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Rate of convergence to Barenblatt profiles for the fast diffusion
equation with a critical exponent

M. Fila, J. R. King and M. Winkler

ABSTRACT

We study the asymptotic behaviour near extinction of positive solutions of the Cauchy problem
for the fast diffusion equation with a critical exponent. After a suitable rescaling that yields
a nonlinear Fokker—Planck equation, we find a continuum of algebraic rates of convergence to
a self-similar profile. These rates depend explicitly on the spatial decay rates of initial data.
This improves a previous result on slow convergence for the critical fast diffusion equation and
provides answers to some open problems.

1. Introduction

We consider the Cauchy problem for the fast diffusion equation,

u, = V- (um Vu), yeR? 7¢€(0,7T), (1)
u(y70) = Uo(y) > 07 y e Rn? '
where n >3, T >0 and m = (n—4)/(n —2). It is known that, for m < m.:= (n —2)/n,
all solutions with initial data in some suitable space, such as LP(R™) with p = n(1 —m)/2,
extinguish in finite time. We shall consider solutions that vanish in a finite time 7 =7 and

study their behaviour near 7 =T.
For the extinction range m < m, there are (infinite-mass) solutions of the self-similar form

o\ —1/(1-m)
Up.r(y, ) i= ﬁ <D + M ’R?(JT) ) , (1.2)
1 1

n(l—m) —2 :n(mcfm)

R(r):=(T—-7)" pB:= > 0.

We will call these solutions Barenblatt solutions.
Many papers ([3-7], for example) are concerned with the convergence of solutions of (1.1)
to the Barenblatt solutions as 7 — T'. More precisely, the decay rates of

R(m)"(u(r,y) = Up,r(y, 7))

as 7 — T are discussed there.
The reasons why the critical exponent

My 1= < M,
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plays a very important role in the results of [3-7] will be explained below. If n = 3,4, then
m, < 0, which is a case treated in some more detail in [4].
To study the asymptotic profile as 7 — T, it is convenient to rewrite (1.1) in similarity

variables:
1 R(7) By 2
t:=—1 d == =
r “(R(O)) me \[uRm’ SR T

with R as above, and the rescaled function

v(a,t) = R(r)"u(y, )

satisfies then the nonlinear Fokker—Planck equation
vy =V - (") + uV - (zv), x €R™, t>0. (1.3)

The Barenblatt solutions Up 7 (y, 7) are thereby transformed into Barenblatt profiles Vp(x),
which have the advantage of being stationary:

Vp(x) == (D + |z|)~YA=m g eR™ (1.4)

In the new variables, the convergence of solutions of (1.1) to Up r takes the form of stabilization
of solutions of (1.3) to non-trivial equilibria Vp.

The critical exponent m, has the property that the difference of two Barenblatt profiles is
integrable for m € (m.,m.), while it is not integrable for m < m,. Furthermore, m, is the
unique value of m such that the linearization of the operator V - (v™~1Vv) + uV - (zv) around
Vp (on a natural weighted L?-space) has no spectral gap, see [4]. This is why one can expect
that the rate of convergence to Vp is exponential for m # m, and algebraic for m = m..

In [3, 4, 6, 7], one can find several sufficient conditions under which v(-,t) converges to vp
exponentially if m < m., m # m,. The case m = m, was treated in [5] by functional analytic
methods. A suitable linearization of the nonlinear Fokker—Planck equation (1.3) was viewed
as the plain heat flow on a suitable Riemannian manifold, and then nonlinear stability was
studied by entropy methods. Theorem 3.1 in [5] (which can be viewed as the main result of
[5]) gives algebraic upper bounds for the decay rate of the entropy functional and for the
convergence rate to Vp. One can expect the rates to be sharp since the linearization decays
at those rates, but in [5] there is no rigorous proof of optimality. In fact, no lower bounds for
the rates are established in [5]. One of the main aims of the present paper is to prove optimal
lower bounds for the convergence rates for a large class of initial data. Our first main result
says that convergence to Vp from below cannot occur at any rate faster than ¢t~/2, which is
the fastest decay rate of positive solutions of the linear one-dimensional heat equation.

THEOREM 1.1. Let n> 2, m =m, and D > 0. Assume that vy is continuous and non-
negative on R"™, vo < Vp, vg #Z Vp, with Vp given by (1.4). Then there exists ¢ > 0 such that
the solution v of (1.3) with the initial condition v(-,0) = v, satisfies

v(0,t) < Vp(0) —ct™Y? fort > 1.

If vy intersects Vp, then we expect that a faster rate of convergence may occur, similarly as
for sign-changing solutions of the linear heat equation.

