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Abstract

In this paper we study nonnegative radially symmetric solutions of the
parabolic-elliptic Keller-Segel system
%) up = Au— V- (uVv), ze€R?, t>0,
*
0=Av+u+ fo-(x), zeR? t>0,

! where fo > 0 and § is the Dirac distribution. This system describes the
chemotactic movement of cells under the additional circumstance that an
external application of chemoattractant at a distinguished point is introduced.
It is known that without such an external source the number 87 plays the role
of a critical mass in (%) in the sense that if the total mass p := [, ug of cells
exceeds 87 then solutions may blow up within finite time and collapse into a
Dirac-type singularity, and that this does not occur when p < 8.

The present paper shows that this critical number is reduced to 87— 2 fy by an
application of the signal substance in the above way. Indeed, it is proved that
whenever fy > 0 and up # 0, a measure-valued global-in-time weak solution
can be constructed which blows up at = 0 immediately. Now if u < 87 —2fy

f
then this solution satisfies u(xz,t) < C(T)|x\_§ fort >7 > 0and || <1 and
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hence does not blow up in L7 (R?) for any 1 < p < 47/ fo. On the other hand,
if u > 87 — fo then the mass will asymptotically completely concentrate at
the origin, that is, u(-,t) converges to p -6 as t — oo in the sense of Radon
measures.

Introduction

Chemotaxis is the biological phenomenon whereby single-cells or multicellular or-
ganisms move guided by concentration gradients of a chemical. The response of the
organisms to the chemical substance may be positive, leading to movement toward
higher concentrations of the chemical, or negative, moving away from it. Chemotaxis
appears in many different biological processes such as motion of bacteria, immune
system response, migration of cells in embryonic development, and formation of
blood vessels in tumor growth.

One of the first mathematical models which appears in the literature to describe
aggregation of certain types of bacteria was proposed by Keller and Segel [17], [18],
see also Patlak [26]. In the classical Keller-Segel system in the two-dimensional set-
ting, the density distribution u = u(x,t) of the living organisms is governed by the

PDE
up = Au—V - (uVv), T €R? t>0,

where v represents the concentration of a chemoattractant substance. Secondly, in
many biologically meaningful situations this chemoattractant is produced by the
cells themselves (see [13] for a number of examples). Under the assumption that
molecules diffuse much faster than cells, v approximately satisfies an elliptic equation

0= Av+ g(u,v), reR? t>0,

where the function g represents the balance of production and degradation of the
signal substance.

In the pioneering work [16], the authors consider the particular case g(u,v) =
u — ‘51' Jouo in a circle of radius R, Bo(R) C R? and they prove that radially
symmetric solutions exist globally and remain bounded if the total mass fQ ug of
cells is small, whereas some solutions may blow up in finite time with respect to
the norm in L>°(£2) when fQ ug is suitably large. This critical mass phenomenon,
already conjectured in [8], attracted a considerable interest in the subsequent years,
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and quite a complete answer is available in the radial version of the corresponding
Cauchy problem in the whole space R? where accordingly g(u,v) = u. In fact, in this
framework the number 87 plays the role of a critical mass in the sense that whenever
fRQ ug < 8, the solution is global and bounded, whereas if fRQ ug > 87 then the
solution will blow up in finite time. A comprehensive demonstration of this, using
approaches originating from [22], can be found in [1]. In addition, a rich literature
has revealed that a critical mass phenomenon also occurs in a number of related
chemotaxis systems, both of parabolic-elliptic and of parabolic-parabolic type, and
also in nonradial frameworks and in corresponding Neumann-type boundary-value
problems. Here the main difference arising in the non-symmetric bounded domain
case appears to be the fact that the mass threshold is then halved to 47, which is
due to the possible occurrence of blow-up on the boundary of the domain (see [20],
2], [6], [23] for parabolic-elliptic systems and [24], [9], [28], [15] for fully parabolic
analogues).

As to the qualitative behavior of such large mass solutions near blow-up, formal
arguments suggest that the cell population aggregates at the origin in the strongest
conceivable sense: Namely, the spatial profile of the first component u of an un-
bounded solution should approach a Dirac mass near its blow-up time (see [34]).
In the borderline case fRQ ug = 8w, such a collapse into a Dirac measure occurs in
infinite time, as was proved in [7]. Some further results on blow-up mechanisms
in this and related Keller-Segel systems support the conjecture that this tendency
toward Dirac-type singularity formation in fact is a generic phenomenon (see [11],
[12] and [32], [31] as well as [33] for a simplified argument).

It is the purpose of the present work to examine in how far these mechanisms are in-
fluenced by an external source of chemoattractant. The motivational background for
this stems from the observation that artificial gradients of chemoattractants are fre-
quently introduced in experiments, see for instance [37] where corresponding effects
on the migration of hematopoietic progenitor cells are studied. As a prototypical
model for such a process, subsequently we shall consider the problem

uy = Au— V- (uVv), reR? t>0,
0=Av+u+ fod(z), r€R? t>0, (0.1)
u(x,0) = uolz), =€ R



with a constant fy > 0, where ug # 0 is a given radially symmetric bounded non-
negative function with finite total mass, that is,

W= /R2 up(x)dr < oco. (0.2)

Here, 0 denotes the Dirac distribution supported at the origin, and thus (0.1) de-
scribes the respective evolution when the chemoattractant is introduced precisely at
the spatial origin, with constant rate fy. In this framework, the question we address
is the following:

Does the source term fo - 6(x) reduce the threshold number 8
for chemotactic aggregation into a Dirac singularity?

Our main results in this direction state that the critical mass is actually reduced to

fie := 87 = 2 fo,

but as compared to the borderline case fy = 0 this threshold has a slightly different
meaning. Indeed, we shall first prove that for any choice of f; > 0, a global solution
of (0.1) exists in some generalized sense (cf. Definition 1.1); however, any such
solution blows up immediately:

Theorem 0.1 Let fo > 0. Then for all ty > 0 there exists a globally defined radial
weak solution w of (0.1). If fo > 0, then this solution satisfies

2] Loo (B2 x (t0,t0-+7)) = OO for all 7 > 0. (0.3)

Now the size of the initial mass, as compared to pu., decides whether the above
solution approaches a Dirac singularity, or remains less singular:

Theorem 0.2 i) Assume that fo > 0, and that ug satisfies (0.2) with some p >
81 — 2fy. Then the radial weak solution w from Theorem 0.1 satisfies

u(z,t) = pd(z) ast — oo
in the sense of Radon measures over R2.

it) Suppose that fy € [0,4m), and that uy satisfies (0.2) with some pu < 8w — 2f;.
Then for all T > 0 there exists C(1) > 0 such that for the radial weak solution u
from Theorem 0.1 we have

u(z,t) < C’(T)]:cr% for all x € B1(0) and t > .
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In particular, given any p € [1,%%) and 7 > 0 one can find C(1) > 0 with the

fo
property that
u(-, )|l e 810y < C(T) for all t > 7.

