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Abstract

The paper deals with positive solutions of the initial-boundary value problem for
ur = f(u)(Au + Au) (%)

with zero Dirichlet data in a smoothly bounded domain Q C R", n > 1. Here
f € C°([0,00)) N C*((0,00)) is positive on (0,00) with f(0) = 0, and A is ex-
actly the first Dirichlet eigenvalue of —A in Q. In this setting, (x) may possess
oscillating solutions in presence of a sufficiently strong degeneracy. More precisely,

writing H(s) = [} %, it is shown that if [ sH(s)ds = —oo then there ex-
ist global classical solutions of (%) satisfying limsup,_,  [[u(-,t)||Lec (@) = oo and

lim inf; oo [Ju(+, )| Lo () = 0.

Under the additional structural assumption S;gs) >k > 0, s > 0, this result can

be sharpened: If [ sH(s)ds = —oo then (%) has a global solution with its w-limit
set being the ordered arc that consists of all nonnegative multiples of the principal
Laplacian eigenfunction. On the other hand, under the above additional assump-
tion the opposite condition [, sH(s)ds > —oo ensures that all solutions of (x) will
stabilize to a single equilibrium.
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1 Introduction
We consider nonnegative classical solutions of the problem

ur = f(u)(Au+ Au) in Q% (0,7),
Ul@Q = 0, (1.1)
ult=0 = uo

in a smoothly bounded domain 2 C R",n > 1, where A; > 0 denotes the first Dirich-

let eigenvalue of —A in Q. The function f € C°([0,00)) N C((0,00)) is assumed to be
positive in (0, 00) with f(0) = 0, whereby (1.1) degenerates near points where u is small.
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Equations of this type arise, for instance, in simplified models in electromagnetism, in dif-
ferential geometry and in population dynamics ([Lo], [An], [Al]), where usually f(u) = u?
with some p > 1. When 0 < p < 1, (1.1) can be transformed into the well-understood
porous medium equation v; = Av"™ + A\jv™ with m = ﬁ.

The main goal of this work is to show that (1.1), despite of its seemingly simple structure,
may exhibit an unexpectedly complex dynamics: Namely, we shall see that if the degen-
eracy is strong enough in a certain sense then (1.1) possesses global unbounded solutions
which oscillate in time with amplitude growing to infinity. It will furthermore turn out

that these solutions even may have an unbounded but ordered w-limit set
w(ug) == {w € L*(Q) | u(-,tx) — w in L2(Q) for some t; — oo}.

Before making these statements more precise, let us first recall some basically well-known
results on asymptotic behavior in second-order diffusion equations. It is in accordance
with the dissipative structure of such equations that, generically, their global-in-time
solutions prefer to stabilize, as time approaches inifinity, to either a single stationary
profile, or to ‘co’ in a suitable topology. Moreover, in most reasonable situations such a
regular profile must belong to the set &£ of stationary solutions of (1.1), so that, generically,
one has that w(ug) consists of at most one element of £.

A well-studied example is the corresponding Dirichlet problem for the semilinear equation
uy = Au + g(u) with sufficiently smooth g. As to this, it is known that all bounded
solutions stabilize if either n = 1 ([Ze], [Ma]), g is analytic ([Je]), or if © is a ball and u
is nonnegative ([HP]). Other sufficient criteria involve some a priori knowledge on £: For
instance, if £ is a totally ordered set of functions then the Hopf boundary point lemma
enforces all bounded solutions to settle down to one of them ([Li]). More information on
this and related equations, including further references, can be found in [PS] and [Po].
In the more general equation u; = f(u)(Au+ g(u)) with f € C(R), most of these results
continue to be valid under the extra assumption that f be bounded from below by a
positive constant. Even in the case when f is allowed to touch the value zero in the
sense described in the beginning, we have stabilization of all solutions of the resulting
degenerate problem, provided the initial data belong to WO1 ’Q(Q), are positive in  and
€ is known to be a discrete set ([Win5]). For degenerate equations of this type, however,
some technical devices, frequently serving as useful support in the treatment of semilinear
problems, are no longer available, for instance the Hopf boundary point lemma ([Win2]).
A posteriori, our results will show that these tools in fact appear to be inevitable for the
proof of stabilization.

In order to explain this and state our main results, let us note that the particular choice
of A1 in (1.1) entails that the set £ of nonnegative steady states of (1.1) is precisely given
by £ = {a® | @ > 0}, where © denotes any positive principal Dirichlet eigenfunction of
—A in Q. Therefore £ forms a totally ordered set, but if f is sufficiently small near zero
then unlike the case f = 1 this ordering property need not enforce solutions to select one
of the equilibria as a stabilization point. To be more precise, let us write

* do
H(S) = . m,

and observe that H is bounded above on bounded subsets of (0, c0), while the strength
of the degeneracy in (1.1) is reflected in the possibly singular behavior of H near s = 0:

s> 0,



The equation is weakly degenerate if H(0) > —oo, whereas the smaller f becomes near
zero, the stronger will be the tendency of H(s) towards —oo as s — 0. In the present
context, the condition

/sH(s)ds = —00 (1.2)
0

will mark a crucial borderline in respect of stabilization. Namely, the first of our main
results reads as follows.

e If (1.2) holds then (1.1) possesses a global positive classical solution u that oscillates
in the sense that

limsup Ju(-, 1)l o) =00 and
iminf u(-, ) L=() = 0
(Lemma 3.8).

Under an additional structural assumption on f we can refine this statement and also
show that (1.2) is sharp:

e If (1.2) holds and S;;S) >k > 0 for s > 0 then there exists ug € C°(€2) admitting

a global positive classical solution u of (1.1) that has the w-limit set
w(ug) = {a® | a > 0}
(Theorem 4.4).

e Conversely, if fo sH(s)ds > —oo but still % > K > 0 then all positive classical
solutions of (1.1) are global and bounded. Moreover, for any such solution there

exists a unique « > 0 such that
u(-,t) — a® in L*(Q) ast — oo
(Theorem 4.5).

