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Abstract

We consider nonnegative solutions of the Neumann initial-boundary value problem for the chemotaxis-
growth system
Up = EUgy — (UVg) + U — pu?, re, t>0, *)
*
0=y —v+u, e, t>0,

in Q:=(0,L) CR with L >0, > 0,7 >0 and p > 0, along with the corresponding limit problem
formally obtained upon taking € 0.

For the latter hyperbolic-elliptic problem, we establish results on local existence and uniqueness
within an appropriate generalized solution concept. In this context we shall moreover derive an
extensibility criterion involving the norm of u(-,t) in L>°(Q2). This will enable us to conclude that
in this case € =0,

e if ;4 > 1, then all solutions emanating from sufficiently regular initial data are global in time,
whereas

e if 4 < 1, then some solutions blow up in finite time.

The latter will reveal that the original parabolic-elliptic problem (%), though known to possess no
such exploding solutions, exhibits the following property of dynamical structure generation: Given
any p € (0,1) one can find smooth bounded initial data with the property that for each prescribed
number M > 0 the solution of () will attain values above M at some time, provided that ¢ is
sufficiently small. In particular, this means that the associated carrying capacity given by ﬁ can
be exceeded during evolution to an arbitrary extent.

We finally present some numerical simulations which illustrate this type of solution behavior, and
which moreover inter alia indicate that achieving large population densities is a transient dynamical
phenomenon occuring at intermediate time scales only.
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1 Introduction
We consider the parabolic-elliptic evolution problem

Uy = EUgy — (W0 )z + U — pu?, zeQ, t>0,
0=1vg —v+u, e, t>0,

ug(z,t) = vy(z,t) =0, x eI, t>0,

u(z,0) = up(x), x €,

(1.1)

in the bounded interval Q = (0, L) C R with parameters L > 0, > 0,7 > 0 and g > 0, and a given
nonnegative function ug.

Being a particular variant of the celebrated Keller-Segel system ([19]), (1.1) is used in mathematical
biology to describe the collective behavior of cell populations, with density denoted by wu(zx,t), in
which the individual cells not only proliferate according to a logistic law and diffuse randomly, but
also partially direct their movement toward increasing concentrations v(z,t) of a chemical signal pro-
duced by themselves. This mechanism, also referred to as chemotaxis, is known to play an important
role in many biological situations, ranging from the paradigmatic process of slime mold formation in
Dictyostelium Discoideum ([19]) over pattern formation in colonies of Salmonella typhimurium ([45]),
to invasion of tumor cells into healthy tissue ([5]), and also to self-organization during embryonic
development ([33]). Accordingly, Keller-Segel-type systems form a natural core of numerous more
complex PDE systems arising in the macroscopic modeling of such processes (cf. also the survey [16]
for a broader overview).

Challenges originating from chemotactic cross-diffusion. As compared to other second-
order evolution systems of dissipative type, already the simple problem (1.1) is far from being fully
understood; the destabilizing potential of the cross-diffusive term in (1.1) has only partially been
described by rigorous analysis so far. After all, some results reveal the striking phenomenon of spon-
taneous formation of singularities in some related Keller-Segel systems, thus reflecting the formation
of cell aggregates in a mathematically rather extreme flavor: It is known, for instance, that in higher-
dimensional analogues of (1.1) when there is no cell kinetics, that is, when » = p = 0, blow-up of
solutions may occur in the sense that the spatial norm of u in L*(€2) becomes unbounded either in
finite or in infinite time (see [18], [25], [2] for parabolic-elliptic and [15], [23] and [43] for fully parabolic
cases). When nonlinear variants of diffusion and cross-diffusion are considered, according to refined
modeling approaches e.g. accounting for volume-filling effects ([31]), further results detect such un-
bounded solutions inter alia even in some spatially one-dimensional situations (see [8], [10] and [44]
for parabolic-elliptic and [7], [9] and [41] for parabolic-parabolic systems).

In many applications, blow-up phenomena do not appropriately reflect the respective experimentally
observable behavior; even in cases where cell aggregation occurs it is not completely clear whether
adequate models should enforce the emergence of locally infinite cell densities, or rather yield stabi-
lization toward nonconstant equilibria (cf. the discussions in [17] and in [16, Sect. 2.1], for instance).
Accordingly, considerable efforts are undertaken in order to develop models in which explosions are
precluded. Such variants focus e.g. on weakening of cross-diffusion due to saturation effects ([31], [30],
[46]), on enhancing diffusion in densely populated regions ([11]), on inhibition of signal production at
large cell densities due to quorum-sensing ([21]), or also on additional cross-diffusive mechanisms in



the evolution of the chemical ([4]). Cell proliferation terms of logistic type, such as contained in (1.1)
when r > 0 and g > 0, form the possibly simplest among such blow-up preventing model elements:
Indeed, cell division and death usually become relevant when sufficiently large time scales are involved,
and accordingly such cell kinetics are included in many corresponding models, e.g. for tumor invasion

(5] [36], [22]).

In fact, the presence of such logistic terms, and in particular of the quadratic absorption term —pu?,
is sufficient to suppress any blow-up in many relevant situations: In the multi-dimensional analogue
of (1.1) in bounded domains 2 C R™ n > 1, for instance, it is known that if either n < 2 and p > 0
is arbitrary, or alternatively n > 3 and u > an? then for all suitably regular inital data ug, global
classical solutions exist whih remain uniformly bounded for all times. This is explicitly contained in
[37] for the prototypical choice € = 1, but can easily be seen to extend to actually any choice of € > 0.
For corresponding results in fully parabolic versions thereof, we refer to [29] and [27] in the case n = 2
and to [39] for n > 3. Even weaker death effects, represented by subquadratic absorption terms of the
form —pu® with a € (1,2), can ensure the global existence of solutions at least in a certain generalized
sense; for instance, such solutions can be constructed whenever a > 2 — 1 ([42], cf. also [26]).

Main results: Exceeding carrying capacities. The latter boundedness results are all in
good accordance with the biological concept of carrying capacity. In fact, in the associated ODE
w; = ru — pu? all positive solutions approach this carrying capacity u. := ﬁ in the large time limit,

and moreover they are uniformly bounded according to
u < max {Ho,uc} (1.2)

for all times, where uy denotes an upper bound for the initial data. By maximum principle arguments,
the same can be derived when diffusion is involved such as in u; = eAu+ru—pu?, € > 0, complemented
with homogeneous Neumann boundary conditions in bounded domains 2 C R"™,n > 1, meaning that
also in this case the carrying capacity cannot be substantially exceeded during evolution.

The purpose of the present paper is to investigate in how far chemotactic cross-diffusion can affect
this property. It is known that spatially inhomogeneous steady states of (1.1) in its n-dimensional
counterpart exist for generic choices of the parameters ensuring dominance of cross-diffusion, e.g. for
small positive values of » = p = € not lying in an exceptional countable set ([20], [37]). Of course,
it is evident that at any of these nonconstant equilibria, the cell density must lie above the carrying
capacity near its maximum. Due to a lack of knowledge on the global dynamics in (1.1), however, this
does not clarify whether such excesses are artificial in the sense that they must be present already
initially to their full extent, possibly still limited according to (1.2).

The first of our main results asserts that going beyond carrying capacities actually is a genuinely
dynamical feature of (1.1) when p < 1 and diffusion is sufficiently weak. In fact, for such u chemotactic
cross-diffusion can enforce the spontaneous emergence of arbitrarily large population densities if € is
suitably small, even in the simple one-dimensional model (1.1):

Theorem 1.1 Letr > 0 and p € (0,1). Then for all p > ﬁ there exists C(p) > 0 satisfying the
following: Whenever q¢ > 1 and ug € WH4(Q2) is nonnegative and such that

1 r
ol zo(ey > Cv) - max{,m [ . M} 3)
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there exists T > 0 such that to each M > 0 there corresponds some eo(M) > 0 with the property
that for any € € (0,e9(M)) one can find t- € (0,T) and x. € Q such that the solution (u,v) of (1.1)
satisfies

u(ze, te) > M. (1.4)

Let us emphasize that here the hypothesis (1.3) does neither involve ¢ nor M. Accordingly, the above
statement says that the first solution component u can exceed both the carrying capacity u. and its
initial upper bound |uo|[z(q) to an arbitrary extent. Theorem 1.1 may therefore be understood as
a first step toward a more comprehensive qualitative understanding of the evolution in chemotaxis-
growth systems, going beyond the basic knowledge of boundedness of solutions ([37]) and the existence
of global attractors ([12], [27], [1]), complementing results on the occurrence of wave-like solution
behavior as in the standard Fisher-KPP equation with diffusion ([24]), and rigorously capturing at
least part of the rich variety of impressive dynamical properties which numerical experiments indicate
to exist ([32]).