Theorems 0.1 and 0.2 can be also applied to the case fy = 0 to obtain results similar
to those derived in [2], where finite time blow-up and continuation of solutions for
the supercritical case were described. In this context we also refer to [30], where
certain global weak solutions for the case fy = 0 were constructed. We also mention
the recent work [5] which is related to our Theorem 0.1 in that it can be used to
state a nonexistence result for classical, and also for some weak, solutions of (1.2)
in any time interval when f; > 0. However, this apparently does not immediately
entail that (0.3) is valid for the (very weak) solution that we will obtain.

This study is to be understood as a first step towards understanding the behavior
of chemotactic movement under the influence of external sources. One mathemat-
ically interesting open problem is to clarify the behavior in the critical mass case
= 8m — fo when fo > 0. Also, allowing for more general source terms f(z), not
necessarily in the radial setting, would be worthwhile being studied, because it might
be thought of as a preparatory step for the corresponding optimal control problem
which targets at approaching a desired distribution of cells after a given time by
suitably adjusting an external application of signal.

Let us remark that clearly v can be expected to be unique only up to addition of
constants. However, since we do not address the uniqueness question for (0.1) in
this paper, we refrain from introducing an extra normalization condition for v such
as [ Bio) U = 0, because this evidently does not change any of the claimed results.

The paper is organized as follows. In Section 1 the auxiliary problem for the un-
known

Vs
W(s,t) := 2/ ru(r, t)dr, s>0,t>0
0

is introduced and preliminary properties of W are studied. In Section 2 we present
the proof of instantaneous blow up for fy > 0 (Theorem 0.1). In Section 3 we address
the problem for supercritical mass (Theorem 0.2 (i)). The last section is devoted to
the analysis of the subcritical case (Theorem 0.2 (ii)).



1 Existence of measure-valued solutions

Following [16], we transform (0.1) by introducing
1
W(s,t) := —/ u(zx, t)de, s> 0, t>0, (1.1)
Q B (0)

which in the case of radially symmetric u = u(r,t) means that we set

Vs
W(s,t) = 2/ ru(r, t)dr, s>0, t>0.
0

We are thereby formally led to considering the degenerate parabolic initial-boundary
value problem

Wy = 4sWss + WW, 4 2F W, 5s>0,1t>0,
W(0,t) =0, 1i_>m W(s,t) = £, t>0, (1.2)
W(s,0) = Wy(s), s> 0,

with parameter

Jo
2T

and initial data

Vs
Wals)i=2 [ punlp)dp. s >0
0
Observe that if ug is nonnegative and bounded fulfilling (0.2) then W, satisfies

(H1) Wy e Whe((0, 00)),
(H2) Wys > 0 in (0, 00) as well as (1.3)
(H3) Wy(s) — & as s — 00.

Clearly, in view of (1.1) for each ¢ the function W(:,¢) must be nondecreasing,
and if u enjoys the expected mass conservation property fIR{Z u(x,t)dr = p then
W(s,t) — £ as s — oo. In particular, this means that W is bounded and hence
standard parabolic regularity theory tells us that Wy is smooth in (0, 00) x (0, c0),

because the PDE in (1.2) is uniformly parabolic in each cylinder (sq,00) x (0, 00)
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with sg > 0. As a consequence, away from the origin we expect the pointwise identity
Wi(s,t) = u(y/s,t) suggested by (1.1), and the only possibility for u(-, ) to develop
a singularity corresponds to a jump of W(-,¢) at s = 0 with jump size determined
by W(0+,t) := limg o W(s,t). Thus, once we are given a possibly discontinuous
solution W of (1.2) we can reconstruct u according to the measure-valued identity

u(z,t) == W(|lz|*,t) + W (0+,t) - §(z) (1.4)

for t > 0. For the study of global-in-time solutions of (0.1) it therefore appears to be
natural to act in the framework of Radon measures. To become more precise in the
following definition, we let M,..4(R?) denote the space of radially symmetric Radon
measures on R?, that is, the space of all functionals \, radially symmetric about
x = 0, defined on the space C§(R?) of compactly supported continuous functions
over R2. Here we recall that such a functional \ is radially symmetric about = 0

if A(35) = 0 for all ¢ = ¢ (r,¢) € C5°(R?).

Definition 1.1 Let fy > 0, and assume that ug € L>*(R?) is nonnegative and
= [gouo is finite. Then by a radial weak solution of (0.1) in R* x (0,00) we
mean a function

u € C°([0,00); M,ea(R?))

such that the function W : [0, 00) x [0,00) defined by (1.1) satisfies W (s,t) — £ as
s — oo for allt >0 and

[ [aw [Ceom-
[ [t =g [T [Tawr - 2o [T aw

for all ¢ € C3°(]0,00) X [0,00)), where Wy(s) := %fo(o) uo(z)dx for s > 0.

(1.5)

In order to construct such solutions of (1.2) by a suitable approximation procedure,

we fix a cut-off function x € C*([0,00)) such that x = 0 on [0, 3], x = 1 on [1,00)
and ' > 0 on [0, 00), and for £ € (0,1) introduce x*(s) := x(£), s > 0. Then

x® =0 on [0, 5h, x® =1 on [g,00) and  x¥ >0o0n[0,00), (1.6)
and . .
Pl<= and <5 (1.7)
s c ss 22



are valid with ¢, := ||X'[| = ((0,00)) + [IX" || Lo ((0,00))- Moreover,
x©(s) M1 ase — 0

holds for all s > 0.
We first make sure that the approximate problems
W = 45wl + X(E)(S)W(E)WS(E) + 2F0X(5)(5)W5(5), s>0,t>0,

WE(0,t) =0, lim WE(s,t) =4, >0, (1.8)
S5—00
W (s,0) = Wo(s), s>0,

allow for a comparison principle.