In the literature we could find only few results on the dynamics of (1.1) so far, basically
dealing with the case when f(u) = w? with p > 0, and all of them concentrating on
the proof of statements which are positive in respect of stabilization: Summarizing these,
namely, we know that for such f all solutions are global in time and approach their w-limit
set as t — oo; moreover, w(ug) C {a® | a > 0} and if p < 3 then w(ug) actually is a
singleton (see [Wie] and [Win3], for instance). On the other hand, if A; is substituted
by any number larger than A1 then it is well-known that all positive solutions blow up
in finite time (cf. [FMcL] for the special case f(u) = u?), while the replacement by any
constant smaller than Ay enforces all solutions to stabilize to zero asymptotically ([Wie]).

The core of our detection of oscillating solutions will be formed by an iterative construction
of suitable initial data. The idea of this procedure goes back to [PY], where nonstabilizing
solutions to the Cauchy problem in R" for u; = Au+uP were constructed in the parameter



(n—2)2—4n48vn—1,
(n—2)(n—10) ’
[Win6] to find oscillating solutions for the linear degenerate equation which is obtained
when f(u) is replaced with a(z) in (1.1), where a is positive in  but vanishes in some
point on the boundary.
In the present framework this procedure will essentially rely on two ingredients: firstly,
appropriate global attractivity properties of the steady state w = 0 and the ‘steady state’
oo, and secondly some particular result on continuous dependence of solutions to (1.1)
with respect to perturbations of the initial data. Both these ingredients will be provided
by Section 3.2 (for w = 0) and Section 3.3 (for the attractivity of oco), respectively, after
some basic preparatory material and a more convenient reformulation of (1.2) have been
given in Section 2 and Section 3.1. The main statements will be demonstrated in Section

3.4 and, for S;;S) > k > 0, in Section 4.

regime n > 11, p > a similar approach was used in the related work

2 Preliminaries

For the sake of definiteness, throughout the sequel we shall assume that the principal
Laplacian eigenfunction © is normalized in such a way that mgx@ = 1. Then it is a

well-known consequence of the smoothness of 92 that there exist positive constants 64
such that
0_dist (z,00) < O(z) < 0,dist (z,00) for all z € Q. (2.1)

The following lemma can be proved by standard methods in the context of degenerate
equations of the present type (cf. [Winb], [Wie], [Win3] and the references therein, for
instance).

Lemma 2.1 Suppose uy € C°(Q) is positive in Q with uglon = 0. Then there exists a

maximal ezistence time Trar = Tinaz(u) < 00 and a unique classical solution u of (1.1).
This solution can be obtained as the limit in CP_(Q X [0, Tnaz)) N C%1(Q x (0, Trnaz)) of

the decreasing net of solutions u., € \, 0, of the non-degenerate problems

et = fue)(Aue + Aue) in Q x (0, Thax(ue)),
Uelon = ¢, (2.2)
’U,5|t:0 = up + €.

Moreover, if Thae(u) < 0o then |[u(-,t)|| L) — 00 ast / Tnas(u).

Besides an approximation from above, it will be useful to know that u can as well be
approximated from below by ‘solutions’ with compactly supported initial data:

Lemma 2.2 Assuming that uo is as in Lemma 2.1, let u, := lim u,_ denote the limit
E—

o ¢
of the solutions of (2.2) corresponding to the initial data ug, = (uo —n)+. Then uy; €
Co'uog > 1} x [0, Trnaz(u))) N C*1{ug > 0} x (0, Thax(u))), and we have u, /" u as
1\, 0, where u is the solution of (1.1).

Remark. Since their initial data are not positive everywhere, the functions u, need not

be continuous outside {ug > 1} (cf. [BDalPU]); particularly, they might not be classical



solutions of (1.1). However, in view of the nonuniqueness results for weak solutions given
in [LDalP], for instance, we avoid introducing any weak solution concept here, because it
will actually not be necessary.

Proof. By comparison, u,. < u. for all ¢ and hence Tpnqz (u;) > Tnas(u) and u, < u.
Clearly, the u, are ordered and thus u, /" u™ in QX [0, Tnax(u)) holds for some u™ < w.
For any ball B CC {ug > n}, we have (ug — 7))+ > ¢o©p in B for some ¢y = ¢o(B) > 0,
where Op denotes the principal Laplacian eigenfunction in B with max,cp Op(z) =

1, corresponding to the eigenvalue Ai(B) > Ai. Writing ¢1 = || f]|zo0((0,c0))» ¥(t) =
coexp(—(A1(B) — A1)ert) and v(z,t) := y(t)Op(x), we then calculate
v = f)(Av+ X v) = yOp — f(yOs)(-y- \(B)Op + \yOp)

= |y + u(B) = 2)fs05) -y] 5

{y’ + (/\1 (B) — Al)cly:| @B
=0 in B x (0, 00).

IN

Therefore, u,. > v in B X (0,00) for all € by the comparison principle, which together
with parabolic Schauder estimates shows that u, is positive and continuous in {up >
1} % [0, Trnaz(u)) and contained in C*! ({ug > n} x (0, Tinas(u))). Since u, increases as 7
decreases, we consequently can once more invoke Schauder theory and a standard barrier
argument near ¢ = 0 to conclude that u,; — u™ in CP, (2 X [0, Tjnaz(u))) N ChL(Q x
(0, Tnaz(w))). Now the barrier-type estimate 0 < u,” < u ensures that u~ is continuous
even up to 91, and that accordingly u~ is a positive classical solution of (1.1). Thus, the
uniqueness statement in Lemma 2.1 asserts that ™ = . ]

An elementary but nonetheless essential conservation property is provided by the following
lemma. As compared to the case f = 1, it can be interpreted as a substitute for the
constancy of the first Fourier coefficient [, u(-,)© in this linear equation.

Lemma 2.3 We have

A H(u(x,t))0(z)dz = ; H(up(2))O(z)dx for allt € (0, Tinaz(u)), (2.3)

which is to be understood as an identity in R U {—o0}.

Proof. We multiply (2.2) by % and integrate by parts to obtain

/QH(UE(:E, )0 (x)dz H(uo(z) +€)O(x)dx + /0 /Q(AuE + AMue)©

Q
/QH(uO(:E) +¢)O(x)dx — 5/ 0,0

0 JoQ

H(uo(z) + £)O(x)da — /t A
Q 0 Q

H(uo(z) +€)O(z)dr + ey / O(z)dx - t.

