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1 Introduction

Cross-diffusion system is an important class of reaction-diffusion problems, and it has received con-
siderable attentions for several decades [17, 18, 27]. At the individual level, the basic underlying
assumption for cross-diffusion is that the transition probability from the departure point to the arrival
point only depends upon departure conditions, e.g., population density and environmental condition
at the departure location [19]. To model the spatial segregation of interacting species, Shigesada et
al. [22] proposed the following cross-diffusion model for two competing species (abbreviated as S-K-T
model henceforth):

ur = A[(d1 + av)u] +u(a; —bju —civ), =€, t >0,
vy = A[(d2 + pu)v] + v(ag — bau — cov), =€, t >0,
%:%:0’ x e, t>0,
U({L‘,O) = Uo(l'), U(IL‘?O) = UO(‘/E)a z €,

(1.1)

where u(z,t),v(z,t) represent the density of two species at location x and time ¢, dy, do are their
random diffusion rates, o and S are cross-diffusion coefficients, 2 is an open bounded domain in
R™ with smooth boundary, denoted by 02, v is the outward unit normal vector on 02, and the
homogeneous Neumann boundary conditions mean that species do not cross the boundary. The
parameters a; (i = 1,2) are the intrinsic growth rates for two species, respectively, by, co account for
the intraspecific competition, and ¢y, bo are the interspecific competition coefficients. We assume that
a;, b, c;, o, B are positive constants. The initial data ug and vy are sufficiently smooth nonnegative
functions satisfying ug Z 0 and vy Z 0. One interesting feature of the S-K-T model is that the
highest order of derivatives for the densities of both species appear in each of the two equations.
The original S-K-T model also includes self-diffusion and biased movement along the environmental
gradient. We are neglecting those terms as they do not cause any additional technical difficulty on
the global existence of smooth solutions to (1.1), so that we can focus on the effect of cross-diffusion.

In a series of works [1, 2, 3], Amann proved the local existence of smooth solutions to the S-K-T
model. However, the global existence of smooth solutions has not yet been fully established, except
the following cases:

For the case «, 8 > 0, Kim [12] established the global existence of smooth solutions when n = 1 and
dy = dy. Later on Shim [21] proved the uniform boundedness of smooth solutions when n = 1 and
dy = dg. For any n > 1, Deuring [8] showed the existence of smooth solutions to the S-K-T model if
the cross-diffusion coefficients are small relative to the initial data.

In the case & = 0 or § = 0, there have been a series of development: When n = 2, Lou et al. [16]
proved the existence of smooth solutions to the S-K-T model. The method in [16] can also be modified
to cover the case n = 1. Choi et al. [7] and Le et al. [13] independently settled the case n < 5. Tuoc
[25] proved the existence of smooth solutions to the S-K-T model when n < 9. Recently, Hoang et al.
[10] established the global existence of smooth solutions for any space dimension.

We refer to [14, 24, 26] for related works where the self-diffusion plays an important role. The existence
of global weak solutions are considered in [5, 6].



The goal of this paper is to extend the results of Kim [12] and Shim [21] to the case d; = d2 and n < 3
in convex domains. As d; = ds, after suitable scaling we can rewrite the S-K-T model as

ur = Au~+ aA(uv) + pu(l — oqu — agu), € Q, t>0,
vy = Av 4+ bA(uv) + vu(l — fru — fov), x€Q, t>0,
%:%:0, x e, t>0,
U(ZE,O) = UO(:B)’ U(‘T’O) = UO($)7 T €Q,

(1.2)

where 2 C R™ is a bounded convex domain, while a,b, u, v, a1, as, 81 and By are positive parameters.

Theorem 1.1 Letn < 3 and Q C R™ be a bounded convex domain with smooth boundary, and suppose
that a, b, i, v, a1, e, B1 and PBa are positive. Then for any choice of nonnegative functions ug and vg
belonging to W2>°(Q), the problem (1.2) possesses a global classical solution (u,v) € (C°(Qx[0,00))N
C?H(Q x (0,00)))? which is bounded in the sense that there exists C > 0 fulfilling

0<u(z,t)<C and 0<v(zt)<C for all x € Q and t > 0. (1.3)

This paper is organized as follows: In Section 2 we present some basic materials concerning the local
existence of smooth solutions and establish some a priori estimates concerning u, v, u? and v2. Section
3 is devoted to establishing the space-time bounds on w,v in L3 and Vu, Vv in L?. The assumption
that both diffusion coefficients are equal allows us to find a suitable linear combination of v and v
which solves a scalar parabolic equation. In Section 4 we deploy a delicate bootstrap argument to
establish the LP bounds of u and v for any p. The assumption n < 3 enables us to close a circle
of arguments so that the integrability powers of v and v can be improved in each iterative step. In
Section 5 we establish the time-independent bounds for Vu and Vo with respect to the L*(2) norm,
in which the convexity of €2 is used. Finally we employ Amann’s extensibility result to complete the
proof of the global existence of smooth solutions to (1.2).

2 Local existence, extensibility and basic estimates

The following has been obtained in [1], [2] and [3] (cf. also [14]).

Lemma 2.1 Letn > 1 and Q C R™ be a bounded domain with smooth boundary, let a,b, u, v, a1, ag, B1
and By be positive, and assume that ug and vy are nonnegative functions from WH*(Q). Then there
ezist Tynaw € (0,00] and a pair (u,v) € (C%(Q x [0, Tinaz)) N C*HQ x (0, Tinaz)))? of nonnegative
functions u and v which solve (1.2) classically in Q x [0, Tyaz), and which are such that

if Tnaz < 00, then limsup (||u(-,t)||W1,p(Q) + ||v(, t)HWl,p(Q)) =00 forallp>n. (2.1)
t

Let us state some immediate basic properties of these solutions.

Lemma 2.2 We have

/ u(-,t) < my := max { / ug, ’Q‘} for all t € (0, Tmaz) (2.2)
Q Q

aq



and

/ v(-,t) <mg:= max{ / o, |Q|} for all t € (0, Tpaz) (2.3)
Q Q

B1
as well as .
T 1 N
/ / < U+ ’”) for all t € (0, Taz) (2.4)
and
t+1 R
/ / <0+ ’”) for all t € (0, Tnas). (2.5)
where
s Tma:v - ] Tmaz < )
T := min {1 , leaz} and Trnaz i = ’ Zf > (2.6)
2 00 if Tnae = 00.

PrROOF.  As w and v are nonnegative and g—ﬁ = % = 0 on 012, in integration of the first equation in

(1.2) over Q yields

d
u- /u—ual/u —,uozg/uv<u/u—ua1/ 2 for all t € (0, Thaz), (2.7)
dt Q Q Q Q

so that since ([, u)? < Q] [, u? by the Cauchy-Schwarz inequality, y(t) = [, u(-,t), t € [0, Trmaz),
satisfies

v (t) < py(t) — ‘rgi y2(t)  for all t € (0, Tag)-

By an ODE comparison, this firstly shows that
y(t) < max {y(O) , lf:l}_ my for all t € (0, Thnaz)
ar

and thereby implies (2.2). Thereupon, by integration of (2.7) in time we obtain

/Qu(-,t—H')—|—,LL041/;+T/QU2 < / +,u/t+T/

< mq+ purmy for all ¢t € (O,fmax)7

which proves (2.4). The inequalities (2.3) and (2.5) can be derived in much the same manner. O

Throughout the sequel, 7 and Tynqe are as defined in (2.6).

3 Further integrability properties

In the presently considered case when the diffusion coefficients in both evolution equations in (1.2)
coincide, a suitable linear combination w of u and v solves an inhomogeneous scalar parabolic equation
(cf. (3.8) and (3.9) below). In order to provide integrability properties of the source term f appearing
therein which go beyond those implied by the L? bounds for v and v in (2.4) and (2.5), as the main
goal of this section we will seek for bounds on u and v in LP spaces involving space and time, with
p > 2. Based on an analysis involving a lifting argument which transports (1.2) to H!-type spaces
in Lemma 3.1, Lemma 3.4 will reveal that such estimates can indeed be found for p = 3.



3.1 Integral bounds for «?v and v?u

The following lemma contains the announced lifting procedure and thereby provides a key estimate
for the proof of Lemma 3.4.

