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Abstract

This paper deals with an initial-boundary value problem for the system

n+u-Vn = An—V-(nx(c)Ve), xeQ, t>0,
ct+u-Ve = Ac—nf(e), z €N, t>0,
u+k(u-V)u = Au+VP+nVo, z e, t>0,
V-u = 0, r e, t>0,

which has been proposed as a model for the spatio-temporal evolution of populations of swimming
aerobic bacteria.

It is known that in bounded convex domains 2 C R? and under appropriate assumptions on the
parameter functions x, f and ¢, for each k € R and all sufficiently smooth initial data this problem
possesses a unique global-in-time classical solution. The present work asserts that this solution
stabilizes to the spatially uniform equilibrium (7g, 0, 0), where Tg := ﬁ Jon(z,0)dz, in the sense
that as t — oo,

n(-,t) — 7o, e(,t) =0 and u(-,t) =0

hold with respect to the norm in L>°(£2).
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1 Introduction

This work deals with a mathematical model for the interaction of bacterial populations with a sur-
rounding fluid in which their nutrient is dissolved. Indeed, experimental findings reveal the occurrence
of rather complex spatio-temporal behavior in colonies of the aerobic species Bacillus subtilis when
suspended into sessile drops of water: As reported in [6] and [29], establishing such a simple setting
may result in a formation of plume-like aggregates of cells as well as a spontaneous emergence of large-
scale fluid motion and convection patterns. In [29], the authors propose to decribe such processes by
the system of evolution equations

ni+u-Vn = An—V-(nx(c)Ve), reN, t>0,

c+u-Ve = Ac—nf(e), z e, t>0, (11)
u+ k(u-Viu = Au+ VP +nVe, re, t>0,
V-u = 0, zeQ, t>0,

for the unknown (n,c,u,P), where x, f and ¢ are given parameter functions and x € R. This
model is based on the hypothesis that besides the bacteria, with population density n = n(z,t), and
the incompressible fluid, as represented by the velocity field v = wu(z,t) and the associated pressure
P = P(xz,t), the only further component relevant for such phenomena is the oxygen with concentration
denoted by ¢ = ¢(x,t). Moreover, it is assumed that bacterial motion is governed by random diffusion
and transport through the fluid, and by chemotactic migration toward increasing gradients of the
attractive oxygen. In turn, the quantity n affects both the evolution of the chemical via consumption,
and of the fluid motion via buoyant forces.

The challenge of describing qualitative behavior in (1.1). Clearly, evaluating the efficiency
of this model in the context of the above observations amounts to estimating its ability to generate
nontrivial dynamics of solutions. With regard to this, some numerical evidence in [29] indeed reports
the emergence of patterns on intermediate time scales. To the best of our knowledge, however, no
analytical result is available yet which rigorously describes the qualitative behavior of such solutions.

This may reflect the circumstance that mathematically, (1.1) couples two mechanisms which are far
from being fully understood even when considered separately. On the one hand, unless k = 0, as a
subsystem the incompressible Navier-Stokes equations are included, which are still lacking a complete
existence and regularity theory despite substantial and elaborate research since Leray’s pioneering
work (cf. e.g. [30] for a survey, and also [24], [28]). On the other hand, the first two equations in
(1.1) form a variant of the Keller-Segel chemotaxis system from mathematical biology. As for the
latter, it is known that the cross-diffusive term —V - (nx(c)Ve) as its most characteristic ingredient
may destabilize homogeneity and even enforce blow-up of solutions; however, rigorous results on this
topic are still very few, and all of these are restricted to rather special settings such as the standard
Keller-Segel system ([17])

{ ny =An—V - (nVe), zeN, t>0, (1.2)

¢t =Ac—c+n, e t>0,

or simplications thereof (cf. [14], [34], [16], [21], [22] and also [15] and [23] for broader discussions, as
well as e.g. [18] for dynamical effects of chemotactic cross-diffusion on a related system with transport



through a given fluid).  Even less is known for the chemotaxis system with consumption of the

chemoattractant such as contained in (1.1),

ny = An —V - (nx(c)Ve), zeQ, t>0, (13)
¢t = Ac—nf(c), reN, t>0, '

for which it seems that only some results on global classical solvability in the spatially two-dimensional
case, and on global existence of weak but eventually smooth solutions in the three-dimensional case
are available in certain special cases ([25]).

Accordingly, analytical results on (1.1) up to now seem to concentrate on the basic issues related
to questions of well-posedness: The work [20] provides some statements on local existence of certain
weak solutions in the spatially two- or three-dimensional setting under various boundary conditions
and the assumptions that xy = const. and that f be nondecreasing with f(0) = 0. A more subtle
approach making use of quasi-energy functionals associated with (1.1) is performed in [8]. In the case
Q) = R? when the nonlinear convective term in (1.1) is removed by setting x = 0, weak solutions are
constructed there which exist globally in time, provided that either ¢(-,0) or V¢ are sufficiently small,
that x and f satisfy some structural assumptions slightly more restrictive than (1.7)-(1.10) below, and
that the initial data decay sufficiently fast at spatial infinity. For the same two-dimensional Cauchy
problem, this smallness assumption on the initial data could be removed in [19] so as to ensure global
weak solvability even in the case of Navier-Stokes fluid evolution when x # 0. In [33], global classical
solutions and their uniqueness could be established in bounded convex two-dimensional domains under
the boundary conditions (1.4) below and milder assumptions on x and f than those in [8], unlike the
latter paper thereby allowing for the choices xy = const. and f(c¢) = c¢. Recently, for nonnegative
and noncecreasing x and f it was shown in [3] by using a slightly modified energy-like functional
that unique global classical solutions also exist under the alternative requirements that = R? and
X = 1f || oo ((0,00)) be small for some p > 0.

In the spatially three-dimensional case, the existence theory seems much less complete: As far as we
know, the only results on global existence of solutions to (1.1) with large initial data can be found in
[33] and [3]: The former paper addresses the Stokes case x = 0 and asserts global existence of weak
solutions in bounded convex domains 2 C R? under the assumptions (1.7)-(1.10) below; in the latter
work, global weak solutions for the corresponding Cauchy problem in £ = R? are constructed in the
special situation when x precisely coincides with a fixed multiple of f.

Let us mention that recently, some existence results have also been derived for the variant of (1.1)
obtained on replacing linear cell diffusion by porous medium-type nonlinear diffusion ([7], [5], [26],
27]).

Main results. In contrast to the growing literature concerned with global solvability, very few
seems to be known about the qualitative behavior of solutions to (1.1). In fact, with regard to this
we are aware of one result only which addresses the issue of stability of the constant steady states
(Moo, 0,0), Noo > 0, of (1.1) in the case when 2 = R3. Namely, it was shown in [8] that each of these
equalibria attracts all solutions emanating from initial data which are sufficiently small perturbations
thereof with respect to the topology of (W32(R3))? when f is nondecreasing with f(0) = 0 and
¢ € W3*(R3) has bounded first moment.

Of course, this leaves open the possibility of nontrivial large-time asymptotics of solutions emanating



from large initial data possibly far from equilibrium, but apparently the literature provides no results
in this direction yet.