Q Q



Sicne ue \, w in Q X [0, Traz(u)) and H is increasing, the monotone convergence theorem
thus proves (2.3). 1

3 The case [,sH(s)ds = —c0

3.1 A reformulation of [ sH(s)ds = —oo

In order to establish a connection between the (non-)integrability of sH (s) and the quan-
tities involved in Lemma 2.3, it will be convenient to have a statement equivalent to
fo sH(s)ds = —oo, but made up of integrals over 2 and involving © appropriately. In view
of (2.1), it is plausible to guess that such a statement might be that [, H(©)Odx = —occ.
That this in fact is true will become clear upon the following elementary lemma, which
we formulate in a way slightly more general than actually required here.

Lemma 3.1 Suppose G C R" is a bounded domain with Lipschitz boundary and ¥ :
(0,00) — R is continuous and nonnegative. Then we have

/ U(dist (z,0G))dx < oo if and only if /\I/(s)ds < 0. (3.1)
G 0

Remark. At the cost of slightly more technical expense, results in a similar spirit can
be derived for arbitrary — not necessarily smooth — domains ([Dj]).

Proof. Utilizing suitable local representations of OG, one can see that there exist
positive constants 6, ¢y and ¢; such that

Co(dg —dl) < {dl < dist (LL', 8G) < dg} <c (dg —dl) whenever 0 < d; < dy < 6, (32)

where we abbreviate {d; < dist (z,0G) < do} := {& € G | di < dist (x,0G) < da}.

Now for any n > 0, the interval [n, §] can be equidistantly decomposed by setting dj :=

n+k-5A k=0,.,N, where N € N. Choosing & € [dx_1,dx] such that ¥(&,) =
max ¥(s), we then have, using (3.2),

s€[dr—1,dx]

N

U(dist (z, 0G))dz U(dist (x, 0G))dx

An<dist (z,0G)<s} k=1 /{dk1<dist (z,0G)<dj}

IN

N
3 ’{dk_l < dist (z,0G) < di.}| - (&)
k=1

N
< ey (dr—dpo1) V(&)
k=1
As N — o0, the latter sum tends to f; U(s)ds. Thus, taking n — 0 shows that

é
/ U(dist (x, 0G))dz < cl/ U(s)ds. (3.3)
{dist (z,0G)<s} 0



Similarly one can use the left estimate in (3.2) to derive

5
/ U(dist (x, 0G))dz > Co/ U(s)ds. (3.4)

{dist (z,0G)<d} 0
Since x — U(dist (z, dG)) is continuous in {§ < dist (z,dG) < diam G}, (3.3) and (3.4)
prove (3.1). 1

Now we immediately have

Corollary 3.2 We have
/sH(s)ds > —00 if and only if / ©-H(a®)dz > —co  for alla>0. (3.5)
0 Q
Proof.  Assume that [, sH(s)ds > —oco. Since H increases, we obtain from (2.1) that

/ O - H(a®)dx > oz@,/ dist(z,00) - H(af_dist (x,00Q))dx,
Q Q

so that fQ ©-H(a®)dx > —oo follows upon applying Lemma 3.1 to U(s) := s-H_(af_s) =
s-max{—H(«af_s),0}. The opposite implication can be seen in quite the same way. |

3.2 Compactly supported initial data

The main purpose of this section is to assert that solutions of (1.1) become appropriately
small after some time if their initial data are sufficiently close to some compactly supported
function. The important point here is that this holds true irrespective of the actual size
of the data (measured e.g. in L°°(Q)).

Before going into the details, let us point out some arguments which let this surprising
property appear more plausible. Assume that wug is smooth and has compact support
in Q. Then earlier work indicates that if the degeneracy in (1.1) is strong enough (such
that H(0) = —oo, which is clearly implied by [, sH(s)ds = —oc0), then the support of
u will be constant in time (see [LDalP], [Win4]). Now, secondly, u must be globally
bounded (because a suitably large multiple of © is a supersolution lying above wug), but
the constancy of the support entails that the only equilibrium that u can converge to is
w = 0. Therefore v must decay asymptotically and, by continuous dependence, the same
should hold for positive data slightly differing from wg. Of course, these arguments are
based on a heuristic reasoning, so that the actual proof, though essentially pursuing the
same ideas, becomes more involved.

The following lemma on an auxiliary one-dimensional problem shall allow us to prove an
appropriate version of the mentioned support property in a self-contained way.

Lemma 3.3 Suppose H(0) = —oo, d > 0 and vy € C°([0,d]) is nonnegative and has
compact support in (0,d), and let A > 0. Then for each ¢ € (0,1), the problem

Vet = f(ve)(Veaa + A), z €(0,d), t>0,
ve(0,t) = ve(d,t) =€, t>0, (3.6)
ve(2,0) = vo(x) + ¢, z € (0,d),



has a global bounded classical solution ve.. Moreover, there exists & > 0 such that for all
T > 0 we have
ve — 0 uniformly in [0,€] x [0,T] as € — 0. (3.7)

Proof. Let e € C?([0,d]) satisfy —ez, = 1 in (0,d) and e(0) = e(d) = 0 (that is, we set
e(x) = dg — 1(z — £)?) and choose B > A such that vo < B - e in (0, d) which is possible
since vy has compact support. It can then be seen upon straightforward comparison of

ve with v(z,t) := ¢ and o(x,t) := ¢ + Be(x) that
e <wv(z,t) < e+ Be(x) for all z € (0,d)

holds as long as v, exists. Particularly, v. is global in time and bounded.
To see (3.7), we first note that in view of the comparison principle it is sufficient to prove

(3.7) in the case that vy (and hence v.) be symmetric with respect to the center z = 4

of the interval (0,d), and that vy is nondecreasing for z < %, vanishing for z < 2¢ with
some £ € (0, 4).
Once more from the comparison principle we gain that the v. are ordered and

Ve (U in [0,d] x [0,00) ase\,0 (3.8)

holds with a nonnegative limit function v. Clearly, for all ¢ > 0, v(+,¢) is nondecreasing
for x < %. Our goal is to show that

v(&,t) =0 for all ¢ > 0; (3.9)

once this has been proved, we will know that v = 0 in [0,&] x [0, 00), whereupon Dini’s
theorem will turn the monotone convergence in (3.8) into locally uniform convergence as
claimed by (3.7).