Blow-up in a hyperbolic-elliptic limit problem. In the course of our analysis we shall consider
(1.1) along with the associated hyperbolic-elliptic problem
up = —(uvg) e + ru — pu?, e, t>0,
0=1vg — v+ u, reQ, t>0,
vg(x,t) =0, e i, t>0,
u(z,0) = up(z), x € ),

(1.5)

formally obtained in the limit € \, 0. This system, by the nature of its naive derivation, clearly is
entirely different from classical hyperbolic chemotaxis models resulting upon stochastic consideration
of microscopic run-and-tumble processes. Whereas problems of the latter type have been widely
studied ([34], [3]), the only result we are aware of which addresses a Keller-Segel system in the limit of
vanishing cell diffusion is contained in [35] where, inter alia, for the two-dimensional variant of (1.5)
with r = u = 0 a generalized global solvability statement is derived in the framework of measure-valued
solutions (cf. also [13]). Beyond this, however, systems of type (1.5), especially when accounting for
dampening effects stemming from cell kinetics, seem to lack any rigorous analysis in the literature.

Accordingly, we first need to make sure that (1.5) is locally well-posed in the following sense.
Theorem 1.2 Let r > 0 and p > 0, and suppose that for some q > 1, ug € WH4(Q) is nonnegative.
Then there exist Tpax € (0,00] and a uniquely determined pair (u,v) of functions

u € COUQ X [0, Traz)) N LS([0, Trnaz); WH(Q)) and

RS 02’0(9 X [Ovaax))v

which form a strong Wl4-solution of (1.5) in Q x (0, Tjnaz) in the sense of Definition 4.1 below, and
which are such that

either Tipae = 00,  or  limsup [lu(-, )|z () = 0. (1.6)
t/(Tmaz
By means of the extensibility criterion (1.6) and appropriate a priori estimates, we shall see that when
the absorptive effect of the cell kinetic term in (1.5) is adequately large in the sense that p > 1, then
all the above solutions are in fact global in time.



Proposition 1.3 Let r > 0 and u > 1. Then for each nonnegative ug belonging to WH4(2) for some
q > 1, the problem (1.5) possesses a unique global strong W9-solution (u,v). Furthermore, if either
w>1 or(r,u) =(0,1), then both u and v are bounded in Q@ x (0,00).

However, if © < 1 then finite-time blow-up occurs in (1.5) for all suitably large initial data.

Theorem 1.4 Let v > 0 and p € (0,1). Then for all p > ﬁ one can find C(p) > 0 with the
following property: Whenever ¢ > 1 and ug € WH4(Q) is nonnegative and such that

1 T
HuoHLp(Q) > C(p).max{m/guo, M}, (1.7)

the strong Whl4-solution (u,v) of (1.5) blows up in finite time; that is, in Theorem 1.2 we have
Tnar < 00 and

limsup (-, )| oo () = 0. (1.8)

t " Tmax
Organization of the paper. After a short preliminary section collecting basic properties of solu-
tions to the second equation in (1.5) and (1.1), in Section 3 we shall derive a series of estimates for
solutions of (1.1). These will on the one hand enable us to rediscover global solvability of (1.1) as a
by-product, and on the other hand form the starting point for our analysis of (1.5). In particular, the
extensibility criterion (1.6) will be prepared by a key gradient estimate provided by Corollary 3.6, the
derivation of which essentially makes use of the spatially one-dimensional framework. In Section 4 we
then introduce the concept of strong W!l4-solutions of (1.5) and first prove a corresponding unique-
ness statement for solutions within this class (Lemma 4.2). Combined with appropriate compactness
arguments, in Section 4.4 this will allow for the important conclusion that actually along the entire
net € \, 0, solutions of (1.1) approach such a solution locally in time (Lemma 4.5). Together with an
extensibility argument, this will complete the proof of Theorem 1.2, from which by a simple compari-
son argument in Section 4.5 we will firstly obtain the global existence result for ¢ > 1 in Proposition
1.3. Secondly, in Section 4.6 a suitable testing procedure will enable us to track the time evolution of
the functional [, u”(-,t) for such generalized solutions of (1.5), and to derive an integral version of a
Ricatti-like ODI for the latter. A corresponding Grgnwall-type argument will thereupon lead to the
blow-up assertion in Theorem 1.4, from which our main result, Theorem 1.1, can finally be deduced
by a continuous dependence argument in Section 5.
In Section 6 we finally illustrate and supplement our results by presenting some numerical simulations.
These will inter alia indicate that the above phenomenon of achieving large population densities is
transient in the sense that it occurs at intermediate time scales only.

2 Preliminaries: Some estimates for v

For later reference, let us briefly collect some elementary properties of the solution v € C2(Q) of the
elliptic problem

—VUgg +V = U, x €,
{ o (2.1)

vy =0, x € 09,

for a given function u € C°(Q). As we intend to apply our results also to possibly sign-changing
inhomogeneities in our uniqueness proof in Lemma 4.2, we do not require u to be nonnegative here.



Lemma 2.1 Let u € C°(2). Then the solution v of (2.1) satisfies

inf u(z) < v <supu(zx) in Q (2.2)
z€Q) zeQ
and
[0llLo@) < llullr@) — for all p € [1,00] (2.3)
as well as
vzl e (@) < 2l|ullL1q)- (2.4)

If moreover u is nonnegative, then so is v and

vzl e () < llullpr(e)- (2.5)

PrOOF.  Both inequalities in (2.2) are direct consequences of the elliptic maximum principle. To
verify (2.3), we first consider the case p € (1,00), in which we test (2.1) by v(v2+n)2 ! for n > 0 to
find that

L (=10t +n) @ e mied+ [ R eni = [ttt < [l ol 02 4

for all n > 0. Here we may drop the first nonnegative term on the left and invoke the monotone
convergence theorem in taking n \, 0 to obtain

/Qvlpé/glul-lmp—1 < (/Q|up>11’ . (/Q|U|p>ppl

by the Holder inequality. This proves (2.3) for all p € (1, 00), whereupon the cases p =1 and p = oo
can easily be covered by limit procedures. Since

vg(z) = /OI Ve (y)dy = /Ox v(y)dy — /Om u(y)dy for all x € Q (2.6)

due to the fact that v,(0) = 0, (2.4) immediately results from (2.3). Finally, if u > 0 then also v > 0
by (2.2), and therefore (2.6) readily implies (2.5). O

In our blow-up proof in Lemma 4.8 we shall also need the following variant of (2.3).

Lemma 2.2 Let p > 0. Then for all n > 0 there exists C(n,p) > 0 such that whenever u € C°(Q) is
nonnegative, the solution v of (2.1) satisfies

/vaJrl Sn/ﬂuﬁl—i—C’(n,p)(/ﬂu)pH. (2.7)

PrROOF.  We test (2.1) by vP and apply Young’s inequality to obtain

1
p/vplv%—i—/vpﬂ :/uvpﬁ /up+1+ p /,UP+1’
Q Q Q r+1Jg p+1Jq

so that in particular
2
A @71) < / up*l, (2.8)
p+1Jjq z Jo



Now since the embedding W12(Q)) — L2(f2) is compact, Ehrling’s lemma provides ¢; = ¢1(n,p) > 0
such that

4pn

2 2 2 1,2
10y < o elfagey +ellbl? - forall v € W2(@).

Since fQ v < fQ u by Lemma 2.1, applying this to ¢ := v"5 we thus obtain using (2.8) that

2 +1 +1
/vp+1§4?m/ (UPTH) +cl</u)p Sn/up+1+cl(/u)p ,
Q p+1Jg @ Q 0 Q

as claimed. O

3 Estimates for the parabolic-elliptic problem

3.1 Basic estimates and global existence

Let us start our analysis with a standard estimate.

Lemma 3.1 Let v > 0, > 0 and ug € C°(Q) be nonnegative, and suppose that (u,v) is a classical
solution of (1.1) in Q x (0,T) for some T >0 and € > 0. Then for each p > 1 we have

% uP + p(p — 1)5/ uP~2u? < pr/ w—(1-p+ ,up)/ uP for allt € (0,T). (3.1)
Q Q Q

PROOF.  We multiply the first equation in (1.1) by uP~! and integrate by parts to see that

v = - [

Q

ld
pdt Jq

up+(p—1)z-:/

P L, + r/ uP — u/ uPtl for all t € (0, 7).
Q Q Q

Since one more integration by parts along with the identity vy, = v — u shows that
-1 -1
(p — 1)/ WPy, — Y WP (v —u) < p/ uPt
Q P Ja P Ja
this readily implies (3.1). O
A comparison argument immediately yields the following.