The goal of the present work is to give a complete description of the large time behavior in (1.1) in
the situation when  C R? is a bounded convex domain with smooth boundary. Indeed, we shall see
that then all solutions approach a spatially homogeneous equilibrium in the large time limit. In order
to state our main results more precisely, let us specify the precise mathematical framework that will
be considered below. We shall close the PDE system (1.1) by imposing no-flux boundary conditions
for both n and ¢ and no-slip boundary conditions for u,

on  Oc
5—5—0 and u=0 for € 92 and ¢ > 0, (1.4)
and the initial conditions
n(z,0) = no(x), c(z,0) =co(x), u(z,0)=up(z), x €. (1.5)

With A denoting the realization of the Stokes operator in the solenoidal subspace L2(Q) := {p €
L%(Q) | V- =0} of L?(Q) ([24]), we assume that here we have
no € CY(Q), ng>0 inQ,
co € WH9(Q) for some ¥ > 2, ¢o >0 inQ, (1.6)
up € D(A®) for some a € (3,1).

Moreover, adopting the hypotheses from [33] on the parameter functions in (1.1) we shall suppose
throughout that

x € C?([0,00)), x>0 in [0,00),

f€C*0,)), f(0)=0, f>0 1in(0,00), (1.7)

¢ € C*(Q),

and that
(i)l >0 on [0, 00), (1.8)
AN on [0, 0o an

(x> <0 [0, 00) d (1.9)
(x-f) >0 on [0, 00). (1.10)

Within this framework, it is known ([33]) that a globally defined classical solution (n,c,u, P) exists
which is unique, up to addition of constants in the pressure variable P, and which satisfies n > 0 and
¢ > 0in 2 x [0,00). Our main result describes the large time behavior of this solution as follows.

Theorem 1.1 Let Q C R? be a bounded conver domain with smooth boundary, and let k € R.
Assume that ng, co and ug satisfy (1.6), and that x, f and ¢ fulfill (1.7)-(1.10). Then the global
classical solution of (1.1), (1.4), (1.5) satisfies

[n(,t) = Mol Lo (@) — 0,
e )] Loy = 0 and (1.11)
Ju( )l oo = 0

as t — 0o, where ng = ﬁfgno.



In particular, this indicates that structure generating dynamics in the spatially two-dimensional version
of (1.1), (1.4), (1.5), if at all, occur on intermediate time scales rather than in the sense of a stable
large-time pattern formation process. Correspondingly, collecting any type of analytical evidence for
the ability of (1.1) to describe complex dynamical phenomena, as experimentally detected in [6] and
[29], forms a natural but challenging next step. We have to leave open here the questions whether a
three-dimensionality of the physical setting can enforce more colorful large time asymptotics in (1.1),
and in how far the solution behavior may be influenced by boundary effects not considered here. For
instance, the framework underlying the numerical simulations in [29] accounts for a certain oxygen
influx through the boundary of the fluid drop.

Outline of our approach. Before going into details, let us briefly outline the main steps of our
analysis: As a starting point we shall recall from [33] an energy-type inequality which will imply

d 1 X(C)]Vclz / Wn[2 1 / \Vc]4 / 4
— Inn+- | ———7+ | ——+= | —/— < for all
t{/n nn 2/ © - c 3 C | |ul or all t > 0,

with some C' > 0 (Lemma 2.4). Since here the right-hand side does not vanish, this does by no
means directly entail stabilization of any of the involved quantities. At least, from this we shall derive
through a first series of estimates that the boundedness properties

t+1 t+1
/ / n? < C, / / |Ve|* <C  and / Ve, )< C
t Q t Q Q

are valid for all ¢ > 1 with some C' > 0 (Lemma 3.6).

We shall next use this in properly exploiting the decay information implicitly contained in the easily
gained inequalities [;* [ |Vc|? < oo and [;° [ nf(c) < co (Lemma 4.1) in order to show that ¢
decays with respect to the norm in L>°(2) (Corollary 4.4).

This will then enable us to obtain, inter alia, that

/ /yvm? < oo,
2 Q

upon studying the time evolution of ¢ — [, ;_pc(éfft))
9 >0 (Lemma 5.1).

Thanks to the smoothing effects of the Stokes and heat semigroups in (1.1), this will first tell us
that u(-,t) — 0 in L*>°(2) (Lemma 6.3), and then enable us to finally assert the claimed stabilization

property of n (Lemma 8.2).

with arbitrary p > 2 and some conveniently small

Throughout the rest of the paper we shall assume without further comment that (1.6)-(1.10) hold,
and let (n,c,u) denote the corresponding solution of (1.1), (1.4), (1.5).

2 Preliminaries. An energy inequality

To begin with, let us collect some basic solution properties which essentially have already been used
in [33], and partly also in [8].

The first two statements immediately result from an integration of the first PDE in (1.1), and from
an application of the maximum principle to the second.



Lemma 2.1 We have

/ n(z,t)de = / no forallt >0 (2.1)
Q Q
and
t[le(-t)|| L) s monincreasing. (2.2)
In particular,
e )o@y < llcollpe@y — for all t>0. (2.3)

We next recall from [33, Lemma 3.4] an energy inequality associated with the subsystem generated
by the first two equations in (1.1), and which will play an essential role in our subsequent analysis.
Actually this is the only place where the convexity of  is explicitly used (cf. also [8, Section 3] for a
related approach).

Lemma 2.2 There exists C > 0 such that

2 2
jt{/nlnn—i— /]Vc| } |Vn| / (c)|D2p(c)]2§C'/Q|u|4 forallt >0, (2.4)

where we have set

o
9(o)

f(s) / ’
g(s) == —= and p(s) =
(0)=12 ()= [
In order to take full advantage of the last term on the left of (2.4), we shall utilize the following
general integral estimate which in the case of a power-type function h falls among a class of inequalities
frequently used in the analysis of higher-order thin film equations (see [2], [4], for instance). A proof
of Lemma 2.3 can be found in [33, Lemma 3.3].

for s > 0. (2.5)

Lemma 2.3 Let h € C1((0,00)) be positive and nondecreasing, and let ©(s) = [} hdU for s > 0.
Then for all positive p € C?(€2) fulﬁllmg =0 on 0L, the inequality

h(e) 4 h(e) 20(0)2
| g velt < <2+f>/ S (26)

holds.

The latter enables us to modify the energy inequality (2.4) so as to contain an integral involving |Ve|*
in its dissipated part.

Lemma 2.4 There exists C > 0 such that

d |Vel|? yvn\Q 1 [ V! 4
dt{/nlnn+ / } C/Q 3 _C/Q]u\ for all t > 0, (2.7)

where g is as defined in (2.5).




PrOOF. In view of (2.4), we only need to find C; > 0 such that

Vel 2 2
R < Qg(c)\D p(o)] for all ¢t > 0, (2.8)

where p is as in (2.5). To see this, applying Lemma 2.3 to h := g we obtain
/ I Gt < (24 \@)2/ 9O D2y forall ¢ > 0. (2.9)
2 9°(c) a9 (c)

Now according to (2.3), writing Cy := |[co|| Lo () We have 0 < ¢ < Cq in © x (0,00). Thus, thanks to
(1.8) and the positivity of x on [0, 00) we can find positive constants C5 and Cy fulfilling C3 < ¢'(c) <
Cy in © x (0,00). Therefore,

g(e) _gle) .
<z in © x (0, 00),
9@ = G (0.2
while on the other hand the additional hypothesis f(0) = 0 entails g(¢) < Cyc and hence
/
g'(c) o Cs :
> Q x (0,00).
#lo) = cga 0o
Therefore (2.8) is a consequence of (2.9). O

3 Time-independent integral estimates for n and c

Now a natural next step consists of turning the above energy inequality (2.7) into useful time-
independent bounds, and our main outcome in this direction will be the inequalities (3.17)-(3.19)
below. Here an apparently challenging issue is to estimate fQ |u|* appropriately in terms of expres-
sions involving the dissipation rate in (2.7). This will be achieved in Lemma 3.3 by means of an
interpolation involving the members fQ |Vul? and fQ |u|? of the standard energy inequality associated
with the Navier-Stokes equations. The following lemma provides a formulation of the latter which is
convenient in the present setting in that it adequately accounts for the external force induced by n.