Lemma 3.1 There exists C > 0 such that

t+7 R
/ / u*v < C for allt € (0, Thaz) (3.1)
t Q

and

t+1 R
/ / uv® < C for allt € (0, Tnaz)- (3.2)
t Q

PRrROOF. We pick any A > 0 such that A < % and let A denote the self-adjoint realization of
—A + X under homogeneous Neumann boundary conditions in L?(Q2). Then since it is well-known
from the theory of elliptic equations that as A is positive, A possesses an order-preserving bounded
inverse A~! on L%(Q), for which we can thus fix ¢; > 0 fulfilling

IA™ 0llr2) < cillellrz@)  for all p € L*(9), (3.3)
which by self-adjointness of the fractional power A~2 also implies that
_1 _
[ wuim) - /Qsp CATT < clugo”%Q(m for all ¢ € L*(Q). (3.4)

We now rewrite the first equation in (1.2) in the form

ur + A(u + auwv) = Au+ dauv + pu(l — agu — ago)
A+ p)u — pagu® — (pag — Aa)uw in Q x (0, Trnaz), (3.5)

where since pag — Aa is nonnegative, using Young’s inequality we see that

A+ p)u — pagu® — (pag — Xa)uv < (A + p)u — pagu?

A 2
< (uawz + ﬂ) — payu’
dpon
A 2
< ¢gi= ﬂ in Q x (0, Trnaz)-
4[[10&1

Therefore, multiplying (3.5) by A~'u > 0 yields the inequality

1d
2di /Q |.A_%u|2 +/Qu2 + a/Qu2v < CQ/QA_lu for all t € (0, Thaz)s (3.6)
in which by the Holder inequality, (3.3) and Young’s inequality we can estimate

1
02/ Aty < CQ‘Q’%HA_:LUHLQ(Q) < cwﬂQ]éHuHLg(Q) < 2/ u? + c3 for all t € (0, Tnaz)
Q Q



with ¢3 := @ In light of (3.4), we thus obtain from (3.6) that
1
y(t) ::/ |./4r§u(',t)|2 and g(t) ::a/ u2(',t)v(-,t), t €10, Thazx)s
Q Q

satisfy

1 1

§y’(t) + Zy(t) +g(t) <ecs for all t € (0, Thnaz), (3.7)

1

whence in particular, by an ODE comparison,

y(t) < ¢4 := max {/ \A7%u0|2, 201(:3} for all t € (0, Thnaz),
Q

because ¢ is nonnegative. Using this information, going back to (3.7) we see upon dropping two
nonnegative terms that

t+1 1 cy R
/ g(o)do < 5 (t) + c37 < 5 T for all t € (0, Trnaz),
t

because 7 < 1. As a is positive, this implies (3.1), and (3.2) can be shown quite similarly. O

3.2 Space-time bounds for (u,v) in L? and for (Vu,Vv) in L?

For the derivation of the desired L? estimate from Lemma 3.1, but also for frequent use throughout
the sequel, let us state the following observation relying on our overall assumption that both diffusion
coefficients in (1.2) are equal.

Lemma 3.2 Let
w(z,t) = bu(z,t) — av(zx, t) forx € Q and t € [0, Traz)- (3.8)

Then w is a solution of

wy = Aw + f(x,t), xeQte (0, Tha),
] z €90, t>0, (3.9)
w(z,0) = bug(z) — avp(x), = € Q,
where
flx,t) == buu(l — aqu — av) — avv(l — Brv — Pau) forz e Q andt € (0, Thaz)- (3.10)
PrROOF.  This follows in a straightforward manner by taking an evident linear combination of the
equations satisfied by u and v. O

The next auxiliary lemma on a boundedness property in a linear absorptive ODI is a straightforward
generalization of the corresponding statement focusing on the special case 7 = 1 which has been proved
in [23, Lemma 3.4], and thus we may omit the elementary proof here.



Lemma 3.3 Let T > 0 and 7 € (0,T), and suppose that y : [0,T) — [0,00) is absolutely continuous
and such that with some X\ > 0 we have

y'(t) + My(t) < h(t) for a.e. t € (0,7T),
where h € L}, ([0,T)) is nonnegative and such that
t+7
/ h(oc)do < K  forallt€[0,T—7)
t
with some K > 0. Then

K
y(t) < max {y(O) + K,)\— + QK} for allt € (0,T).
T

We can thereby assert the following.

Lemma 3.4 There exists C > 0 such that

t+7 t+1 .
/ / u? < C  and / / v < C for all t € (0, Thax) (3.11)
t Q t Q

as well as

t+1 R
/ / |Vw|? < C for all t € (0, Traz)- (3.12)
t Q

PrROOF.  We test (3.9) by w and recall the definition (3.10) of f to see that

1d 2 2 o
= b,u/uw—bual/uzw—b/wzg/uvw
Q Q Q

—au/ vw + auﬁg/ v2w + auﬁg/ uvw for all t € (0, Thnaz). (3.13)
Q Q Q

Using that —av < w = bu — av < bu, we can herein estimate

bu/uwgubz/uz

Q Q

—buag/ uow < uagab/ wv?
Q Q

—cw/vwgyaQ/vQ
Q Q

and

as well as



and

al/ﬁg/ uow < l/ﬂgab/ u?v,
Q Q
—bual/u2w:—,uozlb2/u3+,ua1ab/u2v
Q Q Q
2 2 3
auﬁl/v w=—vfia /v +Vﬁlab/uv
Q Q Q

for t € (0, Tyaz). As furthermore [, w? < b? [ou? + a? [,v?, (3.13) therefore implies that

/w+/w+/|Vw|2+cl/u+C1/v <cz/uv—|—02/uv+62/u+02/2
th Q 0 Q Q 0 Q

for all t € (0,Tinae) With ¢ := min{pab?,vp1a?} > 0 and ¢y := max{vfBsab + paiab, pasab +
vBiab, pb? + b% va?® + a®}. Rewritten in terms of

while

and

y(t) ::/QwQ(-,t), g(t) ::/Q\Vw(-,t)\2+cl/ wd(-,t) + e QUS(,t) and

h(t) == CQ/QuQ(-,t)v(-,t)—i—cz/gu(',t) 2(.,t )—1—02/ cQ/QUQ t € [0, Thaz),

the ODI

SV @) +y(t) +9(t) <h(t)  fort € (0, Trnaz) (3.14)

thereby obtained allows us to apply Lemma 3.3, because from Lemma 2.2 and Lemma 3.1 we know
that there exists c¢3 > 0 fulfilling

t+7 -
/ h(o)do < c3 for all t € (0, Thaz)-
t

In consequence, on dropping the nonnegative summand g(¢) we firstly infer from (3.14) that
y(t) < ey for all t € (0, Trnaz)

with some ¢4 > 0, whereupon an integration in (3.14) shows that since also y is nonnegative, we have

/tHTg(a)dJ < L+ /tt+7h(a)da

2
Cy ~
< 5 +c3 for all t € (0, Thaz)-
By definition of g, this entails both (3.11) and (3.12). O



The latter lemma allows us to draw the following further consequence on L? regularity of Vu and Vo.
A similar statement can alternatively be obtained by making use of a entropy-dissipation inequality
associated with (1.2) (cf. [6] for details in this respect). The present approach allows for a derivation
independent of this subtle structure, and thereby may be adapted so as to apply also in more gen-
eral frameworks, e.g. involving modifications in the cross-diffusive interaction such as obtained when
aA(uv) and bA(uv) in (1.2) are replaced by aA(uv) and bA(uYv) for some v # 1.