Corollary 3.2 Letr > 0, > 0 and ug € C°(Q) be nonnegative, and suppose that (u,v) is a classical
solution of (1.1) in Q x (0,T) for some T >0 and € > 0. Then for all p > 1 with p < —~—, we have

(1—p)+”’
/Qup(-,t) <C  forallte(0,T) (3.2)
" o p+1 pr+1
/t /Qu < mc forallt € (0,7 —1) (3.3)



as well as .
1
(p — 1)5/ / w22 <20 foralte (0,7 1) (3.4)
t Q p

P
C := max /up, S L — Q}
{ Q! (1—p+up> _

PROOF.  On the right of (3.1), we use the Holder inequality to estimate

1 p+1
/up—i-l > ‘Q]_P(/up) P ’
Q Q

pt+1

d 1 21T
— upgrp/up—(l—p+up)|9| ;’(/up) P for all t € (0, 7).
dt Q Q Q

with

whence Lemma 3.1 shows that

An ODE comparison therefore yields (3.2), whereupon (3.3) and (3.4) easily result from an integration
of (3.1). O

As a particular consequence of the latter we obtain that all the problems (1.1) admit global classical
solutions for all nonnegative ug € C°(Q). Results of this type are essentially well-known and far from
surprising; indeed, in the one-dimensional setting solutions of (1.1) and also its parabolic counterpart
remain bounded even in the case r = y = 0 without the dampening logistic influence (see [6], [47] and
[37], for instance). For completeness, however, we include a basically self-contained proof here which,
unlike the literature we are aware of, precisely covers the precise the particular system considered
here.

Lemma 3.3 Letr > 0,1 > 0 and ug € C°(Q) be nonnegative. Then for all € > 0, the problem (1.1)
possesses a uniquely determined global classical solution (ue,ve) for which both u. and ve are bounded
in Q x (0,00).

PrROOF. By straightforward adaptation of standard arguments (see e.g. [10] and [39]) it is possible
to prove the existence of Tqqc € (0, 00] and a unique solution (u.,ve) of (1.1) in Q x (0, Tyngz.c) such
that
either Tyngze = 00, or limsup [[uc(:,t)|Loe () = 0o. (3.5)
t " Tmaz,e
In order to show that actually the former alternative must occur, we first apply Corollary 3.2 to find
c1 > 0 such that

/Q w(nt) er for all ¢ € (0, Tonges). (3.6)
We next use Young’s inequality to derive the pointwise estimate
(r+2)ue — ,uug <y = (7“1—;)2 in Q x (0, Thnaz,e),
so that
Uet < EUegy — (UeVeg )z + Co in Q x (0, Thnaz,e)- (3.7)



To derive an appropriate boundedness property from this and (3.6), let us fix an arbitrary « € (0, %)
and then choose ¢ > 2 such that 2o — % > (0 and

Lo on-1 (3.9)
— o — —. .
q 2

Then if A, denotes the realization of the sectorial operator —e(+),; + 1 under homogeneous Neumann
boundary conditions in L(2), the domain of its fractional power A% satisfies D(A%) — L>=(2) ([14]),
whence there exists c3(e) > 0 fulfilling

1Yl Lo (@) < es(@)|AZ|[Lagy  for all ¢ € D(AZ). (3.9)

Moreover, we recall ([40]) that with some c4(¢) > 0 and c5(e) > 0, the corresponding semigroup
(e774¢), > satisfies

le™™ s [ raey < ca@)r 2 2D Yy for all 7> 0 and 1 € CL() with ¢, = 0 on 92

(3.10)
and
HA?e_TAg/l]Z)HLq(Q) < es(e)7 Yl e for all 7 > 0 and ¥ € LY(Q), (3.11)
and that by the maximum principle,
He*TAsszLoo(Q) < \WHLoo(Q) for all > 0 and ¢ € CO(Q). (3.12)

Now according to (3.7) and another comparison argument, we have

xT

t
L A P I A CROT )

Leo(Q)

t
—i—’ / e~ (=) (At g
0

Leo(Q)

¢

P N (=) || g —(t-9)Ac [, (. .
< luollomqo +es(e) [ e aze O (a0 || as

t

+C5(€>Cl/ e (%) ds
0
' —(t—s)(t=s\—a—3—5(5—%)

< HU0||L<><>(Q)+03(€)C4(€)C5(€)/0 e (5% 7 22 lue(, s)vee (s 8)|l L2y ds

+es(e)er for all t € (0, Tnaz,e)- (3.13)
Since by (3.6), Lemma 2.1 and the Holder inequality we have

Jue (-, 8) v (- $)z2) < Mue(s, 8)ll2(q) - [[vex (s, 8) Lo (o)

1 1
< Hué‘(':s)”zw(g) : ”ua("is)Hzl(Q) : HUE:E('as)HLOO(Q)
1 3
< ||UE('75)||Z<>0(Q) ) ||ua("5)Hzl(Q)
3 1
< ¢} Hue("s)”iw(g) for all s € (0, Trnaze),

9



this means that

sup lue (-, 1)| oo () < lluoll Lo (@) + c1es(e)
te(0,T)

2 X ey—a—lol(l_1y 2
+{Cf63(€)64(€)05(€)- | ey qda}-{ sup ||ua<',t>umm}
0

te(0,T)

for all T € (0, Tynaz,e)- As here the integral on the right is finite thanks to (3.8), in light of (3.5) this
first implies that T}, = 00 and then yields boundedness of u., and thus by Lemma 2.1 also of v,
in  x (0, 00). O

3.2 An estimate for the time derivative

For passing to the limit € \, 0 following a standard procedure, we prepare an appropriate estimate for
the time derivatives of solutions to (1.1).

Lemma 3.4 Letr > 0,4 > 0 and ug € C°(Q) be nonnegative. Then for all g > 0 and each p € (1,2]
fulfilling p < ﬁ there exists C(eg,p) > 0 such that whenever £ € (0,g¢), the solution (ue,v:) of

(1.1) satisfies

T ptl
/ ||ug,5(~,t)\|p2 L p dt < C(eo,p)- (T'+1) for all T > 0. (3.14)
0 (W P=T(Q))*

PROOF.  We multiply the first equation in (1.1) by an arbitrary ¢» € C*(€2) ind integrate by parts

to obtain
‘/ust(’at)d)‘ = ‘ _5/ Uaxﬂ)x"'/ Usvsaﬂ/}x'FT/ us¢_ﬂ/u§w
Q Q Q Q Q

for all ¢ > 0. Here two applications of the Holder inequality and Corollary 3.2 yield ¢; > 0 such that

1 1
3 3
’_5/ UegWy| < 5</ up 2ugx> : </ ug—p¢§>
Q Q Q
1 2-p
p—2, 2 2, p o
o fur,) ( / u) el

< 016</ ub~ 2U§x> waHLp | for all t > 0,
Q

(3.15)

IA

and combining Corollary 3.2 with Lemma 2.1 we find ¢o > 0 such that

1
[ wversa] < Mol ([ 02)" ol
1
< el ([ 2) 1wl o,
<

CZHQZJIHM%(Q) for all ¢ > 0.

10



Also by Corollary 3.2,

r Quew\ < rlluellzy - Wl ey < ol ooy o forall ¢>0

1)
2
M(/ Ua) N[l Lo ()
Q

2
< p+1
< C4</Qu ) [Vl o2y g Torallt>0

with some c3 > 0 and ¢4 > 0, because W7 1( ) < L>(Q). Correspondingly, (3.15) implies that

1 2
2 +1
< p—2, 2 p+1
et G| 527 e = 01€</Q uf U5m> +eates +C4</Q > for all ¢ > 0.

Since % < % < 2, by using Young’s inequality we thus find ¢5 > 0 fulfilling

and

IN

R

p+1
(DI, o §C5<5/ ug—%@ﬁ/ u§+l+1> for all ¢ > 0.
(W7 p=1(Q))* Q Q

A time integration thereof immediately proves (3.14). O

3.3 A gradient estimate

Now the crucial ingredient for our constructlon of local-in-time solutions to (1.5) consists of an ODI
for the functional y(t fQ () + 7])2 where € > 0 and 1 > 0. In view of the intended blow-up
result in Theorem 1. 4 1t is not surpr1smg that this inequality will contain a production term which
can be viewed as essentially superlinear with respect to y.

Lemma 3.5 Let r > 0 and u > 0, and suppose that for some q¢ > 1, ug € WH4(Q) is nonnegative.
Then for all n > 0, the solution of (1.1) satisfies

G |t < a(tlut 0l +r)- [ @20 +n)

N

+ (/ ug(-,t)>q+1 for all t > 0.
? (3.16)

PROOF.  For n > 0 we let ¢,(s) := (s*> + n)%, s € R, differentiate in (1.1) and integrate by parts to
compute

G [ontue) = [ fuce)uc

= / (2577 Uem) : {Euea:aca: UegpaVer — 2UegVepzr — UeVezzr + TUex — 2ﬂueuez}

//
= _5/ Qb Uex ga;gc /d)n usm Vexx — /Qb uz—:m Uegx Ve

- /Q O (Uea ) UcVegan + r/ O (g ) Uey — 2M/Q¢;7(um)uaum for all ¢ > 0.
Q

11



Here we use that v.,, = v. — u. and that for all n > 0 and s € R we have

$y(s) = as(s>+m)?"'  and

to see that
q_ q_ _
Pn(s) — 250, (s) = (s 4+m)27L. {32 +n— 2q32} = —(2¢—1D)s*(s2+n)2 "+ (s +n)
for all n > 0 and s € R, and that hence
d q q a_
G ekt < —ea-) [ @R nt e+ o) [ @i
q_ q_
Jr??/(uiwrn)g toe —n/(léx +m)2 e
Q Q
q_ q_
_Q/Q(ugx + 77)3 1u6u€mvsm +4q /Q(ng +1)?2 lusugx

tqr / (u2, + )31, — 2 / (u2, +m)3 Vw2, forall £ > 0.
Q Q

Further dropping nonpositive terms on the right, we thus obtain

d

9 q_ q9_
G ekt < Ga-n [kt v [ @it

—q/g(uzm + 1) 2 g ey + qr/ﬁ(um +n)2 "2, forall t > 0. (3.17)
Here
o) [ (4 )bt war [ (@2 )i,
{Ga= Dl Ollmoy + o} [ 2wt

