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Abstract

We consider the chemotaxis system

ug = Au— xV - (uVv) + g(u), z e, t>0,
0=Av—v+u, xe, t>0,

in a smooth bounded domain 2 C R", where x > 0 and g generalizes the

logistic function g(u) = Au — bu® with o> 1, A >0 and b > 0.

A concept of very weak solutions is introduced, and global existence of

such solutions for any nonnegative initial data uo € L' () is proved under

the assumption that o > 2 — 7—1L

Moreover, boundedness properties of the constructed solutions are stud-

ied. Inter alia, it is shown that if b is sufficiently large and uo € L*°(Q)

has small norm in L7(Q2) for some v > % then the solution is globally

bounded.

Finally, in the case that additionally o > % holds, a bounded set in

L (§2) can be found which eventually attracts very weak solutions ema-

nating from arbitrary L' initial data.

The paper closes with numerical experiments that illustrate some of the

theoretically established results.
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Introduction

In any living organism, the communication between individual cells evidently is
an indispensible tool for its survival. Accordingly, a large variety of means for
cellular communication has been provided during biological evolution. One —
rather simple — reaction to an external signal consists of moving either towards
or away from the stimulus, and the corresponding behavior is commonly named
X-taxis. Here, the template X indicates the particular nature of the stimulus:
For instance, haptotazris means oriented movement resulting from a mechanical
impulse, phototazis, thermotaxis or galvanotaxis are due to stimuli made up by



some source of light, of heat, or of an electric current, respectively.

If a chemical substance is responsible for a change in motion, one is accordingly
concerned with chemotazis, and this mechanism appears to be of particular
importance also in higher developed organisms, where, for example, it is be-
lieved to govern the movements of certain flexible cells such as phagocytes. One
distinguishes between chemoattraction — aka positive chemotaris — appearing
when cells move towards higher concentrations of the substance, and the less
frequently observed chemorepulsion — the so-called negative chemotazis — mean-
ing that the direction of movement is away from higher and thus towards lower
concentrations of the chemical.

In several situations, it is favorable for a cell population to accumulate in some
region in space; for instance, the slime mold Dictyostelium Discoideum forms
a fruiting body upon such an aggreation. Chemoattraction can enhance this
type of behavior if the individuals themselves secrete the attracting chemical.
In 1970, Keller and Segel ([KS]) pursued the problem of finding an appropriate
mathematical description of such processes of self-organization. They proposed
a model for the time evolution of both the cell density v and the signal substance
v, a dimensionless prototype of which reads

ur = V- (m(u)Vu) — V- (f(u,v)Vo) + g(u,v), xeQ, t>0,
vy = Av— v+ u, e, t>0,

(0.1)

where (2 denotes the considered spatial region and I is a positive constant linked
to the speed of diffusion of the chemical. The function m measures the ability
of cells to diffuse, f represents the sensitivity with respect to chemotaxis, and
g models possible production or death of cells.

In the last two decades, considerable progress has been made in the analy-
sis of various particular cases of (0.1), the focus being mainly on the problem
whether the respective system of equations is appropriate in the sense that it is
able to give a qualitatively correct picture of the phenomenon of accumulation.
However, there has non consensus been found yet on the question whether ‘accu-
mulation’ means that solutions undergo a blow-up, that is, become unbounded
in either finite or infinite time, or if it is already correctly described by pattern
formation of bounded solutions.

As to the ‘classical’” Keller-Segel model, where m(u) = 1, f(u,v) = x > 0 and
g(u,v) =0, it is known, for instance, that some solutions blow up if either the
space dimension is n = 2 and the total initial population mass is above some
threshold level, or if n > 3; similar results have been asserted for the limit case
of this model obtained when I' = 0 ([HV], [HMV], [H], [HWa], [N2], [SeS]).
Also, questions on pattern formation in bounded domains ) could be answered
in some special cases of (0.1), for instance concerning convergence of all bounded
solutions to equilibria (when f(u) = v and n = 2, [FLP]), (meta-)stability of
steady states (for f(u,v) ~ u(1l —u), cf. [PH]), or existence of global attractors
(for f(u) =w and n =1, [OY]).

More recently, variants of (0.1) involving non-vanishing sources g # 0 have



received growing interest. Here, the most commonly considered choices of g ex-
ercise a significant dampening effect on the population density u at those points
where u itself is large; prototypes are the logistic function

g(u,v) = Au — Bu®, A>0, B>0, a>1, (0.2)

or modifications thereof, involving further zeros, such as given by the bistable
source

g(u,v) =u(B —u)(u— A), 0<A<B. (0.3)

As to the latter, for I' = 1 and 2 = R" the behavior along the limiting procedure
e\, 0inm = ¢e? and f = ¢ is studied in [MT] and [FMT], where travelling fronts
of the corresponding system are investigated by deriving interface equations that
are supposed to decribe the dynamics of certain layers.

Logistic sources of the shape (0.2) with the standard choice & = 2 have been
considered in [OTYM], where global existence of weak solutions in bounded
domains €2 along with the existence of a global attractor in an appropriate
functional analytical framework has been proved for f(u,v) = w - x(v) with
smooth bounded functions x(v); part of the results can be carried over to the
case when x becomes singular at v = 0, cf. [AOTYM].

In the present study we focus on the case I' = 0 that is supposed to model the
situation when the chemoattractant diffuses very quickly. Moreover, we shall
restrict ourselves to the choices m = 1, f(u,v) = xv and g(u,v) = g(u) and
hence subsequently consider the system

up = Au — xV - (uVv) + g(u), xe, t>0,
0=Av—v+u, e, t>0,

gu = 9v =, zed, t>0,
’LL(.I,O):’U,O(.I) 205 ZEEQ,

(0.4)

in a smooth bounded domain Q C R™, % denotes the outward normal derivative
on 0f2 and x is a given positive constant. The function g is assumed to generalize
(0.2) — and (0.3) as well — in the following way: Throughout, g is supposed to
belong to C*([0,00)) and to satisfy g(0) > 0. Moreover, with various a > 1 we
shall suppose that

(H1,) g(s) < a—bs” for all s > 0 with some ¢ > 0 and b > 0,
and in some places we will also require a corresponding lower estimate
(H2,) g(s) > —co(s+ s%) for all s > 0 with some ¢y > 0.

The system (0.4) — with g = 0 — was first introduced in [JL] and later on taken
up frequently (see [HV], [N1], [N2], for instance).

Recently, in [TW] the case o = 2 in (0.4), (H1,,) has been considered. Besides
some results on steady states concerning regularity, stability, uniqueness and
bifurcation, as to the evolution problem the following has been found.



e Assume that g satisfies _(Hla) with o = 2 and some a > 0,b > 0 and
co > 0, and let ug € C°(Q).

— Ifeither n < 2,0orn >3 and b > "T*Q)Q then (0.4) possesses a unique
global bounded classical solution.

— For arbitrary n > 1 and b > 0, (0.4) admits at least one global weak
solution.

In particular, this implies the existence of global bounded solutions for any
choice of b > 0 in (H1,) if @ > 2. It remains open, however, whether in space
dimensions n > 3, a quadratic death rate in (0.4) with small coefficient b < 2=2y

might be insufficient to prevent solutions from becoming unbounded.