Lemma 3.5 There exists C > 0 such that
t+1 .
/ / ]Vu|2 <C for all t € (0, Trnaz) (3.15)
t Q

and

t+7 N
/ / Vo2 <C  forallt € (0, Taz)- (3.16)
t Q

PROOF.  As u is positive in Q x (0, Tjhae) by the strong maximum principle, we may multiply the
first equation in (1.2) by the smooth function Inwu + 1 and integrate by parts to see that

4 ulnu+,u/ulnu = /(lnu—i—l)ut—{—,u/ulnu
dt Jo 0 0 Q
2
1
= —/W—a/VU-V(uv)
Q U Qu
—i—,u/(2u—oz1u2)lnu+u/u—uoq/u2
Q Q Q

—,uag/uvlnu—uozg/uv (3.17)
Q Q

for all t € (0, Thnae ). Here since

1
Ene>—=  forall £ >0, (3.18)
e
using (2.3) we can estimate
—MOQ/ wvlnu — ,u,ag/ wy < M/ v<el = pozte for all t € (0, Thnaz), (3.19)
Q Q e Ja e
whereas employing (2.2) we obtain
u/ U — ,uozl/ u? < M/ u < ¢gi= pmy for all t € (0, Thaz)- (3.20)
Q Q Q

Furthermore, with & := max{1, a%} we have
u/ (2u — aju?) Inu < ¢z := p|Q| - <2§0 In& + %) for all ¢t € (0, Tnaz), (3.21)
Q e

due to the fact that p(€) 1= (26 — a12)1In€, € > 0, satisfies ¢ < 0 on [y, 00) and

(&) < 26 é — &€ < 26 + % for all £ € (0,&),

9



because £2In¢& > —i for all £ > 0.
As for the second integral on the right of (3.17), we first use the positivity of u and v in estimating

—a/ 1Vu~V(uv) —G/ E’VU‘Z —a/ Vu- Vv

QU Qu Q

< —CL/ Vu - Vv for all t € (O,Tmax)a
Q

and thereafter we recall the definition (3.8) of w to substitute v = 2u — %

a
inequality, we hence infer that

—a/ 1Vu-V(uv) < —a/ Vu - <§Vu— 1Vw)
Qu 0 a a

= —b/|Vu|2+/Vu-Vw
Q Q

b 1
< _/ ]Vu\z + / \Vw]2 for all t € (0, Thnaz)-
2 Q 2b Q

w. On using Young’s

In conjunction with (3.19), (3.20) and (3.21), this shows that for

b
y(0)i= [t hnuC,) and g0)i= 3 [ [VaCOP, € 0T,
Q Q
on omitting a nonpositive term on the right we obtain from (3.17) the inequality
v () +yt) +gt) <cs:=c1+co+cs for all t € (0, Thaz)-

By a comparison relying on the nonnegativity of g, this first implies that

y(t) < ¢5 := max { / ug Inug , 04} for all t € (0, Thnaz ),
Q

and thereupon, by integration, entails that

t+7 t+7
/t g(0)do < y(t)—ylt+) - / y(0)do + ca

Lyt
cs + + T + 4T
e e

Q@ 7
c5+u+u—|—04 for all t € (O7Tmam>7
e e

IN

IN

because (3.18) entails that y(t) > —@ for all t € (0,Tnaz), and because 7 < 1. This establishes
(3.15), whilst (3.16) can be proved analogously. O

10



4 [P bounds for u and v via maximal Sobolev regularity of w

Our next goal consists in further improving our knowledge on regularity of u and v by successively
establishing estimates for w from known properties of u and v, and to use these, in a style parallel to
that of Lemma 3.5, for the derivation of bounds for v and v which involve integrability powers higher
than those occurring in the previous step.

The implications of regularity properties of u and v on w will be studied in the framework of maximal
Sobolev regularity estimates applied to the linear equation (3.9). In our first step toward this we
estimate the inhomogeneity f appearing therein in terms of supposedly known properties of u and v.

Lemma 4.1 Suppose that for some p > 1 there exists K > 0 such that
/ uP(-,t) < K and / VP t) < K forallt € (0, Thax) (4.1)
Q Q
as well as
t+7 t+7 R
/ / wPHVul? < K and / / uP Vo2 < K for allt € (0, Traz)- (4.2)
t Q t Q

Then for any choice of r > 1 and each q € (1,00) fulfilling

npr n(p+1)
2nr —2p—n)y 2(n—2)4 |’

q < qo(n,p,r) := min { ( (4.3)

one can find C = C(p,q,r,K) > 0 such that the function f defined in (3.10) satisfies

t+7 R
/ 1) Gaoydo < C for all t € (0, Tnaa). (4.4)
t

ProOOF.  We first note that regardless of the sign of 2nr — 2p — n we have

npr npr . p

> =5
(2nr—2p—n)y = 2nr 2

and that in both cases n < 2 and n > 3,

n(p+1) _np _p

20n—2), ~ 2n 2’

so that we may assume that besides (4.3), ¢ satisfies ¢ > .
We next observe that by Young’s inequality we can fix ¢; > 0 such that

1f(z,1)| < cru®(z,t) + v (z,t) + e for all z € Q and ¢ € (0, Thnaz),

and that hence for some co = ca(q,r) > 0,

t+7 t+1 ) t+7 )
/t 1 (20 o < e / 12( 0) gy dor + / 102 o) ado +¢s (45)

11



for all t € (O,Tmax). Here since ¢ > %, and since (4.3) implies that 1 — § > —”(ZZI), we have

4 2
Wh2(Q) — Lt Q) — Lt (€2), so that by means of the Gagliardo-Nirenberg inequality we can find
c3 = c3(q,r) > 0 fulfilling

4r

2¢, r _ LH. P+l
[y = (| 0| 7y
< et o) | o e R o @6)
C 2 . 2 . C 2 . N
= S P et T )

for all o € (0, Tynaz), where 6 € (0, 1] is determined by the relation

n(p+1) n n(p+1)
—T:(l—g)e—T'(l_9)7

that is, where

_ np+1)(29 —p)
2q(2p +n)

Straightforward computations yield

4r 09— 2nr (2 p) 2nr (2 p )_ 2nr (2 (2nr—2p—n)+>
p+1  2p+n 2p+n q(p,r))  2p+n

q D, T nr
< 2nr .<2_2nr—2p—n):2
2p+n nr
by definition of go(n,p,r), and since
+1 28
‘ Wz (o) = / uP(,o0) <K forall o € (0, Tinax),
Lr+1(Q) Q

by (4.1), in view of Young’s inequality we may combine (4.6) with (4.2) to infer the existence of
positive constants ¢4 = c4(q, 7, K) and ¢5 = c5(p, q,r, K) such that

t+7 5 t+71
. T <
[ o mde < e f oy

2 t+1
— pc4/ /up—1|Vu|2+c4
4 ) Ja

< cs for all t € (O,fmax).

0+ ¢4

Along with a similar estimate for the corresponding integral involving v, inserted into (4.5) this proves
(4.4). O

Now maximal Sobolev regularity theory turns the latter into the following.

Lemma 4.2 Assume that

/ Up(',t) <K and / ’Up(-,t) < K f07" all t € (O,Tmax) (47)
Q Q

12



as well as

t+7 [ T
/ / WV <K and / / VP <K forallt € (0,Tna) (48
L Q t Q

with some p > 1 and K > 0. Then for all v > 1 and each q € (1,00) fulfilling g < qo(n,p,r) with
qo(n,p,r) given by (4.3), there exists C = C(p,q,r,K) > 0 with the property that the function w
defined in (3.8) satisfies

t+1 t+71 R
/ 0y 0) 0 gy r + / lwi,Maydo <C for allt € (0, Tmas).  (49)
t t

ProOOF.  We first consider the case of small ¢, in which we invoke well-known results on maximal
Sobolev regularity properties of the Neumann heat semigroup (e"A)UZO in 9] to find ¢; = ¢1(q,r) >0
such that

2T 2T 2T
| oo + [ o) yde < calbn = awlisey + [ 170

where f is as in (3.10). Here we apply Lemma 4.1 to see that since uy and vy belong to W2>((Q),
there exists ca = ca(p, ¢, r, K) > 0 such that

2T 2T
/O Ilw(wo)H’évzq(g)daJr/o [we (-, ) oy do < c2, (4.10)

which in particular establishes (4.9) for any ¢ € [0,7]. We next pick any to € (7, Tyaz) and let
2(-t) == w(-,t) — z1(-, 1), t € [to— 7, Timaz),

where
21 (-, 1) 1= TR (b — 1), t>ty—T.