Lemma 3.1 Let ¢ > 1. Then one can find A > 0 and C > 0 with the property that

1

t
ey + 5 [ €T e ds
0

¢
< ool + [ NIt Fuds for allt >0, (3.1)
0
PROOF.  We multiply the third equation in (1.1) by u and integrate by parts over z € €. Since it
is well-known that V -« = 0 implies [,[(u- V)u] - u = 0, we thereby obtain

1d
/ |ul? —i—/ Vu|? = / nVe-u for all t > 0. (3.2)



Here we use the Holder inequality along with the assumed boundedness of ¢ to estimate
/Q Vo u < Voo - Inllzay - ull o o (3.3)

with ¢/ . Now since the spatial dimension is two, for any such ¢ the space Wi2(Q) is continuously
0

embedded 1nto L (©), and hence by means of the Poincaré inequality in I/V0 (Q) we can find C; > 0
and Cy > 0 such that

lell @) < Cillellwizg and lgllyieg) < CallVelia) — forallp e Wo*(@).  (3.4)

Thus, by Young’s inequality and (3.3),

1
[ n90-u < 5IVulg) + Calnlaco

ARSI o

holds with C5 := , so that (3.2) yields

s [ 5 [V < Calllfugy  toratie>o.

In order to create an appropriate absorptive term, we once more use (3.4) to find that

1 2 1 2 1 2
- > _— > _-
§ LIV 2 e > g [ 1

and therefore we see that
/ uf? + / Vuf? < )\/ w2 + 205200y forall £ >0

with A := s=5. Integrating the ODI

y'(t) < —My(t) + m(t) — ha(t),  t>0,
thus obtained for y(t) := [, [u(z,t)[*dx, hy(t) :==2Cs|n(-,t)|| Lago) and ha(t) := § [ [Vu(z,t)[2dz, we
derive the 1nequahty

t
y(t) < e My(0) + / e M=y () — ho(s)]ds  for all ¢ > 0,
0

which readily implies (3.1). O

The integral appearing on the right of (3.1) can be related to an expression involving Vn3 by inter-
polation using the mass identity (2.1):

Lemma 3.2 Let g € (1,2). Then there exists C' > 0 such that with A > 0 as provided by Lemma 3.1
we have

. . 2(g—1)
e (-, )]y ds < O NI (s ) b forallt>0
; 0 (©)

(3.5)



ProOOF.  We first apply the Gagliardo-Nirenberg inequality to find C > 0 such that
2 L 4 1 D i L 4
Iy 8)2agy = I ) a0y < CLlIVRS (- 8)l oy - 03 ()1 Eagqy + Cullnd (- 8) A2y
for all s > 0. Since |[n2(-,s HL2 = Jon(-,s) = Jono for all s > 0 by (2.1), we thus find Cy > 0
fulfilling

4(g—1)

(-, 8)l22(0) < 02{1 + ||Vn2( )||LQFQ) } for all s > 0,

and hence the integral in question can be estimated according to

t t t 4(g—1)
/0 e M n(8)[Fayds < Co /0 e M=) ds + Cy /0 e M=) | Vnz (-, s)| ol ds  (3.6)
for all ¢ > 0, where clearly
t
1
e Mg <~ forallt>0. (3.7)
0 A
As for the rightmost term in (3.6), we invoke the Holder inequality with exponents 2(q > 1 and
74, to see that
t s 1 4(¢—1) t s 1 2((1;1) C2mayg g
/0 oA )”vﬂz(.,s)upgﬂ) ds = /O (6 At )‘|Vn2(.75)||%2(9)> e M) g
" 2(¢=1) t 2—q
q q
< (/ eA(ts)||vn§(.75)”%2(Q)> ( e/\(ts)ds)
0 0
¢ ) 2(flq—l) 1 2.4
< (/ e)‘(ts)||Vn2(-,5)|]2L2(Q)> (X) T forallt >0,
0
again because of (3.7). Therefore, (3.6) implies (3.5). O

Combining the above two lemmata along with another interpolation, we can now find an estimate for
an integral involving fQ ]u]4 in a similar flavor as the inequality achieved in Lemma 3.2.

Lemma 3.3 Let g € (1,2). Then there exists C' > 0 such that with A > 0 taken from Lemma 3.1 we
have

4(g—1)
q

} for allt > 0.
(3.8)

t ¢
/O 64(t—s)||u(.7 S)||%4(Q)d3 < C{1+ sup) (/0 e A s)\|vné(‘75)||%2(ﬂ)d5>

t'e(0,t

PrOOF.  According to the Gagliardo-Nirenberg inequality and the Poincaré inequality we can find
C1 > 0 such that

luC, 5)l|Ls() < CrllVul, 5)[Z2(qlluC, 5)lIZ2q)  for all s >0,



and hence we obtain

t t
| a9l ds < Cue(sup Jul ) [ e IITus) Fayds  forall >0
0 t'€(0,t) 0

(3.9)

Here by means of Lemma 3.1 we can estimate both

¢ t
[T s < {1 [N s

t/
< 02{1+ sup / e_’\(t/_s)|n(-,s)||%q(md8} for all t > 0
t'e(0,t) JO

and

t/
sup Hu(-?t’)”;(mg@{1+ sup / e_A(t/_s)Hn(-,s)H%q(Q)ds} for all ¢ > 0
t'e(0,t) t'e(0,t) JO

with some Cy > 0. Thus, (3.9) shows that there exists C3 > 0 satisfying
t t , 2
/ e M) ||y 5)|’Ai4(9)d8 < (C391+ sup </ e A=), S)H%Q(Q)ds> for all t > 0,
0 te(0,t) \Jo

and hence (3.8) immediately results upon an application of Lemma 3.2. O

Now the integrals on the right-hand sides of (3.5) and (3.8) appear in a natural way in a correspondingly
integrated version of the energy inequality (2.7) as follows.