The purpose of the present work is twofold: Firstly, we would like to investi-
gate whether death rates in (0.4) which are weaker than quadratic can enforce
a chemotactic collapse in the sense that, for some initial data, no global solu-
tion exists in any reasonable space. Secondly, albeit not quite independently,
we study the phenomena of of immediate and of eventual regularization of so-
lutions: Given some unbounded initial data, we ask whether the solution then
becomes less singular, possibly even bounded, after some finite time 7', and if
it may even occur that 7' = 0. Evidently, these considerations are closely re-
lated to the possibility of a life after blow-up or, say, a life beyond collapse of a
chemotactically acting population.

For the heat equation w; = Awu, it is well-known that solutions immediately
become smooth even when evolving from very irregular initial data such as the
dirac distribution; by more sophisticated techiques it has been shown that the
same is true also for some finite-time blow-up solutions of the semilinear equa-
tion uy = Au + u? (with some supercritical p > 1) immediately after their
blow-up time ([FMP]).

To the best of our knowledge, only little is known about regularization in sys-
tems involving nonlinear cross-diffusion such as in (0.1); all available results
concentrate on immediately regularizing initial data that are at least sqare in-
tegrable. However, since even in the case g = 0 any solution of (0.1) formally
enjoys the mass conservation property [, u(z,t)dz = [, uo(z)dx for all t > 0,
a more natural requirement on the initial data appears to be ug € L1(Q). All
in all, we could not find any result about regularity — not even about existence
— of solutions to chemotaxis systems beyond some time at which the solution is
merely known to belong to L'(€2).

In light of these premises, our main existence and regularity results may be
understood as saying that all @ > 2 — % are admissible in (H1,) and (H2,)
(showing inter alia that o = 2 should in fact not be a critical number in this
respect), and that any ug € L(Q) is regular enough to allow for a globally de-
fined solution that, though being very weak, immediately becomes less singular
than ug. To be more precise,

o if g satisfies (H1,) and (H2,) with some a > 2 — 1 then



— for any nonnegative ug € L'(€2) the problem (0.4) admits a very weak
solution (u,v) (Theorem 1.6, cf. also Definitions 1.3 and 1.1-1.2),
and

— this solution satisfies u(-,t) € LP(Q) for a.e. t > 0 and any

p < 00 ifn=1,
p < o0 if n =2,
p < a such that p < L5 -min{a — 1,1} if n > 3.

(Corollary 1.7).

If moreover the growth inhibition induced by g is strong enough then some
small-data solutions enjoy further boundedness properties in L>(€2):

e If (H1,) holds with a > 1 and suitably large b > 0, and if ||ugl|~(q) is
sufficiently small then the above solution is bounded (Lemma 2.1).

e If g satisfies (H1,) with a > 1 and sufficiently small quotient ¢, and if
up € L*(2) has small norm in L7(Q) for some v > max{1, 5}, then the
above solution is bounded (Theorem 2.4).

e If (H1,) and (H2,) are valid for some o > max{%,2 — 1} then for all
7 > 0 one can prescribe an upper bound for both § and |uo| z1(q) that
ensures boundedness of the above solution for ¢ > 7 (Theorem 2.6).

Finally, in presence of appropriately strong g all of our solutions eventually enter
a bounded absorbing set in L>(2):

o If g satisfies (H1,) and (H2,) with some o > max{%,2 — 1} and suffi-
ciently small ratio ¢ then there exists a ball B in L>(£2) such that each
of the solutions constructed above eventually enters B and hence becomes
bounded after some finite time (Theorem 2.8).

1 Global solutions for initial data in L'(Q)

According to technical difficulties stemming mainly from the cross-diffusion term
in (0.4) and the fact that we merely assume ug € L'(£2), our concept of weak
solutions differs from the natural notion. We shall deal with solutions that we
call very weak because as many derivatives concerning u as possible are removed
using integration by parts. Moreover, again for technical reasons we shall define
a weak solution not by requiring its first component u to satisfy one integral
identity, but instead to fulfill two integral inequalities slightly differing from
each other, but in summary indicating that u at the same time is a sub- and a
supersolution of the first equation in (0.4).

The first notion that we need is that of a very weak subsolution.



Definition 1.1 Let T > 0. A pair (u,v) of nonnegative functions
u e LY(Qx (0,7)), ve LY(0,T);Wh(Q))
will be called a very weak subsolution of (0.4) in Q x (0,T) if
g(u) and uVv belong to L*(Q x (0,T)),

and if the relations

o o= [ oo [ oo [ o
d
B /(JTAvu-vw+/oT/§sz=/()T/§zu¢ (1.2)

e CFQx0,T)) with ¢ >0 and g—f on 9 x (0,T) (1.3)

hold for all

and any

P € C®(Q x [0,T]). (1.4)

Secondly, we will need some supersolution property. It turns out that the fol-
lowing concept of entropy subsolution is suitable for our purpose. In giving
names, we follow the notion of The name given here is adapted from the notion
of entropy solutions which is commonly used in the context of higher order thin
film equations ([DalPGG]).

Definition 1.2 Let T > 0 and v € (0,1). Two nonnegative functions
ue L7T(Q % (0,T)), ve LY(0,T);WhH(Q) n L7TH(Q x (0,T))
form a weak ~-entropy supersolution of (0.4) in Q x (0,T) if
w2 Vul?, ' tg(u) and wYVou belong to L'(2 x (0,T)),
and if

T T T
—/ /uwt—/ugsﬁ(-,()) > 7(1—7)/ /W’QIWIQW/ /u%w
0 Q Q 0 Q 0 Q
T T
+(1—7)x/ /qu—(l—v)x/ /uwlcp
0 Q 0 Q
T
—I—X/ /u'YVv-Vgp
0 Q

- / : /Q " g(u)p (1.5)

as well as (1.2) are valid for all ¢ and v satisfying (1.3) and (1.4).



We finally end up with the following concept which is consistent with that of
a classical solution in that if a smooth function is a very weak solution in the
sense defined below, then it is a classical solution.

Definition 1.3 Let T > 0. We call a couple (u,v) a very weak solution of
(0.4) in Q x (0,T) if it is both a very weak subsolution and a weak ~y-entropy
supersolution of (0.4) in Q x (0,T) for some v € (0,1).

A global very weak solution of (0.4) is a pair (u,v) of functions defined in
Q x (0,00) which is a weak solution of (0.4) in Q x (0,T) for all T > 0.

When seeking for weak solutions of (0.4), it appears to be natural that one
considers appropriate regularizations of (0.4) which are known to admit global
smooth solutions. It turns out that in the present situation this can be done at
least in two different ways: The first consists of approximating the chemotactic
sensitivity function f(u) = x - v in (0.4) by some sequence of functions f. (for,
say, small e > 0) with sufficiently small (or even without) growth with respect
to u as u — oo; for instance, it can be shown using the ideas in [HWi] that if
fo(u) < CouP with some 8 < Z then all solutions of the accordingly modified
version of (0.4) are global, bounded and hence classical, provided that the initial
data are smooth.

For simplicity in presentation, however, we prefer to perform a second variant
of regularizing (0.4) which is based on strengthening the death rate in the lo-
gistic term rather than weakening the chemoattracting effect. More precisely,
throughout the paper we fix a number 8 > 2 and, for ¢ € (0, 1), consider the
problems

Uer = Aue — XV - (ueVve) + g(ue) — euf, re, t>0,
0= Av: — ve + ue, z e, t>0,

Que — 0ve —(, 1€, t>0, (1.6)
0e(,0) = uoea),  wEQ,
where (uoz)-e(0,1) € C°(€) is such that ug. > 0 in Q and
l[uoe — uollr1(a) < €. (1)

By Theorem 2.5 in [TW], (1.6) has a unique global bounded classical solution
(te,ve). In view of the fact that g(0) > 0 and the parabolic and elliptic com-
parison principles applied to in (1.6), ue > 0 and hence also v. is nonnegative.
Moreover, we even have u. > 0 in Q x [0, 00) by the strong maximum principle.