Next, we discuss upper bounds for the convergence rate. Corollary 3.2 in [5] says (among
other things) that if 0 < Dy < Dy, D € [Dy, Dy] and

Vpo () < wvo(z) < Vp,(z), =z e€R", (1.5)

vo(2) = Vp(a)| < f(lzl), = €R", f(l-]) € L'(R"), (1.6)
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then, for the solution v of (1.3) with the initial condition v(z,0) = vg(x), it holds that
[0(-st) = V|l poo(rny < Kt7H4, ¢ >1, (1.7)

for some K > 0.

The question of whether the rates obtained in [5] are optimal for a class of data was posed
in [5] as an open problem together with the question of whether one can prove convergence,
maybe with worse rates or without rates, for more general initial data (see [5, Subsection 8.2]).

Our first step in answering these questions is the following:

THEOREM 1.2. Assume that n > 2, m = m, and D > 0, and that Vp is as defined in (1.4).
Let v be the solution of (1.3) with the initial condition

v(z,0) = vo(x) := (|z|*> + D+ o(x)) "2/ zeR", (1.8)

where 1 is continuous and non-negative on R™, ¢y # 0. If there are B > 0 and v € (0, 1) such
that

vola) < Bn 7V fe], | > 2, (1.9)
then there exists C' > 0 such that

Vp(z)(1 — VYD (@) 7/?) S oz, t) < Vplz), ze€R", t>1.

This theorem yields convergence with rates for a class of data that do not satisfy (1.6), but
also for data that belong to the class considered in [5]. Namely, if ¢y satisfies (1.9) with v > 1,
then (1.9) also holds with vy =1 —¢, £ € (0,1), and some B = B(e) > 0.

As an immediate consequence of Theorems 1.1 and 1.2 we obtain:

COROLLARY 1.3. Let n > 2, m =m, and D > 0. Assume that 1) is continuous and non-
negative on R™, ¢y # 0. Let v be the solution of (1.3) with the initial condition (1.8). If there
are B> 0 and v > 1 such that (1.9) holds, then there is ¢ > 0 and, for any ¢ € (0,1), there
exists C. > 0 such that

™2 |V —v(-, )| poo(rny < Cet =792 1> 1

If v > 1, then the initial data from Corollary 1.3 satisfy (1.5) and (1.6), and fill a large
part of the range of applicability of the entropy method from [5]. The wrong power of time
appearing in (1.7) is due to interpolation. It was shown in [5] that, in the linearized situation,
the heat kernel decay has a one-dimensional behaviour in the sense that its rate is t~'/2 (see
[5, Corollaries 4.4 and 4.5]), but the consequent smoothing effect between L' and L? yields a
t=1/% decay only (see [5, Section 4.4]). The L' — L? bounds allow one to recover the correct
L' — L*> decay in the linear situation, but the lack of such functional analytic tools in the
nonlinear situation causes the appearance of the wrong power of time for the L>°-norm.

In this paper, we work with the PDE directly, without any use of functional analysis. Our
next result implies that Theorem 1.2 is sharp.

THEOREM 1.4. Assume that n > 2, m = m, and D > 0. Let Vp be as defined in (1.4) and
let v be the solution of (1.3) with the initial condition (1.8). If there are b > 0 and vy € (0, 1)
such that

Yo(z) = bIn™ 7 |z|, |z| > 2,
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then there exists ¢ > 0 such that

v(0,t) < Vp(0) —ct™/2, t>1.

Theorems 1.2 and 1.4 yield that if Vp(a) — vo(x) behaves like |z| " 1In"7 |z| for |z| large
and some v € (0, 1), then [[v(-,t) — Vp|| 0 ®n) behaves like t=7/2 for t large. Hence, we obtain
a continuum of algebraic rates for initial data that do not satisfy (1.6). These rates are the
same as for uy = u,,, © € R, with positive initial data decaying as |x|~7. Hence, the long-time
behaviour of solutions of (1.3) is one-dimensional, while the short-time behaviour of solutions
of the linearized equation is n-dimensional (cf. [5, Corollary 4.4]).

We prove our results by constructing suitable sub- and super-solutions. In order not to make
the paper unnecessarily long, we consider only initial data below Vp, but one can modify the
arguments to prove analogous results for initial data above Vp.

In Section 2, we establish the lower bound from Theorem 1.2, and in Section 3 the upper
bound from Theorem 1.4. Section 4 is devoted to the proof of Theorem 1.1.