{ (3¢ — 1)[uc(-, )| (0 +qr}./ﬂ(u§x+n)% for all £ > 0, (3.18)

IN

IN

and since [[ve(+, )| poo () < llue(-,t)|| Lo (@) according to Lemma 2.1, we can estimate

q_ q
0 [ (et < e Ol [ +)d ! < G lme) [ (E4mE orale>o.
(3.19)
Moreover, by Young’s inequality and Lemma 2.1,

q_ g=1
_q/ (u?m + n)% 1u5u£xvax < q/ (ugw + 17) 2 u£|vm|
Q Q
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q
< Q/(Uggp+77)2ua+Q/ua|Uax’q
Q Q

< alluct Dl | 0+ 0+ alvenOllay - [
q g+l
< aluc Ol - [ 2+t al [ ) (3.20)
Q Q
for all t > 0. Inserting (3.18)-(3.20) into (3.17) yields (3.16). O

A first application of the latter can be obtained by a simple comparison argument.

Corollary 3.6 Let r > 0 and u > 0, and suppose that for some q > 1, ug € WH4(Q) is nonnegative.
Then the solution of (1.1) satisfies

Juttr < { [ uantrra [ ([ et s} (10 [ et ollmimds +art) @20

for all t > 0.

ProOOF. From Lemma 3.5, upon an ODE comparison we obtain
2 q 2 g t
(a2 403 < ([ o+ m?) e (| (allucl )l + ar)ds
Q Q 0
t t q+1
ta [ o ([ aluctoollimo +aie ) ([ uts) ds

for all ¢ > 0 and each 1 > 0. Since

t
/ (gllue( o)y +ar)do = 4 / e (0| ey + qr(t — )
S
< 4q/ |ue (-5 0) | oo (@ydo + grt for all t > 0 and any s € [0, ],

this entails that for all ¢ > 0 and n > 0,
2 2 g !
/(uax('vt) + 77) < (/(u()x + 77)2) - €Xp <4q/ ||u€("S)HL°°(Q)dS + qrt)
Q 0 0

t t q+1
+qexp <4q/0 Hug(-,a)HLoo(Q)daqurt) -/0 </Qu€(-,s)> ds.

By means of Beppo Levi’s theorem, from this we immediately derive (3.21). O

ok

4 The hyperbolic-elliptic problem

4.1 Strong W'4-solutions
The solution concept for (1.5) that we shall pursue throughout the sequel will be the following.
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Definition 4.1 Let 7 > 0, > 0,q > 1 and T € (0,00]. Then by a strong Wl%solution of (1.5) in
Q% (0,T) we mean a pair (u,v) of nonnegative functions

u € LS([0,T); Whi(Q)) N C(Q x [0,T)) (4.1)

and
v e C*(Qx[0,T)) (4.2)

such that v satisfies the second and third equations in (1.5) in the classical sense, and such that the

identit
Y T T T
/ /u% /UOSO =/ /uvxsox+r/ /ugou/ /u% (4.3)
0 Jo 0o Jo 0o Jo

is valid for all ¢ € C°(Q x [0,T)).
In the case T = oo we also call (u,v) a global strong W1%-solution of (1.5).

Remark. Under the above hypotheses, let (u,v) be a strong Wl9-solution of (1.5) in Q x (0,T).
i) In view of (4.1) and (4.2), it is clear upon a completion argument that then (4.3) actually even
holds for any ¢ € L'((0,7); WH1(Q)) which has compact support in Q x [0,7) and is such that
o € LY x (0,7)).

ii) Likewise, (4.1) and (4.2) allow for integrating by parts on the right of (4.3) so as to verify the

validity of
T T
_/ /U%—/uo@(',o) :/ / {_urvm_uvmm‘i‘ru_ﬂuz} P (4'4)
0 Q Q 0 Q

for any ¢ as specified in 1i).

A first elementary property of such solutions is boundedness of their norm in L'().

Lemma 4.1 Let r > 0 and g > 0, and assume that for some T > 0 and ¢ > 1, u is a strong
Whd-solution of (1.5) in Q x (0,T) with a certain nonnegative ug € W14(Q). Then

/ u(z,t)dr < max { / Uy, —— rif } for allt € (0,T). (4.5)
Q Q 2
PrOOF. In view of a straightforward ODE comparison argument, it is sufficient to show that the
function y € C°([0,T)) defined by y(t) = [,u(z,t)dz,t € [0,T), also belongs to C'((0,T)) and
satisfies

y(t) < ry(t) — ﬁyZ(t) for all t € (0, 7). (4.6)

To verify this, given tg € (0,7) and t; € (to,T) we let x5 € W°(R) be given by

0 ift<tg—dort>ty+9,
—to+6 .

’ 1 ifte (t(),t1),
h—t4o if t € [t1,t1 + d],
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for § € (0,0¢) with dp := min{tp, T — ¢t1}. Then according to the remark following Definition 4.1, we
may use ¢(x,t) := xs5(t), (x,t) € Q@ x (0,T), as a test function in (4.3) to infer that

t1+0
/ u(z, t)dxdt + — / / x,t)dxdt
to—0 t1
/ / Xs(t)u(z, t)dxdt — / / Xs(t)u”(x, t)dxdt (4.7)

for all such d. Here since w is continuous,

/ u(zx, t)dedt — — / u(x, tg)d
to—9
t1+0

/ u(x, t)dzdt —>/ u(x,ty)d

as § N\, 0, whence using the dominated convergence theorem in the two integrals on the right of (4.7)
we obtain that in the limit § N\, 0, (4.7) becomes

/Qu(x,tl)da:—/gu(a:,to)dx:r/totl/Qu—,u/t:l/QUZ. (4.8)

Upon division by t; — ty and taking ¢; \ tg, since w is continuous we thereby see that indeed y is
differentiable at any ¢y € (0,7) with continuous derivative fulfilling

and

y'(t) =ry(t) — u/ﬂuQ(x,t)das for all ¢ € (0, 7).

Since by the Cauchy-Schwarz inequality we have [, u? > |—§12|( Jow)?, this implies (4.6) and thereby
completes the proof. O
4.2 Uniqueness

Within the above framework, solutions are uniquely determined.

Lemma 4.2 Letr > 0, > 0 and q > 1, and let ug € WH4(Q) be nonnegative. Then for all T > 0,
the problem (1.5) possesses at most one strong W4-solution in 2 x (0,T).

PROOF.  Given two strong Wl%-solutions (u,v) and (@, ?) of (1.5) in Qx (0, T), we let w := u—@ and
z:=v—7in Qx (0,T). We fix Ty € (0,T) and ty € (0,Tp) and define a cut-off function x5 € W (R)
by letting

1 if t <o,
Xo(t) = ¢ fo=td if t € [to,to + 9], (4.9)
0 if t >ty+09,

15



for § € (0, @) According to the remark following Definition 4.1, we may then use the function
defined by

t+h q_
oz, t) == xs(t) - ;l/t w(z, s) <w2(:):,s) + 77) ’ 1als, (x,t) € Q@ x (0,T),

as a test function in (4.3) for any § € (0, £5%), h € (0, 2o3%) and 5 > 0. Upon integrating by parts

and then subtracting the respective identities thereby gained for v and «, we obtain

T 1 t+h %_1
_/ / Xs(t)w(z,t) - / w(z, s) <w2(az, s) + 77) dsdzdt
0 Q h t
-1

i
- /T/ Ewle,d)- w(x,t+ h) (w2(x,t +h)+ 77) i —w(zx,t) (wQ(x,t) + 77) .
0 Q

T
= / / Xs(t) - { — WyVy — Wy — UgZy — UZge + 7w — pu(u + ﬂ)w} X
0o Jo

1 t+h %_1
X — / w(z, s) <w2(ﬂs, s) + 7]) dsdzxdt. (4.10)
h Ji
Here, since
1 t+h 1-1
[0,Tp] 5t p(t) := / w(z,t) - h/ w(x,s) (wQ(x,s) + ?7) dsdx
Q t

is continuous by (4.1), computing xj(t) by (4.9) we see that

[ ot [ e (w25 ) st

1 to+0
0
to+h %_1
— pty) = /Qw(a?,to) . h/ w(x, s) <w2(a:, s)+ n) dsdx as 0 \, 0.
to