We proceed to derive e-independent estimates. The first lemma provides some
easily obtained inequalities which nonetheless are crucial for almost everything
that follows.

Lemma 1.1 Suppose g satisfies (H1,) with some a > 1, and let m := (%)é |€2].
Then for any to > 0 and each € € (0,1) the inequalities

a—-1 1
/ Ue(x, t)de < m + e~ @ be(t=to) (/ ue(x, to)dx — m) fort >ty (1.8)
Q Q



and
¢ t

b/ /u?—l—a/ /u?§a|ﬂ|~(t—to)—|—/ us(x,to)d:c—/ ue(z, t)dx  fort > to
to JQ to JQ Q Q

(1.9)
hold. In particular, writing
M, := max{m, |luoe|lz1 ()}, (1.10)
we have the a priori estimates
/ ue(z,t)dr < M, for allt>0 (1.11)
Q
and
QT + M.
/ / < YT + Me + for all T > 0 (1.12)
Q
as well as
QT + M.
/ / < O+ Me + for all T > 0. (1.13)

PROOF.  We integrate the first equation in (1.6) over Q and use (H1,) to see

that
— [ u(z,t)dx = / g(u )—s/uﬁ
lt € bl £

al — b/ - 5/ fort > 0. (1.14)

1

From the Hélder inequality we obtain [, u. < Qs (Jqu&)=, and hence
y(t) == [ ue(x, t)da satisfies

IN

y'(t) < alQ —b|Qy™(t)  fort>0.

Substituting z(¢) := y(t) — m, using the convexity of s — s* on (—1,00) and
recalling the definition of m we obtain

Z(t) < alQ = bjQ' (M + 2)°
t
< a|Q|—b|Q|1—ama(1+aﬁ)
m
= —ab|Q' T rm> (1)
= —aa%béz(t) for t > 0.

An integration of this differential inequality yields (1.8), whereas (1.9) follows
upon integrating (1.14) with respect to time. Now (1.11), (1.12) and (1.13)
immediately result from (1.8) and (1.9) and the fact that [, uc(z,t)dz is non-

negative. /1]

We proceed to derive from the above lemma some bound for that spatial gradi-
ent of u..



Lemma 1.2 Suppose that g satisfies (H1,) and (H2,) with some o > 1. Then
for all v € (0,1) satisfying v < a — 1 there exists C > 0 such that for any
e €(0,1) and T > 0 we have

/T/ Va2 < C(1+T) (1.15)
0 Q
and .
) wy~ 1 ) )
4(0) /O /Q 1< 01+ T) (1.16)

PrOOF.  We multiply the first equation in (1.6) by u2~! and integrate by
parts over 2 x (0,7T) to obtain

T
1 1
(1-7) / / W TV? = - / ul (2, T)dw — = / ul () da
0o Ja Y Ja Y

Q
T
+(1 —v)x/ /u;Y*quE -V,
o Jo

- ' [ et +e [ ' [t

%/ng(x,:r)dx < @(/ﬂua(wﬂ)dw)w- (118)

By the Holder inequality,

Once more integrating by parts, again from Holder’s inequality we gain

(1—’7)X/0T/Quz—1Vu5-Vvs = —@/OT/Q@AUE
< L[ L) ([ [ awr) - gom) ™5 ao)

In view of the second equation in (1.6) and elliptic L? theory we know that

T T
/ |[Av|* < cl/ /u?
0 Jo 0o Jo

holds with some ¢; > 0, so that (1.19) implies

T T
(1- W)X/ / ul " 'Vu, - Vv, < 02(/ / ug + 1+ T) (1.20)
o Ja 0o Ja

with a certain ¢z > 0. Furthermore, since g(s) > ¢g(0) — éo(s + s*) for all s >0
and some ¢y > ¢o by (H2,) and the fact that g € C'([0,00)), using Young’s

212




inequality we find

[ e

A
|
)
=
o\);ﬂ
S~
IS
e
|

IN
|
)
=
o\);ﬂ
S
e
w0
|
+
s—
S
2
<
m
+
&
~
_
[\
=

and

T T
a/ /ufJ”_l Ss/ /uf+C45T (1.22)
o Jo o Ja

with some positive c3 and c4.
Collecting (1.17), (1.18) and (1.20)-(1.22), in view of (1.11), (1.12) and (1.13)

we arrive at

<1—v)ATAuz—2|Vua|2+g<o>-/OT/ng—l

QI alQ|T + M,
< e |7 'MQ—FCQ‘F(C2+03+C4E)T+(C2+1)'7| |b -,

where M, is given by (1.10). Since M, < max{(%)é 12, luoll 1 (o) + 1} by (1.7),
this immediately gives (1.15) and (1.16). /l]/

The following bound on the time derivative of u. involves a very weak norm,
but is still sufficient for our purposes.

Lemma 1.3 Assume that (H1,) and (H2,) hold for some o > 1. Then for all
v € (0,1) satisfying v < a — 1 there exist k € N and C > 0 such that for each
€ (0,1) and T > 0,

190 (1 + 1) 2 [ 1 o,y w2y ) < CL+T). (1.23)
Proor. We fix k € N large such that
W) — L®(Q)  and  WF2(Q) — WP (Q) (1.24)

holds for p := max{2, #‘;‘_2}, for instance, we pick any k > ”T” Given ¢ €

WOIC’2(Q), multiplying the first equation in (1.6) by (1 +u8)77721/1 and integrating
by parts, for all £ > 0 we find
2

— at(1+us)%w = /(1+u5)w772u5t'1/}
Y Jo Q

= /(1—|—u5)wTizAus-1/)—x/(1—|—u5)%2V-(u5V1}5)~1/)
Q Q

10



2oL 12 g
+/Q<1+ua> o)y a/ﬂ(1+u€> By

2 — y—4 y—2
=270 [ gus |Vu€|2w—/(1+ua) =V, - Vi
2 Q Q

—X/Q(l—i-ua)TV-(UEVUE) X

+/Q<1+a> o) /<1+€> By, (1.25)

Q

Since u. > 0 and v > 0 implies 77_4 <~ —2, we have

| [aru = wupe| < ([0 u A 9uR) [l
Q Q
< ([ VuP) @, (20)
Q
and
‘/(1+u8)%2vu€.v¢‘ < (/(1+u€)7—2|Vu8|2>5.(/|V¢|2>§
Q Q Q
1 y—2 2
< S0+ [ w2 Vu) VYl (127)
Q

2

Another integration by parts in conjunction with the second equation in (1.6)
shows that the chemotaxis term can be reaaranged according to

—X/(1+u5)%2v-(usvvs)¢
Q
= —X/(1+UE)’YTJUEA’UE~’¢)_X/(1+UE)WTJVUE.VUE./¢)
Q Q
=2 2X o
= —x [ Q4u)=Z ulAv.-v+—= [ V(1 +u.)? Vo -9
Q v Ja

= —X/(1+UE)VTQUEAUE~1/)_2—X/(1+u5)%AfU€-fl/)
Q Y Jo

2 v
X A u)3 Ve, - VY
7 Ja
=2 =2
= _X/(l'i‘ua)Tuavaw'i'X/(l""us) 2 Ugiﬁ
Q Q
2 v 2 v
_X (1+ua)§vsw+_x/(1+ua)§uaw
7 Ja 7 Ja
2 v
X w3 Ve, - VY
7 Ja
= L+L+Is+1;+1Is. (1.28)