Lemma 1.1 Let Fy > 0 and e > 0, and assume that W and W belong to C°(]0, 0o) x
0,00)) NC*1((0,00) x (0,00)) and satisfy

Wi > 4sW g + X (s)WW 4 + 2Fp X9 (s) W, (1.9)
and
W, < 4sW i, + X (s) WV, + 2Fpx & (s) (1.10)

for all s > 0 and t > 0. Moreover, suppose that the initial data Wo := W(-,0) and
Wy = W(-,0) satisfy (1.8) with positive numbers [t and p, respectively, and that
Wo > W, holds on (0,00). Then W > W in [0,00) x [0,00).

S

PROOF.  According to our hypotheses, d := W — W satisfies

d(0,t) <0 and lim d(s,t) <0 forallt >0

5—00

and
d(s,0) <0  forall s >0, (1.11)

and subtracting (1.9) from (1.10) yields

1 —
dy < 4sdg, + §X(6) (W2 — WQ)S + 2F,x¥d, for all s > 0 and ¢t > 0.



Let £(d) := (d — )4 for v > 0, then, multiplying by E(S—d) and integrating by parts it

00 ¢2 o0 o0 (&) (g — 9
sur [ ED = [T -5 [T,

\)

52 S

oo .\ (g) oo . (e)
+F0/ X2 () -52(d)—F0/ Xe (s) -€2(d)  for all £ > 0.
0 0

Here the fourth and the last term on the right are nonnegative, because X(E) >0

and W? > W whenever ¢(d) > 0. Next, by Young’s inequality we have

1 OOX(a)(S) 2 TI2\ (2
-5 [ S - E), <

4/000 (&(d))2 + S /°° % (W2 W) Xty

64 S
and
1 OOX(E)(S) 2 T2 1 Oofz(d) L [*1 2 TIr2\2
- S (W =W d) < = A A — (W =W~
o ST < SRS W T e,

for X(e) =0 on [0, %] and 0 < X(E) < 1. By means of the estimate

(EQ—WQ)Qz(EJrW)QdQS<%ﬁ>2-d2§c1<(d W) {d>a),

valid for ¢; := 2(M+M )2, from (1.12) we thereby obtain

L £ _ o [~ e 1 e
2dt - 64 32 4 0 s

&(d 017 ®ds cy? [*ds

F 2 drn b

* 0/ % 82+ 4 % 83

IN

2(
02/ {_ + 0272 for all t > 0,
0 s
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where c; is a positive constant possibly depending on € but not on ~. It remains to
integrate the resulting ODE, to recall (1.11) and to let v — 0 to infer that d, =0,
which implies the claim. /]]/

We next assert that the approximate problem (1.8) is uniquely solvable in the clas-
sical sense.

Lemma 1.2 Assume that Fy > 0, and that Wy satisfies (1.3) with some p > 0.
Then for each € € (0,1) there exists precisely one function

WO € ([0, 00) x [0,00)) 1 C*1((0,00) x (0, 00))
which satisfies (1.8) in the classical sense.

PROOF.  Since uniqueness trivially results from Lemma 1.1, we only need to prove
existence of a classical solution. To achieve this, for S > 0 we consider the degenerate
parabolic problem on a bounded interval,

WY = 4sWs 4+ O (s)WEDWES 1
2Ex O ()WY s €(0,9), t >0,

WES(0.0) =0, WES(S.1) = Wo(S), £ 0, (1.13)
WES(s,0) = Wo(s),  s€(0,9),
and the uniformly parabolic regularizations thereof given by
Wt(E,Sm) = 4(s + U)WS(S’S’H) + X(s)(s)w(s,s,n)W§8757W)+
2F0X(5)(8)W3(6’S’n), s€(0,9), t>0, (1.14)

W(a,Sﬂ?)(O,t) — O7 W(&S,n)(S’ t) = WO(S), t > O,
W(&SJI)(S’ 0) = Wo(s), s €(0,5),

where n € (0,1). By standard parabolic theory, (1.14) admits a classical solution

WweEsn) e C9([0,5] x [0,00)) N C%1([0,5] x (0,00)), which is global in time and

bounded, because the inequalities 0 < Wy < £ along with the maximum principle

entail the uniform two-sided a priori bound 0 < WeSn) < % In conjunction with

parabolic regularity theory ([21]), this moreover provides uniform estimates for the
2

] ]
family (WESM), <o 1) in the spaces C-2 ((0, 8] x [0, 00)) and Crr 2 ((0, 8] x (0, 00))

loc
for some 6 > 0. Thus, the Arzela-Ascoli theorem enables us to extract a sequence of

numbers 7; \, 0 such that WS — WES in P ((0, 5] x [0,00)) N CR((0, S] x

loc
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(0,00)) as n = n; — 0 for some limit function W5 which can easily be seen to
satisfy the first and third lines in (1.13) as well as WES)(S t) = Wy(S,t) for all
t > 0. In order to obtain continuity also down to s = 0, we use that by (1.6) and
(1.7), x9(s) < 2% for all s > 0 and € € (0, 1), whence

Wt(s’s’”) < 4(s+ n)Ws(j’S’”) + CESWS(E’S’”)

holds in (0,5) x (0,00) with C. = 2(£ + 2F,), because W57 < £ Using
W(s,t) := cie%! - s with ¢; := ||Wos||z(0,00)) @S an upper comparison function
here, we find that

WESM (s, 1) < et -5 in [0,00) x [0,00) for all € € (0,1),5 >0
(1.15)
and n € (0,1).

Accordingly, the convergence W (&5 — 1775 is actually locally uniform in [0, o) x
[0,00) and W) also satisfies the desired boundary condition W& (0,¢) = 0 for
all t > 0.

Next, since (1.15) implies W) (s,¢) < ¢;e%! - s in [0,00) x [0,00) for all € €
(0,1) and S > 0, we may follow a similar reasoning to find a sequence of numbers
Sj — oo such that W& — W) in €2 ([0, 00) x [0,00)) N C((0,00) x (0,00)) as
Sk — 00, where W) is a nonnegative function solving (1.8) in the classical sense.
Note here that since Wy, > 0, the maximum principle ensures that W% > 0 in
(0,5) x (0,00) for all € € (0,1),S > 0 and n € (0,1) and hence lim,_,,, W) (s,)
exists and coincides with limg_g, .o W) (S, 1) = limy_;0o Wo(Sk) = Eforall t > 0.