Then since 0yz1 = Az in Q X (tg — 7,00) and z1(-,tg — 7) = w(-,top — 7), it follows that z solves

zt = Az + f(x,t), r e, te (to— T, Tmaz),
%:0’ anQ, tE(t0—7'>Tmaz)7
z(x,tg —7) =0, x €

Accordingly, maximal Sobolev regularity estimates yield ¢3 = c3(q,r) > 0 fulfilling

to+7 to+7 to+7
/ 20, ) 2y dr + / 240, 0) [y do < 3 / 1£ () a(cy o
to—T7 to—T to—T

so that in particular we may use Lemma 4.1 to obtain ¢4 = c4(p, ¢, 7, K) > 0 such that

to+7 to+7
/t 12(, ) iy 20y de + / 26, )00y do < ea. (4.11)

0—T to—T
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Now thanks to the fact that
w(-, o)Ly < bmi + ams for all o € (0, Taz)

by Lemma 2.2, standard LP — L7 estimates for the Neumann heat semigroup provide ¢5 = ¢5(q,7) > 0
such that

to+T1 to+71
/ Hzl(',o)ll’&vz,q(mdwr/ 10621 (-, o) | oy do < s,

to to

so that estimating
|w(,o)lw2a@) < 205 0)lwaa@) + 12105 0) lw2a@)  forall o € (to, to +7)
and
Jwe(s o) Loy < [l2e(, 0)|[Lag) + 1021 (-, 0)[[La(y  for all o € (o, o + 7)

we readily infer from (4.11) that (4.9) is also valid for any t € (7, Tinez) with some C' > 0 possibly
depending on p, q,r and K but not on t. ]

As a first consequence thereof, let us establish an estimate for w in L ((0, Tinaz); L%(€2)), provided
that x > 1 is suitably small. In a second application of Lemma 4.2 to be performed in Lemma 4.9
below, this will become part of an interpolation argument providing a space-time integral bound for
Vuw.

Lemma 4.3 For all k € (1, ﬁ) there exists C' = C(k) > 0 such that for w as in (3.8) we have
lw(-,t)|[zr) < C for all t € (0, Thaz)- (4.12)

Proor. Combining Lemma 3.5 with Lemma 2.2 we can find ¢; > 0 such that

/ u(-,t) < e and / v(-,t) <c for all t € (0, Trnaz) (4.13)
Q Q
as well as
t+1 t+7 R
/ / |Vul> <¢; and / / Vo2 < ¢ for all t € (0, Thnaz)- (4.14)
t Q t Q
To see that this implies (4.12), we observe that with qo(-,-,-) as defined in Lemma 4.1 we have
nr n n
1,7) = mi 1
oo ) =min{ o o T

whence given k € (1, ﬁ) we can fix r = r(k) > 1 sufficiently close to 1 such that k < qo(n,1,7).
Consequently, Lemma 4.2 provides ¢y = ¢3(k) > 0 such that

t+71 t+1 -
/ 0, 0) 2y +/ Jwies0) g < 2 for all ¢ € (0, Tae), (4.15)
t t
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which implies that for each ¢ € (0, Tinaz), in both cases t < 7 and ¢ > 7 we can pick to(t) € [0, Tynaz)
such that ¢o(t) > ¢t — 7 and

1
e, to(8) sy < 0, to(8) vy < €5 = eali) = max {c , lbuo + avoll ooy |-

Thereupon, (4.15) along with the Holder inequality entails that

t
ot Ol ey = Hw<-,to<t>>+ [ wntoo
to(t) LA (Q)
t
< et / e 0) | ey do
to(t)
t
< et / e, )y dor
to ()
< c3+ e,
because t — to(t) < 7 < 1. O

4.1 Implications of space-time bounds for Vw on boundedness of v and v in LP(Q2)

We next examine possible implications of certain regularity properties of w on (u,v). The starting
point for this will be the following result of a standard testing procedure in (1.2).

Lemma 4.4 Letp > 1. Then

1d

-—— [+ (p-— 1)/ P2 Vul? + (p — 1)b/ P~ HVul? + (p — l)a/ uP~%y| Vu?
pdt Jo Q Q Q

= (p—l)/up_1Vu-Vw+u/up—ual/up+1—ua2/upv
Q Q Q Q
for all t € (0, Trnaz), (4.16)

where w is as defined in (3.8).

PrROOF.  The identity (4.16) can be derived in a straightforward way by testing the first equation

b 1

in (1.2) against uP~! and substituting v = 2u — 1w wherever convenient. O

In a first application of this, we can now identify a relation between the exponents p and s ensuring
that the L® bound (4.17) on Vw implies the integrability properties that have been supposed as
hypotheses in Lemma 4.2.

Lemma 4.5 Suppose that for some s > 2 and K > 0, the function w defined in (3.8) satisfies

t+7 R
/ / |[Vw|]® < K for allt € (0, Taz)- (4.17)
t Q

Then for each p > 1 such that

s —n—2
p it bs—n=2 (4.18)
n

15



there exists C = C(p,s, K) > 0 with the property that
/ uP(,t) < C  and / vP(,t) < C for allt € (0, Traz) (4.19)
Q Q
as well as
t+T1 t+T1 R
/ / uPHVul? <C  and / / uPHVu? < O for allt € (0, Taz)- (4.20)
t Q t Q
ProOOF.  We first note that since s > 2, a straightforward computation shows that
2 (n+ls—n-—2

22 < ,
S n

so that for proving the lemma it is sufficient to consider only such p > 1 which besides (4.18) also
satisfy

2
p>2——. (4.21)
S
To achieve this, we invoke (4.16), from which on dropping three integrals therein we obtain
1d
—— | uP + ]9—1()/up_1Vu2
s Lt e [ v
< (p— 1)/ P~V - Vw + ,u/ uf — ,ual/ uP ! for all t € (0, Trnaz), (4.22)
Q Q Q

where twice applying Young’s inequality we see that

-1
(p— 1)/ WP~V -V < (p)b/ uP 1 Vul?
0 2 0

—1
—i—% uP ™ Vawl? for all ¢ € (0, Trnax), (4.23)
Q

and that with ¢ := 2;171 we have

—1 (p=1)s
p/ uPHVaw|? < / |Vwl|® + cl/ = for all t € (0, Trnaz)- (4.24)
2b Jo 0 Q

In order to control the latter integral appearing here, let us first make sure that our choices of s and
p ensure that

2(p—1)s
W2(Q) < LEGE- (Q) < L1 (). (4.25)

In fact, the second of these inclusions follows from the inequality

2(p—1)s
G2 _ (-5 (2-%-1)-s
ﬁ s—2 s—2
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asserted by (4.21); the first embedding property in (4.25) is evident when n < 2, and in the case n > 3
it is a consequence of the assumption (4.18) which ensures that then

2(p—1)s . 2s (1 2 >< 2s ] 2
p+1)(s—2)  s-2 p+1 5—2 ("“)%‘ZH
2 1 2 1 2
_ 2n+ )2< (n+ )< n

n—&—l—g n n—2

due to the fact that (n +1)(n — 2) < n?.
Having thus verified (4.25), we may invoke the Gagliardo-Nirenberg inequality and (2.2) to find ¢y =
ca(p,s) > 0 and c3 = c3(p, s) > 0 satisfying

(p=1)s s
q/uszzzqw2W%a$
Q (p +1)(5—2)( )
q +(If><1)s2> el Grnotey (1 2 GG ST
< |V H " [eal pﬁ + @
240) L7 ()
-1s
1 9 | D=2
< c3- uP™ |Vl +cg  forallt € (0, Tnas), (4.26)
Q
where
_n(p+1)(s—2) _ (1_ ﬁ)&— n(p + 1)(1 s
2(p—1)s 2 2 ’
that is,

np+1) (p—2)s+2
np + 2 (p—1)s

satisfies 6 € (0, 1) thanks to (4.25). Moreover, making full use of (4.18) now we see that actually

(p—1)s

w2 "0

and that hence the exponent appearing on the right of (4.26) satisfies % -0 < 1. Therefore,
one further application of Young’s inequality provides ¢4 = c4(p, s) > 0 such that

(p=1)s —1)b
c1 / ur < (])4)/ P HVul? + ey for all t € (0, Traz),
Q Q

which combined with (4.23) and (4.24) shows that

p—1 (p — 1)b p—1 2 s

(p—1) [ vP"'Vu-Vw < el A IVul*+ | |[Vw|® 4+ ¢4 for all t € (0, Trnaz)-
Q Q Q

Since clearly, again by Young’s inequality,

(1 + 1)/ uP < poy / uPt 4 cs for all t € (0, Thnaz)
Q Q
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with some c5 = ¢5(p) > 0, from (4.22) we thus infer that

y(t) ::/Qup(-,t), g(t) ::(p;l)b/Qup_l(-,t)]Vu(-,tﬂ2 and

h(t) ::/ V(O +estes, €0, Toas),
Q

satisfy

;y’(t) Fy(t) +g(t) < h(t)  for all £ € (0, Tonas). (4.27)

As the hypothesis (4.17) yields cg = c6(K) > 0 such that
t+7 R
/ h(o)do < cg for all t € (0, Thaz ),
t

by Lemma 3.3 and the nonnegativity of ¢ this first implies the existence of ¢; = ¢7(p, s, K) > 0 such
that

y(t) < cr for all t € (0, Thnaz), (4.28)
whereafter an integration of (4.27) shows that
t+7 1 t+r e N
/ g(o)do < —y(t) +/ h(o)do < — + ¢ for all t € (0, Thnaz)- (4.29)
t p t p
The inequalities in (4.28) and (4.29) prove the estimates in (4.19) and (4.20) involving u, whereas the
corresponding bounds for v can be obtained in quite a similar way. O

4.2 Adjusting some parameters

In order to close the above circle of arguments, we need to adjust the exponents p, ¢, k and r in Lemma
4.2, Lemma 4.3 and Lemma 4.5 properly. In the course of our preparations for this, during the next
three lemmata we shall encounter the core of our restriction n < 3 in Theorem 1.1.