Lemma 3.4 Let A > 0 be as in Lemma 3.1. Then there exists C > 0 such that
t . . t .
[1vetetban + [T Eagydst [ NITel5) s
t
< C- {1 + / e || s)H%AL(Q)ds} for allt > 0. (3.10)
0

Proor.  We first claim that with g = % as already introduced in (2.5), the function z defined by

1 [ |Ve|?
zt::/nlnn+/ , t >0,
() Q 2 Ja g(c)

satisfies
2'(t) < =Az(t) + hi(t) — ha(t) for all ¢t > 0, (3.11)
where
h(t) == Ci+ Cillu(- D)ll3ay >0, (3.12)
and )
ha(t) = Ca|[Vn2 (- 1) 7o) + Col Ve, Ol 1oy, >0, (3.13)

10



with some suitably large C7 > 0 and appropriately small Cy > 0.
To this end, we start from Lemma 2.4 which says that there exist C3 > 0 and Cy4 > 0 such that

2 4
/t)g—Cg/ [Vl —03/ Vel +c4/ uf* forall ¢ >0, (3.14)
Q n Q ¢ Q

In order to link the second term on the right to z, we once again make use of the boundedness of ¢
and our assumption (1.8) to find C5 > 0 fulfilling g(c) > Csc in Q x (0,00). Accordingly, thanks to
Young’s inequality we can find Cg > 0 such that

1 |Vc\2 |Vc\2 |Vc\2 1 |VC|4
- cz S + 06
2 QO g(c) 205 205 Q CQ 2)\

so that again using the boundedness of ¢ we obtain

|Vel* )\/ |Ve|?
—= > = - C forall t > 0 3.15
2 Jo & T 2Jq () ! et (3.19)

with C7 := CgA||col| o< (0)€2|. To achieve a similar lower bound for the first term on the right of (3.14),
we fix any p € (1,2) and then observe that

Elné < &P for all £ > 0,

1

p(p—1)

which is an immediate consequence of the fact that & — &Iné — ]D(Tép is concave on (1,00). Ac-
&8 > 0 such that

cordingly, an application of the Gagliardo-Nirenberg inequality yields
[rmn< o [ = im0y < Gl ) - I e + Calnd 2
nlnin< — [ P = —|n s|Vn n ||
Q plp—1) Ja  plp—1)" O Ha 1@ L)
for all ¢ > 0, and hence by (2.1) we have
/nlnn<C’9HVn2HLp Yoy for allt >0
Q

with some C9 > 0. Since p < 2 implies that 2(p — 1) < 2, we may thus again use Young’s inequality
to find Cyp > 0 fulfilling

2
/nlnn< QHV?WHLQ + Cho for all ¢t > 0,
Q
which means that
2

03/ [Vnl® = 2C’3\|Vn%H%2(Q) > )\/ nlnn — CipA for all t > 0. (3.16)

2 Ja n 0
Combining (3.14)-(3.16), we infer that z satisfies the ODI

2 4
Vnf? _Cs [ Vel for all ¢ > 0.

2 (t) < =Az(t) + C7 + Cro\ + (14/ |u|t — 6;3/
Q Q

11



Since finally |, W§|4 > 4 Jo Vet by (2.3), this entails (3.11) upon evident choices of Cy and
Q < ”CoHLoo(Q) Q
Cs.

We next integrate (3.11) in time to obtain

t ¢
2t) 4+ [ e hy(s)ds < e M z(0) +/ e M=)y (s)ds for all ¢ > 0.
0 0

Since evidently

—\t 1 [Veo|?
e M2(0) < Cip:= | |nolang| + = for all t > 0,
Q 2 Ja 9(co)

and since £In& > —% for all £ > 0 implies that

€2] 1/ Vel
Z(t) > —— 4+ = for all t > 0,
D203 )y 90

in light of (3.13) and (3.12) this yields the inequality

1 [ |Vef
2/9 g(c)

t
C, /0 eI (V03 8) By + Ve 8) [3agey ) ds
0O t t
< Cu+ ’e‘ + Cl/ e M=) s + C’l/ e M)y (-, s)||j§4(ﬂ)ds for all t > 0.
0 0

Since the boundedness of ¢ clearly entails that of g(c) in © x (0,00), (3.10) follows from this upon
observing that C fg e~ Mt=s)ds < % for all t > 0. O
We finally use that for the exponent in (3.8) we can achieve A1) 9o choosing ¢ > 1 appropriately.
We thereby obtain from the above two lemmata the following.

Lemma 3.5 There exists C > 0 such that
/Ot e_)‘(t_s)HVn%(-, s)H%Q(Q)ds <C for allt > 0.
PrOOF. Let us abbreviate
KO = [ NIt >0

and fix any ¢ > 1 such that ¢ < %. Then Lemma 3.4 in conjunction with Lemma 3.3 provides C; > 0
such that
4(g—1)

K(t)<C- (1 +ts1(1§)t)K a (ﬂ)) for all t > 0.
(0,

For given T' > 0, this entails that writing K7 := sup¢(o,r) K (t) we have

4(g—1)

K(t) < Cy - <1+KT g ) for all t € (0,T)

12



and hence

4(g—1)

KT§01'<1—|—KT‘Z )

_ 4(e=1)
Since % < 1 thanks to our assumption ¢ < %, we can pick Cy > 0 such that C1¢ ¢ < % + Cs

for all £ > 0 and thus infer that

1
KT < Ci1+Ca.

As both Cj and Cy are independent of 7', this implies K (t) < 2(C; + C3) for all ¢ > 0 and thereby

completes the proof.

0

The latter observation has immediate but useful consequences which form the main results of this

section.

Lemma 3.6 For some C > 0 we have

t+1
/ /n2§C forallt >0
t Q
t+1
/ / \Vc\4 <C for allt >0
t Q

/ \Ve(z,t)|?dx < C for allt > 0.
Q

and
as well as

PrROOF. From Lemma 3.5 we obtain C7 > 0 such that

t+1
/ e NV (4 5)|[2aqyds < Cy forall £ >0,
0

(3.17)

(3.18)

(3.19)

(3.20)

so that successively applying Lemma 3.3 and then Lemma 3.4 we see that (3.19) holds, and that

t+1
/0 e M=)y (-, 5)||4L4(Q)d5 < Oy for all t > 0

and t+1
/ e N1V, 8)||Laqyds < Co forallt>0
0

with certain positive constants Cy and C3. In particular, (3.21) implies (3.18), because
t+1 t+1
/ IVe(-, s)H%;l(Q)ds < e / e M=) || g e(-, s)\\‘i4(9)ds < Cze? for all ¢ > 0,
t t
and similarly from (3.20) it follows that

t+1
/ HVn%(, s)||%2(ﬂ)ds < Cpet for all ¢ > 0.
t

13
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In order to derive (3.17) from this, we only need to interpolate using the Gagliardo-Nirenberg inequality
and recall (2.1) to find Cy > 0 and C5 > 0 such that

t+1 t+1 1 A
[ = [ e lds

t+1 A ) N ) tH1 ,
< 04/t ||Vn2(.,S)HL2(Q)Hn2(.’s)||L2(Q)ds+C4/t HnQ('aS)Hm(Q)dS
t41 )
< G [ IVEC)ds+Cs forall >0,
t
which due to (3.22) indeed yields (3.17). 0

4 Uniform decay of c

Having dealt with issues of boundedness so far, we next turn our attention to the derivation of
properties indicating decay of solutions. We start with two simple observations which provide some,
yet rather weak, information on the decay of Ve and the product nf(c) in the large time limit. Our
goal in this section will be to improve this first piece of knowledge, using the regularity properties
collected above, so as to ensure that actually ¢ converges to zero with respect to the norm in L*°(Q2)

as t — oo.
/OOO/an(c)<oo (4.1)

/ /IVCI2 < 0. (4.2)

PrROOF.  We integrate the second equation in (1.1) over €2 to obtain

jt/gc:—/an(c)—/gu~Vc:—/an(c) for all ¢ > 0, (4.3)

where we have used that 8C =0 on 0Q and that [qu-Ve= — [,V -u =0, because v = 0 on 9N
and V - u = 0. Integrating (4 3) in time readily yields

//nf /co for all t > 0

and thus proves (4.1). To see (4.2), we multiply the second equation in (1.1) by ¢ to see that

1d
02:_/ |VC|2_/ncf(c)—/uc-Vc for all ¢t > 0.
2dt Q Q Q

Again, V- u = 0 and u|gq = 0 imply that fQ uc- Ve = %fQ u- Ve =0, and hence a time integration

shows that
t 1
//|Vc\2§/c(2) for all ¢t > 0,
0 Jo 2 Jo
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Lemma 4.1 We have

and



for n,c and f(c) are all nonnegative.