2. Lower bound. Proof of Theorem 1.2

To construct a suitable super-solution, we shall use the following:

LEMMA 2.1. Let ~y € (0,1). Then the solution of the problem

Z v
o ot Y e _
()4 20(E) + 2a(:) =0, 230, o)
®(0)=1, @'(0)=0,
is positive and decreasing on [0,00), and there exist ¢ > 0 and C' > 0 such that
277 < P(2) < Cz77 forallz>1 (2.2)
and
—Cz 77V (2) < —cz 7 forall z > 1 (2.3)
as well as
|®"(2)] < Cz77"2 forall z > 1. (2.4)
Proof.  The solution ® of (2.1) can be written explicitly in the form
_ 1—v 1 22
_ =< 1 _
o) = em (52 5.0) . o=
where M is Kummer’s function (see [1])
a ala+1)---(a+k) 4
b :: ]_ —_— DY CEEEEY
M(@.b.0) =14 pCt -+ o T o T
and
'
e M(a,b,¢) — 1“((a)) as ( — 00, (2.5)

which yields (2.2).
If we now rewrite the equation in (2.1) as

"(2) 4+ 2277 (2@ (2)) =0



CONVERGENCE TO BARENBLATT PROFILES 171

and use the identity
d

¢ i
(see [1]) together with (2.5), then we obtain that

(Cb_a e_cM(av b, g)) = (b - a)Cb_a B_CM(CL - 1,0, C)

13217727 0(2)) [ < C277% 221,

which implies (2.4).
Since ® cannot have any local minimum, one can see that ®’ is negative and (2.3) follows
from (2.4). O

For m = m, and radial solutions v = v(r,t), (1.3) becomes

-1
v = (V) + ”vaz/(nfz)w +(n—2)(rv. +nv), >0, t>0.

If we further transform v via
v(r,t) = (r2 + D+ p(r, t))_("_2)/2, r>0, t>0,

then, after some computation, it can be checked that ¢ satisfies, for » > 0 and t > 0, the
equation

Py =@ — (r* + D+ ) (@w + nrl<Pr> +(n—2)ror + %72903 =0. (2.6)
The change of variables
X(&,t) == p(r,t), &:=Inr, r>0,t=0,
yields that
Ox =Xt —xee —€¢ {(D +X)[xee + (0 — 2)xe] — 7122X§} =0 (2.7)

for 6 e Rand t > 0.
In a region where r is appropriately large, we shall use functions of the form

xEoo A (g 4) 1= At + o) 7 PR((E+ &)t +1t0)?), €20, =0, (2.8)

as (upper) comparison functions. For clarity of notation, we consider &, > 0, t; > 1 and A > 0
as free parameters here. We shall fix &y, g in Lemma 2.7 and A > 0 in the proof of Lemma 2.8.

LEMMA 2.2. Let v€(0,1). For to > 1, § € R and A > 0, the function x = x (Eorto:A)
defined in (2.8) satisfies

Xt = Xee for&>0andt>0. (2.9)

Moreover, there exists t, > 1 with the property that, whenever ty > t,, for any choice of §y > 0
and A > 0 we have

Xee +(n—2)xe <0 forall >0 andt > 0. (2.10)

Proof. Since

Xe = A(t+10) V27120 (2),  xee = At + 1) V/?710"(2) (2.11)
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and

Xi = —g Alt +10) V2 (2) — LA +10) 2 ()

with 2 := (£ + &) (t +to) /2, the identity (2.9) is immediate from (2.1).
To verify (2.10), we observe that, since ®”(0) < 0 by (2.1), there exists zy > 0 such that

®"(2) <0 forall z € [0, 2] (2.12)
Then (2.3) and (2.4) ensure that, with some ¢; > 0 and ¢z > 0, we have
d'(2) < —c12777 1 forall 2 > 2 (2.13)
and
®"(2) < cpz7 72 forall z > 2. (2.14)

We now let t, > 1 be large enough such that

and claim that (2.10) holds whenever tg > t,, & > 0 and A > 0. Indeed, recalling (2.11), (2.12)
and the monotonicity of ®, we easily see that in the region where z = (& 4 &)(t + to) /% < 2o,
both x¢e and x¢ are non-positive, and hence clearly xee + (n — 2)xe < 0. On the other hand,
if z > zp, then from (2.11), (2.13) and (2.14) it follows that

xee(§,t) ®"(2) o c2

—(n=2)xe(&,t)  —(n—2)VI+ 1P (2) ~ (n—2)er(E+ o)
Since & + &y > zo\/T + Lo, (2.15) implies that

xee (€ t) ca _ Co o
—(n=2)xe(&t) ~ (n—2)c1zovT+1to  (n—2)crzov/E
holds at any such point, as claimed. ]

LEMMA 2.3. Let D >0 and v € (0,1). Then there exists t, > 1 such that, for any choice
of tg > t,, & > 0 and A > 0, the function x¢o:t0-4) in (2.8) satisfies

Qxotod) >0 forall € >0 and t > 0, (2.16)

where Q is the operator defined in (2.7).