Since from (4.1) and (4.2) we moreover know that

W, U, Uy Vg, Vg, 2 aNd 24 are continuous in Q x [0, Tp] and w, and 4, belong to L>((0,Tp); L4(R)),
(4.11)
we may invoke the dominated convergence theorem to infer from (4.10) upon taking 6 \, 0 that

1 to+h 9 g_l
Bihon) + Ban) = [ wiote) 5 [ wles) (o) +n) " dsds
Q h to

-1 -1

[SIS)
[SIS)

—w(z,t) (w2(as, t) + 77)

dxdt

_/m/w(xjt)‘w(m,t+h)(w2(x,t+h)+n)h
0o Jo

to
= / / { — WUy — Wy — UgZy — UZgy + 17w — p(u + a)w} X
0 Q
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1 t+h %_1
X / w(z, s) <w2(:c, s) + 77) dsdxdt
t

=: I3(h,n). (4.12)

Here by Young’s inequality and a series of straightforward rearrangements,

q

1 [fo §-1
Iy(h,n) = _h/o /Qw(a:,t)w(m,t—i-h)<w2(x,t+h)+77>2 dxdt

1 to q4_1
—i—/ /w2(x,t)<w2(x,t)+77)2 dxdt
hiJo Jo

to 1 g—1
> —/ / (z,t) +n (wz(a:,t+h)+n) * dxdt
to %_1
/ / (x, t (x,t) +77) dxdt
1 to to
> 5 { / / 2(x,t) —|—77 dl‘dt—i-i / 2z, t+h) —|—77) dxdt}
1 3-1
+h/ /w (x, t)( 2(x, t)+77) dxdt
1of1 e 21 t )
= 3 { / / xt a:t)—i—n) dzdt + — / / xt+77 dxdt

m\-r: {Q

g—1 [
—l—/ /wQ(a:,t—&-h) *(x,t+h) —i—n) dxdt

_1 to 4_1q
Lla=1n // 2(z,t + h) +n)2 d:cdt}
to %
/ / :):t act)+77) dxdt

-1 to -1
= 1 {/ / xt :Et)+77>2 dxdt
to q9_1
_/ /w2(:c,t+h) w2(1:,t+h)+n>2 dxdt}
to 4_q _1 to g_1
/ 2(z,t) —l—n 2 dxdt q / / 2(z,t +h) —i—77)2 dxdt

-1 11
= 1—- // :Ut xt)+77)2 dxdt

_ to+h a_q
q 2 2
- t t) + dxdt
qh \ w*(x, )( (x ) 77) T

to %7 q _ 1 to+h %71
/ (x,t) +7] dxdt — / / (z,t) +77 dxdi(4.13)
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Now since for fixed sg > 0, all s € [—sp, so] and any n > 0 we have

g+t if ¢ > 2,

—

n
7?2 if g < 2,

b

n(s? + 1) 1<{

the two last summands in (4.13) vanish in the limit 7 N\, 0. Therefore, invoking Beppo Levi’s theorem
we conclude that

q -1 to+h
hm\}nflg(h ,M) > / / lw(z, t)|9dzdt — / |w(z, t)|9dzdt. (4.14)

Moreover, estimating |s(s? + 7]) < (82 + 7])2 for all s € R and n > 0, from the continuity of w in
Q x [0, Tp] we easily deduce that

1 to+h

N 1 to+h
Qo>z+— — w(z, s) (w2(:n, s) + 7]) ds = / w(z, s)|w(zx, s)|9%ds in L>°(Q),
h to h to

q
2

and that similarly

t+h —1 N 1 t+h
Q x (0,tp) > (z,t) — h/ w(z, s) (w2(5€, s) + 77) ds = h/ w(zx, s)|w(z, s)|9%ds
t t

in L®(Q x (0, 10))

[ SIS

as n N\, 0. Along with (4.11), this enables us to take n ~\, 0 also in I;(h,n) and I3(h,n) to all in all
infer from (4.12) and (4.14) that

1 to+h
/w(x,tg) . / w(z, s)|w(z, s)|9 2dsdx
Q h to

1 h q-— 1 to+h
/ / |w(z, t)|dedt — —— / |w(z, t)| dzdt
0 JQ

to 1 t+h
/ / { — WyVp — Wy — Uy 2y — UZgy + 7w — p(u + ﬂ)w} H / w(z, s)|w(zx, s)|9 2dsdxdt
0 Q t

for all h € (0, @) Finally, again since w is continuous in Q x [0, Tp], and since w(-,0) = 0 in Q, we
may let h \, 0 to obtain

1 -1
/ lw(z, to)|dx = / |w(z,to)|?dx — = / |w(z, to)|?dx
q.JQ Q q Q

to
< / / { — WyVp — WUy — Uy Zy — UZgy + 1w — pu + ﬂ)w} w(x, t)|w(x, t)|9 2dedt. (4.15)
Q

Here we split the integral on the right-hand side and use that v,; = v — u to compute

to 1 to to
—/ / WV - w|w|T% = / / lw|¥(v —u) < Cl(T[))/ / lwl?, (4.16)
0 JQ qaJjo Ja 0 JQ
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where ¢ (Tp) = %HUHLO@(QX(QTO)) is finite by (4.2), because Ty < T'. Similarly,

—/Oto/ﬂwvm‘wmlq2:/(:0/(2\w|q(U—v) §C2(T0)/Oto/ﬂ|w|q (4.17)

with ¢o(Tp) := HUHLoo(Qx(O,To)) and

/Oto /Q {”" — f‘)w} whol”™ < T/Oto /Q jw|?. (4.18)

In order to prepare an appropriate estimation of the respective terms in (4.15) containing z, we first
observe that since —z; + 2z = w in Q x (0,7 with z;|sn = 0, Lemma 2.1 applies to yield

120 )l o) < lw(,8)l[Lay — forallt e (0,T) (4.19)
and, by the Holder inequality,
20 (s )l ooy < 2lw ()1 < 291 (- 0)llpagy  for all £ € (0,T). (4.20)

Taking c3(Tp) > 0 such that ||t (-,?)|req) < c3(Tp) for a.e. t € (0,7p), once more by the Holder
inequality we hence infer that

to to
- / / iaza |12 < / it (- D) 2oy 2 () e / ) th
0 9]
to
< e(T) 209 / /\qu (4.21)

and with c4(Tp) = 2[|t[ Lo (ax (0,73)) We likewise obtain from (4.19) that

to to to
—/ /ﬂzm-w|wlq_2 = / /u\w]q / /uzw\wlq 2
0 Jo

to
< /0 (- D)l ey - / it
to
~ q
4 /0 i Dl l12C Dl oo / ) T at
to
< 04(T0)/ /yww. (4.22)
0 Q

We now only need to collect (4.15)-(4.18), (4.21) and (4.22) to find ¢5(Tp) > 0 fulfilling

to
/]w(m,t0)|qda:§65(T0)/ /|w|q for all #o € (0, T),
Q 0 Q

and thereby conclude by means of Grgnwall’s lemma that w and hence also z vanish identically in
Q x (0,Tp). Since Ty € (0,T) was arbitrary, this proves the lemma. O
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4.3 A general convergence result

In several places below we shall refer to the following general statement on convergence of solutions
to (1.1) toward strong W14-solutions of (1.5). This will serve as an essential ingredient in proving
local existence of solutions for any p > 0 in Lemma 4.5, in establishing global existence for 1 > 1 in
Corollary 4.7, and finally also in verifying Theorem 1.1.

Lemma 4.3 Let r > 0, > 0 and ¢ > 1, and assume that ug € W19(Q) is nonnegative. Moreover,
suppose that (€5)jen C (0,00), T > 0 and M > 0 are such that ¢; \, 0 as j — oo and such that
whenever € € (¢j)en, for the solution (ue,v.) of (1.1) we have

us(z,t) <M forallz € Q andt e (0,T). (4.23)

Then there exists a strong W4-solution (u,v) of (1.5) in Q x (0,T) such that

Ue — U in CO(Q x [0,T]), (4.24)
U = u in L°°((0,T); WhH4(Q)) and (4.25)
Ve =V in C*0(Q x [0,T]) (4.26)

ase=¢j \(0.

In the proof of Lemma 4.3 we shall make use of a variant of the classical Aubin-Lions lemma ([38]).
For convenience, we include a short proof here.

Lemma 4.4 Let X,Y and Z be Banach spaces such that X is compactly embedded into Y and Y is
continuously embedded into Z. Then for each T > 0 and any p € (1,00], the space

X = {w e L=([0,T]; X) | we € LP((o,T);Z)}

is compactly embedded into CO([0,T);Y).