/1]

We can proceed to prove global existence of a weak solution of the original problem
in the radial framework.

Lemma 1.3 Let fy > 0, and assume that uy € L>*(R?) is radially symmetric,
nonnegative and satisfies (0.2). Then there exists at least one radial weak solution
u of (0.1) in the sense of Definition 1.1. More precisely, the solutions W of (1.8)

increase to a limit W as € (0, and u as defined by (1.4) solves (0.1) in the claimed
sense.

Proor.  Using that x®) 1 in (0,00) as € \, 0, we see by comparison that
W (S is nonincreasing with respect to e € (0, 1). Accordingly, we have

WE AW in (0,00) x (0,00) as e \(0 (1.16)
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with some limit function W which, as an easy consequence, satisfies the boundary
condition W (s,t) — £ as s — oo for all ¢ > 0. Moreover, if we fix ¢ € C§°([0, 00) x
[0, 00)) and test (1.8) by ¢ to obtain an obvious analogue of (1.5) for € > 0, by (1.16)
we can take € \, 0 in each integral to arrive at (1.5) in the limit. /]]/

Adopting a notion introduced in [10], in the sequel we shall call the function W
defined through (1.16) the proper solution of (1.2).

Applying Lemma 1.1 to appropriate solutions of (1.8) and taking limits, we easily
obtain the following favorable comparison property of proper solutions.

Lemma 1.4 Suppose that Fo > 0 and that W and W are proper solutions emanat-
ing from Wo and W, where Wo and W satisfy (1.8) with certain i > 0 and pu > 0,
respectively. If Wo > W, in [0,00) then W > W in [0, 00) x [0, 00).

For later use, let us provide a statement on time monotonicity of some proper
solutions of (1.2).

Lemma 1.5 Assume that Fy > 0, and that Wy satisfies (1.3). Moreover, suppose
that there exists sy > 0 such that Wy = 0 in [0, o], that Wy € C?([sg,00)) with
lim inf e s, Wos(s) > 0, and that

4sWoss + WoWos + 2FyWos > 0 in (sg, 00). (1.17)
Then the proper solution W of (1.2) fulfils
Wy >0 in (0,00) x (0,00). (1.18)
PROOF. By construction of x| for all sufficiently small € > 0 we have
I(s) := 45Woes + X O WoWos + 2ExEO Wy, > 0

in the sense of distributions over (0, 00), because I(s) = 0 for all s € (0,59) D (0,¢),
since I(s) > 0 for all s € (sg,00) by (1.17), and because liminfg\ s, Wos(s) > 0 =
limsup, »;, Wos(s). Therefore, a standard reasoning (see [27, Ch. 52]) allows us to
conclude that the solutions W of (1.8) satisfy W >0in (0,00) x (0,00) for all
e € (0,1), from which (1.18) easily follows. /]l]/
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2 Instantaneous blow-up

It is the purpose of the present section to make sure that in a sense to be specified
below, the spatial derivative W of the proper solution W of (1.2) blows up imme-
diately, and that hence so does u. In order to prepare this, we state two auxiliary
lemmata the first of which can be regarded as a variant of Gronwall’s lemma.

Lemma 2.1 Suppose that ® € W'licoo(R) is nondecreasing, and that for some t; €
R, 7 > 0 and ¢ € R we are given two functions y € C°([ty,t;1 +T)) and z €
CY[t1,t1 +T)) such that

y(t) > c+ /t O(y(t))dt  forallt € (t1,t1+T) (2.1)
and
{ 2 (t) = ®(2(t)) forallt € (t;,t; +7)
2(t) = c.
Then

y(t) > 2(t) forallt € (t1,t, + 7). (2.2)
PRrROOF.  For n > 0 we let z, € C'([t1,t; + T;,)) denote the maximally extended

solution of
{ z (1) = ®(2,(t)), te(t,ti+1,),
Zp(t1) = c—n.
Then by a continuous dependence argument we have limsup,\ 7, > T, and hence
for proving (2.2) it is sufficient to show that y(t) > z,(t) for all t € [t,, t, + T) with

T, = min{7,T,}. Indeed, if this was false then there would exist t, € (t1,t1 + 1))
such that y > z, on [t1,t2) and

(2.3)

y(t2) = 2y(ta). (2.4)
Integrating (2.3) and using the monotonicity of ® along with (2.1) we then would
obtain

i) = ot [ 0@

t1

< e+ /t2 D(y(t))dt

t1

< c+/t2<b(y(f))df

t1

< y(ta),
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which contradicts (2.4) and ends the proof. //]/

Next, by explicit construction we provide a family of time-independent functions
that will essentially play the role of test functions for (1.2) in the proof of Lemma
2.3 below.

Lemma 2.2 Let Fy > 0, and let § € (0,1) be such that § > % Then there exist
positive constants a, b, &, kg and Ko such that for any choice of v > 0, the function
0 = :(0,00) = (0,00) defined by

&b if0<s <t -
A=\ e ifs> &, (25)

belongs to W2°((0,00)) and satisfies

4spss + (8 — 2Fp) s > koyep a.e. in (0, 00) (2.6)

as well as o 9 K
/ #2(8) g < = (2.7)

o lps(s)l Y

Proor. Given Fy and 6, we fix ¢; > 0 large enough fulfilling ¢; > Fj + 20 — 4, so
that

5:: Cl—i-Z;—Fo

satisfies £ > . Therefore
- §6+1 i - g e
a:= Te and b:= (5 1)6

are both positive. Now defining ¢ as in (2.5), we have

e = 550 ()
- et ()
et
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and hence ¢ is continuous on (0, 00). Since moreover

%0 if0<s < &
ps(s) = e fes € (2.8)
»YJ

we find

. _ a0 ENTOTL s e el ¢
h/rg ps(s) = 5 (;) =—"e T T = e

and infer that also ¢, is continuous on (0, c0) and therefore clearly ¢ € W2>°((0, 00)).
A further differentiation of (2.8) shows that for large s,

450ss + (8 = 2Fy)ps = 47%se™ " — (8 — 2Fy)ye™*
= [dys — 8+ 2Fy|ye *
> [46 — 8+ 2Fy|ye ®