11



Here, applying Holder’s inequality with the three exponents £ a and

2a 'y 2
we obtain

Bl < xf @ru)ies
Q
il 1 2 2a0—y—2
< x(farur)T (o) () T )
Q Q Q
Similarly,
2 by é T
Bl 2 (faru) ([ ([w==)""" a0
Y Q
and
2)( - P - % 2a %
< 25 ru) ™ 1weel) ™ (f 1verms=) s
v Q Q
whereas Holder’s inequality with exponents —0‘ and m yields

20—~y —2

|12|+|I4|§(X+27X)~(/Q(1+us)“)%2-( =) T )

Now from the second equation in (1.6) together with standard elliptic L? esti-
mates we know that

max { [0 (- 8) ooy + V0 (Dl oy b < e lweee) < ealluel,8) ey

for t > 0 holds with some constant ¢;. Inserting this into (1.29)-(1.32) shows
that

[n| + [ L2| + [Is| + 4] + |15]

2x
< (xer+ o x+ 2. (/ L)l e
2x
+761'(/Q(1+u5)) Vel e
< ot /Q (AL B T . (1.33)

is valid for some cy > 0.
As to the logistic term in (1.25), we observe that (H1,) and (H2,) imply that
lg(s)| < ¢o(1 + s)® holds for all s > 0 and some é& > 0, whence

| [+ u) g v < 50'/<1+u5>2"‘” 2|¢|

Q Q
< 60-(/9(1+u5 /lwlfa )
< el /Q<1+us>a) 9l sy (139

12



with suitably large c3 > 0 folows upon applying Holder’s and Young’s inequali-
ties. By the same tokens, we find ¢4 > 0 such that

1=z g 28+y—2
‘—5/(1+u5)7u51/)’ < E/ug 2 |yl
Q Q

25;372 28 2{—;
< a(/uf) (/ |¢|m)
Q Q
5 .
< c4g(1+/ﬂu€) ol 2 (1.35)

Collecting (1.25)-(1.28) and (1.33)-(1.35) and recalling the definition of p, we
arrive at the estimate

‘%/ 6t(1+u€)%w‘ S Cs (1+/’uz—2|vu€|2+/(1+u€)a+g/u?) %
) 0 ; i
X (||¢||W1m(sz) + ||¢||Loo(gz)) for all ¢ € W(Q)

with a certain ¢5 independent of € € (0,1),¢ > 0 and ¢ € Wé’Q(Q).
We now observe that (1 4+ ue)® < 2%(1 4 u2) and remember (1.24) to obtain

‘% Qat(1+ua)%¢‘

< < (H/Quz*IVuaIQ+/Qu?+s/Qu?)llwllw§~2<m

for all ¢ € W}?(€2) with some ¢g > 0. Hence,

2
§06(1—|—/u772Vu 2—|—/u0‘—|—a/uﬁ),
‘ Wy () o Ve Q Q

which upon integration over ¢ € (0,T) yields (1.23) in virtue of the estimates
(1.12), (1.13) and (1.15) provided by Lemma 1.1 and Lemma 1.2. /]]/

at(1 +u5(-,t))

As a consequence of the last three lemmata, we obtain the following.

Lemma 1.4 Let (H1l,) and (H2,) be satisfied with some « > 1. Then for all
T >0 and any p € (1, ),

(ue)ee(o,1) 18 strongly precompact in LF (2 x (0,T)). (1.36)

PrOOF. Let T > 0,p € (1, ) and a sequence () en C (0, 1) be given. From
(1.12) we know that there exists a nonnegative function u such that

Ue — U in LP(2 x (0,7)) (1.37)

along a subsequence ¢ = ¢;,, ¢ — 00. On the other hand, Lemma 1.1, Lemma
1.2 and Lemma 1.3 imply that if we pick any v € (0,1) such that v < a — 1
then we have

[I(1+ ua)% HL2((O,T);W1’2(Q)) + 110 (1 + ua)% ||L1((01T);(W§’2(Q))*) <c
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with some ¢ > 0 and & € N. Since (W(f’z(ﬂ))* is a Hilbert space, the Aubin-
Lions lemma (Theorem 2.3 in [T]) applies to yield strong precompactness of
((1+ue)¥)ee(o,1 in the space L2((0,T); L*(R)); in particular,

Us — U a.e. in Q x (0,7T) (1.38)

holds along a further subsequence.
Again by Lemma 1.1, (ue)ce(0,1) is bounded in L9(€2x (0,7')) with ¢ = %. Since
q > 1, this entails that

ufl = w in L9(Q2 x (0,7)) (1.39)

for another subsequence, where (1.38) asserts the identification w = u?. Choos-
ing op=1¢€ (LY x (0,7)))* as a test functional, we thus find

T T
0 Q 0 Q

Together with (1.37), this proves the strong convergence u. — wu in the uniformly
convex space LP(Q2 x (0,T)). /]]/

One final preparation will provide a compactness property of (ve)-c(0,1)-

Lemma 1.5 Assume (Hl,) and (H2,) with some o > 1. Then for all q €
(1, ;%) there exists C > 0 such that

HVUEHL‘I(QX(O,T)) < O(l + T) for all T > 0. (140)

Proor.  Without loss of generality we may assume that g > M, so that

n
roi= @ satisfies r € [1, 7). Thus, according to a classical result due to

Brézis and Strauss ([BS]), there exists Cps > 0 such that for any w € C?()

satisfying g—f = 0 on 012, the estimate

lwllwr.r o) < CrsllAwl|[ 1) (1.41)

holds. Since evidently [, v-(-,t) = [,uc(-,t) for all ¢ > 0, from the second
equation in (1.6) and Lemma 1.1 we infer that ||Av.(-,t)| 1) < c1 forallt >0
and some ¢; > 0. Therefore (1.41) yields

||v5(~,t)||W1,r(Q) <c¢ps-c1 for all t > 0. (142)

We now invoke the Gagliardo-Nirenberg inequality ([F]) to estimate

V0 )l Lace) < canllve (- t)lI%yz oy - 0e(, D) it g

for all £ > 0 with some cgny > 0, where
1-2=(2-2)o+ (1-2)a-0),
q @ r

14



that is,

na(q —r)
q(ar —nr + na)

_Oé
g

in view of our definition of r. Since ||v: (-, t)([w2.a ) < calluc(:,t)||La(q) for some
constant co by elliptic LP theory applied to the second equation in (1.6), from
(1.42) we obtain

IV ()| o) < conless - )0 e lue (-, )| Fa e

for all t > 0 and € € (0,1). Integrating this with respect to ¢ € (0,7") and
recalling (1.12), we end up with (1.40). /]]/

We are now in the position to prove our main result concerning existence of
very weak solutions.

Theorem 1.6 Let x > 0, and suppose that g satisfies (Hl,) and (H2,) with
some a > 2 — . Then for each nonnegative ug € L*(2), the problem (0.4)
possesses at least one global very weak solution (u,v). This solution can be ob-

tained as the limit of an appropriate sequence ((ua, UE))sfs'\o of global bounded
—=J

classical solutions of (1.6) in the sense that

U — U a.e. in Q x (0,00), (1.43)
wd—=ud o in LRu((0,00); WHA(Q)), (1.44)
U — U in LY (Q x [0,00)) and (1.45)
Ve v in Li%.([0,00); W>(Q)) (1.46)

as e =¢; \,0 for any v € (0,1) satisfying v < a — 1.