0

Based on the estimate (3.17) in Lemma 3.6, we can turn the above information into the following

decay property of the quantity c itself.

Lemma 4.2 There exists (tx)ren C (0,00) such that t, — oo and

tr+1
/ /c—>0 as k — oo.
tr Q

PROOF.  We begin by recalling (4.1) which entails that

/jj+1/9nf(c)—>0 as j — 0o.

&1 Jo fle(z,t))dz for t > 0 we can decompose

1€

/jjﬂ/ /N/ (e, 1) ))—f(t))dxdt+/jj+1/g (2, ) F (1) dudt

+12 ) jeN,

Here, writing f(t) :=

where the Cauchy-Schwarz inequality allows us to estimate

< </jj+1/gn2>%.(/jjﬂ/g’f(c(:c,t))—f(t)r)% for all j € N.

Invoking the Poincaré inequality in the form

1 2
/ ‘gp(x) _ / cp(y)dy‘ dr < 01/ Vo2 for all p € WE2(Q),
Q 1€ Jo Q

valid for some C7 > 0, thanks to (2.3) we find that

/jH/ ‘f (z,t)) )‘ dedt < () /jo/Q’Vf(c(x,t))’dedt

j+1
CleIH%oo((O,CQ))/' /Q|Vc\2 for all j € N
J

IN

with Co 1= |[|co|| e (). Since now (4.2) ensures that

Jj+1
/ /]Vc|2—>0 as j — oo,
j Q
J+1
sup/ /n2 < oo
jeN Jj Q

15

whereas

(4.5)

(4.6)

(4.7)

(4.8)



by Lemma 3.6, (4.7) and (4.8) show that I;(j) — 0 as j — oo. B
Combined with (4.6) and (4.5), this implies that also I2(j) — 0 as j — oco. However, since f(t) is
constant in space, in view of (2.1) we have

I(j) = mo|Q| -/jH ft)dt = no/jH/Qf(c(a;,t))dxdt for all j € N
J j

with g = ﬁ Jomo > 0. Accordingly,

j+1
/ / fle(x,t))dxdt — 0 as j — 0o,
j Q

which means that defining ¢;(z,s) == c(z,j + s), (x,s) € 2 x (0,1), j € N, we have foc; — 0 in
L' (2 x (0,1)) as j — oo. We may thus extract a subsequence (j;)ren C N such that ji — oo and
focj — 0ae in Qx(0,1) as k — oco. Since f is positive on (0,00), this necessarily requires that
¢j, — 0 ae. in 2 x (0,1) as k — co. As on the other hand (¢, )xen is bounded in L*(2 x (0,1)) by
(2.3), the dominated convergence theorem ensures that c;, — 0 in L (2 x (0,1)) as k — co. Restated
in the original variables, this precisely means that (4.4) holds for ¢ := ji. O

Another application of Lemma 3.6, this time focussing on the inequality (3.18), allows us to improve
the latter.

Lemma 4.3 There exists (t)ren C (0,00) such that t, — oo and

tr+1
/ lle(-, )l oo (ydt — 0 as k — oo. (4.9)

tr
ProOF.  We let (tx)ken C (0,00) be as given by Lemma 4.2. Then from Lemma 3.6 we know that
there exists C; > 0 such that

trp+1
/ / Ve|* <€, forallk eN. (4.10)
tr Q
Moreover, employing the Gagliardo-Nirenberg inequality let us pick Co > 0 fulfilling
4 1
lellz ) < CollVel Zagy 2l fa ) + Collelliiiey — for all o € WHH(Q). (4.11)
1
Then given € > 0 we fix § > 0 small satisfying C{'d < ¢ and apply Young’s inequality to (4.11) to
achieve

Il < 81Vella@) + Csllgllir — forall p € WH(Q)

with some C3 > 0 which of course depends on §. We apply this Ehrling-type inequality to ¢(-,¢) for
t € (tg,tr + 1), integrate in time and use the Holder inequality and (4.10) to obtain

trp+1 trp+1 tp+1
/ e t)|lpeoydt <6 \VC(',t)!!L4(Q)dt+Cs/ e )l ydt
tr

tE tg
tr+1

tr+1 A i
5( [ 19l ade) +Co [ el 0l

tr tr

IN

IN

5Cf + 03/ le(, )| prydt  for all k € N.

ty
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According to our choice of 4, in light of Lemma 4.2 this shows that
tp+1 tp+1
limsup/ el )l eyt < & + limsup/ leC D)l ydt = <.
k—oo Ji k—oo  Jig

Since € > 0 was arbitrary, the proof thereby becomes complete. O

Now the main result of this section is an immediate consequence of Lemma 4.3 and the fact that the
spatial L* norm of c¢ is nonincreasing with time.

Corollary 4.4 We have

e )o@y — 0 as t — oo. (4.12)
PROOF.  As a consequence of Lemma 4.3, we must have liminf; , [|c(:,t)|| Lo () = 0. Combined
with the monotonicity of ¢ + ||c(:,t)|| () as asserted by Lemma 2.1, this implies (4.12). O

5 L? bounds and a weak stabilization result for n

According to the above result, we now know that ¢(z,t) may be assumed arbitrarily small on choosing
t suitably large. In particular, for arbitrary p > 1 and § > 0 the functional

P
a0 —c(x,t)
is well-defined and positive for sufficiently large t. Pursuing the time evolution thereof will yield the fol-

lowing result which, via (5.2), includes a first indication that n(-, ¢) will become spatially homogeneous
as t — oo.

Lemma 5.1 Let p > 2. Then there exists C > 0 such that
/ nP(z,t)dr < C forallt>1, (5.1)
Q

and moreover we have

/100 /Q(n + 1P Vn|? < 0. (5.2)

PROOF. We clearly may assume that p > 2. Then 1% < 8, so that it is possible to fix § €
(0, [leol| oo (02)) small enough satisfying

pC10 < 2 (5.3)
and 4
p(p — 1)C262 + prl <8, (5.4)
where C] := HXHLOO((O,CQ)) with Cy := HC()HLoo(Q).
Now thanks to Corollary 4.4, we know that there exists some large tg > 1 with the property that
) :
c< B in Q x (tg,00). (5.5)

17



Then (n(;tlc)p is well-defined and smooth in Q x [tg,00), and hence for t > ¢y we may use (1.1) to
compute

n n -1

_'_/Q((;Lfi))s.{Ac_nf(c)—u-Vc} for all t > tg. (5.6)

Here several integrations by parts yield

1)r—1 1)P—2 1)r—1
p [V pnm ) [P e [ g v
Q Q Q

d—c d—c (6 —c)
and
n p—l1 n(n p—2 n(n p—l
—p/Q ((;I__l)cv ~(nx(c)Ve) =p(p—1) /Q (;__12X(C)V” : VC‘FP/Q (((;tlc))QX(c)’vc|2
as well as

(n+1)p, (n+1)P~1 (n+1)P
/9(5_0)2A0——p/ﬂ(5_c)2 Vn-Vc—2/Q(5_C)3\V02

for t > tg. By incompressibility, the integrals involving u cancel each other: Indeed, since V- u = 0
and ulgq = 0, for all ¢ > ¢, we have

(n+1)P~1 _/ 1 p__/ ) 1 __/(n+1)p
p/Q(s_C u-Vn = 95_cu V(in+1)F = Q(n—i—l)u V(s_c— Q(é—c)Qu Ve.

