A

1
in virtue of (5.10), because our choice of ¢y guarantees that such x satisfy |z| < &t5 = R

for all t < tg. Thus, z := v~ — u, fulfills

2<0 on 9Q(¢) Vit e (0,to),

where Q(t) :== {z € R" | |z| < £2t%}. Furthermore, from the differential inequality satisfied

by f we derive, writing £ = t_%]x\,

u, — Au +ge(u”) < up — Au + (u) 74

1 | =a 1 e N n—1,
= gt T — 5t ) ~ Aule) — T (1) + S 1)
+(wi@) + 7 £(9))

= [+ PO+ :

13 q+1
< 0 a.e. in Q,
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1
where we again have used the scaling property w(x) = ta+Tw(§). Consequently,
- Az < —g.(u)+ ge(“e)
< cCery a.e. in )

holds with c. := [|gL|| Lo ((0,00))- In View of (5.13), z; vanishes on 9€(t) for each t € (0, ),
which we apply twice in deducing

1 1
2/9@)23('7” N / //Q( s
/ / Vi |? +CE/ / (s) VO <7 <t<ty(5.14)

Since furthermore the assumption ug. > ug+¢ in € together with the continuity of u. and
u~ implies that u~ < w. for small ¢, Gronwall’s lemma turns (5.14) into the inequality
zy <0in Q. Thus, u. > v~ in Q and, particularly,

IN

ue(0,8) > u(0,¢) = F(O)tTH,
which results in (5.9) with 6 := f(0) > 0. /]]/]

PrROOF (of Theorem 1.1).  We only need to combine Lemma 5.1 with Lemma 5.2; in
applying the latter, we observe that the lower estimate Aug > —cg holds for any ug from
the hypothesis of Theorem 1.1, because Aug = Aw > 0 within some ball Br(0) and

Aug = —|luollc2(0n Br(0)) Outside. /1]

The above method can be modified to construct lift-off solutions also for arbitrary n and
q. The idea here is to choose any N < n such that ¢ is supercritical with respect to N and
then work with wy 4, adding ‘dummy’ variables n41, ..., ©,. This, however, means that
we are no longer free to choose the boundary values at will. The proof of the following
lemma is the only place in which we need to choose A > 0.

Lemma 5.3 Suppose n > 1, q € (0,1), and that

2

uo(z) > wyg(x1,...,xn) = Angl(x1, ..., xN)| T Vo= (21, TN, Ty) € Q (5.15)

with some N < min{n, 6} fulfilling q.(N) < q. Then there exist to > 0 and § > 0 such
that the mazimal continuous weak solution w of (1.1) satisfies

w(0,8) > 8t Wi € (0, k). (5.16)
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PROOF.  Throughout the proof we abbreviate w = wy 4 and write z = (2, 2”) with

' = (z1,...,xzn) and 2" = (znN41, ..., ). Here we may assume that N < n, for the case

N = n has already been covered by Theorem 1.1.
First observe that (5.15) implies that for all € we have

ue(x,t) > w(z’) in 2 x (0,00) (5.17)

by classical comparison, because u. is positive and w is smooth and satisfies wy — Aw +
w7 = 0 classically wherever it is positive.

Since 0 € €, there exists R > 0 such that the set of points x = (2/,2") satisfying both
|2'| < R and |2”| < R is contained in Q. Let A > 0 denote the principal eigenvalue of
the (n — N)-dimensional Laplacian in the ball {z” € R*™V | |2”| < R} and © be the
corresponding eigenfunction with max® = ©(0) = 1. According to Lemma 4.6, we can
pick & > 0 and a function f € W2°°((0,&)) satisfying f/(0) = 0, f(&) > 0 for ¢ € [0, &),
f(&) =0 and

O+ 1O~ (7 +A) 1O +u 1)~ (w©O+£©) 20 forac. ge (E),s())).
5.18

We define
_ / Y Y "
u(x,t) i= w(z’) + a1 f(E2[a]) - O(z")
for (z,t) € @, where
Q= {(x,t) cR™1 |t € (0,t0), |2"| < Rand |2/| < fot%}
lies in Q x (0,tg) if we 1et1t0 = min{l,(g)Q}. For each cross-section Q(t) = {x €
R”| [|2”| < R and |2'| < &t2}, 0 < t < tg, in view of (5.17) we find
u” < ug on 99Q(t), (5.19)

because if [2”| = R then ©(z”) = 0, while f(t_%|:v’|) = 0 whenever |z2/| = ¢ot2. In order

to derive a parabolic inequality for u~, we calculate, writing £ = t=3 |2/,

u, —Au” +g(u) < uy —AuT +(u)7?