Proof. We take t, as given by Lemma 2.2 and assume that ¢y > t,. Then, writing x :=
x&o:to:4) and using (2.9) and (2.10), we obtain

Oy =—e* {(D +X)[xee + (1 — 2)xe] — HX?}

2
e =2
>e TX£>O forall £ >0 and t > 0,
because D + x > 0 according to the non-negativity of x asserted by Lemma 2.1, and because
n = 3. |

The function we shall use as a super-solution near the origin (cf. (2.22) below) will have a
certain self-similar structure. As a preparation, let us state the following lemma.
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LEMMA 2.4. Let D > 0 and v > 0. For A :== (1/D)(y/2 + 1), let p denote the solution of

1
§'(0)+ —/(0) + plo) =0, >0,

(2.17)
p(0) =1, p/(0) =0,
Then there exists og € (0,1) such that p is positive and decreasing on [0, oq].
Proof. Both statements are obvious from (2.17). O

In order to match inner and outer functions appropriately, we shall need a correcting factor
that is time-dependent, but approaches one in the large time limit.

LEMMA 2.5. Given D >0 and v € (0,1), let ®, p and o¢ be as in Lemmas 2.1 and 2.4.
Then, for & > 0 and ty > o5 2, the function f(o:t) defined by

_ PG+ to) /%)

(€o.t0) (4) - t>0 2.18
f ( ) p((t+t0)71/2) ) b ( )
satisfies

floto)(t) — 1 ast — oo. (2.19)

Furthermore, for any & > 0 there exists C'(§p) > 0 such that whenever tg > 1, we have

C(&)

(€05t0) )/ (¢ < —> forallt>D0. 2.20
(P ()] < s foralle> (2:20)

Proof.  Since ®(0) = p(0) = 1, (2.19) is obvious. As for (2.20), we for ¢ > 0 compute

O (&o(t +10)~1%) | ®(Lo(t+1t0)" )P ((t+ to)_l/z))
p((t +to)=1/2) p2((t+ to)~1/2) :

(@Y = S+ (<
(2.21)

Since p is positive on [0, 9] and ®'(0) = p'(0) = 0, we can choose ¢; > 0,¢2 >0 and ¢35 >0
such that

plo) =2 cp forall o €0, 00]
as well as
|®'(2)| < coz forall 2 € [0,&] and |p'(0)] < czo for all o € [0, 0¢].

We thereby obtain from (2.21) that, for any choice of ¢ty > 00_2, one has
2
|(f&t0)Y ()] < <C250 + 03’2) (t+to)~2 forall t >0,
because ® < 1 on [0,00) by Lemma 2.1. U

We can now introduce a family of functions, one of which will serve as a super-solution in
the region where r < 1. To this end, for D > 0 and v € (0,1) we let p, oo and f0:t) as in
Lemmas 2.4 and 2.5, and given &y > 0, tg > 062 and A > 0, we define, for r € [0,1] and ¢ > 0,
the function

plorto ) (p ) .= AfE0t) (1) (8 + o) T2 p(r(t + o) TH/3). (2.22)

We then have the following lemma.
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LEMMA 2.6. Let D > 0 and~ € (0,1), and let p and g be as in Lemma 2.4. Then, for each
&0 > 0 there exists t* > 00_2 such that, for any choice of ty > t* and any A > 0, the function
@l&oto:A) given by (2.22) satisfies

Pplotod) > 0 forall r € (0,1) and t > 0. (2.23)

Proof. Given &, > 0, we take C'(§y) as provided by Lemma 2.5, and claim that (2.23) is

valid whenever tq > t* and
* 1 0(50) }
t* > max< —, , 2.24
7 e (224

where ® is from Lemma 2.1.
To see this, we fix any such to and, writing ¢ = @&oto:A) - f — f&o.to) and o = r(t + tg)
compute

—1/2
b

or = Af(O)(t+10)TV20(0), o = AF(D)(E + )70 (0) (2.25)
and
pr = =3 Af(0)(t+1t0) 72 Hop (0) + p(0)) — AF ()t + to) " p(0)
for r € (0,1) and ¢t > 0. Now, since to > t* > 00_2, in the region where r <1 and ¢t > 0 we

have o < tal/Q < 09, so that Lemma 2.4 guarantees that p(c) > 0 and p'(¢) < 0, and hence
p" (o) + (1/o)p'(0) = =Ap(o) < 0. In particular, if we write (2.6) as
n—1 n—2
Pe=¢i—(D+¢p) (cprr + T%) = 1%m = Tr + =57,

and use (2.25), we obtain

—(D + ¢) (aprr + n;lcp,) = —(D+ ) Aft)(t+1to) > p'(0) + n— 1,0'(0))