The first two lemmata in this direction characterize the expressions gy(n,p) and so(n, K, p,q) which
will be used as upper bounds for ¢ and s, respectively, in combining Lemma 4.2 with Lemma 4.3
during the proof of Lemma 4.9 below.

Lemma 4.6 Let

_ : np n(p+1) }
qo(n,p) := min , orne{l,2,3,...} andp>1. 4.30
oty s=min{ B PED forne 1,23, (1.30)
Then
%) ifn<2andp>1,
qo(n,p) = 4.31
%0(n:p) ;((5—53 ifn>3andp > 1. ( )
Moreover,
qo(n,p) > g foralln>1andp > 1, (4.32)
and furthermore
qo(n,p) > n whenever p > 1 and n < 4. (4.33)
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PROOF. For the proof of (4.31) it is evidently sufficient to observe that whenever n > 3 and
p € [1,%), we have

(n—2)(n—2p).{ np  n(p+1)
n n—2p 2(n-—2)

b= -2 50+ -2 = - (p+ ) 20

In verifying (4.32) and (4.33) we only need to consider the case when gy(n,p) is finite. But then,
clearly,

_ n(p+1) n p+1 p_p
= = . >1-== =,
W) =50 T T 2 272
and if moreover n < 3 then this decomposition yields Gy(n,p) > n - 1, because then -5 > n. ]

Now the main reason for our restriction n < 3 in Theorem 1.1 is closely linked to the observation
(4.36) in the following.

Lemma 4.7 Let
n (2p+mn)-[(2+ %)g—n]

p
so(n,k,p,q) = orned{l,2,3,..}),k>1,p>1andqg> =.
(4.34)
Then as (k,q) — <ﬁ,§o(n,p)> with Go(n, p) taken from Lemma 4.6, we have
( ) (n.p) W ifn<2andp>1, (4.35)
so(n, K, P, q) — s0(n,p) = .35
712;?—5?1&)4 ifn>3andp>1,
and moreover [1,00) 3 p — So(n,p) is increasing with
So(n,1) > 2 ifn <3,
ot yn= (4.36)
S0(n,1) <2 if n > 4.
PROOF. In the case n < 2, using (4.31) and the fact that then ﬁ = oo, from (4.34) we

immediately obtain that

2 2 2p+n?
s0(ns K, p,q) = n+ ( p;g) = p+Z o as (k,q) — <m,§o(”ap)> = (00, 00).
Likewise, if n > 3 then (4.31) along with a straightforward computation entails that
( | " @p+n)- [(2+(n-2)) - 528 ]
so\n, Kk, P, q - +
PH=2) " 0 (14 (0-2) (20525 - »p)
np+n+4 ( n _ ) ( n n(p+1)>
% B ————— = .

This proves (4.35), which in turn readily implies the claimed monotonicity property as well as (4.36).
O
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A final preparation provides a sequence of numbers p; > 1 which diverge to oo in the case n < 3 and
thus can be used to determine appropriate integrability exponents in a bootstrap procedure in Lemma
4.10.

Lemma 4.8 With 50(-,-) as given by (4.35), let

1)50(n,p;) — 1 — 2
pri=1 and  pji1 = max { (n+ )So(n;bpj) r ,1} forje{1,2,3,..}. (4.37)
Then
(Pj)jef1,2,3,..) s increasing with p; — +00 as j — oo if and only if n < 3. (4.38)

PrOOF.  The statements contained in (4.38) for n < 2 directly follow from the observations that
combining (4.37) with (4.35), in the case n = 1 we have

So(1,p) =2p+2 forall p > 1
and hence

pj+1 = 4p; +1 for all j > 1,
whereas if n = 2 then

So(2,p)=p+3 forall p>1
and thus

3p; + 5
i = p];- for all § > 1.

When n = 3, (4.35) reduces to

3 7 7
6P+ 23p 21 6(P+§>(P+§) B 3<P+§>  3p+T

_ for all p > 1
4(2p + 3) 4(2p + 3) 4 4 oratp ==

§0(37p)
so that then (4.37) yields
2 .
Dj+1 =Dpj + 3 for all j > 1,
still asserting monotone divergence of (pj)je{172737m} to 4-00.

In the remaining case n > 4, however, (4.36) says that 5o(n,1) < 2, which means that whenever
pj = 1, we have

(n—|—1)§0(n,pj)—n—2< (n+1)-2—n-2
n n

=1

)

by (4.37) and an inductive argument implying that actually p; =1 for all j > 1. O
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4.3 Spatio-temporal L° bounds for Vw implied by regularity properties of u and v
We can proceed to turn Lemma 4.2 and Lemma 4.3 into the following statement on regularity of Vw.

Lemma 4.9 Let n <3, and assume that for some p > 1 and K > 0 we have
/ uP(,t) < K and / () < K for all t € (0, Traz) (4.39)
Q Q
as well as
t+T1 t+T1 R
/ / wPHVul? < K and / / uP Vo2 < K for allt € (0, Trnaz)- (4.40)
t Q t Q

Then for any s > 2 fulfilling s < So(n,p), with So(n,p) > 2 as given by Lemma 4.7, we can find
C =C(p,s,K) >0 such that the function w in (3.8) satisfies

t+1 R
/ / [Vw|®* < C for all t € (0, Trnaz)- (4.41)
t Q

PRrROOF.  We first invoke Lemma 4.6 to see that Gy(n,p) as defined in (4.30) satisfies Go(n,p) > §
and gy(n,p) > n, whence in particular

n

(7w -1).

By a continuous dependence argument, we can thus pick a number gy < gy(n, p) such that still gg > p
and

= 00 > 50(n,p).

n
n
(3 — 1+
In view of our hypothesis s < 3y(n,p) and the convergence statement (4.35) in Lemma 4.7, we can

thereupon fix ¢ € (go, gg(n, p)) sufficiently close to gy(n,p) and x € (1, ﬁ) suitably close to ﬁ

>35o(n,p)  for all ¢ € (qo,Go(n,p))- (4.42)

such that with so(n, K, p,q) as defined in (4.34) we have
s < 80(”7 K, P, Q) (443)
Then, particularly, ¢ > go > § and hence 2¢ — p > 0, so that

- (2p +n)q (4.44)

n(2q — p)
is positive and finite, and moreover the inequality g < Gy(n,p) asserts that 2ng—(2p+n)q = (n—2p)q <
np and therefore (2p + n)q < 2nqg — np, that is, r > 1.
Next, this definition (4.44) of r is equivalent to the identity (2nr —2p —n)q = npr and hence, together

with the fact that ¢ < gy(n,p) < 2?72{;1,

Therefore, Lemma 4.2 becomes applicable so as to yield ¢; = ¢;(p, s, K) > 0 such that

implies that ¢ < go(n, p,r) with go(n,p,r) as in Lemma 4.1.

t+71 N
/ [ (s 0) [y < e for all £ € (0, Ta): (4.45)
t
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Apart from that, since xk < ﬁ we may employ Lemma 4.3 to find co > 0 such that

|w(-, o)l Lr () < c2 for all t € (0, Trnaz)- (4.46)

In order to prepare an appropriate interpolation between (4.45) and (4.46), let us first make sure that
our above choices warrant that

W24(Q) — W(Q) — L (Q). (4.47)