PROOF.  Let (wg)gen C X be bounded. Then since p > 1 and X is compactly embedded into Z,
(wy)ren is relatively compact in C°([0,T]; Z), whence on passing to a subsequence we may assume
that w, — w in C°([0,7];Z). In order to show that actually (wy)ren forms a Cauchy sequence

in C°([0,T];Y), we abbreviate ¢1 := supyey |[wil| Lo ((0,r);:x) and let 6 > 0 be given. Then since
X <<= Y < Z, Ehrling’s lemma yields ¢a > 0 such that ||z]|y < leHzHX + c2|z]|z for all z € X, so
that
5
[wr(t) —wi(®)]ly < fcl(llwk(t)llx + HUH(ﬂHX) + c2flwi(t) —wi(t)l 2
5
< i 2¢1 + callwi — willco(o,11:2)

for all k,1 € Nand each t € [0,t]. Thus, taking kg € N large enough such that ||wy, —wi||co(jo,7;2) < %,
we infer that [[wg — wil|co(o, ;) < 0 for all k,1 > ko. O

PROOF of Lemma 4.3.  As a consequence of (4.23), Corollary 3.6 implies that

(te;)jen  is bounded in L>((0,T); Wl’q(Q)), (4.27)
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whereas Lemma 3.4 says that for each p € (1,2] with p < ﬁ,

(te,1)jen  is bounded in L"2 ((0,T); (W71 (Q))*). (4.28)
In light of Lemma 4.4, a combination of (4.27) and (4.28) now ensures that
(ue;)jen is relatively compact in Co(Q x [0,T]).

According to this and (4.27), given any subsequence of (£;)jeny we can pick a further subsequence
(€j,)ien thereof such that

Ue; —u  in C%(Q x [0,7]) (4.29)
and
ue, = u  in L=((0,T); WH(Q)), (4.30)
and that hence also
ve, v in C*(Qx[0,7)) (4.31)

as ¢ — oo with some (u,v). In view of a standard compactness argument, in order to prove that
(4.24)-(4.26) actually hold along the entire sequence € = €; \, 0, it is sufficient to identify all possible
limits of such subsequences. To achieve this, because of the uniqueness statement in Lemma 4.2 we
only need to show that (u,v) is a strong Wl4-solution of (1.5) in Q x (0,7). To see this, we test (1.1)
by an arbitrary ¢ € C§°(Q2 x [0,T)) to obtain

T T T T T
_/ /ua(Pt_/UOSO(',O) = _5/ /Uax¢x+/ /uavax%c"‘r/ /Ua@_ﬂ/ /UEW
0 Q Q 0 Q 0 Q 0 Q 0 Q

for all ¢ > 0. Since (4.29)-(4.31) allow for taking ¢ = ¢;, \, 0 in each of the integrals here separately,
it readily follows that indeed (4.3) holds for (u,v), whence the proof is complete. O
4.4 Local existence. Proof of Theorem 1.2

A first application of Lemma 4.3 asserts local existence of strong W14-solutions with a quantitative
control of the existence time in the following sense.

Lemma 4.5 Let r > 0, > 0 and ¢ > 1. Then for all D > 0 there exists T(D) > 0 such that
whenever ug € W14(Q) is nonnegative with

luollwa) < D, (4.32)

the problem (1.5) possesses a unique strong W4-solution (u,v) in Q x (0,T(D)). This solution can
be obtained as the limit of the corresponding solutions (ue,v:) of (1.1) in the sense that

Ue — U in C°(Q x [0,T(D)]), (4.33)
u: > in L°°((0, T(D)); WhH1(Q)) and (4.34)
ve —»v  in C*Y(Q x [0,T(D)]) (4.35)
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as € \, 0. Moreover, this solution satisfies

[rustom < { [ untra [ ([ ato)™as} oo (40 [ s lemds +art) (a0

for a.e. t € (0,T(D)).

PrROOF.  Given D > 0, in order to define T'(D) we first fix constants ¢; > 0 and ¢y > 0 such that

19l ooy < erlltballpo) +erll¥llpi — for all ¥ € WH(Q) (4.37)
and
1] L) < eall¥llwra for all ¢ € Wh4(1), (4.38)
and let 0
,
c3(D) := max {CQ.D, 7} (4.39)

By continuity and an argument based on local well-posedness, we can then find 7'(D) > 0 such that
the initial-value problem

1

1+1
Up(t) = dgeryy, (1) + g (dercs(D) +7) - yp(t) + 4§ (D), te (0,T(D)), (4.40)
yp(0) =2D7+1,
possesses a solution yp satisfying
yp(t) <2D9+2  forallt e (0,7(D)). (4.41)

To derive the conclusion of the lemma for this choice of T'(D), we suppose that 0 < ug € Wh4(Q)
is such that (4.32) holds, and let (ug,v:) denote the corresponding solution of (1.1) for € > 0. Then
Corollary 3.2 combined with (4.38) and (4.39) says that

Q
/ Ue(+, t) < max { / ug , M} < c3(D) for all ¢t > 0, (4.42)
Q Q H
which together with (4.37) in particular implies that

lue(s )y < erlltea (s )| pagq) + cres(D)

1

< a </(u§x + T])g> Ty c1c3(D) for all t > 0 (4.43)
Q

whenever 1 > 0. Now as a consequence of (4.42) and (4.43), Lemma 3.5 entails that for all n > 0,

+ q(/ﬂus('ﬂf))qJrl

ok

(SIS
IN

& a0 snt < ot Ol +7) - [ @0 +0)

e [ <u§w<-,t>+n>%)1+é

+g(deres(D) + 1) / (2, (1) + )3 + qel T (D) for all ¢ > 0. (4.44)
Q

IN
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Moreover, by the rough estimate (a + b)% < 2(a% + b%), valid for all nonnegative a and b, we see that
2
if n <mno:=(2|Q) ¢ then

/(u%ﬁn)g < 2/ lugz|? + 202 |Q < 2D7 + 1 (4.45)
Q Q

thanks to (4.32). According to (4.44) and (4.45), an ODE comparison therefore ensures that for any
such 7 we have

NS

/Q(ugz(,t) +n)2 <yp(t) for all t € (0,7(D)),

which by(4.41) implies that
/ [teg (-, )T < 2D+ 2 for all t € (0,7(D)). (4.46)
Q
Along with (4.37) and (4.42), this shows that for all € > 0,

us(z,t) < c1(2D? + 2)% + c1c3(D) for all x € Q and t € (0,T(D)),

whence Lemma 4.3 applies to provide a strong W 4-solution (u,v) of (1.5) in Q x (0,T(D)) with the
approximation properties (4.33)-(4.35). Thereupon, the inequality (4.36) results from Corollary 3.6,
(4.33) and (4.34). O

On the basis of (4.36), upon twice applying the above lemma we can now verify our main result on
existence and extensibility of strong W' %solutions of (1.5).

PrOOF of Theorem 1.2.  When applied to D := [lug|[yy1.4(), Lemma 4.5 provides 7" > 0 and a
strong W%solution (u,v) of (1.5) in Q x (0,T) fulfilling

[t <{ [antrea [ ([ ue)ash e (10 [ ot oloms+art) - @an

for a.e. t € (0,T). Accordingly, the set
S = { T>0 ‘ There exists a strong W14-solution of (1.5) in Q x (0,7)

which satisfies (4.47) for a.e. t € (0,T) }

is not empty and thus T}, = sup S well-defined. Clearly, (1.5) possesses a strong W 4-solution
(u,v) in Q X (0,T}nqz) which is unique according to Lemma 4.2, so that it remains to verify (1.6).
To this end, we assume on the contrary that Tine, < 0o but limsup, »p, . [[u(:,?)|[Le(q) < oo, which
would imply the existence of M > 0 such that

u(z,t) < M for all (z,t) € Q x (0, Tnaz)- (4.48)
Then by (4.47) we could find a null set N C (0, Tynqz) such that

/ luz (-, )7 < { / [uog|? + q(]Q|M)q+1Tmax} . eaM+ar)Tmaz for all t € (0, Tinaz) \ N,
Q Q
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which, again thanks to (4.48), would entail that
lu(-, t)|lwia) < D1 for all t € (0, Thaz) \ N

with some D; > 0. Now a second application of Lemma 4.5 would show that with 7'(D;) provided by
the latter, for each tg € (0, Tynqaz) \ N the problem

Gy = —(Udy) o + 10 — pa?, z €, te(0,T(Dn)),
0= 0ge — 0+ 4, x e, te (0,T(Dy)),

Uz =0, x €I te (0,T(Dr)),

(x,0) = u(x,to) x €,

admits a strong W14-solution (,d) in Q x (0,T(Dy)) fulfilling

| st rq<{ [ st +4 / (] a(-,s>)q“ds}-exp <4q / tuac,s)Hmdeqrt) (4.49)

for a.e. t € (0,7(Dy)).