Assuming (3.9) is false, we can find tp > 0 and § > 0 such that

v(x,tg) >0 for all z € (&, 2¢). (3.10)

We then fix a nonnegative nontrivial ¢ € C§°((&,2£)) and multiply (3.6) by f((i)). We
then obtain after integrating by parts '

/ (e t0)) — (o) +9)] - plo)ds = / ’ / (s + Apdadt
= /to /d('Us(me + A@)dxdt
o Jo
< ¢ for all e € (0,1) (3.11)

with a constant ¢; = ¢;1(tg,¢) independent of . On the other hand, since vy = 0 on
supp ¢ and H is increasing, we infer from (3.10) that

/Od [H(vs(x,to))—H(vo(a:)+a) p(z)dr > /Od [H((S)—H(s)}wp(x)d:c

— 400 as € — 0,



because H(¢) — —oo as ¢ — 0 and ¢ was nontrivial. This contradiction with (3.11)
establishes (3.9) and thereby completes the proof. ]

As a consequence, if suppug CC € then the limit of the solutions u. of (2.2) has its
support contained in some subset different from all of 2. We believe that this subset
actually coincides with suppug, but we do not need this here.

Lemma 3.4 Assume that H(0) = —occo. Suppose ug € C°(Q) is nonnegative and has
compact support in Q, and let ue denote the solution of (2.2). Then we have Ty (ue) /
0o as € \, 0, and there exists a nonempty open subset G of Q0 such that for all T > 0 we
have

us — 0 uniformly in G x [0,T] as € — 0. (3.12)

Proof. The hypothesis particularly entails that ug < g := ¢© holds in Q with some
¢ > 0. By comparison, the solution % emanating from @g lies below ¢© as long as it exists,
whence @ must be global. Therefore T,q. (@) / 00 as € N\, 0, which implies that the
same is true for Ty,qz(ue), because u. < 4. by the maximum principle.

As a consequence, for all T' > 0 there exist M7 > 0 and e7 > 0 such that

ue < Mr in Qx(0,T) foralle < er. (3.13)

Since € is compact, after an appropriate affine change of variables we may assume that
0 € 99 and that Q is contained in the half-space {x = (z1,2') € R" | 1 € (0,d)},
where d := diam 2. Due to the support property of ug it is then possible to pick some
nonnegative vy € C§°((0,d)) such that

up(z) <wo(x1)  forall z = (z1,2") € Q. (3.14)

For ¢ € (0,1), we now let v. = v.(z1,t) denote the solution of the one-dimensional
problem

Vet = f(Ve)(Weryzy + M M), z1 € (0,d), t >0,
ve(0,t) = v (d, t) = &, t>0,
ve(21,0) = vo(z1) + &, x1 € (0,d).
According to Lemma 3.3, such a solution exists globally and satisfies
ve — 0 uniformly in [0,&] x [0,T] ase — 0 (3.15)
with some £ > 0. But in view of (3.13) and (3.14), the comparison principle ensures that
ue(2,t) <wve(w1,t)  for all (v1,2') € Q, t €[0,T].

Combined with (3.15) this yields (3.12) upon the selection G := {(x1,2') € Q | x1 €
(0,8} I

Using the support property in the above formulation, we are now able to take the final
two steps of our heuristic approach at the same time, namely convergence to zero for
compactly supported initial data, and the continuous dependence argument.



Lemma 3.5 Suppose H(0) = —oco and ug € C°(Q) is nonnegative and has compact
support in Q. Then for all § > 0 there exist T > 0 and v > 0 such that if @p € C°(Q) is
positive in Q and vanishes on 0X) then

l|tio — uol| e () < v implies Traz (o) > T and ||a(-, T)|| (o) <9 (3.16)
for the solution @ of (1.1) with G|i—g = Gyo.

Proof. In order to prove the lemma it will be sufficient to show that, given é > 0,
there exist T > 0 and €p > 0 such that the solution u., of (2.2) exists at least up to T
and satisfies
e (- Tl ey < 6. (3.17)

In fact, if this is true then for all 4y € C°(Q) such that @g|po = 0 and 0 < 1y < ug + 2,
we can use comparison to conclude %, < ug, in Q x [0,T] for all € < £ and therefore
(3.16) holds with v = 2.
Since ug has compact support, Lemma 3.4 says that Ty,..(us) — oo as e — 0, and
provides an open set GG C {2 such that (3.12) holds. Let us pick some smooth subdomain
Q C Q such that Q # Q and Q\ G is contained in . Then (3.12) entails that for all
T>0,

ue — 0 uniformly in (Q2\ Q) x [0,7] ase — 0 (3.18)

and moreover, as 9Q C QU G and u. = ¢ on 9, that
ue — 0 uniformly in dQ x [0,T] ase — 0 (3.19)

holds for any fixed T' > 0 as well.
Consider the elliptic problem

—Aw - w=1 in Q,
(3.20)

w|6§ =1.
From the strict monotonicity of the principal Laplacian eigenvalue with respect to the
domain it follows that the first eigenvalue A; of —A in  is larger than A1 and hence

(3.20) has a unique solution w that satisfies 1 < w(z) < M for all z € Q with some
constant M. Therefore the number

Uy + €

Yo := Sup H (3.21)

Bt gy P

is finite. Thus, introducing a nondecreasing locally Lipschitz continuous minorant fy of
f on [0, 0] by

fo(s) := min f(o), s € [0,yo],

o€ls,yo]

the initial-value problem

10



has a unique decreasing solution. Since fy is positive on (0, yo], this solution converges
to zero as t — 00, so that, given § > 0, we can find T > 0 such that y(T') < ﬁ. By
continuous dependence, there hence exists € (0, %) such that the solution y,, of

yn(t) = =5 folyn)(yn — Mam), >0,
{ n() M 0( n)( n 1 ) (3'22)
yn(0) = vo,
decreases to A\1n as t — oo and satisfies
)
T) < —. 3.23
() < 5o (3.23)
Now according to (3.18) and (3.19) let us fix g9 € (0, 1) small such that
Ue,(T) < inQ\Q and Uy, <1m on A x [0,T]. (3.24)