Indeed, the second statement herein results from the fact that k < ﬁ, which together with our
restriction s > 2 entails that

(1—%)—(—%)>1—g+wn—m+zo (4.48)

in both cases n = 1 and n > 2. The first inclusion in (4.47), however, is a direct consequence of (4.42):

Since s < $p(n, p), namely, this guarantees that ﬁ > s and hence
q

p PR (4.49)
q S

Having thereby asserted (4.47), we can invoke the Gagliardo-Nirenberg inequality to obtain ¢z =
c3(p, s) > 0 such that

t+7 t+7 5(1 9) t+7
| el < [ uC oot e e [ o)l e

R (4.50)
for all t € (0, Tynqz), with 8 € (0,1) given by

L—§:(2—g)w—gu—9)

S

and hence

According to the restriction (4.43), thanks to (4.48
(1+2)s—n _(1+2)-s0

and (4.49) we thus have
nKp,q) —n _ (2p+n)q

59: K S = s
2-4+ 5% 2—-4+% n(2q — p)

which by (4.44) means that sf < r. As a consequence of (4.46) and (4.45), from (4.50) we conclude
that indeed

t+71 t+7
1-6
[ et oliodr < ™ [t ol +
(1-6) t+T1 ST?
o(1—
< ad™ ([ et laamde) e
s6 ~
< 0303(179)0{ + 3¢5 for all t € (0, Thnax),
because 7 < 1. O
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4.4 Unconditional L? bounds for v and v

Now in the case n < 3, successively applying Lemma 4.9 and Lemma 4.5, by using the sequence
(pj)je{1,2,3,...} provided by Lemma 4.8 we can now assert boundedness of u© and v with respect to the
norm in LP(Q) for any finite p, without any further hypotheses involving w.

Lemma 4.10 Let n < 3. Then for all p > 1 there exists C = C(p) > 0 satisfying
/ uP(,t) < C and / vP(,t) < C for allt € (0, Tnaz)- (4.51)
Q Q

Proor.  We let (p;)jeqi1,23,..1 C [1,00) be defined by (4.37), that is, we let p; := 1 and

n+ 1)sp(n,p;) —n—2 .
Pis1 . (4 Do npﬂ) L i1, (4.52)

where 5o(-,-) > 2 is taken from Lemma 4.7. Since Lemma 4.8 asserts that thanks to our assumption
n < 3 we then have p; — oo as j — oo, for the proof of the lemma it is sufficient to show that for all
j >1and each p € {1} U[1,p;) we can find ¢;(p) > 0 satisfying

/ uP(-,t) <eci1(p) and / vP(,t) < e1(p) for all t € (0, Thnax) (4.53)
Q Q

and moreover

t+7 4T 8l
/ / uP~HVul? < ei(p) and / / uP Vol < e (p) for all ¢ € (0, Trnaz)- (4.54)
\ a ¢ Q

Indeed, for j = 1 this directly results from combining (2.2) and (2.3) with Lemma 3.5, so that
proceeding inductively we may assume that this statement holds for some j > 1 and then only need
to show that the bounds in (4.53) and (4.54) then extend to any fixed p € (1,pj41).

To see this, given p € (1,pj41) we can pick s € (2,350(n,p;)) sufficiently close to 5¢(n,p;) such that

<(n+1)sfn72 (4.55)

and then use the continuity of 1 < p — 5y(n,p) to fix p € {1} U[1,p;) suitably large fulfilling

s < 30(7%]5)‘

Thanks to the latter inequality, (4.53) and (4.54) apply to ensure in conjunction with Lemma 4.9 that

t+7 .
/ / |IVw|® < ¢o for all t € (0, Thnax)
t Q

with some ¢ > 0 whereupon (4.55) enables us to invoke Lemma 4.5, providing ¢3 > 0 such that

/ uP(-,t) <c3 and / VP, 1) < e for all t € (0, Trnaz)
Q Q

and

t+1 b T
/ / uP~HVul* <ez and / / uPHVl? < e for all ¢ € (0, Tinaz)-
t Q t @

The proof is thus complete. O
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4.5 L* and Holder estimates for v and v

In order to derive estimates for u and v also with respect to the norm in L*°(Q2), a useful ingredient
in another application of Lemma 4.4 will consist in a uniform bound for Vw which in view of Lemma
4.2 is implied by Lemma 4.10.

Lemma 4.11 There ezists C > 0 such that the function w from (3.8) satisfies
[Vw (-, t)| ) < C for allt € (0, Traz)- (4.56)

PrOOF.  Thanks to Lemma 4.10, Lemma 4.2 says that for each ¢ € (1, 00) we can find ¢; = ¢1(q) > 0
such that

t+7 t+71 .
/t ||w(-,a)|;v2,q(mda+/t i) [Gaydo < e for all ¢ € (0, Frr):

According to a well-known embedding property [4, Theorem 5.2], an application of this to suitably
large ¢ readily yields (4.56). O

Thereupon, a Moser-type iteration indeed yields boundedness of (u,v).

Lemma 4.12 There exists C > 0 such that
[u(, )o@y < C  and  Jv(-,t)||pe) < C for all t € (0, Trnaz)- (4.57)

PrROOF.  We only prove boundedness of u, omitting minor adaptations necessary for estimating v
along the same lines.
To this end, we let p; := 27 for j € {0,1,2,...}, and in order to estimate the finite numbers

M; = max {1, sup / upj(-,t)}, j>0, (4.58)
te(omiaz) Q

we first invoke Lemma 4.11 to fix ¢; > 0 such that
[Vw| < ¢ in Q x (0, Thnaz)-

Therefore, (4.16) along with Young’s inequality implies that for each 7 > 1 we have

d
— [ uPi —|—/ uP 4+ pi(pj — 1)/ uPi 2| Vul?
dt Jo Q Q

IN

1) [T Gy ) [
Q Q

< p](pj—i_l)/upJ—Q’vu‘Z
2 Q
(p: — 1)c2
+{m<pa2>cl+upj+1}./upj
Q

for all t € (0, Tynaz), and hence
— [ uP WP [ VU T <eapj [ ul for all t € (0, Thnaz) (4.59)
dt Jo Q Q Q
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pi(pi—1) (2)2 = 2(p;—1)
2 P Dj
that Gagliardo-Nirenberg inequality and Young’s inequality to find j-independent positive constants

c3 and ¢4 fulfilling

with some co > 0 independent of j, because > 1 for all 7 > 1. Here we apply

_ 2j py 2oy A P
C2:D§/Qu’7J = cpfu? |z < cspf - {HVU 2 |73 llu2 7 gy + llu H%l(g)}
2 i s iz 2
< c3pj - [Vu2 ||L2(Q) : Mj_1 + Mj—l
< HVU 5 ||L2 +c p”“]%2 1+ c;J,pQM2 for all t € (0, Thaz)-

From (4.59) we therefore obtain B > 1 independent of j such that
d
pr upJ +/ uPi < (3 + 04)110"+2M2 1 < B]M for all t € (0, Thnaz),

which by an ODE comparison entails that

sup /upj(',t) Smax{/uo ,B]]W2 } (4.60)
te(0,Tmaz) /2 Q

Since boundedness of u is evident in the case when M; < max{1, |, ugj } for infinitely many j > 1, we
may assume that M; > max{1, [, ug’ } and thus, by (4.58) and (4.60), that

M; < B'M? (4.61)

for all sufficiently large j € N, whence upon enlarging B if necessary we can achieve that (4.61) actually
holds for all j > 1. By induction, this yields that

M; < BESoG=02 2 - pPPui2 @ o pET 2 g g > 1,
and that hence
1
MJ?J < B?M, for all j > 1,

which implies that v indeed belongs to L>(Q x (0, Tynaz))- O

Inter alia, this allows for applying standard theory on Holder estimates for scalar parabolic equations
in deriving the following.