ProOOF.  From (1.12) and elliptic theory applied to the equation for v., we
know that (ve)ee(o,1) is bounded in L*((0,7); W**(Q)) for all T > 0. In view
of Lemma 1.4, Lemma 1.2, (1.12) and Lemma 1.5, we can thus pick a sequence
of numbers € = ¢; \, 0 such that (1.43)-(1.46) as well as

Ue — U in LP(Q2 x (0,T)) forallp e [l,a) (1.47)

and

Ve =0 in L9((0,T); Wh(Q)) for all ¢ € (1, ne ) (1.48)

n—1

ase =¢; \, 0 hold for all 7' > 0 and any v € (0,1) satisfying v < a — 1 with
some nonnegative functions u and v.

In order to check that (u,v) is a very weak subsolution of (0.4) in Q x (0, 7)), let

15



a test function ¢ satisfying (1.3) be given. Then multiplying the first equation
in (1.6) by ¢ and integrating by parts, for all € € (0,1) we have

T T T
_/ /UESD_/UOESO('7O) - / /UEASD_X/ /UEV’UE'VQP
0 Q Q 0 Q 0 Q
T T
/ /g(us)w—ff /u?% (1.49)
0 Q 0 Q

T T
—/ /ugsot—> —/ /usot, (1.50)
0 Q 0 Q

By (1.47) and (1.7),

—/ woep(+,0) — —/uogo(-,O) and (1.51)
Q Q
T T
—/ /u5A<p—>—/ /uA(p (1.52)
o Ja o Ja
as € =¢; \, 0. Sincea>2—l=%,wehavel+ nla =21 <1, and
n—1
hence we can choose p > 1 close to o and g > 1 close to ;% such that 1 —i— <1

Then (1.47) and (1.48) ensure that

T T
—X/ / u:Vue - Vi — —X/ / uVv -V (1.53)
0o Ja 0o Ja
ase=-¢; \,0.

As to the logistic term, we split g according to g(s) = g+(s) — g—(s), where
g+(s) = max{0,g(s)} and g_(s) = max{0,—g(s)} are nonnegative. By (1.47)
and the dominated convergence theorem,

/OT/Qng(ua)sDH/OT/Qng(U)cp

because g+ evidently is bounded on [0, 00). Since Fatou’s lemma implies

<
[ ot < [ [t
T
/ / cp>hmsup/ /g(ua)go. (1.54)
e=e;\,0 Q

Altogether, (1.50)-(1.54) and the fact that the last term in (1.49) is nonpositive
entail that u satisfies (1.1), whereas (1.46) implies that (1.2) holds for all v
fulfilling (1.4). Since the regularity requirements made in Definition 1.1 are
readily checked to be consequences of (1.44)-(1.46) and (1.48), we conclude that
(u,v) in fact is a very weak subsolution of (0.4) in  x (0,T) for all T > 0.

we obtain
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We next assert that (u, v) is a weak y-entropy supersolution for any v € (0, a—1].
To this end, we fix ¢ as required by (1.3) and test the first equation in (1.6) by
u? "' to obtain

T
- [ e [iet0
0 Q Q
T T
= a0 [ [arvaber [ wag
0 Q 0 Q
T T
+(1—7)x/ /Ustsﬁ—(l—v)x/ /@“s&
0 Q 0 Q
T
+x/ /qu’Ua-VQp
—I—v/ /u'y Ya(us)p — ’YE/ / A=l (1.55)
Q Q

Since v < 1, we can again use (1.47) and (1.7) to see that

[ fpef e

- [ et = = [ge.0) and (157)

T T
/ /uzAcp—>/ /u"*Ago, (1.58)
0o Ja 0o Ja

and a simplified variant of the reasoning leading to (1.53) shows that

T T
X/ / ulVue - Vo — X/ / uVv -V (1.59)
0o Ja 0o Ja
T T
(1 —v)x/ /Usz¢—> (1 —v)x/ /uWP (1.60)
0 Q 0 Q

ase=-¢; \,0.
Now in order to prove that

7/OT /Q U!lg(us)qu/: /Q W lg(u)e, (1.61)

we first split g via g(s) = g(0) + h(s) with h € C*(]0,0)) satisfying h(0) = 0
and thus |h(s)] < é(s + s*) for s > 0 in view of (H1,) and (H2,) . Therefore,

/OT/QuZ19(u€)s0=g(0)./0T/ng1<p+/OT/nglh(u€)go, (1.62)

17
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e— «
where for r := P 1 we have

T
| [ nar
0 Q

IN

T
i [ [ oty
0 Q

< 01(1—|—/0T/Qu?> (1.63)

with some ¢; > 0. By (1.12) amd (1.43), we thus infer that w2 th(u.) —
Y th(u) in L™(Q x (0,7T)) and hence

//Qm Lh(u gﬁ—»/ /an Yh(u (1.64)

as € = ¢; \, 0. If g(0) = 0, this immediately proves (1.61), while in the
case g(0) > 0 we apply Lemma 1.2 with v replaced by any vy € (0,7) to see
that (u2™").e(0,1) is bounded in L*(Q x (0,7)) with s = 11:—7,;’ > 1, so that
ul™t =y~ Lin L5(Q x (0,T)) due to (1.43) and therefore

[ foeso [ [

as € =¢; \, 0. Together with (1.64), this completes the proof of (1.61).
As to the last term in (1.55), we apply the Holder inequality to obtain

T - T pry=1 T =
‘ _78/ / u§+771g0‘ <yeeTF o (5/ /ug) . (/ / spﬂ)
0 Q 0 Q 0 Q

and thus infer from (1.13) that

T
—'ya/ / uPt Lo =0 (1.65)
0o Ja
ase — 0.

Finally, the estimate (1.15) guarantees that (VuE% )ec(o,1) is bounded and hence
weaky precompact in L2(2 x (0,7)). Once more due to (1.43), this means that

VuE% — Vu? in L2(Q x (0,T)). Thus, by lower semicontinuity of the seminorm

|| -]]] on L*(Q x (0,T)) defined by |||w]|| := (fOT Jow?p) 7 with respect to weak
convergence, we find

T
7(1—7)/ /W_?IWI%SW(l— hmmf/ /W *|Vue|*p. (1.66)
0 Q e=¢;\.0

Collecting (1.55)-(1.61), (1.65) and (1.66), we see that (1.5) in fact is valid.
Since the required regularity of (u,v) can be derived from (1.44)-(1.46), (1.48)
and (1.63), we thereby see that (u,v) is a y-entropy supersolution. /]]/

Combining the regularity properties that u inherits from u. via (1.44) and (1.45)
with the Sobolev embedding W2?(Q) — LI() for n = 1 and ¢ = oo, or n > 2
and any g < oo satisfying (n — 2)g < 2n, we immediately obtain
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Corollary 1.7 Under the assumptions of Theorem 1.6, we have u(-,t) € LP(Q)
for a.e. t >0 and any

p< oo ifn=2,
p < a such that p < 25 -min{a— 1,1} if n > 3.

2 Boundedness properties

We now turn our attention to the question of boundedness of the very weak
solutions constructed above.

2.1 Globally bounded small-data solutions

We start with an observation that is a simple consequence of the parabolic
comparison priciple.

Lemma 2.1 Suppose that g satisfies (H1,) with some o > 1, a > 0 and suffi-
ciently large b > 0 such that there exists a positive number so satisfying

X6 +a — bs§ < 0. (2.1)

Then for all nonnegative ug € L>(2) with ||uol|p~(q) < S0, (0.4) possesses a
global bounded very weak solution (u,v).