Then the function
w(x,t) == n+yy(t) - w(x), ze, telo,T],

majorizes u., initially because of (3.21), while on dQ x [0,T] we have @ > 1 > u., by
(3.24). From (3.20) and (3.22) we furthermore obtain

ay — f(a)(AT + Aa)

Ypw — f(@) | yn(Aw + Myw) + )\177}

= yyw+ f(@)(yy — Min)
YnM + fo(yn)(yn — M)
0 inQx(0,T),

Y

where we have used the monotonicity properties of 3, and fy and the fact that u > y,,.
Altogether, the comparison principle entails @ > u., in Q x [0,7] and particularly

uso(x,T)Sﬁ(x,T)§n+%~M§5 for all 2 € €.

Recalling the first inequality in (3.24), we end up with (3.17). 1

3.3 Initial data that are large near 0f)

We proceed to demonstrate, by quite a different method, a similar attractivity property
of co. As in the previous section, it is essentially the behavior of ug near the boundary
that makes up the following sufficient condition for u to be unbounded.

Lemma 3.6 Suppose that [, sH(s)ds = —co. Then for all ug € C°(Q) that are positive
in Q, vanish on 02 and satisfy

/ H(up) - ©dx > —o0, (3.25)
Q
the corresponding solution w of (1.1) is unbounded; that is,
limsup |Ju(-, )| o (q) = oo (3.26)
t_’Tnlaz(u)

11



Proof. Let us assume on the contrary that u be bounded (and hence global), say,
u < M in Q x (0,00). We then may modify the source term in (1.1) as follows: Let
g € C*(R) be nondecreasing and such that

A1 -min{s, M} < g(s) < A1 - min{s, 2M} for all s € R.
Namely, u actually staisfies u, = f(u)(Au + g(u)) in 2 x (0,00) and hence
u < G in © x (0,00) (3.27)
holds for all the solutions 4., ¢ € (0,1), of the problems
et = [(@)(Ad + g(3)  in Q x (0,00),
Ue|oq = &, (3.28)
Ue|t=0 = up + €.
Clearly, since g is bounded from above, . is global in time and satisfies
€ < e(x,t) < |lug + €l oo (o) +2Me(x) in 2 x (0,00) (3.29)

by comparison, where —Ae = 1 in Q with e|gpg = 0. Indeed, the time-independent
functions on the left and on the right of (3.29) can easily be checked to be a sub- and a
supersolution of (3.28), respectively.

Hence, each . is a bounded solution of the quasilinear uniformly parabolic problem (3.28).
Therefore, standard energy arguments (cf. [Win5] for a version adapted to problems of this
type) together with parabolic Schauder theory ensure that {@.(-,¢) | ¢ > 1} is relatively
compact in C%(Q), and that the w-limit set of . is contained in the set of steady states
of (3.28). Particularly, this means that for all € € (0, 1) we can find some ¢. > 0 such that

te(- te) — wel[ Loy <, (3.30)
where w. € C%(Q) is a positive classical solution of
Aw. +g(w.) =0  inQ,
{ we|on = €.

Again due to the boundedness of g from above (or also by (3.29)), these w,. are bounded
in L°°(Q2), uniformly with respect to e. Therefore elliptic Schauder theory guarantees
that w. — w holds in C?(£2). In particular, w is in C*(Q)) and thus satisfies

w(z) < cO(x) for all x € Q (3.31)

with some ¢ > 0. Now from Lemma 2.3, (3.27) and (3.30) we infer that

H(up)-O©dx = H(u(z,t:)) - O(x)dx
Q Q
< H(u.(x,t:)) - O(x)dx
Q
< H(we(z) +¢) - O(x)dx.

Q

12



Hence, an application of Fatou’s lemma shows that

/ H(w) - ©dz > / H(ug) - Odzx.
Q Q
In view of (3.31), this leads to the conclusion
H(c®)-Odx > | H(up) - Odz,
Q Q

which is absurd, however, because of (3.25) and the assumption on H. Therefore u must
be unbounded. ]

Combining this with the continuous dependence statements implicitly contained in Lemma
2.1 and Lemma 2.2, we obtain the following analogue of Lemma 3.5.

Corollary 3.7 Assume that [ sH(s)ds = —oo, and that ug € C°(Q) is positive in Q
with uolag = 0 and

H(ug)Odx > —c0.
Q

Then for all M > 0 there exist v > 0 and T > 0 such that if g € C°(Q) is positive in §
and vanishes on 0 then

l|tio — wol| oo (o) < v implies Tae(@) > T and ||[a(-,T)|| gy > M,  (3.32)
where @ denotes the solution of (1.1) emanating from .

Proof. Given M > 0, according to Lemma 3.6 we can pick T' > 0 and z¢ € € such
that u(xo, T) = [Ju(-,T)||L~@) = M + 1. In view of Lemma 2.1 and Lemma 2.2, there
exist g9 > 0 and 79 > 0 such that Tj4q(ue,) > T and u, (20, T) > u(xg,T) — 1. Thus,
whenever |[ug — ol (o) < v := min{eg, 10}, we have u, < g < up+¢€o in Q and hence
the comparison principle entails Ty,q, (@) > T and

o

(-, T)lLo (@) > @(zo, T) > up, (20, T) > u(wo,T) —1 > M,

as claimed. ]

3.4 Oscillating solutions

We are now ready to construct oscillating solutions in the case fo sH(s)ds = —oo. The
proof of the following lemma parallels that of Lemma 4.2 in [Win6] in some parts, but
since essential adaptations are necessary, we find it convenient to repeat all steps here.

Lemma 3.8 Suppose [, sH(s)ds = —oo. Then there is a function ug € C°(Q) which is
positive in ) and vanishes on 0) such that the solution u of (1.1) is global in time and
has the following property: There exists a sequence (ty)ren C (0,00) with ty — oo as

k — oo and
{ u(ti)llpey >k if k is odd,

L (3.33)
Ju(s tr)l L) < + if k is even.