As moreover f > 0, from (5.6) we all in all obtain

n p n p=2
CLEEE < -y [ O o

dt q 0—c d—c
» 2 px(c) n
_/Q("“) ‘{(5—0)3_(5—@2‘n+1}'|vc|2
p—1 [Plp—1x(c) n 2p
+/Q(n+1) 1.{ — .n+1—(5_c)2}-(vn.vc) (5.7)

for all ¢ > ty. According to (5.3), the summand containing |Ve|? is nonpositive, because

(6= nt1 _px(c)-(6—¢c) n _pCid
2_ 2 n+l1= 2

<1 in Q x (to, 00).

We therefore may invoke Young’s inequality to estimate

- 1)x(c n 2
/{2(n+1)p1 , {p(pé)CX( ) . il 7pc)2} (Vn - Ve)

: /Q(”+1>p‘{<52c)3_<§X(?>2’n11}'|V0‘2

+/(n + 1)P"2h(n, c)|Vn|? for all t > tg (5.8)
Q

18



with

{P(P—l)x(@,i Cop }2
=&l (-9
_n_

h(n,§) := forn > 0 and £ € [0,9).

4 { e n+1}

By straightforward rearrangements, we obtain

hng) PO —XE) - (0— 9% Gl —4px(©) - (- 8) - 7 + 2
=T N GRCEE
=: Z;EZ:S for all n > 0 and & € [0,9), (5.9)

where since 0 < C we can use that x < C on [0,0) to estimate
M €) — ha(n€) = plp— D3 (G- —L 1 g
1\n, 2{"n, - (77+1)2 p—l

4
< p(p—1)01252+7p1—8 for all n > 0 and & € [0,9).

Therefore, our restriction (5.4) on J, asserting that C3 := 8 — p(p — 1)C?6% — 4%’ is positive, along
with the observation that

ha(n,c) > Cy:=8 —4pC16 >0 in Q x (tp, 00)

by (5.3), shows that 29 < 1 _ 5 in Q x (t9, 00) wih C5 := €& > 0. Together with (5.7)-(5.9), this
ha(n,c) Cy
implies that

d (n+1) 9
— fi Nt>t
@i )o 5-e = 1)C5 - / |V | or all t > tg

and hence, upon a time integration over (tg,t), that

p
/(n—l—l) (x, t)d z +p(p _105// (n+1)P ]Vn\QSC(s :_/dew for all t > t,.
o 0—c(z) o o 0—c(z )

This clearly entails that

t 0Cs
nP(x,t)dz< 6Cg and //n+1p2Vn2§ forall t > ¢
/g (1) ‘ o Q( vl p(p—1)Cs ’

and thereby proves both (5.1) and (5.2), because n is bounded and smooth in Q x [1,]. O
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6 Decay of u

We are now prepared to prove the claimed asymptotic behavior of u, which will be accomplished in
Lemma 6.3. As a preparatory step, we apply the decay information (5.2) to the energy identity for u
to derive decay of u(-,t) with respect to the norm in L?(£2) in the first instance.

Lemma 6.1 We have
u(-, )|l L2 — 0 as t — oo (6.1)

/100/9 |Vu|? < oo. (6.2)

PrROOF.  We once more test the third equation in (1.1) by u to obtain

zdt/’ ? + /yvu|2 /an).u for all ¢ > 0, (6.3)

but now unlike in Lemma 3.1 in the latter term we first integrate by parts before estimating, because
our goal is to use the decay property of Vn contained in (5.2). More precisely, since V - u = 0 and

and

u|pa = 0 we have
/an%uz—/qbu-Vn for all £ > 0,
Q Q
and taking C7 > 0 from the Poincaré inequality ensuring
/ luf? < 01/ Vu?  for all t > 0, (6.4)
Q Q
we use Young’s inequalty to estimate

/(bu Vn_QC’ /u\z—i—Cg/\VnF for all ¢t > 0

. ClH¢||2<x>
with 02 = 7; @) .

Then using (6.4) we infer from (6.3) that

2dt/| 24 /Q|Vu|2§02/Q|Vn|2 for all ¢ > 0, (6.5)

which upon integration over (1,t¢), ¢ > 1, implies that

I 1 >
/ / |Vul? < / |u(z, 1)|*dx + Cg/ / |Vn|? for all t > 1.
21 Ja 2 Ja 1 Ja

Since an application of Lemma 5.1 to p := 2 gives

/100/9 V2 < oo, (6.6)
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this proves (6.2).
To see (6.1), we further estimate the dissipative term in (6.5), again using (6.4), to see that y(t) :=
Jo lu(z, t)|?dz, t > 0, satisfies

y'(t) < —Csy(t) + h(t)  forallt >0
with C3 := C% and h(t) := 203 [, |Vn(z,t)[*dz,t > 0. Integrating this yields

t
y(t) < e =Dy 1) 4+ / e~ BU=n(s)ds  for all ¢t > 1.
1

Since here for t > 2 we can split

¢ t t
/ efcg(tfs)h(s)ds _ /2 ech(tfs)h(S)ds + / 6*03("/*3)}1(8)038
1 1 3

2

Cyt oo 00
e 2 / h(s)ds—i—/ h(s)ds,
1 t

2

IA
|
|

the fact that [ h(s)ds < co asserted by (6.6) guarantees that y(t) — 0 as ¢t — oo, as desired. O

A standard bootstrap procedure, again based on Lemma 5.1, asserts that since the spatial dimension
is two, w is actually more regular than guaranteed by Lemma 6.1.

Lemma 6.2 There exists C > 0 such that

/ \Vu(z,t)*dz < C for allt > 1. (6.7)
Q

PROOF.  We let A denote the Stokes operator in L2(2) with domain D(A) = W?22(Q2) N W01’2(Q) N
L2(€). Then it is well-known that [ AC) | 22(q) defines a norm equivalent to || - [[yy2.2(qy on D(A) ([12]).
Therefore the Gagliardo-Nirenberg inequality yields C7 > 0 and C5 > 0 such that

1 3
el < CallAgl o lpl oy for all p € D(4) (6.8)

and s )
196l a0 < CallAgl ooy lolfag  for all ¢ € D(A). (6.9)

We then pick § > 0 small enough fulfilling
1
0102‘,‘%’(5 < 5 (6.10)
and finally choose tg > 0 large enough such that

[u(-, )12y <6 forall t > to, (6.11)

which is possible due to Lemma 6.1.
We now apply the Helmholtz projection P in L2(f2) to the third equation in (1.1), multiply the
resulting identity by Awu and integrate over € to find