= 2c17¢(s) for all s > %, (2.9)

whereas for small s

4&5((5 + 1) _5—1 (8 - 2F0)a’58—6—1

Aspgs + (8 — 2Fy)p, = — 0T o1
( 0 0
— &j(g_ 2_F0)S—5—1
¥ 2
4 2 — F
> %5(5— 0) e for alls<§,
g 2 § g
because 0 > 2% Since b > 0, on the other hand we have ¢(s) < %3_5 and
therefore
46(6 — =
Adspss + (8 = 2Fp)ps > M v (8) for all s < §

3 v

Combined with (2.9) this establishes (2.6) upon an obvious choice of kg, so that it
remains to prove (2.7) for suitably large K. To this end, we compute

[e'e) 2 1 o0 1
/ 7 (s) ds = —/ e ds = —et (2.10)
£ £

|908(3)| Y Y2
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and estimate, again using the positivity of b,

5 02 § Ls
/ w(s)ds < / 3525 s s
o lps(s)] 0 55 !
a§2—6
= — 2.11
5(2 — 0)y? (2.11)
Evidently, (2.7) is a consequence of (2.10) and (2.11). /]

We are now in the position to state our key result in respect of immediate blow-up.

Lemma 2.3 Suppose that Fy > 0, and that Wy satisfies (1.3) with some p > 0.
Then for any positive o > 2_2—F° and each ty > 0 the proper solution W of (1.2)
satisfies

W (s,t
sup (5.%) =0 for all 7 > 0. (2.12)
s>0,te(tototr) 5%
In particular, we have
[Wel| Lo (0,00) % (t0,t0+7)) = O for all T > 0. (2.13)

Proor. If the lemma was false, there would exist o > QEF 0 tg>0and ¢; >0
such that

Wi(s,t) <c¢s*  forall s >0andt € [ty to+ 7). (2.14)

Our goal is to show that then there exists some large v such that with ¢ = ¢
taken from Lemma 2.2, the function

y(t) := /000 o(s)W (s, t)ds, t>0, (2.15)

blows up before t =ty 4+ 7. To this end, we note that since a > @ and Fy > 0,
we can fix § € (0, 1) such that

2 — F
0 <« and o> 5 0,

(2.16)

and then let the positive constants a, b, &, ko and Ky be as provided by Lemma 2.2.
We next pick x > 0 small fulfilling

k
K < %, (2.17)
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so that with ¢, := to + 7, the number

ey = W(k,ty). (2.18)

is positive. We here use the fact that W is positive in (%,00) x (0,00) by the

strong maximum principle applied to (1.2) which in fact is uniformly parabolic in
(5,00) x (0,00). Finally, we let v > 1 be large enough fulfilling

3
> 2 2.19
V> (2.19)
and K
14 2220 e < o297, (2.20)
Ca

Upon these choices, we let o := () be as given by (2.5) and, for ¢ € (0, 1), multiply
the PDE in (1.8) by ¢(s)x)(s). For arbitrary

S {%%} (2.21)

an integration by parts over s € (0, sg) yields

% 050 P(s)X ()W (s, t)ds =

foso QOX(E) . {4SWS(§) + %X(E) ((W(a))2>s + 2F0X(€)WS(€)} _

(2.22)
4 [0 (spx D)W — 1[50 (SO(X(E))2>S(W(5))2
—2F, [o° (w(x(g)V)SW(E) +B(t)
with
B(1) = {asexOW — 4(siox )W + Zo(x PO 4 2Fp(x )|
for t > 0. Here we calculate
(s9x©)s = s0sx? +ox + s0x Y
and
(50X ) ss = 505X + 20:x + 250, %7 + 20X + 50X (2.23)

17



as well as
(P0c9)2) = 92 + 20N, (2:24)

s

Thus, since x®) = 0 on (0,%) and x©) = 1 on (£,00) 3 s, the boundary terms in

12
(2.22) become
B(t) = 4s0e "W (50, 1) + d[ysge 70 — e77%0] . W) (50, 1)

1 2
—|—§e’750 (W(E)(so, t)) + 2Fpe 70 W &) (50, 1) for ¢t > 0.

Recalling that WS(E) > 0, dropping nonnegative terms we thus find that
B(t) > 4(ysg—1)e W) (s0,1)
> 0 forallt >0

due to (2.21). Therefore, using (2.23) and (2.24) in (2.22) we obtain

d S0 S0 S0
7 cp(s)x(a)(s)W(a)(s,t)ds > 4/ sgossx(e)W(a) + 8/ gosx(a)W(E)
0 0 0

+8 / " s OWE 4+ 8 / "X OWe 14 / s oW
0 0 0

S0 50
__/ s ()Y - / X NI W)
0 0
(2.25)

S0 S0
28y [ PO B, [ O Owe
0 0

S0
= / {4s<pss + 8ps — 2Fo<st(€)} . X(E)W(E)
0

1 [
—5/ 0s(XN2WE? + I,(t) + L(t)  forall t >0,
0
with
S0
Li(t) = / {83% + 8p — ng(E)W(E) — 4F0gpx(€)} . Xf)W(E)
0

and

50
Ly(t) = / spx W,
0

18



Now using that X <= |Xss)| <3 and X = O on (g, 00), in view of our hypothesis
(2.14) on W and the facts that W© < W < £and x®) <1 we can estimate

I(t)

v

_/ {8s|g05|+ g0+4F0g0} ? c15%ds
0
CXCI [85 + p +4F0]CL
£ 78

. / g0t g for all t € (to,to + 7)
0

and similarly
deyer  a
g2 %

_ / gl=o+e g for all t € (to,to + T)
0

whenever ¢ < £, because in that case we know that 0 < ¢(s) < %s“s for all

€ (0,¢). Since § < «, we conclude that there exists ¢z > 0 such that
L(t) 4 I(t) > —cge®™? for all ¢t € (to,to + 7). (2.26)
Next, the property (2.6) of ¢ implies that
45ipss + 805 — 2Fpex® 2 ko + 2Fpps(1 = x¥)  ae. in (0,00),

so that altogether an integration of (2.25) shows that

S0
V) = [ W s s, 120,
0

satisfies

t S0 t S0
Yoo t) >y () + koy / / X IWE +2F, / / s (1= xONEWE
t1 JO t1 JO
1 t S0
5 / / o (XOVR(WEON — e (1 1,)  forall £ € (f1, 1+ 7),
t1 JO

provided that e < & > Invoking the dominated convergence theorem along with the
exponentlal decay of gp( ) and @4(s) as s — oo, we may take sy ' 00 to see that