= O8N - St ©0")
71 " N 1 ! "
~Apw(a’) — 17 (16 + =g f1(©) - 0”)



1
Using the equations defining w and © and the identity w(z') = ta+Tw(§), we derive from
this

u; —Au” +ge(u) < qiltqilfG - %tfq%lgf’(a - tiﬁw*q(f)
et (74 Ng_lf’>® + AT O + 73T (w(e) + f0)

_ _+ahe. [f”+ Nglf’+ gf’ - (q+11 *At>f
OO0 g 5

Fortunately, for each £ > 0 the function

o) = OO LSO

satisfies

a(w(©) + 7€) " - F(©)s —wQ) + (w(©) + F(©)s)
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o'(s) =
< 0 Vs >0,

because the convexity of o — (1 —0)~? on (0, 1) implies that

w(e) = (wl©) + 7©)s — £(©)s) " = (w© + 7(©)s) "~ a(w©) + 1©)s) - F©)s

for all s > 0. Therefore, since O(z”) € (0,1] for all |2”| < R, we have p(O(z")) > ¢(1)
and thus (5.20) gives

_ a4 N-1
ug —Au” +ge(u) < —t qil@-[f”+7f’+§

1
¢ 5/ - <q+71 * At)f
™l — (w(€) + f@)—q} a.e. in Q.
Recalling (5.18) and the restriction t < ¢y < 1 in @), we end up with
u, —Au” +g.(u) <0 a.e. in Q.
Now we may use the same comparison argument as in the proof of Theorem 1.1 to achieve

u” < u. and thereby verify (5.16) with 6 := f(0). //]/

PROOF (of Theorem 1.3).  This is an immediate consequence of Lemma 5.1 and Lemma

5.3. /1]
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5.3 A uniqueness result for ¢ < g.(n)

We now prove that for n > 3 and g < ¢.(n) (any ¢ € (0,1) if n > 7), the stationary solution
U = Wp,q is unique ‘from above’ in the sense that there is no continuous weak solution
other than w which remains bounded from below by w, , for all times The argument
we use essentially relies on the knowledge of the optimal constant ™ 2)2 in the Hardy
inequality

/ o2 ) < / Vel Ve eWii(Q) (5.21)

which can easily be verified for n > 3 and any open set 2 C R™ ([21]). Quite a similar
reasoning was used in [20, Proposition 3.5] to show L? stability of steady states of u; =

Au+uP forn > 11 and p > p. = ("_(2722_;?8:% )n_l.

PROOF (of Lemma 1.2).  Assuming that u is a solution with u > w = wy, 4 in 2 x (0, 00),
we know from the continuity of u and parabolic regularity theory that wherever u is
positive, u is smooth and satisfies u; = Au—u~9. Thus, at the points where z := u—w > 0,
we have that

—Az=—u 4w =g T (1) 2
2
with some ¢ fulfilling ¢(x,t) > w(x) = A, ¢|z|e+T, because u > w. Accordingly,
—Az < qA,;f[l|x|*2z

at such points, which upon multiplication by (z — d)4,d > 0, gives

1d o _ Cg— _
s =0t [ VG0 P et [ a2 — 08 syt [ ol - o),
Q Q Q Q
(5.22)
for all ¢ > 0. Using the Hardy inequality (5.21) we obtain, since z|9o = 0,
4
1 2( —g—1 2
qAL G /\x! z—0)7 < qA] 'W/QW(Z—(S)H
< / V(s — (5.23)
Q
provided that
_ 2q 2 (n— 2)2
=qAZIl = L -2) < — .24
o(q) == qAn % q+1(q+1+n )_ I (5.24)

In the case n > 7, we have n — 1 < %. Hence we can use the easily verified fact that
¢'(q) > 0 for g € (0,1) to obtain

(n—2)?

plg) Sp(l) =n—-1<—

Vqe (0,1). (5.25)
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For n < 6, (5.24) is equivalent to the quadratic inequality
Q(q) := (10 —n)(n — 2)¢* — 2(n* —8n +4)q — (n — 2)* <0, (5.26)

the larger root of which is precisely g.(n), while the smaller one is nonpositive, for Q(0) < 0.
Therefore, if 0 < g < g.(n) then (5.26) holds. From (5.22)-(5.26) we conclude that if (1.5)
holds then

1d ) o o
st o7 T+ S 0adug /lel (z-0)y ¥t>0
for each § > 0. In the limit § — 0 this means that z; = 0 and thus u < w. /]]/
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