(%5
— —(D+ @) Af(t)(t +tg) /> (—/\p(o) +2 ~ 2P’(U)>

MD + @) Af(B)(t +to) 7> p(o)
A

>
> ADAS(t)(t + to)_W/Q_lP(U)v

because n > 3. Moreover,

s = e = —AFO+ )02 (10) + 20 (0))
= M) (t+1t0) #2200
for r < 1 and ¢ > 0. Since ((n —2)/2)p? > 0, we therefore have
P > ¢y + ADAF(t)(t +1t0) " p(0)
= Af(1)(t + t0) > {—‘;pm = 2p(0) = TR+ to)p(o) + ADp(rf)}

for r € (0,1) and ¢t > 0. (2.26)

Now, the monotonicity properties of ® and p imply that, since ¢y > 1, we obtain

() > —=a(eoty /) > B(&) for all £ >0,

p(0)
so that, using (2.20), we obtain
f'(@) C (%) C (%)
‘ 0 (t+to)| < (&) (t + to) < B(Eo)to for all ¢ > 0.
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Thus, according to the fact that t* > C'(&)/®(&o) by (2.24), we have
‘f (1)
f@®)

<1 forallt>D0.

(t + to)

Hence, (2.26) entails that
> —v/2-1f_9 T
P> Af)t+t0) {20 (0)+ (\D T = 1) ()]
= —Af(t)(t+ to)_7/2_1%p’(0) >0 forre(0,1)andt >0,
because of our choice of A in (2.17) and, again, the monotonicity of p on (0, 0¢). This completes

the proof. |

LEMMA 2.7. Let D > 0 and v € (0,1). Then, with o as in Lemma 2.4, there exist {, > 0
and tg > 00_2 such that, for any A > 0, the function @) defined by

(§o0,t0,A) (r,t) rel0,1], t =0
(A) t) = ¥ LRl »o - 2.27
¥ (7"7 ) {X(go’tO’A)(lnT, t), r>1,t>0, ( )

is continuous in [0, 00)? and satisfies

P >0 forallr € (0,00)\ {1} and t > 0, (2.28)
where P is as in (2.6), and such that
lim inf @4 (r,t) > limsup @A) (r,¢)  for all t > 0. (2.29)
r,/1 N1

Proof. Given D > 0 and «y € (0,1), we let p and ® be as defined by (2.17) and (2.1). Then,
since p’(0) = ®'(0) = 0 and ®”(0) = —v/2 < 0, we can find ¢; > 0 and ¢y > 0 fulfilling

p' (o) = —cio for all o € (0,00) (2.30)
and

P'(2) < —coz for all z € (0,1). (2.31)
We now first fix £, > 0 large such that
. S
c2p(00)

and then take t, and t* as provided by Lemmas 2.3 and 2.6, respectively, when applied to this
particular choice of §. We finally pick some ty > o 2 satisfying

€0 > (2.32)

to > max{t,,t*, &2} (2.33)

and claim that these choices ensure that (1) is continuous, and that (2.28) and (2.29) are
valid whenever A > 0.

In fact, (2.28) is an immediate consequence of Lemmas 2.3 and 2.6, while the continuity
of @) directly results from the definitions of @(€0:to-4)  y(€0:t0,4) and the function f(€o.to)
introduced in Lemma 2.5. To verify (2.29), we recall (2.22) and (2.8) in computing

I(t) = lim/i{lf cﬁﬁA)(r, t) = gpgu’t"’A)(l, t)

= AfCt) () (t 4 1o) V22 ((E 4+ 19)"V2), t>0, (2.34)
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and

L(t) == limsup Y (r, t) = Xéfo’to’A) (0,1)

™1
= A(t +to) 2728 (&0 (t 4 o)), t>0. (2.35)
Here, we note that, by (2.18) and the monotonicity of ® and p,
FEM(1) < D(0)p7 (g ?) = p7 (g ?) < p 7 (o0) forall £ >0, (2:36)
because ¢y > o, *. Furthermore, (2.30) and (2.31) assert that
P((t+1t0)"Y?) = —er(t+19) "2 forallt >0 (2.37)
and
D (&o(t +t0)"1/?) < —cabo(t +to)H/? forall £ >0, (2.38)

again since (t + to) "2 < 09, and since &(t + to)"*/2 < 1 due to (2.33). Using (2.36)(2.38),
we obtain from (2.34) and (2.35) that

L(t) — Io(t) = A(t +to) "/ * Y —c1p (00) + c2&o)  for all t > 0,
so that our requirement (2.32) guarantees that (2.29) holds. O