Thus, choosing any ty € (0, Tynaz) \ IV such that tg > Thnae — T(gl) here we would infer that
o (u,v)(z,1) if (z,t) € Q x (0,10),
(U, 0)(-,t) := o )
(U, 0)(z,t — to) if (x,t) € Q x [to,to +T(D1)),

would define a strong W14-solution of (1.5) in € x (0, + T(D1)) which clearly would satisfy (4.47)
for a.e. t < tg. As for larger ¢, combining (4.49) with (4.47) we would obtain

[ fastop

A~ q+1 t A

< { [twrsea [ ([ates—w) s} (10 [ it = to)lieods +artt - o))

to Q to

¢ 5 g+1 L

— { [ttt ra [ ([ at0) s oxp (10 [ i) lwords +are - )

to Q to

to q+1 to
< { |u0m\q+q </Qu(,s)) ds} - exp (4q/ \\u(-,s)]\Lw(Q)ds—quto) X
0

t
X exp <4q H@(',S)HLOO(Q)derqT(t—t0>)
to

+q</t: (/Qa(-,s))q+1ds> - exp <4q/t:Ha(~,s)|Loo(Q)dS—l—qr(t—to)) (4.50)

for a.e. t € (to,to + T'(D1)). Since

to
exp <4q/0 (-, )| Loo () ds + q'rto> - exp <4q

t
(e )| ey + ar(t — to>)

to

t
= exp <4q/ (- 8)|| oo () ds + qrt) for all t € (to,t0 + T'(D1))
0
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and, trivially,

t

(-, $)|| oo @ ds + qr(t —to) < 4q/ (-, 5)|| oo (yds + qrt for all ¢t € (to,to + T (D1)),
to

from (4.50) we would thus gain the inequality

|ux, )< \qulq—kq to( u(-,s))q+1d8+q t( ﬂ(-,s))quS X
Q to \JQ

X exp <4q/ [%(-, )| Loo (@) ds + qrt) for a.e. t € (to,to + T(D1)),
0

which would therefore show that (@,?) in fact satisfies (4.47) for a.e. t € (0,tg + T(D1)). Since
to+T(D1) > Thnax + (Dl) , however, this would contradict the definition of T;,4. O

4.5 Global solvability when ;1 > 1. Proof of Proposition 1.3

According to the extensibility criterion (1.6), in order to prove global existence in (1.5) we only need
to control the norm of the first solution component v with respect to the norm in L*°(2). For p > 1,
this can readily be achieved by means of a simple parabolic comparison applied to the approximate
problems (1.1).

Lemma 4.6 Let 7 > 0,u > 1 and uy € C%(Q) be nonnegative and such that ug # 0, and let (ue,v.)
denote the classical solution of (1.1) in Q x (0,00) for e > 0.

Then for all t > 0,

-1
ufl'{”(ml)nzfm_oe_”} >0 andp>1,

lluoll oo ()

ifr=0and p>1,

llue (-, )|l oo () < I+ (u—Dlluoll Loo (o)t (4.51)
||U0HL<>°(Q) et ifr>0and u=1,
\ ||U0HL°°(Q) ifr=0and p=1.
PrOOF.  Since v, > 0, we have
Ut = ElUggzr — UegVex — Uele + TUe — (M - 1)“2
< EUepy — UegVeq + Tue — (0 — 1)u§ in 2 x (0,00).

Thus, if we let y denote the solution of the initial-value problem
y(t) =ry(t) — (p=1y*t),  t>0,
y(0) = [luoll Lo (),

then the comparison principle asserts that u.(z,t) < y(t) for all (z,t) € Q x (0,00). Explicitly
computing y in the respective cases addressed in i)-iv), we easily derive (4.51). O

Taking € N\, 0 thus yields the following.
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Corollary 4.7 Let r > 0 and > 1. Then for each nonnegative ug belonging to W14(Q) for some
q > 1, the problem (1.5) possesses a unique global strong W'4-solution (u,v). Furthermore, if ug # 0,
then

-1
M&'{H(W—MM”)“”_”} = Oandp =1,

”uU”LOO(Q)

ifr=0 and p > 1,

[, t)”Loo(Q) < I+(p—1)lluol[ oo ()t (4.52)
[uo|| oo () - €™ ifr>0andp=1,
[uoll Los () ifr=0and p=1.
Proor. This is a direct consequence of Lemma 4.3 because of the uniform estimates provided by
Lemma 4.6. 0
PRrROOF of Proposition 1.3.  The statement is immediate from Corollary 4.7. U

4.6 Blow-up for i < 1. Proof of Theorem 1.4

The cornerstone of our analysis in the case u < 1 is formed by an integral inequality for the functional
fQ uP (-, t) with a superlinear production term. The main step towards this inequality, to be formulated
in (4.67) below, is the objective of the next lemma.

Lemma 4.8 Letr > 0 and > 0. Then for all p > 1 and each n > 0 one can find B(p,n) > 0 such
that whenever ¢ > 1 and (u,v) is a strong Wh%-solution of (1.5) in Q x (0,T) with some T > 0 and
some nonnegative ug € WH4(Q), we have

/Qup(.,t) Z/ng—l—{(l—,u)p—l—n}./ot/gup+1_B(p,77)/Ot(/Qu)pH for allt € (0,T). (4.53)

PROOF.  We shall perform an variant of the testing procedure used in Lemma 4.2. To this end, for
fixed Ty € (0,7T), arbitrary to € (0,Tp) and any & € (0,Tp — to) we let x5 € WH™(R) be as defined
in (4.9). We next note that according to (4.1), for each ¢ > 0 the function (u + £)P~! belongs to

L3 ([0,T); Wh4(Q)) with <(u + {)p_l) = (p—1)(u+ &P %u, ae. in Q x (0,T). Therefore, if we

loc

extend u so as to become a continuous function on Q x [—1,T) by letting
u(z,t) := up(x) if (x,t) € Q x [-1,0], (4.54)

then according to the remark following Definition 4.1, for all 6 € (0,7y — tp), h € (0,1) and £ > 0,

oz, t) == xs(t) - % /th (u(x, s) +§)p_ld8, (z,t) € Q@ x (0,7,

defines an admissible test function for (4.3), whence the latter yields the identity

- /oT /g Xs(tu(e,t) % /;h (uta.5)+ f)p_ldsdxdt
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p—1

p—1
_/OT/Qxa(t)u(:c,t) : (u(x’t) +£) _ gu(x,t M +£) dxdt
_/Quo(x) (uo(x) —|—§)p_1dx

= (p—1) /OT/QX(;(t)u(x,t)vw(x,t) : }ll/tih (u(x,s) + £)p_2uz(aﬂ,s)dsdazdt
+r /T/ Xs(t)u(x,t) - fll/tih (u(x, s) + f)pildsdxdt
—,U/ / Xo(t)u(z,t) }11 /tth (u(x, s) + §>p_1dsda:dt (4.55)

for any such 6, h and &. Here by continuity of u, using the explicit form of x5 induced by (4.9) we find

that
[ [ouen - [ (u(az, ) +€) dsduds
- t0+§/ u(z,t) h t < (x, 5)+§) dsdxdt

t—h

N /Qu(ﬂf,to) o /tOh (u(a;, s) + f) dsdx as 0 \, 0.

Thus, upon four applications of the dominated convergence theorem in the second and the three
rightmost integrals in (4.55) we infer that in the limit § N\ 0, the latter implies that

/Qu(x,to) : ;l/t:oh <u(a:,s) —|—§)p_1dsdaz
p—1

p—1
/to/ (ot u(z,t) + f) — (u(az,t —h)+ f) .

h
- uO<x>(uo<x>+s) Nz

= (p—1) /Oto /Qu(x,t)vm(x,t) . fll/tih (u(x, s)+ E)p_2ux(a:, s)dsdxdt

+r /Oto /Qu(:r,t) . % /tth (u(x,s) + §)p_1dsd:cdt
—u /Oto /Qu2($,t) . flz/tih (u(x, s)+ §)p71dsda§dt (4.56)

for all h € (0,1) and £ > 0. We now rewrite the second term on the left according to

-1

-1
/tg/ - u(z,t) —i—f) - (u(x,t— h) +§> e

h
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/to/ u(a,t) +€) dedt + //( ey +€) (et — 1) +€)' e
§/w/ xt+§ dedt - i/)/ u(z,t—h +Q dudt, (4.57)

where by Young’s inequality and (4.54),

_/to/ u(z, ) +§ dg;dt—|- /to/ u(z,t) +§ ( (:zz,t—h)—i—f)p_lda:dt
to
< / to/ u(x,t) —i—f dmdt

/Q u(z,t) + §) dxdt + % v (u(m,t —h)+ é)pda:dt

0

- pp_hl ' (u(z,t)+¢)" d:cdt—— / u(e,t) +€) dedt.