PrOOF.  In (1.6), besides (1.7) we can achieve that ug. < s¢ in Q. Differen-
tiating the cross-diffusion term in (1.6) and using the equation for v., we find
that u. satisfies

uet = Aue — xVue - Voo — xuve + xug + g(ue) — auf
< Aue — xVue - Voo + xuZ +a — bul (2.2)
in Q x (0,00) for all e € (0,1). Since w(x,t) := so solves w, > Aw —
xVw - V. + yw? + a — bw® with g—f = 0 on Jf) and lies above wug. ini-

tially, the comparison pronciple shows that u. < sp in 2 x (0,00). Since
max,cq Vs (x,t) < max,cq ue(z,t) holds for all £ > 0 due to an elliptic maxi-
mum principle argument, we also have v, < sg.

In order to make Theorem 1.6 directly applicable without a re-inspection of
its proof, we now manipulate g(s) beyond s = sy so as to obtain a function
g € C1([0,00)) that coincides with g on [0, so] and satisfies (H1,) and (H2,)
with some a € (2—2,2). Since (uc, v.) still solves (1.6) with g replaced by g, we
may conclude from Theorem 1.6 that along an appropriate sequence € = ¢; \, 0,
we obtain a global very weak solution (u, v) of (0.4) satisfying u < s¢ and v < s

in  x (0, 00). /]]/

The reasoning in the following lemma was partly inspired by that in Theorem 7
in [HR]. Relying on the mass evolution results from Lemma 1.1, it provides an
autonomous ordinary differential inequality for u. in L7(f2) for arbitrary v > 1.
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Lemma 2.2 Let (H1,) hold with some o > 1. Forty >0 and ¢ € (0,1), let
Me(to) := max{m, [luc (- o)l ()} (2.3)

with m = (%)§|Q| as in Lemma 1.1.
Then for all v > 1 satisfying v > 4 there exist positive constants k > 1,n,
and C' such that for any to > 0 and € € (0,1) we have

4 u)(z,t)dx < C(/

v K_ v v+1 Iz
il Qua) n/QuEJrC(ME (to) + ME(to))  (24)

for all t > tg.

Remark.  Observe that the right-hand side in (2.4) is negative for small
positive values of fQ uY whenever M.(to) is small. Below, this property will be

used in two different situations to achieve boundedness of the norm of (-, t) in
L7(§2) (cf. Theorem 2.4 and lemma 2.5).

PROOF.  We multiply the first equation in (1.6) by u2~!, integrate by parts
and use the identity Av. = v, — u. as well as (H1,,) to see that

1d

- V(z,t)d -1 72|V, |2
~a o+ -1 [ v

_ _x(v—l)/uyvﬁx(v—l)/uwl
v Q v Q

+/ uz_lg(us)—zf/uf+7_l
Q Q

-1
xty—-1 )/ug“—i-a/ug_l (2.5)
Y Q Q

IN

for t > 0. Here, in the case v < 2 we invoke the Holder inequality to estimate

1 2 vl
o [wt<aep([u)
Q Q

while if 7 > 2 then Young’s inequality gives

-1
&/Uzilﬁw/uyl—kcl/us
Q Y Q Q

with some ¢; > 0. Writing g := min{y — 1, 1}, we thus have

d 4(v—1 a
a ug(x,t)dﬁw V2 |2 §2x(”y—1)/ug+1+02(/ us)“ (2.6)
dt Jo Y Q Q Q

with cg = max{va|Q*>~7,ve1 }.
2(r4+1)

We now use that W'2(Q) — L™ (Q) because ¥ > 2 > £ — 1, and hence
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may apply the Gagliardo-Nirenberg inequality to find cgny > 0 such that

~  2(v+1)

2x(y — 1)/ wlt = 2x(y = Dllud || i
0 L (©)

5

v 204D g ) (1-0) 2<w+1)
< con (IVed oty " [ iy " + I s ))m)
where
ny B ( n) n
———=(1—-=)0——=(1-46 60— —
2(y+1) 2 2( )=6-3
that is,

n 5 n
o=2(1-—) = .
2 v+1 2(v+1)
Since v > Z, we may employ Young’s inequality with exponents 2% and 272171
to gain

+1)9 2(’Y+1)(1 0) 4 n 2(’Y+1) n
CGN”VUE HLz Hus ||L2 Q) = con||Vue HLz ||Us HLz Q)

2 2(v+1)—=n
(v — )Hv 2 HL2 Q) +03||u8 HL2(2’7 ™

IN

with some ¢3 > 0. Thus, (2.6) and (2.7) imply

d B
E/Quz(:v,t)dx—i— /| S

Lzﬁ)n . v+l m
< Ca(/@) +CGN(/UE) +02(/U5) : (2.8)
0 0 Q

Finally, the Poincaré inequality provides some cp > 0 such that

32 3|12 72
Q’U,Z = ||Ua HLQ(Q) < CP(HVU’E HLQ(Q) + HuE ”L%Q))

v
cP( [readi e ([ ) ) (2.9)
which inserted into (2.8) yields

d EEEE 2(y -1
u”(ac tyde < 03(/ ug) 2 B L)/ug
dt ) yer  Ja

+CGN(/QUE)7“+%(/{2u5)v+@(/9u5)”.

Here, in treating the last three terms we use that the mass evolution estimate
(1.8) from Lemma 1.1 implies [, ue(x,t)dz < M.(ty) whenever t > to. Since
v+ 1>+ > pu, a simple interpolation allows us to bound M2 (¢y) by some
multiple of (M2+(tg) + M (to)), so that (2.4) follows. /]l]/

As another preliminary, we shall need the following smoothing property of (1.6).
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Lemma 2.3 Let (H1,) be satisfied with some o > 1, and assume that there
exist 0 > 5, C >0, €0 >0 and 0 <ty <ty < oo such that

lue(-, )l Lo < C for all t € (t1,t2) (2.10)
is valid for all € € (0,e0). Then for any T > 0 we can find C(1) > 0 such that
lue (- )| Loo () < C(7) for all t € (t1 + 7,12) (2.11)

holds whenever ¢ € (0,&p).

PROOF.  The proof closely follows that of Lemma 2.3 and Lemma 2.4 in [TW],

and thus we may restrict ourselves to outlining the main steps.

First, we fix any v > 7o and proceed as in deriving (2.6) to obtain

4(y-1)
Y

4 [ 32 _ y+1

u)(z,t)dx + [VuZ | <2x(y—=1) | vJ7 + ¢ (2.12)
dt Jo ) Q
for £ € (0,60) and some ¢; > 0 depending on |Jugl/11(q). By the Gagliardo-
Nirenberg inequality,

41 5y 20y+1)
/ 2 = d ]
Q L ¥

~ (w+1)(1,9 2(y+1)

v 20D g ~ ) ~
can (V6 afay - 1l | +[lud |

IN

) (2.13)

2 =7
2’Y 2’Y
= L7 (@)

L

holds with some cgny > 0 and

ny(y+ 1)
(v + 1) (ny = nyo + 270)

Since vo > 5, it is easily checked that

20+, _ 2n(y+1-1)

<2.
g ny —nyo + 2%

Hence, from (2.13) we infer upon applying Young’s inequality that

(1+2x(y - 1))/

4(y -1 2
ul Tz, t)de < % / |Vul > + co for all ¢t € (1, t2),
Q Q

and thus (2.12) gives

d
—/uZ(x,t)d:z: < —/uz+1—|—C3
a4l

_|Q|—%(/us~y) Tty forte(t,ta),
Q

IN

where ¢z and c3 depend on [|ugl|z1(q) and C only. Upon integration we obtain,

since WTH > 1, that for all € € (0,¢¢) and arbitrary v > 7o,

lue(-s )l (@) < ca = cal|wollzr(), Coy,7)  fort € (t1+7,t2).  (2.14)
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Applying elliptic regularity theory to the second equation in (1.6), we therefore
conclude that (u: Ve )o¢(0,e,) is bounded in L ((t1+7,t2); LP(2)) for all p < co.
Now standard arguments relying, for instance, on explicit representation of w.
involving the semigroup (e*);>¢ generated by the Neumann Laplacian in €,
finally yield the desired uniform bound for u. in LS (Q x (t1,t2]) (cf. Lemma
2.4 in [TW] for details on this, or [A] for an alternative reasoning). /]]/

We now can prove our main result on global bounded small-data solutions.