LEMMA 2.8. Let D > 0. Assume that g is continuous and non-negative on [0,00), and
there exist v € (0,1) and B > 0 such that

wo(r) < Bln™7r forallr > 2. (2.39)
Then there exists C' > 0 such that the solution ¢ of (2.6) with ¢(-,0) = g satisfies
o(r,t) <C(t+1)"72 forallr >0 andt > 0. (2.40)

Proof. Given D > 0 and v € (0,1), we fix g € (0,1), & > 0 and ¢y > 062 as in Lemmas 2.4
and 2.7, and take f = (%) from Lemma 2.5. In order to define, with some specific 4 > 0, a
super-solution of the form (2.27) which initially dominates ¢, we set zp := (In2 4 &)t 2 and
then obtain from Lemma 2.1 that, for some ¢; > 0, the function ® in (2.1) satisfies

D(z) = c1z77 forall z > z. (2.41)

Moreover, since ¢( is bounded, we can pick ¢z > 0 such that

wo(r) < cg forall rel0,2]. (2.42)
We now fix any A > 0 fulfilling
A> max{ Cztg/i ) Cztg/z, b (1 + @)7} (2.43)
FO)p(ty 7?7 ®(z0) " er - In2
and claim that then the function @) in (2.27) has the property
@A (r,0) > @o(r) for all 7 > 0. (2.44)

To prove this, we first observe that, for small r, by (2.42) and (2.43) it holds that

5(A) 5(A)
¥ (Ta 0) ¥ (Tv 0) 1 —v/2 —1/2
> = —Af(0) rt

@O(T) o s f( ) 0 p( 0 )

1 _ _
CATO) P plty™ ) > 1, e [0.1],
2

WV
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because p’ < 0 on (0,0¢) and ¢, 12 < 5. Similarly, in the intermediate region where 1 < r < 2,
(2.42), (2.43) and the monotonicity of ® yield

5(4)
e (r,0) 1 ~1/2
20T s 2 a2 (In2 + &)(t >1, re(1,2].
C,O()(?") Co 0 (( 50)( 0 )) ( ]
Finally, for large r we apply (2.41) to estimate
e (r,0) = Aty 2o ((Inr + &) (15 /?) = 1 A(lnr + &) 7

&\ _
>cAll+—=— 1 v 2
¢l ( + 3 (Inr)™7, r>2,

because In7 + & < Inr + o Inr/In2 for such r. Along with (2.43) and (2.39), this guarantees
that also

Q(A)(r, 0) > ¢o(r), r>2.

Having thus found that (2.44) is true, we may invoke Lemma 2.7 combined with the comparison
principle to infer that ¢ < @) in [0, 00)2. In particular, since p < 1,® < 1 and f < p_l(talﬂ)
by monotonicity, this means that

p(r,t) S AF@)(t+10) 72 < Ap7 (15 )t +t0) 2 T e01], 20,

as well as
o(r,t) < A(t+19)™"/? for all ¥ > 1 and t > 0,

from which (2.40) clearly follows. O

Proof of Theorem 1.2. If we choose ¢y satisfying (2.39) such that ¢o(z) < po(|z|) for
r € R™, then we obtain by comparison that

(Iz]> + D+ ¢(|2], 1))~ ""272 < v(z,t) < Vp(z), x€R™, t>0.
Lemma 2.8 and the Mean Value Theorem yield then the result. O

3. Upper bound. Proof of Theorem 1.4
LemMmA 3.1. For vy >0, let

R 52\ /2
D(z) := (1 + 4) , z2=0. (3.1)
Then,
R 5 5 . ~y 22 —v/2-1
" (2) + =P (2)+ =P(2) =~ [ 1+ = for all z > 0. (3.2)
2 2 4 4
Moreover,
R ~y 22 —v/2-1
P'(2) = 4 (1 + 4> for all z >0 (3.3)
and
. 1 2\ —/2-1
17 (2)] < % (1 + 24) for all z > 0. (3.4)

Proof. The statements can be verified by straightforward computations. |
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LEMMA 3.2, Let D >0 and v > 0. Then there exists £ > 1 such that, for any choice of
a € (0,1), the function x*) given by

@ (e p) o alt 4 1)-120 (5—50) >, 130 3.5
X&) =alt+1) NESTA ¢ 2%, ’ (3:5)

satisfies
oY <0 forall€>& andt >0, (3.6)

where Q is as defined in (2.7).