Proof.  As a technical preliminary, let us fix a nonincreasing ¢ € C*°([0, 00)) such that
¢(=1in[0,4] and ( =0 on [1,00). For § > 0 and = € © we set (s5(z) := C(M).
Then (5 € W1>°(Q) and supp (s C Q\ Q5, where Q5 := {z € Q | dist (x,09) > §}.
These cut-off functions will be used in the following iteration procedure in which a se-
quence of initial data wugy is constructed, the limit of which will be ug. The basic idea
in each step is to modify ug —; in a small neighborhood of 9 in such a way that the
corresponding solutions eventually either become unbounded or small.

More precisely, we claim that there exist sequences of positive numbers dy, v and t; and

initial data ugx, &k € N, such that

S
5,€<%, k>2, (3.34)
Vg—1
vk < S k> 2, (3.35)
uor € C°(Q), wor >0in Q,  wurlaq = 0, E>1, (3.36)
Uok = Ug k—1 I gy, k>2, (3.37)
Vi
luok —wop-ill=@ < =5+ k22, (3:38)

and such that for all k£ > 1,

l|to — worl| Lo (0) < Vi implies

la(-,tr)|| Lo () >k if k is odd,

Tma;ﬂ u) > tk and 3.39
( ) { ||ﬂ(~,tk)||Loo(Q) S % if k is even, ( )

whenever @iy € C°(€Q) is positive in €2, vanishing on 92, and @ denotes the corresponding
solution of (1.1) in © x (0, Tyas(@)).

To initiate the recursive definition of these objects, we fix any ¢ € C°(Q) such that ¢ > 0
in Q, plag = 0 and ¢ is large near 9 in the sense that

H(p) -0 > —o0.
Q

Setting
Uo1 = P,
we then infer from Corollary 3.7 that there exist 11 > 0 and ¢; > 0 such that
lltio — o1l Lo (o) < 11 implies Trae(@) >t1 and  la(-,t1)| Loy > 1

for @y and @ as above. Thus, (3.36) and (3.39) hold for & = 1. The first step is completed
by fixing any positive number d7.

Next, assume that d;,v;,t; and ug; have already been defined for 1 < j < k and some
k > 2, and that (3.34)-(3.39) hold up to j = k — 1.

If k is even, we continue as follows: Since ug ;—1]an = 0 and k > 2, we can pick a positive

Ok—1

0k < 5+ such that

1 1
o1l @\05,) < (5 - 2_k>yk—1 (3.40)
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and define an auxiliary function g by

'&Ok = (1 - Cgk)uOykfl. (341)

Then g, € CY(2) has compact support in , so that Lemma 3.5 provides some positive
tk and

VE—1
v < ok—1 (3.42)
such that whenever iy € C°(Q) is positive in Q with tig|sq = 0,
S o - _ 1
o — tio || oo (@) < 20k implies  Trnaz (@) > tx  and ||a(-, tr)|| Lo (@) < % (3.43)
for the corresponding solution @ of (1.1).
In order to achieve interior positivity of uog, we finally let
N Vi
Uk = Ugk + ?C%G (3.44)

Then (3.34)-(3.37) are clearly satisfied, whereas (3.40), (3.41), (3.44) and (3.42) imply

luok — vok—1llre@) < lluokx — torll Lo (o) + l[tor — vok—1lLe (o)

Vi

< 5 FlGuok-1lli=@s,)

< Vg n (1 1 )
-+ (55 )

= 2 T\g " gr)7k!

< Vb

< 5

which gives (3.38). Moreover, (3.39) results from (3.43), because if ||tio — uor|| (o) < vk
then Hﬂo — ﬁOkHLoo(Q) < %I/k < 2vi by (3.44).

On the other hand, if k is odd then we choose J;, < 5’“2*1 so as to satisfy

Vi —
[l Lo @05,) + [[tok-1]l L (@105, ) < =l (3.45)

and directly set

uok = (1 — s, )uo0,6—1 + G5, -

Then wupr > 0 in Q and ugr = ¢ near 91, so that fQ H(ugg) - © > —o0 according to our
choice of ¢. Thus, Corollary 3.7 applies to yield t, > 0 and 1 < =t such that (3.39)
holds. While (3.34)-(3.37) are obviously fulfilled now, (3.38) again follows from (3.45)

and the support properties of ¢ used in

luok = tok—1llr=@) < (1G5 (v — wop—1)llL@\05,)
< Ut
- 2
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Having thereby completed the construction of the ugx, we next combine (3.38) with (3.35)
to obtain for 1 < k < k’

k'
[wor — wokr || Le(@) < Z
i=k+
= %(Vk—F Z V;_— 1)
1= k+2
(3.46)
<t 3, 89)
i= k+2
< %(Vk-i-vk 2%2)
1=k+2

Consequently, as k — oo we have ugr — 1o in C°(2) for some ug that hence vanishes on
0. From (3.36) and (3.37) it is clear that ug > 0 in €, and taking &’ — oo in (3.46)
shows that |lug — uok|| L (q) < vk for all k € N. Therefore (3.34) results from (3.39), and
since the solution u of (1.1) cannot undergo a finite time extinction (see Lemma 2.1), u
is global in time and, necessarily, t; must tend to +o00 as k — oo. ]

4 Thecase%>/ﬁ>0

In this section we assume that f satisfies the one-sided estimate

!
5/'(5) >k>0 forall s >0 (4.1)
f(s)
with some constant . This structural assumption is satisfied, for instance, by f(s) = s?
for any p > 0 (with x = p), but also by suitable extensions of f(s) = e * ", p > 0,

0 <s<sp< o0, toall of (0,00). Thus, (4.1) allows for very strong degeneracies, but
excludes oscillating f.

4.1 Preliminary conclusions from (4.1)

Our starting point is a technically very useful consequence of (4.1), namely the following
semi-convezity estimate for solutions of (1.1) (cf. [Hal).