1d/ |A%u|2 +/ |Au|? = n/ (Pu-V)-Au+ / (PnVo) - Au for all t > 0, (6.12)
2dt Jo Q Q Q
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where we have made use of the identity [, ¢ - Ap = [, 1Az 2 = Jo IV@|? for ¢ € D(A). In order to
estimate the convective term in (6.12) following a standard argument, we use the Holder inequality as
well as (6.8), (6.9), (6.11) and (6.10) to estimate

R/Q(PMV)-AU <[5l lullpae) - VUl - 1Aull 2 ()

1 3 3 1
< x| Cl||AU||i2(Q)||U”E2(Q) 'C2||Au”i2(g)”u‘|iz(g) ' ||AU||L2(Q)
< |K|C1Co|| Aull72 gy llull 220

< SlAuldaq  forallt >0

As to the last term in (6.12), we invoke Young’s inequality to estimate

1
/(in)-Aug 2/ |Au2+C'3/n2
Q Q Q

IVelZ o0 ) :
——5—=, whence (6.12) altogether yields

with Cg = 2

d
dt/ Vul? < 203/ n®  for all t > t,. (6.13)
Q Q

Now since Lemma 6.1 in particular implies that for some C4 > 0 we have fkk + fQ ]Vu\2 < Oy for all
k € N, given any such k we can pick ¢ € (k,k + 1) such that [, [Vu(z,t;)|*dz < Cy. As furthermore
Jo n?(x,t)dr < Cs for all t > 1 with some C5 > 0 by Lemma 5.1, we may integrate (6.13) with respect

to t to obtain
t
/|Vu(:r,t)2dx < /\vu(.,tk)y2dx+203/ /n2
Q Q i JO

< (g :=Cy+4C5C5 for all ¢ € (tk,tk + 2),

provided that k > tg. Since (tx,tx +2) D [k + 1,k + 2|, this entails that

sup / \Vu(z,t)|*dz < Cg for all k >t
te[k+1,k+2] JQ

and hence clearly proves (6.7). O

We can now use the regularity information of u and n gained above in order to establish uniform decay
of u by means of a variation-of-constants representation of w.

Lemma 6.3 The solution component u is bounded in 2 x (0,00) and satisfies
u(-, )| oo () = 0 as t — oo. (6.14)
PrOOF.  We claim that for all r € [2,00) we have

sup [[u(-, 1) [[wir ) < oo (6.15)
t>2
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Since W1 (Q) is compactly embedded in L>(Q2) for any such r, in combination with the decay
property (6.1) and a straightforward interpolation argument this will prove (6.14), while since clearly
u is bounded in © x (0,2), (6.15) will also imply global pointwise boundedness of u.

To verify (6.15), we first pick o € (0,1) such that « > 1— 1. Then a — 3 + 1 > 1, so that we can fix
p € (1,2) close enough to 2 such that still

1 1.1
a—s+->-

. .16
2 r p (6 )

We now consider the Stokes operator A in LL(Q) := {p € LP() | V- =0 in D'(Q)}, with domain
D(A) = W2P(Q) N W, P(2) N LA (Q). Then the choices in (6.16) ensure that the domain D(A®) of the
fractional power A® satisfies D(A®) < WL (Q) ([11, p.201], [13, p.77]), so that there exists C; > 0
such that

lellwir) < CillA%pllLe)  for all ¢ € D(AY). (6.17)

We next rewrite the third equation in (1.1) in the form
u = Au+ VP + h(z,t), xeQ, t>0, (6.18)
where h := hy + hy with hy := —k(u - V)u and he := nV¢. By Lemma 5.1, for some Cy > 0 we have
[h2(- )| Lr(o) < C2 for all t > 1, (6.19)
whereas using the Holder inequality with exponents % > 1 and % we obtain from Lemma 6.2 that

[Pa( D)oy < Ikl ||U(wt)||L%(Q) Va1l 2oy
< Cs forallt > 1 (6.20)

2
with some C3 > 0, because W1H2(2) — Lﬁ(Q)
Now the variation-of-constants formula associated with (6.18) represents u according to

t
u(-,t) = e ERAY( k) —i—/ e~ =)APR(., 5)ds, t >k,
k

where e7*4 and P denote the semigroup generated by A and the Helmholtz projection in LP(Q),
respectively, and k > 1 is an arbitrary integer. Here we apply A% to both sides and recall the well-
known smoothing estimate

1A%~ Al o) < Cat™ll@llia)  for all p € LE(9),

valid for all ¢ > 0 and some Cy > 0 ([11], [9]). Since P is a bounded operator from LP(Q) to L5(Q),
we thereupon obtain

t
[A%u(, )| rp) < Calt — k) Jul-, k)| o) + 04/19 (t =) h(8)Lryds  for all £ > k.
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As clearly C5 := sup;sq [|u(:, 1) rr() is finite due to Lemma 6.1 and the fact that p < 2, by (6.19)
and (6.20) we have

t

HAau(-,t)”Lp(Q) < CuCs(t— k) + Cy(Cy + Cg)/ (t—s) “ds
k
l1-a

< C4C5+C4(CQ+03)' 12 for all t € [k+1,k+2].

Since k > 1 was arbitrary, in view of (6.17) this establishes (6.15) and hence completes the proof. [

As an appendix to this section, we finally exploit the boundedness statement contained in the above
lemma in order to derive a regularity property for ¢ which goes beyond those in Lemma 2.1 and Lemma
4.1.

Lemma 6.4 For all r € (2,00) there exists C > 0 such that
/ |[Ve(x, t)|"de < C for all t > 2. (6.21)
Q

PrROOF.  We write the second PDE in (1.1) in the form
¢t = Ac—c+ h(z,t), reQ, t>0, (6.22)

with h := hy + hg + hg, where hy := ¢, hy := —nf(c) and hg := —u - Ve. Then Lemma 5.1 and (2.3)
guarantee that

hi(-t)||r2q) < Cp forallt >0 and ho(-,t)||r2¢q) < Co forallt > 1, 6.23
) )
while Lemma 6.3 together with Lemma 3.6 assert that
[hs(- )l L2() < Cs forall t > 1 (6.24)

with positive constants Cy,Cy and Cs.
We now let B denote the realization of —A +1 in L2(Q) subject to homogeneous Neumann boundary
conditions, and then obtain from (6.22) that for each integer k > 1 we have

t
() = e=Be(e k) + / e 9BR( ds, ¢ >k (6.25)
k

Next, given r € (2,00) we pick some 5 € (%, 1) fulfilling 8 > 1 — %, which guarantees that D(B?) <
Whr(Q) ([13], [9]), and hence there exists Cy > 0 such that
IVellLr@) < CallB¢llr2)  for all p € D(B?).

Since moreover HBﬁe_thoHLz(Q) < C5t_5H<p||L2(Q) for all ¢ € L%(Q) with some C5 > 0, applying B”
to both sides of (6.25) and using (6.23) and (6.24) we obtain

IVe(, )l < CallB%e( )l 120
t
< CuCs(t — k) Plle(, k) r2 o +c4c5/ (t—s)"P(C1 4+ Cy+C3)ds  forallt > k.
k

In view of (2.3) and the fact that 8 < 1, this shows that for some Cg > 0 we have ||Ve(-,t)| - ) < Cs
for any t € [k + 1,k + 2] and each k£ > 1. O
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7 Boundedness of n

According to Lemma 6.3 and Lemma 6.4, the nonlinearities in the first equation in (1.1) are bounded
in L®((2,00); (W1P(Q))*) for any finite p. In a straightforward manner this can be turned into the
following.