Proof. We abbreviate

and calculate
A =a(t+ 1) (), 3 = a(t+ 1)1 (2)

and

ola) _ 1 —v/2—1_&/ Y —v/2—-14&

Xy = fia(t +1) 2®'(2) — §a(t +1) D(z).
Therefore,

0@ — e T VNI ¥ YR
) =t +1) 20/(2) - L) - #7(2)
— e 2D +a(t+1)7728(2)][®"(2) + (n — 2)VE + 18(2)]
2

% (R 1)7/2‘i>’2(z)} for £ > &y and ¢ > 0.

Here, we recall (3.1) and our assumption a < 1 in estimating
D +a(t+1)7728(2)| <D +1
and use (3.2) to see that

756)/(’2)71&)(’2)7@//(2)<71 1+i —v/2-1
2 2 ! 4

at any point (£,t) € (£, 00) x (0,00). Thus,

O (L2 g
PR 7= i Gy + (D4 1) e[ ()
2

+(n—2)e 2Vt + 1|9 (2)] + %
:I—Il+I2+.[3+I4 for§>foandt>0,

672E(Ap/2 (Z)

and we claim that this implies (3.6) if we pick £, > 1 large enough such that
(v+1)(D+1e ¥ <i forall &> (3.7)
and
(n—2)(D+1)(—&)e > <% forallé> & (3.8)
as well as

@ e < % for all £ > &. (3.9)
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Indeed, in conjunction with (3.4), (3.7) implies that

2+1
e} = Me—% (1 + )7/ ‘q,//(z)‘
4

I Y
4(D+1 1
< ( + )6—25’7(7"" ):(v—i—l)(D—i—l)e_%
0 4
1
<§ for all £ > &y and t > 0. (3.10)

Since vt + 1= (£ — &)/, (3.3) and (3.8) next guarantee that

v/2+1
L _4n-2)(D+1) —%m(H 4) #'(2)|

Il ’7
_ 2 /4\7/24+1
_n=2@+1) Q)V(D D (- gy e 2e LEZT
=(n—-2)(D+1)(§~&)e *
< é for all £ > &y and ¢ > 0. (3.11)
Finally, again by (3.3),
%: 2(’/17— 2) e—2§(t+ 1)'y/2+1(§/2(z)
_ (n —2)y o262 22 B
“ s ° (1 T ’

so that, since clearly z2(1 + 22/4)77/271 < 4, from (3.9) we infer that
Iy _(n—=2)y 5 1
— < -~ 77 —
I 5 e <

Combined with (3.10) and (3.11), this establishes (3.6). O

for all £ > &y and ¢ > 0.

In view of the explicit definition (3.1) of ®, the above function X(®) can alternatively be
written in the fully explicit form

—/2
>2<“>(§7t)=a<t+l+w> ’ , E=&, t=0.

LEMMA 3.3. Let D > 0 and v > 0. Then there exists ro > e such that, for all a € (0,1),

P (1) = {“(” )72, re 0, t>0,

3.12
X(“)(lnr, t), r>rgt=0, ( )

defines a continuous function ¢! on [0,00)? such that also gfﬂ“) is continuous on [0, 00)?, and
such that

PE(“) <0 forallre (0,00)\{ro} and t > 0. (3.13)

Here, X'® is as defined in Lemma 3.2 with & := Inrg, and P is as in (2.6).

Proof. With & > 1 as provided by Lemma 3.2, we let r¢ := €% > e and thereupon obtain
that (3.6) precisely yields PE(“) < 0 for r > rg and ¢ > 0. To see the same for small r, we only
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need to note that clearly
fi“) = f&i) =0 forr <rgandt>0, (3.14)

so that

_ﬂ(

’Pf(a) = fia) = t+1)7/27 1 <0 forr <rgandt>0.

Having thus established (3.13), we are left with proving the continuity of fi“). In view of (3.14),
however, this immediately follows from the observation that

1 a
lim o (r,t) = —x@ (&, t) = —
Am e, (r,1) X (€o:1) 7“0

whereby the proof is completed. ]

(t+1)77290'(0) =0 for all t > 0,

LEMMA 3.4. Let D > 0. Suppose that ¢y € C°([0,00)) is positive and such that
wo(r) =bln™"r forallr>2 (3.15)

with some positive constants b and «. Then there exists ¢ > 0 such that the solution ¢ of (2.6)
fulfilling ¢(-,0) = o satisfies

©(0,t) > c(t+1)"72 for all t > 0. (3.16)

Proof. We let g > e be as given by Lemma 3.3. Then, since ¢q is continuous and positive,
we can find ¢; > 0 such that

wo(r) = 1 forall r € 0,70], (3.17)
and fix a € (0, 1) small enough fulfilling
a < min{cy, bcg/Q}, (3.18)

where
1 1

Co 1= min{lﬁ, 4502}
with & :=1Inry > 1. We claim that this choice ensures that, with g(“) defined by (3.12), we
have
wo(r) > g(a) (r,0) forall > 0. (3.19)
In fact, if r is small, then by (3.17) and (3.18),
wo(r) =21 >a= f(“) (r,0) for all r € [0, 7).
In order to show (3.19) for large 7, we observe that, by (3.12), (3.5) and (3.1),
R 1 o 2 v/2

w(“)(r,O)a¢(lnr§0)a<1+W> , >,

because ry > e > 2. Here, we estimate

(Inr — &)? - (Inr —&)? < (Inr)?