= s)WE (s, t)ds, t >0, fulfills
t poo
yO(t) >y (th) + ko / / pXOWE + 2F, / / (1 = X)W
t1/ 0 t1
——/ / O (XOVEW N2 — 36270 (t — 1) for all t € (t1,to+ 7). (2.27)
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Here, since for some ¢4, > 0 we have
2o(5)(1 = XV )DXO (WO s5,1)] < lpu ()W (s, )] < ea(1 4+ 57707 7

for all s > 0 and ¢ € [to, to+7| by (2.14) and the definition of ¢, one more application
of the dominated convergence theorem asserts that

t o]
2F0/ / 0o (1 = xNxEOWE =0 as € \(0
t1 JO
for all t € (t1,t9 + 7), because 6 < a. In the remaining terms making up (2.27), we

apply the monotone convergence theorem in taking ¢ ~, 0 to conclude that again
since av > §, the function y defined by (2.15) satisfies

t 00 1 t 00
y(t) > y(ty) + kw/ / oW — 5/ / W2 for all t € (t1,to+ 1), (2.28)
t1 JO t1 JO

because x&) 7 1 on (0,00) and W& A W in (0,00) x (0,00). In order to take
advantage of the quadratic term in (2.28), we employ Hoélder’s inequality and (2.7)

to see that
o 2
2
ye(t) = / oW
0 = (] o)

< ([ ) (f )

: / || W2 for all ¢t > 0,
0

and thereby (2.28) becomes

t 2 t
y(t) 2y(t1)+kw/ y@dﬂ;—-/ POl forall £ € (ty.fo + 7).
0

t1 51

Consequently, Lemma 2.1 states that
y(t) > 2(t) for all t € (t1,t0 + 7), (2.29)

where z is the solution of



with )
~

= FO'
The solution of this Bernoulli-type initial-value problem is explicitly given by

A = ko and B: (2.30)

1

1 B\ . _A(— B’
i+ B) et - 4

2(t) = ( te (bt + 1), (2.31)

with its maximum existence time determined by

T— %m <1+ Byf(ltl))

Now by (2.18) and the fact that W > 0, we can estimate y(¢;) from below according
to

y(t) = / " o(s)W (s, t)ds

e / " o(s)ds

[e¢]
= cg/ e ds
K

Ca _
. —~e H’Y’

g

v

because (2.19) ensures that x > & and hence o(s) = e for all s > x. Thus, by

>
(2.30) and (2.20) we have

1 k
T < —-ln(l—{—#)
koy 2.2 p—hy

Ko v

1 K

= —-1n(1+k0 06"”)
ko C2

1
< — In(e*™
= kov ()
2K
=

But in light of (2.17) this means that 7" < 7, so that (2.29) and (2.31) entail that y
blows up before or at t =, + 7 = to + %T. Since § < 1 and hence ¢ is integrable

21



over (0, 00), this is evidently incompatible with the boundedness of W and thereby
proves that the assumption (2.14) must have been false. /]]/

PROOF (of Theorem 0.1).  The conclusion results upon a reformulation of Lemma
2.3 in terms of u rather than W. /]]/

3 Formation of Dirac-type singularities when y >
ST — 2f0

In this section we shall see that when p > 87 —2f, then u will asymptotically exhibit
a Dirac-type singularity at the origin.

As a first step towards this, let us explicitly construct initial data such that the
corresponding solution of (1.2) will lie below W, but be increasing with time.

Lemma 3.1 Suppose that Fy > 0, and that (1.3) is satisfied with some
(> 81 — 4 Fy. (3.1)

Then for all positive fi € (87 — 4w Fy, ) there exist so > 0 and W, € W*((0,00)) N
C?([0,00) \ {s0}) such that Wy =0 in [0, so], iminf o W (s) > 0, Wy(s) = £ as
s — o0, and such that

AsW s + W W + 2F W, =0 in (sg,00) (3.2)
as well as
W, < W, in (0,00) (3.3)
hold.

PROOF.  Abbreviating a := £, from (1.3) we know that there exists some large
s1 > 0 such that
Wy(s) > a for all s > s;. (3.4)

Since a > 8 — 4Fy by assumption, both

1
"= g2k =) (3:5)
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and

2Fy, — 4

B = HTO (3.6)

are positive and moreover b < % Therefore we can pick some small ¢ > 0 such that
1_p\ 3
Sp = (a >B Z S1. (37)
c

We now let

0 if s € [0, so),

wO(S) = 1 if
a — b+CSB I s > SO,

and see, using (3.7), that W, has the claimed regularity properties, whereas (3.4)
and (3.7) guarantee that W, < WWj on [0, 00). Furthermore, computing
B Bestt
Wos(s) = b+ )2 and
B(B = bes’ — B(B + )22
(b4 csP)?

wOss (S)

for s > s, we see that liminf s W (s) > 0, and that for s > s,

1
AWy, + WolWo, + 2000, = = 55 {45(5 — Dbes”" —4B(8 + 1)*s* !
+ [ab + acs”® — 1] - Bes? T+ 2BcFsP T (b + csﬂ)}
1
_ b s T _ e
- G {ﬂc [4(5 Db+ ab—1+ 2F0b} s

+8c? - [ —4(B+1)+a+ 2F0} : 525‘1}.
According to (3.5) and (3.6), it can easily be checked that
—4B+1)+a+2F=0 and A4B—1b+ab—1+2Fb=0,

whereby (3.2) follows and the proof is complete. /]]/

The following statement will be useful in identifying possible limits of solutions of
(1.2) as t — oo in Lemma 3.3 below. It rules out nontrivial steady states ¢ of (1.2)
having their ‘mass’ lim,_,, ¥(s) larger than 87 — 47 Fj,.
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Lemma 3.2 Let Fy > 0, and assume that ) € C*((0,00)) is a nonnegative solution

of
0 = 4st)ss + Vs + 2F 1), s> 0, (3.8)

with the additional properties 1y > 0 on (0,00) and
P(s) N % as s — 00 (3.9)
with some p > 0. In that case, if
> 81 — AnFy, (3.10)

then
= g in (0, 00). (3.11)

ProOOF.  We may confine ourselves with the case ;1 > 0, in which we substitute
s=e % and let