Theorem 2.4 Assume that g fulfills (H1,,) with some o > 1. Then there exists
0 > 0 with the property that if § < & then for all v > max{1l, 5} one can find
A > 0 such that whenever ug € L*(Q) satisfies ||uollzv) < A, the problem
(0.4) possesses a global bounded very weak solution (u,v).

Proor.  Given v > max{l, %}, let x,1, 1 and C be the constants provided
by Lemma 2.2. For M > 0, let

P (§) := CE° —né + C(M T + MH), §>0, (2.15)
and

S = {g >0 ‘ 3€ > ¢ such that ¢ar () = o}.

Since k > 1 and n > 0, the number &, := (%)ﬁ belongs to Sy, and thus from a
continuous dependence argument it follows that there exists My > 0 such that
%" € Sy for all M < My. We set

0= (%)a and A= min{(%o);, |Q]}4; }, (2.16)

and henceforth suppose that
Then

< 6 and ||U0||LW(Q) <A

e

v—1
/ uo < |77 - Juol| () < Mo, (2.17)
Q

and hence, in view of the definition of §, M.(0) = max{(%)i 1, lluoell L1y} as
introduced in Lemma 2.2 satisfies M.(0) < My for all sufficiently small € > 0.
Since after possibly regularizing uo. we may assume that also [luoc||Lv) < A
holds for small €, we obtain

/ w <x < (2.18)
o 2

for such e. Now Lemma 2.2 applies to ensure that y(t) := [, u (z,t)dz satisfies
y'(t) < o, (y(t)) for all t > 0, because M. (0) < My and ¢ obviously increases
with M. Since y(0) = [, ug. lies below some zero & of ¢y, it follows from an
ODE comparison that y(t) < &, for all ¢ > 0, and therefore

el B)ll vy < &0 forallt>0 (2.19)
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holds for all sufficiently small € > 0.

In order to be able to apply Lemma 2.3 with an appropriate 7 > 0, let us make
sure that (uc)ee(o,1) is bounded in L*(Q x (0,7)) for some 7 > 0. Indeed,
the fact that ug € L°°(€) allows us to assume without loss of generality that
luoel| L (@) < c1 holds for all e € (0,1) and some ¢; > 0. Recalling (2.2), we
see that

Uer < Aue — xVue - Vo + xu? +a in Q x (0, 00),
which by parabolic comparison implies that
lluc(-, )| Loe ) < 2(t) for all t € (0,7,), (2.20)
where z denotes the solution of

2 = xz% +a, te (0,7),
2(0) = ¢q,
and 7, > 0 its maximal existence time.

Now due to (2.19), Lemma 2.3 guarantees that for some g9 > 0, (uc)ee(0,e,) 18

bounded in L>(€ x (%, 00)) which together with (2.20) proves boundedness of

(Ue)ee(0,e0) I L*°(22 x (0,00)). Arguing as in Lemma 2.1, from this we easily
conclude that some limit (u,v) of ((u57vs))€€(0,80) as € = ¢; \, 0 is a globally
bounded very weak solution of (0.4). /]]/

2.2 Eventual boundedness

Our next goal is to show boundedness beyond some prescribed 7 > 0. Again, this
can be achieved upon imposing a suitable smallness condition on ug, measured
however in L!(Q) rather than in L7(2) as in Theorem 2.4. Here we once more
rely on the differential inequality (2.4).

Lemma 2.5 Assume that g satisfies (H1,) with some o > 5. Then for all
T > 0 there exist positive constants 6(T) and C(7) with the following property:
If there exist tg > 0 and g9 > 0 such that the number

a1
M.(to) = max { (D)F12, Iluc( 1)l |
from Lemma 2.2 satisfies
M. (to) < 6(7)
then
lue ()l () + lve( )l Lee) < C(T)  forallt > to +7 (2.21)

is valid whenever € € (0,&¢).
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PRrROOF. As in the proof of Theorem 2.4, for £ > 0 and M > 0 we let
on (&) = O" —né+ C(MTt + M*) with k,n, u and C taken from Lemma 2.2
upon the choice v = a > %. Again we find {o > 0 and My > 0 such that for all

M < M there exists a zero 50 > %" of ¢pr. We let

8(r) == min{(%)é|ﬂ|%, 5057 Mo} (2.22)

and claim that if M, (tg) < §(7) for € < &g then (2.21) holds for an appropriately
large C(7).
To this end, we first employ Lemma 1.1 to obtain

/ ue(z, t)de < (1) for all t > 1 (2.23)
Q

and

/tW/ a|Q|T+5( )

for & < o, so that necessarily there must exist some t. € (to,%o + 5) such that

2 a|Q|T +4(7)
< —
/Q Hz, te)dr < = 7

Since, by the definition of M, (tp) and (2.22),

2 al|Q|r+6(7) M (to)\ @
i okt K N NV
T b = 20l ( |2 ) + br

< 210 (s0r)je))” + 20

br
S & &
< 0,50 50
- 4+4 2’

we thereby have found ¢. € (to,to + %) such that

/Qu( )d;c<5°

As Jluc(ste)|lLi) < 6(1) < Mo by (2.23) and (2.22), the properties of ¢y,
in conjunction with the differential inequality (2.4) imply that [uc(-, )z ()
is bounded by a constant independent of ¢ € (tg + §,00) and € € (0,¢¢0). Now
an application of lemma 2.3 provides the desired L>° bound for u, in Q x (to +
7,00) and thus also for v, again because of the fact that [lve(:,t)||p~() <

[[ue (-, )| Lo () for all £ > 0. /111

Now the first of our main results of this section reduces to a corollary that we
may state without further comment.
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Theorem 2.6 Suppose that g fulfills (H1,) and (H2,) with some a > max{%,2—
LY. Then for all T > 0 there exists 5() > 0 such that if

1
ay«
max { (2) 19, fluoll 1oy} < 3(7)
then the weak solution (u,v) constructed in Theorem 1.6 is bounded in Qx (T, 00).

Let us finally make sure that any of our solutions eventually becomes bounded,
regardless of its initial size in L(Q). In fact, we shall find a bound in L>(Q)
that is independent of |lug||z1(q); clearly, however, the time beyond which the
corresponding estimate holds will depend on wuy.