—h
Similarly joining the last two terms in (4.57), we infer that

p p—1
/to/ w(.) (z,t) —f—f) - (u(az,t— h) —f—f) v

h

p—1 p—1

- = Q(uo(x)+§> dx _pT n h(u(m,t)+§)pdxdt

—5/ uo(x +§) _ldac—i— / u(x,t) +§> d:):dt

— p;l A (uo(x) +§)pd3:— p;/ﬂ (u(x,to) —|—£>pd:c
g/Q <u0(:p)+§)pldx+§/9 (u(az,tg)qtf)pildx as b\, 0,

where we again have used the continuity of u. By the same token and the fact that

Q% (0,Th) > (z,t) — % t (u(a:, s) + 5)p_2

t—h

p—2
gz, 8)ds — (u(x,t)+§> ue(z,t) in LI(Q x (0, Tp))

as h N\, 0 according to (4.1) and a standard result on Steklov averages, taking h \, 0 in (4.56) we
readily obtain that

/Qu(:r,to) <u(x,to) + §>p_1dx — /Quo(x) (uo(x) + §>p_1dac

2 [ (o) +6) "o =22 [ (utanto) + €)'
_5/9 (uo(x)—f—f)p_ldar—l-f/ﬂ (u(z,t0)+§)p_1dac
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> (p— 1)/0t0 /Qu(ac,t)vx(x,t) (u(az,t) —{—f)piQUm(x,t)dmdt

to to
+r/ /up(m,t)d:vdt,u/ /up+1(x,t)dacdt (4.58)
0 Q 0 Q

holds for all ¢ > 0. Now once more by continuity of u we have u(u + £)P~2 — wP~! uniformly in
Q x (0,Tp) as £ \( 0, because p > 1. We therefore may let £ N\, 0 in (4.58) to conclude that

1 1 to to to
/up(a:,tg)dgv—/ug(:c)dxz (p—l)/ /upluzvz—i-r/ /up—,u/ /upﬂ. (4.59)
P Ja D Ja 0 JQ 0o Ja 0o Ja

Here we integrate by parts and use that v, = v — u and v,|sq = 0 to see that

to to to
(p—l)/ /up_lumvm——/ /upvm——/ /upv+ / /upH. (4.60)
0o Ja

By Young’s inequality and Lemma 2.2, given n > 0 we can now find ¢; = ¢1(p,n) > 0 and ¢ =

c2(p,m) > 0 such that

—1 (to to

[ 8 oo [
0 Jo 0

to p+2
p+1 p+1
—|—/ /u —|—c/ /u~,t dt,
/ / 2p Jo Ja *Jo <Q ( ))

<
whence (4.59) and (4.60) yield after dropping a nonnegative term that

;/Qup(x,to)dm — ;/ng(x)da: > ( Z—i— — —,u / /upH co /to (u(~,t)>p+1dt.

Since tp € (0,7p) and Tp € (0,7 were arbitrary, this proves (4.53). O

SIEEESE

In deriving Theorem 1.4 from this, we shall rely on a variant of Grgnwall’s lemma.

Lemma 4.9 Leta > 0,b>0,d >0 and k > 1 be such that

a> (%b) X (4.61)

Then if for some T > 0, the function y € C°([0,T)) is nonnegative and satisfies

t
y(t) > a— bt + d/ Y™ (s)ds for allt € (0,7), (4.62)
0
we necessarily have
2
< —. .
T < = 1a1d (4.63)
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ProoF.  For ¢ € (0,0¢) with dg :=a — (Eb)m we let

and
25(t) == {(a )R (R_l)dt}_“ll, te[0,Ty);

that is, we define z5 to be the solution of

Z(t) = 42°(t),  te(0,T), (4.64)
25(0) =a — 4. '
Then z;s increases and hence satisfies zs > a — d > a — §y > (Eb) = on [0,Ts) by (4.61), so that
, d . d 2b .

Furthermore, from (4.62) we know that y(0) > z5(0), so that
Ss = {t € (0,Ts) ‘ y > 25 in [O,t]}

is not empty and hence ts5 := sup Ss well-defined. Now if we had ts < Ty for some § € (0,dp), then
clearly y > z5 on [0,t5) and y(ts) = z5(ts), so that by (4.62) and (4.65) we would infer that

ts ts
z5(ts) = y(ts) > a — bts + d/ Yy (s)ds > a— 0 — bts + d/ z5(s)ds > z5(ts).
0 0

This absurd conclusion shows that actually y > zs throughout [0, Tj), which since z5(t) o0 ast * Ty
entails that 7" < Ts. In the limit ¢ \, 0 this implies (4.63). O

PrROOF of Theorem 1.4. With n := % > 0, we let B(p,n) denote the constant provided by
Lemma 4.8. We claim that then the above statement holds if we let

ow = ()" e (00

Indeed, suppose on the contrary that with this choice, (1.7) holds for some nonnegative ug € W14(Q),
q > 1, but that the corresponding strong W!l4-solution from Theorem 1.2 be global in time. Then

= [quP(x,t)dx, t > 0, would define a continuous function on [0, c0) which according to Lemma
4 8 and our ch01ce of n would satisfy

B t
y(t) > y(0) + (H“)pl/ Y (8)ds — Bp )| QP ar e for all ¢ > 0 (4.67)
20r Jo
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with m = max{ﬁ Jq o, .}, where we have employed Lemma 4.1 in estimating

t +1
/ (/ u)p ds < |QPTimpTl for all ¢t > 0,
0 Q

and where we have used the Holder inequality to see that

t ptl Lt
fo (L) < 7 [
0 Q 0 JQ

Since the numbers a := y(0),b := B(p,n)|QPHmP+, d .= % and k := prl satisfy

1 1
20\ —=) » 1— -1 e
a (2 — ol ey - (—— L= PP > 1
Q) 1
d AB(p,n)| QP T r it

by (1.7) and (4.66), an application of Lemma 4.9, however, says that y and hence (u,v) cannot be
global in time. The conclusion (1.8) is then an immediate consequence of (1.6). O

5 Exceeding carrying capacities in (1.1). Proof of Theorem 1.1

With all the above preparations at hand, our main result concerning the solution behavior in the
problem (1.1) with small diffusion actually reduces to a straightforward consequence.

PROOF of Theorem 1.1.  Given ug fulfilling (1.7), we let T > 0 denote the maximal existence time
of the strong W 4-solution (u,v) of (1.5), whence from Theorem 1.4 we know that T < oo and

lirf;%lp [u(, 8)] Lo () = oo (5.1)
Now if the claim was false, then for some M > 0 we could find a sequence (¢;)jen C (0,1) such that
€; 0 as j — oo and

e, (z,t) < M for all (z,t) € Q x (0,7) and each j € N. (5.2)

Then Lemma 4.3 would ensure that

u. — 4 in CO(Q x [0,7)) (5.3)
and

Ve = D in C*°(Q x [0,7])

as € = £; \, 0, where (@, ) is a strong W h4-solution of (1.5) in 2 x (0, 7). Thanks to the uniqueness
property of such solutions, as stated in Lemma 4.2, we thus infer that actually (@, ?) = (u,v), so that
in particular u < M in Q x (0,T") according to (5.2) and (5.3). This, however, would contradict (5.1),
whereby the proof is completed. O
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6 Numerical illustrations: Large densities as a transient phenomenon

In this section we shall present some numerical experiments in order to illustrate the solution behavior
in (1.5). The simulations were carried out using a time-explicit finite difference scheme on an equidis-
tant spatial grid on the unit interval € := (0, 1), with grid size 0.01 and time step size 107°.

120 80
"1=0.3"

o

02 0.4 o6

Figure 1: Solution behavior for e = 0.0148,r = 0.1, u = 0.1 and ug(z) := 10z? at times
t=0.1,t=0.2,t =0.3,t =0.5,t = 1.0 and ¢ = 50, respectively.
Vertical axis: z; horizontal axis: u(x,t)

In Figure 1, the diffusion constant and the rates of reproduction and death are fixed according to
€ =0.0148, r = 0.1 and p = 0.1, and the spatial profiles of the respective component u of the solution
emanating from ug(z) = 1022, x € €2, are shown at various times.

The first three pictures show how the solution dynamically forms an aggregate near x = 1 around
time ¢t = 0.3, at its spatial maximum exceeding the carrying capacity u. = = = 1 and the initial upper
bound ||ug|| reo(0) = 10 by factors larger than 100 and 10, respectively. However, the further evolution
clearly reveals that this is a transient phenomenon: Afterwards, namely, this accumulation relaxes
and the solution appears to stabilize toward a spatially inhomogeneous equilibrium shown in the last
picture.

The degree of excession of u. is additionally underlined by Figure 2, which traces the behavior of
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[u(-,)|| oo () Over the time interval ¢ € [0, 5] for the above solution.

120

' "L_infty"

L L L L
0 1 2 3 4 5

Figure 2: Time evolution of the spatial norm of u(-t) in L>°(€) of the solution in Figure 1.
Vertical axis: ¢; horizontal axis: [|u(-, )| 1)

Finally, Figure 3 illustrates that the potential to generate such temporary clusters does not rely on any
production of cells, but that it sharply depends on their diffusivity e: Indeed, even in the borderline
case r = 0, still with p = 0.1 and ug(z) = 102, large values of ||u(:,)||f(q) do occur if  is small
enough; for € = 0.5, however, the solution remains bounded from above by [[ugl| ()

"eps=0.01406"
"eps=0.02"

"eps=0.5" ———~

Figure 3: Behavior of |lu(-,?)| () over t € [0,2] in dependence of ¢ € {0.01406, 0.02,0.05,0.1,0.5}
when r =0, u = 0.1 and ug(z) = 1022.
Vertical axis: t; horizontal axis: [[u(-, )| 1)
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