1 > > if Inr>2
+ 1 1 16 [inr=>2%

and
2
14 (Inr—&) >1> Inr
4 2&0
whence, by definition of cg, it follows that

f(a) (r,0) < a(ca(In 7«)2)—7/2 <b(lnr)™7 < po(r) forall r> 2.

2
> if Inr < 2&,
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We have thereby verified (3.19), which in turn, on an application of the comparison principle,
entails that ¢ > g(a) in [0,00)2. Evaluated at r = 0, this implies in particular that

0(0,1) = ¢\ (0,t) = a(t +1)7/* forallt >0,
and hence proves (3.16). O
Proof of Theorem 1.4.  We choose ¢q satisfying (3.15) such that ¥ (x) > po(|z|) for € R™.
Then, we obtain by comparison that
(Iz]* + D + ¢(|z],1))"""D/2 > v(z,t), z€R", t>0.
Lemma 3.4 and the Mean Value Theorem yield then the result. |

4. Universal upper bound. Proof of Theorem 1.1

LEMMA 4.1. Let & € R, and suppose that « and (3 are smooth functions on (&;,00) X
(0, 00), for which there exist k > 0 and K > 0 such that

E<alt)< K and |B(&t) <K forall§>¢& andt > 0.
Then, for any non-negative solution
0% w e C*((&1,00) x (0,00)) N CY([&1,00) x [0, 00))
of
wy = a(§, Hwee + B, Dwe, §> &, >0,

one can find ¢ > 0 such that

sup w(é,t) > c(t+1)"Y2  forallt > 0.

§>6

Proof. This lower bound follows from [2], for example. O

LEMMA 4.2. Let D >0 and assume that g is continuous and non-negative on [0,00),
o # 0. Then there exists ¢ > 0 such that the solution ¢ of (2.6) with ¢(-,0) = g satisfies

sup o(r,t) = c(t +1)"Y2  for all t > 0. (4.1)
>0

Proof. Passing to a suitable minorant of ¢ if necessary, in view of the comparison principle
we may assume that, for some 79 > 0, we have 0 Z o € C5°((rg, 00)) with 0 < ¢ < 1. Now,
conveniently rewritten in terms of x(&,t) = ¢(r,t), € =Inr, (2.6) becomes (cf. also (2.7))

_ n—2
Xt = Xee e 25{(D+X)[X§5+(n—2)xd— 5 X?}

=[14+(D+x) 6_25])(55 +e % (n—=2)(D+x)— HX5:| Xe

2
= a(§,t)xee + P& t)xe, EER, t>0.

Let us next choose & € R such that & < Inrg — 2. Then, since 0 < x <1 in R x (0,00), we
have

1<a(t) <1+ (D+1)e %0 forall € > & and t > 0.
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Therefore, due to the fact that g is smooth with compact support, interior parabolic Schauder
estimates [8] provide ¢; > 0 such that

Ixe(§,t)] < e forall £ > & and t >0,

so that

n —

2
18(&,1)] < e 2&FD | (n —2)(D +1) + c1| forall € >¢& and t > 0.

Since we already know that y > 0 and that x(-,0) #Z 0 in (§ + 1, 00) according to our choices
of ro and &y, we may now invoke Lemma 4.1 to conclude that there exists co > 0 such that

sup x(&,t) = ca(t + 1)_1/2 for all ¢t > 0.
§>E0+1

Restated using the variable ¢, this immediately yields (4.1). |

Proof of Theorem 1.1.  'We write the initial function vy as
vo(x) = (|z> + D +1ho(x))"""D/2 z e R,

where 1y is continuous and non-negative on R"™, 1y Z 0. We can assume, without loss of
generality, that 1(0) > 0. We choose ¢ such that g (z) > @o(|z|) for z € R™ and ¢ # 0 is
non-increasing. We then obtain by comparison that

(|z|> + D+ (||, )" "=2/2 > v(z,t), zeR™ t>0.

Since sup,-q¢(r,t) = ¢(0,t), the result follows from Lemma 4.2 and the Mean Value
Theorem. U
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