§§) =v(e), LR
Then computing
P, = —ebz and Vs = X (2ee + 2¢),
from (3.8) we obtain

0 = de e (zee + 2e) — 2 - (€52¢) + 2Fy - (—€°2)
= €& (dzge + 4z — 22e — 2Fpz), ¢ eR,

2—Fy
2

which shows that if we write a ;= , we have
0 = dzge +4aze — 22¢

1
= (4z§ +4daz — 522>£ on R.
Therefore there exists ¢ € R such that 4z + 4oz — %Z2 + 4c¢ = 0 or, equivalently,

1
2e = —az + §z2 —c on R. (3.12)
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By (3.9), ¢ is determined by taking & — —oo and thus satisfies

5 (5)

H
v
( 8+ 4F + )

cC = —Q-

- 2.
87
0

> (3.13)

according to (3.10). Using that 1), > 0, we have zz < 0 on R and hence an ODE
argument applied to (3.12) shows that z(§) \ 2z as & — +o0, where z,, must be a
steady state of (3.12) and thus satisfy

1
0= —aze +=22 —c,
8

that is,
2 € {4a + V1602 + 8¢, 4a — V1602 + 8c}
= {H, 4o — V1602 + 80}.
T

Since 4ar < V1602 + 8c by (3.13), this means that z,, = £ and therefore z must be

a constant, as claimed. /1]

The following lemma prepares the main result of this section.

Lemma 3.3 Let Fy > 0, and suppose that (1.3) is fulfilled with some
> 8w — A Fy. (3.14)
Then the proper solution W of (1.2) satisfies

Wi(s,t) > 2 ast— oo, (3.15)

™

the convergence being uniform on compact subsets of (0,00).

PrROOF.  We let 6 > 0 be given and fix a positive i € (87 — 4w Fy, p) close enough
to p such that

> = (3.16)

SERS
3=



Applying Lemma 3.1 provides a minorant W, of W, with the properties listed in
that lemma. According to Lemma 1.4 and Lemma 1.5, the corresponding proper
solution W satisfies W < W in [0, 00) x [0, 00) and

wW,>0 in (0,00) x (0,00). (3.17)

Since W < £ in [0, 00) x [0,00), in view of (3.16) and the monotonicity of W with
respect to s it is sufficient for proving (3.15) to show that

Ws,t) A ast o oo (3.18)
T
for all s > 0. To this end, we note that due to (3.17) we have

Wi(s,t) /(s) as t — oo (3.19)

with some nonnegative limit function v that clearly is nondecreasing on (0, c0) and
satisfies ¢» < £ on (0, 00) as well as

W(s) % as s — 00. (3.20)

Since W solves the PDE in (1.2) classically in (0, 00) x (0, 00), parabolic estimates
ensure that the convergence in (3.19) is locally uniform in (0, 00) % (0, 00), which
entails that ¢ is smooth in (0, c0) and solves

0 = dsthgy + by + 2Fythy in (0,00).

Along with (3.20) and the fact that i > 87 — 4 Fp, in view of Lemma 3.2 this means
that ¢» = £ and thereby establishes (3.18). /]

PROOF (of Theorem 0.2 i)).  The assertion is precisely that of Lemma 3.3, re-
stated in the original variables. /]]/

4 Emergence of mild singularities for © < 87 — 2f

In order to complete our identification of the number y = 87 — 2f; as a critical
mass in (0.2), in this section our goal is to show that if the cellular mass is below
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this threshold then the singularity of the solution will be comparatively mild in the
sense that u(-,t) remains bounded in some L? space for all times.

To begin with, we assert an upper bound for W) near s = 0 that is independent
of t and €.

Lemma 4.1 Suppose that Fy € [0,2), and that Wy satisfies (1.3) with some
p < 8m — 4mFy. (4.1)

Then there ezists C > 0 such that for all € > 0 the solution of (1.8) fulfills

WE(s,t) < Os 2" for all s >0 and t > 0. (4.2)
Proor. Writing « := 2’2F°, for a > 0 we introduce
@ (g) i ¥ >0 43
WO = a0 (1.3
and compute
aas® !
¢£a) )= —°~° 4.4
= T (4.4
and —2 1 2 202
B9 (s) = ol —ajas* 4 g(a+1)a’s (4.5)

1+ &s)®
for s > 0. We observe that ¢(¥(s) increases both with s and with @, and that
Y@ (s) S 8a as a — 00

for all s > 0. Since Wy(s) < £ < 8a for all s > 0 by (4.1), and since

lim\‘i(}lf Y@ (s) = 400 as a — oo,

from the fact that Wy € L2 ([0,00)) we easily infer that for some large a > 0 we
have

Wo(s) < @ (s) for all s > 0. (4.6)
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Now by (4.4) and (4.5), we find that
—4a(l — a)as®' — L(a + 1)a?s*!
a .a\3
(]. —+ 8_as )
as® - aas®™' 20aFys® ! + ta?Fys*
a 3 + a 3
(14 g=s%) (14 g=s%)
1

— eyl {aa[—4(1 —a) +2F0}sa—1

459 + PP + 2By =

1 1
+a2 [ — 5(0& + 1) + o+ ZFO:| S2a_1}

=0 for all s > 0
because of the definition of a. Since 0 < X(E) <1 and @Déa) > 0, this entails that
—431/)&;) _ X(e)w(a)wga) _ 2F0X(a)¢§a) >0 in (0, o)

and hence (@ is a stationary supersolution of (1.8). Therefore in view of (4.6), by
comparison we infer that W) (s,¢) < (@ (s) and hence

WE (s,t) < ¥@(s) for all s > 0 and ¢t > 0.
Using (4.3), from this we immediately obtain (4.2). /]]/

Using a Bernstein-type technique, from the latter we can derive the natural analogue
of the above result for the spatial derivative of WW.

Lemma 4.2 Let Iy € [0,2), and suppose that (1.3) is satisfied with some u <
81 — AnEy. Then for all T > 0 there exists C(1) > 0 such that the proper solution
W of (1.2) fulfills

Wi(s,t) < C(7) (1 + s_%> for all s >0 and any t > 7. (4.7)

PROOF.  Since in (3,00) x (0, 00) we know that W is a bounded smooth solution
of the uniformly parabolic PDE in (1.2) , interior parabolic regularity theory ensures
that Wy is bounded in (1,00) X (7,00), and hence we only need to establish (4.7)
for s € (0,1] and ¢t > 7.