Lemma 4.1 If (4.1) holds then the solution u of (1.1) satisfies

1
Y i Q% (0, Tnas)- (4.2)

u ~ Kt

Proof. For ¢ > 0, let 2. := %=t. By a straightforward computation, we see that

2y = b zzu(:)s) 24 fo:) - (2Vue - Vz+uAz) in Q x (0, Tinas(ue)). By comparison, for all
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0 <7 <T < Thaz(ue), in the region Q x (7,T) the function z(z,t) therefore lies above
the solution y = y(t) of y/(t) = ky? satisfying y(7) = —M, that is,

1

forxeQ, te(r,T),
for all sufficiently large M > 0 depending on ¢. Here we let M — oo, then ¢ — 0 and
7 — 0 and finally T — T4, (u) to arrive at (4.2). 1

Our main tool in this section, Lemma 4.3, requires one further preliminary lemma on
monotone elliptic problems.

Lemma 4.2 Let g € C'((0,00)) be nonincreasing and nonnegative.
i) For all m > 0, the operator A, := —A — ng(-) satisfies the following comparison
principle: If wy,wy € C°(Q) N Wlif(ﬂ) are positive in ) and such that

—Aw; — ng(wy) < —Aws — ng(wse) in 9, and wy <ws on 09,

then wy < wsy in €.
i) Suppose thatn; \, 0 as j — oo, and that (h;)jen C L*(S2) is such that sup,cy [|hjl L= (0) <
oo and hj — 0 in L*(Q) as j — oo. Then the problems

—AW; =n;9(W;) + h; in Q,
J i J j (4.3)
Wilaa =0,
have unique positive weak solutions W; € C°(Q) N C1(Q), and we have
W; —0 in C°(Q2) as j — oo, (4.4)

Proof. i) This part can easily be seen upon multiplying the inequality —A(w; —ws) <
n(g(w1) — g(ws)) by (w1 — we — )4+, pu > 0, integrating over 2, using the monotonicity
of g, and then letting p — 0.

ii) By standard arguments involving elliptic Schauder estimates ([GT, Chapter 8]) and
part i), we obtain existence and uniqueness of a positive solution of (4.3); details of similar
constructions can be found in [CRT] or [Winl], for instance. Moreover, this W; satisfies

W; < Wi + Wa, in Q, (4.5)
where
—AWq; =n,9(W1;) inQ, Wijlea =0,
and
—AWs; =h; in Q, Wajlaa = 0.

Indeed, this follows from the above comparison principle, because the positivity of Wy;
and the monotonicity of ¢ imply that

Ap; Wiy + Waj) = ng(Way) + hyj —n;g(Why + Waj) > hy = Ay,

J

Wj in Q.
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Since the h; are uniformly bounded in L>°(f2) and converge to zero in L?(f2), elliptic

theory ([GT, Theorem 8.33]) says that Wa; — 0 in C'(2). Hence, (4.4) will follow if we

can show that Wi; — 0 uniformly in Q. To this end, we may assume after a coordinate

translation that Q C {(z1,2') € R" | 0 < z1 < d} for some d > diam ) and consider the

auxiliary problems

{ —Ujee = 77;‘9(”;‘) in (0, d), (4.6)
Uj(O) = Uj(d) =0.

By comparison, we then have Wij(z) < vj(x1) for all # = (z1,2") € €, so that it is
sufficient to show that v; — 0 in C°([0,d]) as j — co. We multiply (4.6) by (v; — 1),
i € N, and integrate, using the monotonicity of g and Hoélder’s inequality, to obtain

O (v; — %)+‘2 < /Odg(vj)(vj -+
: (/Od(vj - %)Q%
nig()d?c, (/Od

where ¢, is a Poincaré constant on (0,d). Therefore for all ¢ € N we can pick a large
Ji € N such that
d
J

which implies (v;, — 1)y — 0 in Wy*((0,d)) — C°([0,d]). Since a straightforward
comparison argument shows that v; decreases with j, this entails that v; — 0 in C°([0, d])
holds along the whole sequence. ]

Nf=

< ng(§)d

2

ouw; — ] )"

IN

< -

2 1
<

8ﬂﬁ(vji - %)Jr

)

The main preparation for the results in Theorems 4.5 and 4.4 below is done in the following
lemma. Its proof contains some ideas already used in [Win3, Theorem 2.1], where a similar
statement was used in ruling out finite time blow-up in the special case f(s) = sP for any
p>0.

Lemma 4.3 Suppose (4.1) holds and (tg)ken C (0, Tmaz(w)) is such that
= timin [, 1) = @) > 0. (L7)
and that
either ty, — 00 or llu(-, tr)|| oo (@) — 00 as k — oo.

Then there exist oo > 0 and a subsequence of indices k; — oo such that

u(-, tk].)

— a0 in L*(Q as j — oo. 4.8
TGt omcen ) (4.8)
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Proof.  We set my, := max{1, [[u(-,tx)| L=~} and q(z) = "(:fl—:k) for k € N. By
Lemma 4.1,

1 u(-, tr)
rtemy f(u(-, k)

where we may assume x € (0, 1) for later convenience. In order to cope with the second

K

—Agr < Mg+ in Q,

term on the right, we observe that (4.1) implies that g(s) := fs(s) is nonincreasing for
s> 0. Thus, since ¢ < u(-,t;) < my and k < 1,
1
—A < A culTRG ) - ot
G S Mgt o ) - g(ul )

< A .

S Age + P 9(ar)

= Mgk +mkg(gs)  in €, (4.9)

where 7 = — 0 as k — oo by hypothesis. For 6 > 0, we multiply (4.9) by

1
Ktpmi

(gr — 0)+ and integrate to obtain

/Q|V(Qk —0)4? /\1/9(% —5)i+x\15/9(qzc _6)++77k/99(%) e — )+

M / (g — 62 + M1 + g (99, (4.10)
Q

IN

IN

because g5, < 1 and g is nonincreasing. Hence, for all j € N we can find some large k; € N
such that