Lemma 4.13 There exist v € (0,1) and C > 0 such that

HUHCV’%(Qx[t,HT]) <C and ”UHC"’%(Qx[t,HT}) <C  forallte|0,Tha). (4.62)

PROOF.  According to Lemma 4.12 and Lemma 4.11, we can fix positive constants ¢1, co and c3 such
that with w as defined in (3.8) we have

u(z,t) <c1, wv(x,t) <ecy and |Vw(z,t)| <cs for all z € Q and t € (0, Thnaz)-
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Introducing
A, 1,€) = (1 + bu(z, t) + av(z, t)) € — u(z, ) Vu(z,t)
and
B(a,t) = pu(e, t) (1 — anu(z,t) — av(z, t))

for (z,t,£) € Q x (0, Thnaz) X R™, using Young’s inequality we can thereby estimate

A(z,t,Vu) = (1+bu+av)|Vul|?> — uVu- Vw
> (1+bu+av)|Vul? —u- |Vu| - |V
1 o 19 2
> _ =
> Q\Vu] S U |Vwl
1 2 e
> §|Vu] - for all x € Q and t € (0, Thnaz) (4.63)
and
‘A(az,t, Vu)‘ < (1+bey +ac)|Vu| +eres forall z € Q and t € (0, Thnas) (4.64)
as well as
|B(x,t)| < pei(14 ajer + asce) for all z € Q and ¢ € (0, Thaz)- (4.65)

b

We now recall that v = 2u — 2w to rewrite the first equation in (1.2) according to

u = V- (Vu+avVu+ auVo) + pu(l — aqu — ag)
= V- (Vu+ avVu+ buVu — uVw) + pu(l — aqu — ago)
= V- A(z,t,Vu) + B(z,t) for x € Q and t € (0, Thhaz)-
Therefore, (4.63), (4.64) and (4.65) allow us to apply a well-known result on Hélder regularity in

quasilinear parabolic equations [20, Theorem 1.3 and Remark 1.4] to conclude that u satisfies the
estimate of the form in (4.62). Along with an analogous argument for v, this proves the claim. O

5 Gradient estimates. Proof of Theorem 1.1

In our final step toward proving that T},,, = o0, we will establish time-independent bounds for Vu and
Vo with respect to the norm in L*(2). In achieving this, we shall make use of the following Ehrling-
type lemma which allows for additive interpolation of |, |V¢|® between a certain second-order and
some zero-order expression, quantitatively involving a modulus of continuity of the function ¢ to be
estimated.

Lemma 5.1 Letn > 1 and Q C R™ be a bounded domain with smooth boundary, and let w : (0,00) —
(0,00) be nondecreasing. Then for all € > 0 there exists C(e) > 0 such that

IVl < < /Q VePID?0 + c(@) 9] ey (5.1)
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1s valid for any
0 E Fp = {¢:Q%R ’ For all €' > 0, we have |¢(x) — ¢(y)| < €

whenever x,y € Q are such that |z — y| < w(s’)} (5.2)

which additionally satisfy ¢ € C%(Q) and g—f =0 on 09.

/. €
T\ an 128 (5:3)

and let 6 := w(e’). Then by compactness of €, the open covering (Bs(x)),cq of  already contains
a finite covering, meaning that we can pick N € N and {1, ..., 75} C Q such that Q C Ujvzl Bs(x;).
We now take an associated partition of unity by fixing ((j)jef1,... Ny C CY(2) such that ¢; > 0 in Q
and supp ¢; C Bs(x;) for all j € {1,..., N} and Zjvzl ¢; =1 in Q. Finally, in accordance with Young’s
inequality we can choose ¢; > 0 fulfilling

ProoOF.  Given € > 0, we write

1
AB < 87NA% +¢B®  forall A>0and B >0, (5.4)

and claim that then (5.1) holds for all ¢ € C?(Q) N F,, with g—f]ag = 0 if we let

C(e) := 512N¢yc§ (5.5)
with
C2i=  max IV¢&illze)- (5.6)

To verify this, given any such ¢ we abbreviate
Fim [0 and 7= [ [VePID%P
Q Q
as well as
Bimela) L= [IVelG and = [ [VePIDRRG  forj e {1,V
Then integrating by parts we firstly obtain that for each j € {1,..., N},
o= [ IVel'Ve Ve -7
=~ [(e=IVel'anG [ (0=)Ve- VIVl'G
- [(o=mIvel* Ve ¥
=: Ij1 + Ijo + I3, (5.7)
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where boundary integrals do not appear due to the fact that %’89 = 0. Here in the first two integrals
on the right we use the inclusion ¢ € F, which along with our choice of § ensures that

o — ;| < g in supp ¢;.

Since |Ap| < /n|D?p| in Q, by means of the Cauchy-Schwarz inequality and Young’s inequality we
can therefore estimate

Ijl

IN

¢ /Q Vel Al

( / \V90|6Cj)2< / wr?mwg)Q

IN

< Vne' /I Jj
1 12
< E1}-+%Jj. (5.8)

Similarly, in view of the identity V|Vp|* = 4|V|?D?p - V¢ we have

I, < 48’/QW<P’2‘V90'(D2<P'V80) G

IN

1 /Q Vol D%,
4'\/Tj\/ 7

1
2L+ 16" J;. (5.9)

IA

IN

In the rightmost summand in (5.7), we rather use the rough estimate [p — @;| < 2[|¢|[ () to infer
from the Holder inequality, (5.6) and (5.4) that

2||90HL°°(Q)< / er)G< / |v<j|6)6

Iz <
< 20|l s
1 6
< wlta-(2aleliee) - (5.10)
In consequence, (5.7)-(5.10) show that
1

n 1
Z i< (5 + 16)5/2Jj + 87NI + 266103”(p‘|%°°(ﬂ)’

which on summation over j € {1,..., N} yields
N
I = >
j=1

N
1
< (n00e7 304N (gl + Padleli)
]:

1
= (2n+64)?J + o1+ 256N 165103  -
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As thus
I < (4n+128)%J + 512N e85 700 ()

in light of the definitions (5.3) and (5.5) of ¢’ and C(e) this precisely proves (5.1). O

Along with the uniform continuity property of the trajectory ((u(:,t),v(-,?))ic(0,T)n.,) implied by
Lemma 4.13, the latter enables us to suitably estimate certain first-order terms obtained during a
standard testing procedure applied to track the evolution of [, |Vu|* + Jo |Volf. The following state-
ment on this is the only place where the convexity of € is explicitly needed. We remark that by means
of suitable embeddings involving trace Sobolev estimates in a manner demonstrated e.g. in [11] for
a related framework, this additional requirement can be removed; in order not to further complicate
our presentation, we refrain from addressing this more general setting here.

Lemma 5.2 Let n < 3, and suppose that 2 is convex. Then there exists C' > 0 such that
/ Vul* <C  and / Vot < C for allt € (0, Trnaz)- (5.11)
Q Q
PrOOF. By direct computation using the first equation in (1.2), we see that

1d
/ |w|4+/ Vu|? = /|Vu|2Vu-Vut+/ V|t
4dt Jo Q Q 0

= / |Vul>Vu - VAu + a/ |Vu|*Vu - VA(uv)
Q Q

+(p+ 1)/ |Vt — /wq/ u|Vult — ,uag/ |Vu*Vu - V(uw)
Q Q Q

= L+..+1I for all t € (0, Thnagz)- (5.12)

Here we use the pointwise identity
1
Vu-VAu = iA\Vu\z —|D%u®>  in Q x (0, Thhaz) (5.13)
and integrate by parts to obtain

1
L o= / |Vu|2AVu|2—/ V| D2ul?
2 Jo Q

_ 1 9?2 1 28|V“’2 / 2112, 12
_ 2/Q’V|V“’ | +2/myw| s = | [vupID

—/ |Vul>|D?*ul?>  for all t € (0, Thae), (5.14)
Q

IN

because a‘g;f'z < 0 on 0N due to the convexity of Q [15].