For this purpose, we fix € € (0,1) and let the nonnegative function @ = Q(s,t) be

defined through the substitution
WE (s,1) = Q*(s, 1), s>0,t>0.
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Then using (1.8) we compute

2Q0Q: = 45(2QQss +2Q%) + 20 Q°Qs + 4FX QO
and thus have

2
Qi = 45Qs + 43% +X9Q%Q, + 2F,x©Q, for s >0 and t > 0.

By further differentiation,

QsQss QF Q2
QS - 43sts + 4@35 + 8s — 48—8 —+ 4—8
t Q 20
+x9Q%Qqs +2xPQQ% + XD Q%Q,
+2F0X(€)st + 2F0X28)Qs for s >0 and t > 0. (4.8)

We now fix z € C*([0,00)) such that z(0) = 0,z =1 on [r,00) and 0 < 2/(t) < 2
for all t > 0, and let

((s) = (s2—5P)’.  selo.l, (4.9)

with
5= FO; 2 (4.10)

Then

g(s.t) = 2()C(5)Q:(s,1),  s€[0,2], £ >0,

vanishes at s = 0, at s = 2 and whenever ¢t = 0, so that if for some T > 0, g attains
a positive maximum over [0,2] x [0,7] at some point (sg,ty) € [0,2] x [0,7T], then
necessarily so € (0,2) and ¢y € (0,77], and hence g; = 0, gss < 0 and g; > 0 hold at
this point. Since

gs = QZCQsts + ZCSQ? and
Gss = 220QQuss +22CQ%, + 42(,QQqs + 2(sQ?,

at (so,tp) we thus have Qs = —% and therefore by (4.8)
0<gt = Zl(@?
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QsQss Q3 4195
Q Q2 Q

+22CQS : {4'9@885 + 4st + 8s

XOQ2Qus +29QQ + X IQQ, + 2R Qu, + 2Fx Q. |

= Q2+ 45 - { g — 2:CQ% — 426,Q.Qu — 2 Q%)

3 2
+2:¢0. - {4% . 88625@55 Q; Qs

Q@
+2Fx9Qus + 2P Q. |

2'¢Q% + 4s - { —22(C- (— Cs;gs

IN

) - 160 (- 52 - .02

3 2
o (- 2) 4% (-2 o4
202 (- 42) 420002+ Q.
EICHE C;%) +2R 0.}
= 2'¢Q% - 252§Q§ + 852?@2 — 452(,Q?

Q3 Q: Q2
_4z<sQ2 8sz Csa — 8sz C@ + 8z C Q
X&20Q%Q2 + 4x92¢QQ% + 29 2¢Q*Q?

—2Fyx92¢,Q2 + 4Fpx P 2C Q2.

Rearranging this shows that at (sg,%y) we have

832(?2—;1 < { —

8sz2(s  8zC ©)
oo et

2

+{2/C + 632%S —452(ss — 42Cs — X(s)zCSQQ + 2X§€>ng2

—2Fox'® ¢, + 4Fyx O ¢ } - Q2

or, equivalently,

€@ < {-x0+:t0+ 20 q,

30
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1 /g S CS
+- {720+ 6 CQ2—4ZCSSQ2 =

5) Cs g Cs

Q4+2X(E) Q — 2Fyx® Q2 + 4F e ZCQ2}. (4.11)
Now Lemma 4.1 says that there exists ¢; > 0 such that Q(s,t) < cls = , that is,
Q(s,t) < 0152756 forall s >0andt >0 (4.12)

in view of (4.10). Notice that W >0 implies Qs > 0. Using (4.12) and the facts
that x®) < 1 and z < 1, on the right of (4.11) we can estimate by Young’s inequality

[0+ 3527} Q. < b+ 2502 (14 12)
12C@& + 45) <015225)2 : (1 +35-c- 22_5)2 (4.13)

2
— 1R (14 h 22

because ((s) < (4s)° and we know that so € (0,2). Next, we observe that from (4.9)
we easily see that ¢ > 0 for s € [0, ] and that since ¢ > 1 there exists ¢y > 0 such
that

2
1Co(8)] < 25°7h, [ Cas(s)] < €25°72 and 5((8)) < ps®? forall s €(0,2). (4.14)
s

Since Qs > 0, the remaining term —z(;QQs obtained from the first bracket in (4.11)

is nonpositive for s < 2 5, Whereas for s € (%, 2) we again use Young's inequality to
find

C2
¢

In view of (4.14) and the boundedness of @) we conclude that at all points we have
the upper estimate

_ZCSQQS < _ZCQ + 2= Q

—2(:QQs < %ZCQg‘I—Cg (4.15)
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for some ¢3 > 0. In conjunction with (4.12), (4.14) also entails that there exist
cy > 0 and ¢; > 0, depending on 7 only, such that

1 2 s s
0 6507 42000 42200 9 4Q! — 2R 9:5¢?)
8 S ¢ 5 S S

< o {85—1 g2 1 Q2016 220 4 62 220 4 52 20

b2 209 1 o)
S Cs (416)

whenever s € (0,2). Finally, recalling that our requirements on x(*) were such that

ng) =0 on (g,00) and Xge) < =, we obtain

1
L {QX@ZQQAL n 4F0Xga>z£Qz}
8 S S
< G- {1 et g2 Lo 52“5}
€ €
s o (4.17)

for all s € (0,2) with appropriately large ¢ > 0 and ¢; > 0. All in all, from (4.11),
(4.13), (4.15), (4.16) and (4.17) we infer that there exists cg = cg(7) such that
g(s,t) < c7in (0,2) x (0,T), which since T > 0 was arbitrary entails that (Q? < cg
in (0,2) x (7,00). Rewritten in terms of W) this means that

(WO(s.1) = 4Q%(s. 0@ 5.1

1 2
4cg-®-Q (s,t)

5. 2.2-6
deg - s - cys

2—20

IN

IN

= 4cicgs for all s € (0,1] and t > 7,

because ((s) > s° for all s € (0,1]. As 2 — 25 = —F by (4.10), this shows the
validity of (4.7) for s € (0,1] and ¢ > 7 and thereby completes the proof. /]]/

PrROOF (of Theorem 0.2 ii)).  The statement is an immediate consequence of
Lemma 4.2. /]]/
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