22|22
Vg, -4 < Al/(qkj 1y 2l
Q Q j
Thus, along a subsequence we have, keeping indices unchanged, that (gr, — %) L= Q

in Wy*(Q) as well as gr, — @ in L?(Q) and a.e. in Q, where [, [VQ> < \; [, Q. By
simplicity of the principal Laplacian eigenfunction, however, this means that @) = a© for
some « € [0, 1], so that it remains to be shown that o must be positive. In fact, suppose
on the contrary that a = 0, that is, gx; — 0 in L?(Q2). Recalling (4.9) and applying
Lemma 4.2, we obtain that

qk; < W] in Qu

where W; solves (4.3) with h; := A1qx; (and 7; replaced by ny;, of course). But (4.4)
says that W; — 0 uniformly in €2, whereas by (4.7) we have ||qx; || L) = > 0 for all j.
This contradiction completes the proof. ]

4.2 An unbounded ordered w-limit set in the case [ H(s)ds = —oo

With the tools just provided we can now easily improve the result of Lemma 3.8: Namely,
if [, sH(s)ds = —oco and, additionally, (4.1) holds then the oscillating solution constructed
in Lemma 3.8 in fact has an unbounded w-limit set consisting of all nonnegative steady
states of (1.1).
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Theorem 4.4 Assume f is such that (4.1) holds as well as [, sH(s) = —co. Then there

exists ug € CO(Q) with ug > 0 in Q and uplag = 0, such that the solution u of (1.1) is
global and unbounded and satisfies

w(ug) = {a® | a €[0,00)}. (4.11)

Proof. From Lemma 3.8 we know that there exists a function ug in the indicated class
such that v is global and satisfies litm inf [[u(-, )| L) = 0 and limsup ||u(:, )| (@) =

t—o0

co. But the latter entails that also limsup [Ju(-, )| z2(q) = 0o, because if tx — oo is such
t—o0

ot
that [|u(-,tx)| o) — 00 as k — oo then Lemma 4.3 asserts that limsup m
k—o0 ’

must be positive.
From this and the continuity of ¢ — [[u(-,?)||£2(q) We infer that for any o > 0 there exists
a sequence tp — oo such that

||u(, tk)HLQ(Q) = OtH@HLz(Q) for all k£ € N. (412)

Again by Lemma 4.3, |[u(-, )|/ Lo (o) cannot be unbounded, whence for a subsequence we
have ||u(-, tx; )|/ Lo () — #, where p must be positive due to (4.12). One more application
of Lemma 4.3 shows that after another extraction process we gain

u(s,ty; ) — pa® in L(Q) as i — 0o

with some & > 0. Combining this with (4.12) yields u& = a and thus u(:,#; ) — a© in
L?(Q) as i — oo. This shows that each positive multiple of © lies in w(ug), and hence
w(ug) D {a® | a > 0}, because w(up) is closed. The opposite inclusion is an immediate
consequence of Lemma 4.3. ]

4.3 Stabilization in case of [ sH(s)ds > —oco

If [,sH(s)ds is finite then the following theorem states that all solutions stabilize. In
particular, this indicates that the above condition fo sH(s)ds = —oo in fact was sharp in
respect of the occurrence of oscillating solutions.

Theorem 4.5 Suppose (4.1) holds as well as [ sH(s)ds > —oc. Then the solution u of
(1.1) is global and bounded. Moreover, we have

u(+,t) = a® in L*() as t — oo, (4.13)
where o > 0 is the uniquely determined number satisfying

{ a=0 if [ H(uo)® = —o0,

4.14
Jo H(a©)O = [, H(uo)© if [ H(uo)® > —oo. (4.14)

Proof. In order to prove that u is global and bounded, by the comparison principle
it is sufficient to show this for ug so large that ug > © in . Under this additional
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assumption, we clearly know that u(-,t) > © holds in € for all ¢ € (0, Tynes(w)). We fix
any M > ||ugl| Lo (o) and define Hys(s) := min{H (s), H(M)} for s > 0. Then we have

H(©)0 < Hy(u(-1)0 < H(M)®  inQ  forall t € (0, Thaw(u)), (4.15)

whence Hys(u(-,1)) is integrable by Corollary 3.2 and

/QHM(U(-,t))G) < /QH(u(-,t))G = /QH(UQ)G < /QH(M)G) for all t € (0, Thnax(u))

(4.16)
as a consequence of Lemma 2.3. Now if u were unbounded then |[u(-, )|/ f(q) — o0
for some ty, — Taqz(u) < 0o and thus Lemma 4.3 allows to pass to a subsequence along
which u(-,t;) — oo a.e. in Q holds. Therefore Hps(u(-,t;)) — H(M) a.e. in €, which
together with the two-sided estimate (4.15) implies

Hy(u(, )0 — | HM)O as k — oo
Q Q

by the dominated convergence theorem. This, however, contradicts (4.16).

The proof of stabilization to a© as t — oo follows the basic idea introduced in [Win3,
Theorem 2.4]: In light of Lemma 4.3 we only need to make sure that if u(-,tx) — 80 in
L?(Q) and a.e. in € for some t; — oo, then 8 = . To see this, let us first assume that
uo > ¢o® in Q with some ¢y > 0. Then u(-,t) > ¢O for all t > 0 by comparison and hence
H(co®)® < H(u(-,t))© < H(N)O provides a uniform two-sided L!(£2)-bound, where
N = ||U||Loo (©2x(0,00)) is known to be finite now. Therefore we achieve [, H(uo)© =
fQ Y 1)© — fQ (80©)O > —c0 as k — oo by the dominated convergence theorem,
Wthh 1dent1ﬁes 8= «a.
For general ug, we consider the approximate solutions u(®) of (1.1) emanating from uéé) =
max{ug, 60}. According to what we have just shown, these satisfy u(®)(-,t) — ;0O as
t — oo, where oz > 0 is given by [, H(a;0)0 = [, H (u™)©. Since H' > 0 and
8 N\, up as 6 \, 0, the monotone convergence theorem 1mphes that as \, @ > 0 as
5\, 0. But u(9 lies above u by comparison, so that 5 < a; for all § > 0 and thus 3 < o
In the case a = 0 this already proves 8 = a. If a > 0, the opposite inequality § > « can
be obtained upon combining the pointwise convergence H(u(-,t;))© — H(SO)O a.e. in
Q with the upper estimate H(u(-,t))© < H(N)O: Applying Fatou’s lemma shows that
Jo H(8O)O > [, H(up)© and hence in fact § > a. 1
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