Lemma 2.7 Let (H1,) be satisfied with some a > 5. Then there exist positive
constants 6 and C with the property that if § < 0 then for all nonnegative
ug € L*(Q) one can pick T > 0 such that for all € € (0,1),

Jue (-, D)l L) + v D)Ly <C forall t = T. (2.24)

ProOOF.  Let 6(1) and C(1) be the constants provided by Lemma 2.5 upon
the special choice 7 = 1. We set

- (R

and assume that ¢ < d, so that m := (%)i || satisfies m < §(1). Then from the
inequality (1.8) in Lemma 1.1 and our overall assumption (1.7) we know that

/%@ﬁmﬁm+mwhmH4Xf“
Q

holds for all ¢ > 0 and ¢ € (0,1) with some k > 0. In particular, there exists
to > 0 such that

/ ue(z, to)dx < 6(1)
Q

and hence M. (to) = max{m, |luc(-,t0)| 1)} < 1foralle € (0,1). Accordingly,
Lemma 2.5 says that (2.24) must be true for C := C(1) and all € € (0,1) if we
let T :=1to+ 1. //]/

Taking € = £; \, 0 along an appropriate sequence, we immediately obtain our
final result.

Theorem 2.8 Suppose that g satisfies (Hl,) and (H2,) with a fized number
o> max{%,2 — 1}. Then there exist § > 0 and a ball B in L>°(Q) such that
whenever $ < § and ug € L'(Q) is nonnegative, there exists T > 0 with the
property that the very weak solution (u,v) constructed in Theorem 1.6 satisfies

u(-,t) € B and v(-,t) € B for allt > T.
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3 Numerical examples

Let us finally illustrate some of our theoretical results by numerical calculations.
In doing so, we restrict ourselves to the case where x = 1, Q = B;(0) is the
unit ball in R™, and where the initial data uo and hence the solution (u,v) are
radially symmetric with respect to x = 0. The resulting system (0.4) is then
actually one-dimensional in space, which considerably reduces the technical ex-
pense necessary for our spatial discretization. In particular, we then only need
to approximate the radial differential operators 6% and 59—:2 in the standard way
by the usual difference operators.

Throughout our numerical experiments, at each time step we first interpret the
second equation in (0.4) as a Helmholtz equation for the unknown v with known
inhomogeneity u taken from the previous time step. Having thereby found v
at the current time, we insert this into the first in (0.4) and then perform an
explicit Euler discretization to compute w from this equation, where the time
step size can be cotrolled via standard methods familiar from the numerical
solution of ODE systems (cf. [S]).

3.1 Smoothing action of the chemotaxis system

A first example refers to problem (0.4) in space dimension n = 2, with logistic
term given by

gu) =1—u"®, u >0,
and initial data

1
uo(x) = ( 0 0<|z| <1.

|| + 0.001)15"

Observe that the choice a = 1.8 < 2 has not been covered by known results
in the literature (for instance by [TW]). The initial data are supposed to be a
‘good’ approximation of the singular function given by ug(x) = 0.1|z| =15 that is
not in L2(2) (the largest previously considered space of admissible initial data
in chemotaxis problems, cf. the introduction).

Figure 1 shows the short time behavior of the first component « of the numerical
solution, depicted in dependence of the scalar variable r = |z|. This illustrates
the regularizing effect of the evolution governed by (0.4) even for @ < 2 and
‘bad’ initial data, as asserted by Theorem 1.6 and Corollary 1.7.
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0.04 ane ong 0.1

Fig. 1. Abscissa: r = |z|; ordinate: First solution component
u = u(r,t) at times t = 0; ¢t = 1.22-1075; ¢t = 2.44 - 10~5;
t=4.88-107% ¢t =1.22-10"%; t = 4.46 - 10~%. Decreasing
values of u at r = 0 correspond to increasing values of ¢: The
graph with «(0,¢) > 1000 represents ¢t = 0.

3.2 Boundedness of small-data solutions

The motivation for the following example is to demonstrate the assertion on
boundedness of solutions emenating from initial data that are sufficiently small
in L7(Q) for some v > max{1, § }, provided that the quotient ¢ in (H1,) is small
enough. For this purpose, we consider the three-dimensional radial version of
(0.4) with logistic term

g(u) =1 —100u'? u >0,
and approach the ‘small’ initial data
up(z) = 0.0001 - |2| =12, 0<|z| <1,
by the bounded approximates
) _0.0001
K e Il

where ¢ will attain certain small positive values. Observe that since the integral

fol r? - r~127dr is finite for all v < 2.5, the singular data belong to L7(£2) for

such ~v; we thus may believe that all these data u((f) are appropriately small in

LY () for some v > 2.

0< el <1,

Figure 2 shows the time evolution of the spatial L> norm of u(®) for some small

e. Though our computational capacity reaches its limit at ¢ = 2.4 - 1078, we

believe that the corresponding graph can be regarded as a good approximation

of the one to be expected for the singular initial function. In any event, Fig. 2

indicates the global boundedness of all approximate solutions. Actually, a closer

look at the spatial profile shows that all these numerical solutions approach the
1

constant steady state determined by us, = (m)l—é ~ 0.0215 as t — oo.
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Fig. 2. Abscissa: time t; ordinate: L°°(€2) norm of the

solution u(s)(-,t) corresponding to the initial data u(()s) with
€=3-107%e=10"%e=3-10%¢e=10"%e=3-10"T;
e=10"7;e=6-108 e =4-10"8 ¢ = 24-10"8. The
graphs increase when & decreases, the largest one belonging to
e=24-10"8

3.3 Unbounded very weak solutions; blow-up

We finally give an example which indicates that in spite of the asserted regu-
larizing effects, very weak solutions need not remain bounded even if they have
become smooth at some positive time. To be more precise, we numerically
investigate the possibility of finite-time blow-up in (0.4) when n = 2 and

g(u) =1—bu"?®, u >0,
where we consider both b = 1 and b = 0.01. The initial data are chosen to be

o (x) = : 0.1

Trooonis  CShklst

100 100

o L L h T o n L L L L
0 0.0z op4 00€ 008 0.1 ] 2 4 3 8 10 1z

Fig. 3. Abscissae: t; ordinates: L°(£2) norm of the solution u(-,¢) in the case g(u) = 1—0.01u!-8
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Fig. 4. Abscissae: t; ordinates: L () norm of the solution u(-,t) in the case g(u) = 1 —u!-8
Figure 3 shows that finite-time blow-up occurs when the dampening effect in
the logistic term is small (b = 0.01), whereas according to Figure 4, the same
initial data lead to a globally bounded solution (again stabilizing to the constant
equilibrium (u,v) = 1) when the growth inhibition is stronger (b = 1).

25

20+

L L
Q 2 4 € ] 1 12
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Fig. 5. Abscissa: time T'; ordinate: L*(€2 x (0,7T)) norm of
the blow-up solution u in the case g(u) = 1 — 0.01u!8

But our numerical solution, though blowing up in finite time with respect to the
norm in L>°(2), complies with the space-time summability assertion in Theorem
1.6: As indicated by Figure 5, the integral fOT fQ u®(z, t)dzdt remains bounded
across — but at least up to — the blow-up time.

3.4 Conclusion

Unfortunately, our algorithm, being essentially of experimental nature and of
course lacking any justification by numerical analysis, is not able to compute an
unbounded solution beyond its blow-up time. However, in our opinion the above
illustrations strongly indicate that logistic growth inhibition gives rise to much a
larger variety in the dynamics of (0.4) than one possibly might expect: Besides
some mechanisms of regularization and stabilization, we have found numerical
evidence suggesting the existence of solutions that model cell aggregation in the
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sense of finite-time blow-up — in spite of superlinear logistic dampening. Though
the latter needs to be proved in future work, we regard this as a strong advice
to rely on (very) weak rather than on classical solutions in the present context.
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