Lemma 7.1 There exists C > 0 such that
[n(, )|l L) < C for all t > 0. (7.1)
Moreover,
(n(-,t))¢>3 is relatively compact in C°(Q). (7.2)
PROOF. By the first equation in (1.1) and the fact that V - u = 0, we have

ny = An —n+ hi(x,t) — V- (ha(x,t) + hs(z,t)), x e, t>0, (7.3)

with hy :=n, he := nx(c)Ve and hs := un. Fixing any p > 2, from Lemma 5.1 we obtain C; > 0 such
that
th(',t)HLp(Q) < Cl for all ¢t > 2, (74)

and Lemma 5.1, (2.3) and Lemma 6.4 yield Cy > 0 satisfying
[h2( )l r (@) < Ca for all t > 2, (7.5)
while Lemma 6.3 along with Lemma 5.1 provides Cs > 0 fulfilling

A3 )l r o) < C3 for all ¢ > 2. (7.6)

t t
n(-,t) =e B k) +/ e =9Bh (., s)ds —/ e~ IBY . (hy(-,s) + ha(-,s))ds  forall t > k,
k k

(7.7)
where k € {2,3,4, ...} and, similar to the proof of Lemma 6.4, B represents the sectorial extension of
—A+1in LP(Q) under homogeneous Neumann data. Then since p > 2, we may first choose 3 € (0, 3)
fulfilling g > % and then 6 > 0 small satisfying § < 23 — 227’ so that D(B®) — C?(Q) ([13], [9]) and
hence

lelloo(qy < Call B¢y for all ¢ € D(BP) (7.8)

with some C4 > 0. Since furthermore there exist C5 > 0 and Cg > 0 such that for all ¢ € LP(Q) we
have
1B Pl o) < Cst Pll¢llir@ — forallt >0 (7.9)

and
IBP e~V - ol ooy < CGt_%_BHSOHLP(Q) for all t >0 (7.10)
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(cf. [32, Lemma 1.3]), from (7.7) and (7.4)-(7.6) we infer that for any such &,
t
IB°n(, )o@ < Cs(t—k)Pln(, k)| oo +C'5/k (t—s)""-Cuds
t
+C’6/ (t— 3)7%7’8 - (Cy + C3)ds for all t > k.
k
Thanks to the fact that 3 + 8 < 1, in view of Lemma 5.1 and (7.8) this entails that with some C7 > 0
we have
[n( )l coy < Cr for all t > 3.

By means of the Arzela-Ascoli theorem we thereby infer that (7.2) holds, whereupon (7.1) results from
this and the observation that n clearly is bounded in  x (0, 3). O

8 Convergence of n

We finally need to make sure that n(-,t) stabilizes toward the constant 7y as t — oco. Here Lemma
5.1 provides a first step by implying that floo Jo |Vn|? is finite, and that hence Vn(-,t;) — 0 in L?(Q)
along a suitable sequence of numbers ¢, — co. In order to conclude convergence along the entire net
t — o0, let us derive a certain, though rather weak, decay property of ny.

Lemma 8.1 We have

/1 726 (-, )| T2 gy it < 0. (8.1)

PROOF. We fix t > 1 and let ¢ € W12(Q) be given. Then multiplying the first equation in (1.1) by
 and integrating by parts over {2 we obtain

/Qnt(x,t)w(m)d:r = /Q (— Vn + nx(c)Vc) -V — / (u-Vn)p

Q

IN

(anHL2(Q) + HnX(C)VC”m(Q)) (IVellzz) + llw-VnllL2@) - lellz2@)
by the Cauchy-Schwarz inequality. Since ¢ was arbitrary, this implies that
[t (-, Ol w2y < Va2 + Inx(©)Vellpz) + lu- Vnllpeq)  forallt >1

and hence

T T
I ) Piapedt < Cred [ 1900820y dt
1 1
2 2 T 2
2 e .00y X oo - / [Ve(e, )2 gt

T
+||u||%°°(§2><(1,oo)) /1 ||Vn('>t)||%2(§z)dt} for all 7" > 1
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with some C7 > 0. Since n,c and u are bounded in 2 x (1, 00) by Lemma 7.1, (2.3) and Lemma 6.3,
the convergence of the integrals [~ [ |Vn|? and [ [, |Vc|? asserted by Lemma 5.1 and Lemma 4.1
yields the claim. O

Based on the above, a variant of a standard argument ([1]) now allows us to conclude that n stabilizes
in the claimed sense.

Lemma 8.2 We have
(-, t) — Mol oo (@) — O as t — 0o, (8.2)

where g = |—§12| fQ ng.

PROOF.  Since (n(-,t))¢>3 is relatively compact in C°(Q) by Lemma 7.1, according to a standard
reasoning in order to prove (8.2) we only need to make sure that ng is the sole element of the corre-
sponding w-limit set on n; that is, we need to show that whenever (tz)zen C (3,00) and ns € CO(€)
are such that ¢, — oo and n(-, ;) — ne in C°(Q) as k — 0o, we necessarily have n., = np.

To see this, given any such (¢;)ren and neo, we introduce

ng(z,s) :=n(z, t + s), reQ, se€(0,1), keN.

Then letting C7 > 0 denote a Poincaré constant satisfying

H 1 / ‘
2 @
12| Jo

recalling Lemma 5.1 and (2.1) we see that

2
2 1,2
2@) < C1l[Velli2 for all p € WH(Q),

tp+1
g — noH%%QX(O,l)) = / / In(z,t) — 7g|*dedt
tr Q
trp+1
< / / V(e ) 2dedt
tr Q
— 0 as k — oo. (8.3)

On the other hand, writing Neo(z, s) := ne(x) for (x,s) € Q x (0,1), we can estimate

tr+1
Ik — ﬁoo”%?((o;);(wh?(g))*) = /t In(-t) = nOOH%leQ(Q))*dt
k

tp+1 )
< 2 [T ) = ) By

tg

trp+1 )
+2/t In(-,tx) — nooH(W1,2(Q))*dt
k

= Ii(k)+ I2(k) for all k € N,
where clearly

12(k) = 2””(71;16) - noo”?wlz(g))* — 0 as k — oo
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due to our hypothesis on n(-,#;) and the fact that C°(Q) < (W12(Q))*. As for I(k), we invoke
Lemma 8.1 and apply the Cauchy-Schwarz inequality to infer that

2

t+1 t
Li(k) = 2/ /nt(‘,s)ds dt
t t (Wh2(Q))*

th+1 t
< 2/ ( |7 (-, 5)||%W1,2(Q))*d8> (t —t)dt
tr

tr
< 2 / e, )]sy s
k
—- 0 as k — oo,

because ¢, — oo as k — oo and [* Hnt(-,t)H(QWl,g(Q))*dt is finite according to Lemma 8.1. Conse-

quently, [[ng — ficol|L2((0,1);w12(Q))*) — 0 as k — oo, which combined with (8.3) implies that 7. =g
in 2 x (0,1) and hence indeed n, = 7y throughout Q. O

9

Proof of Theorem 1.1

PROOF of Theorem 1.1.  We only need to collect Lemma 8.2, Corollary 4.4 and Lemma 6.3. O
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