As for I5, we once more integrate by parts to compute
I, = —a/ |Vul? Aul (uv) —a/ (VU-V|VU|2>A(UU)
Q Q

=: Iy + Iy for all t € (O,Tmax), (515)
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where since A(uv) = vAu+ 2Vu - Vo + ulAv and v = gu — Lw by (3.8) we have
I = —a/ v|Vu]2|Au2—2a/ |Vu|*(Vu - Vu)Au
Q Q
—a/ u|Vul|?* Aulv
Q
= —a/v|Vu]2|Au2—2a/ |Vu|*(Vu - Vv)Au
Q Q
—b/ u|Vul|?| Aul? +/ u|Vul? AuAw for all t € (0, Trnaz)- (5.16)
Q Q
Proceeding similarly, for the second integral on the right of (5.15) we obtain
Iy, = —a/ v(Vu V]VuP)Au - 2a/ (Vu - Vo) (Vu : V]VuP)
Q
—a/ u(Vu V|Vu|2>Av
Q
= —a/ U(Vu V|Vul )Au—2a/ Vu-VU)(Vu-V|Vu|2>
Q

—b/u
Q

=: 991+ ...+ Isoy for all t € (0, Thaz ), (5.17)

Vu - V|Vul )Au—i—/ﬂu(Vu‘V\VuIZ)Aw

where two integrations by parts using (5.13) yield

—a/v(Vu-V|Vu]2>Au = a/v|Vu]2|Au\2+a/ |Vu|>(Vu - Vu)Au
Q Q Q
+a/ v|Vul*Vu - VAu for all t € (0, Trnaz) (5.18)
Q
and
a/v|Vu\2Vu-VAu = a/U|Vu|2A|Vu2—a/v|Vu]2|D2u|2
Q 2 Ja Q
2
- a/v‘V!VUF‘ “/ IVu2Vo - V[Vu|?
2 Ja 2 Ja
a

a 28’VU|2 . 2112, |2
+ v|Vu| a [ v|Vul?|D?ul for all t € (0, Trnaz), (5.19)
2 o0 8V QO

2
again because mgiy“‘ < 0 on 012, so that

Iy < a/ o|Vul?| Aul? + a/ \Vul?(Vu - Vo)Au — ;/ \Vu|?*Vu - V|Vul? for all t € (0, Thhax)-
Q Q Q
(5.20)
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In quite a similar way, replacing av by bu in (5.18) and (5.19) we obtain
Iz = b/u]Vu\QlAuF—i-b/ Vu|*Au
Q Q
b 2 )
—/u‘kuﬂ —/ Vul?Vu - V|Vul?
2 Jo 2 Jq

b |V ul?
+/ u|vu\2w—b/u|vu|2|p2u\2
2 o0 8V O

< b/ u|Vu|2]Au|2+b/ Vu|*Au
Q Q
b
—2/ |Vul|?*Vu - V|Vul? for all t € (0, Trnaz)- (5.21)
Q

Favorably, the nonnegative terms on the right-hand sides of (5.20) and (5.21) are canceled by the
respective leading term on the right-hand sides of (5.16) and (5.17), whence in summary we infer from
(5.15), (5.16), (5.17), (5.20) and (5.21) that

I, < —Qa/ ]Vu\Q(Vu-Vv)Au—b/U\Vu]2|Au2
Q Q
+/u|Vu2Aqu
Q
+a/ |Vu2(Vu-Vv)Au—a/ |Vu|*Vv - V|Vul?
0 2 Ja
—2a/(Vu-Vv)Vu‘V\Vu|2
Q
b
+b/ \vu|4Au—/ [Vu|*Vu - V[Vul?
Q 2 Ja

+/Qu(w : vyvuP)Aw

IN

—a/ |Vu2(Vu-Vv)Au+/u\Vu|2Aqu
Q Q
—a/ Vu|?Vo - V|Vul?
2 Jo
—2a/(Vu-Vv)Vu-V|Vu|2
Q
b
+b/ \vumu—/ |Vu|?*Vu - V|Vul?
Q 2 Ja
+/ u(Vu~V|Vu|2>Aw for all ¢ € (0, Thaz)- (5.22)
Q

Here, recalling that ¢1 := |[u/| oo (0x (0,700,)) 18 finite by Lemma 4.12, and that |Au| < /n|D?u|, upon
several applications of Young’s inequality we see that

—a/|Vu|2(Vu'Vv)Au < a\/ﬁ/|Vu|2Vv||D2u]
) Q
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1 2
< / |vu|2|02u|2+”/ Vul*|Vol?
2 Jo 2 Jo
1 2 N2 12 a’n 6 a’n 6
< = [ |Vul*|D?ul* + — [ |Vul]” + — [ |V
2 Ja 2 Ja 2 Ja
and
/uVu|2Aqu < cl\/ﬁ/]Vu\QlDQUHAw]
Q Q
1
< /|V11J2|D2u|2—|—c%n/|Vu|2Aw|2
4 Jo Q
1
< / |Vu2|D2u|2+c%n/ ]Vu|6+c%n/ | Awl|?
4 Jo Q Q
and
1
—/|Vu|2Vv-V|Vu\2 = —a/Vu|2Vv~(D2u-Vu)
2 Ja Q
< a/|Vu]3|Vv||D2u|
Q
1
< / ]Vu\2]D2u]2+2a2/ IVl Vol?
8 Ja Q
1
< / |Vu|2|D2u|2—|—2a2/ |Vu|6+2a2/ Vo6
8 Ja Q Q0
as well as
—2a/(Vu-Vv)Vu-V]Vu|2 < 4@/ \Vul3| V|| D?ul
Q Q
1
< / |Vu|2|D2u|2+64a2/\Vu|6+64a2/ | Vo8
16 Jq Q 0
and
1
b/ |Vu4Au§b\/ﬁ/ IVl Dl < / |vu|2|D2u|2+8b2n/ IVl
Q Q0 32 Ja Q
and
b 1
—/ |Vul>Vu - V|Vul? gb/ |Vu|*|D?u| < / Vu|2\D2u]2+16b2/ |Vul®
2 Ja Q 64 Jo Q0
and

/u(Vu'V|Vu\2)Aw < 261/|Vu2|D2u||Aw|
Q Q

1

128
1

/ |vu2|D2u|2+256c’4{/ qu|6+256@%/ |Awl?.
128 Jq o 0
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/|vu2yp2u\2+256c§/ V2| Aw?
Q Q

IN



According to (5.22), we can therefore find ¢ > 0 such that

127
I < / [Vul?| D?ul? + ¢; - / Wk _|_/ |Vol® ) + 02/ |Aw|? for all t € (0, Thnaz), (5.23)
128 Q 0 Q

and to finally estimate the three rightmost terms in (5.12) we once more use Young’s inequality to see
that

Is+1,+1; < (p+1) / V|t — an/ |Vul>Vu - (uVv + V)
Q Q

IN

(n+ 1)/ |Vu|* — uag/ u|Vu*Vu - Vo
Q Q

) ([ 19u+10)

+pascy - </ |Vul® —l—/ Vol + 1> for all ¢t € (0, Trnaz)- (5.24)
Q Q

IN

Combining (5.14), (5.23) and (5.24) with (5.12) thus shows that with some c¢3 > 0 we have
1d/ |Vu\4+/ |Vu|4+/ |Vu?|D%uf? < 03/ \Vu|6+03/ | VoS
idt Jo 128 = 9, 0
+03/ |Awl|? + ¢3 for all t € (0, Thnaz),
Q

which together with a similar procedure applied to the second equation in (1.2) provides ¢4 > 0 such
that

4 4 4 4 242 4 2 12
4dt</ |Vul /|Vv] ) + </Q|Vu| +/Q|VU| > 128</ |Vu|?| D?u /]Vv| |D*v| >
§C4/ |Vu]6+04/ |Vv|6+64/ |Aw|? + ¢4 for all ¢t € (0, Trnaz)- (5.25)
Q Q Q

Now since (u(+,1))te0 Tae) a0 (V(,1))te[0,Tynae) are bounded in L>(Q) and equicontinuous in Q by
Lemma 4.12 and Lemma 4.13, we may apply Lemma 5.1 to gain ¢ > 0 fulfilling

04/ (Vu|® < 128/ |Vul?|D*ul? + c5 for all t € (0, Trnaz)
and

C4/ Vol® < 128/ VoRID22 +c5  for all £ € (0, Tynas),
whence (5.25) entails that y(t) := [, [Vu(-, t)|* + [ [Vo(-,0)[*, t € [0, Tinas), satisfies

Zy,(t) +y(t) < h(t) for all t € (0, Trnaz)s
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where by Lemma 4.12 and Lemma 4.2, h(t) := ¢4 [, |Aw(-,t)[*+cs+c5, t € (0, Tinaz), has the property
that

t+7 R
/ h(o)do < cg for all t € (0, Trnaz)
t
with some ¢g > 0. Therefore, Lemma 3.3 says that y is bounded in [0, T},42), which is equivalent to
(5.11). O

Now our final statement on global existence becomes an immediate consequence.

PROOF of Theorem 1.1. Since n < 3 < 4, we only need to combine the outcomes of Lemma 5.2 and
Lemma 4.12 with the local existence and extensibility statement in Lemma 2.1. O
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