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Abstract

This paper aims at providing a first step toward a qualitative theory for a new class of chemotaxis
models derived from the celebrated Keller-Segel system, with the main novelty being that diffusion
is nonlinear with flux delimiter features. More precisely, as a prototypical representative of this
class we study radially symmetric solutions of the parabolic-elliptic system

w = () < (i)

0=Av—pu+u,

under the initial condition u|;—o = up > 0 and no-flux boundary conditions in balls Q C R™, where
x>0 and p:= ﬁfﬂuo.

The main results assert the existence of a unique classical solution, extensible in time up to a
maximal Ty,q. € (0,00] which has the property that

if Tee < oo then limsup [lu(-,t)[ L~y = oo. (%)
The proof of this is mainly based on comparison methods, which firstly relate pointwise lower and
upper bounds for the spatial gradient u, to L bounds for u and to upper bounds for z := =t;
secondly, another comparison argument involving nonlocal nonlinearities provides an appropriate

control of z; in terms of bounds for v and |u,|, with suitably mild dependence on the latter.

As a consequence of (x), by means of suitable a priori estimates it is moreover shown that the above
solutions are global and bounded when either

n>2 and y <1, or n=1, x>0 and m < mg,

with m, := ——=— if Y > 1 and m, := oo if x < 1.

That these conditions are essentially optimal will be shown in a forthcoming paper in which (%)
will be used to derive complementary results on the occurrence of solutions blowing up in finite
time with respect to the norm of u in L>().
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1 Introduction

Keller-Segel systems with flux limitation. The celebrated model by Keller and Segel [24, 25]
was heuristically derived to model growth phenomena mediated by a chemoattractant, specifically
the aggregation of dictyostelium discoideum due to an attractive chemical substance. The general
structure of the model is as follows:

ur = V (Dy(u,v)Vu — S(u,v)uVv) + Hi(u,v),
(1.1)
vy = DyAv + Ha(u,v),

where u = u(z,t) denotes the cell (or organism) density at position x and time ¢, and v = v(z, t) is the
density of the chemoattractant. Here the function S measures the chemotactic sensitivity, the positive
functions D, and D, represent the diffusivity of the cells and of the chemoattractant, respectively,
and H; and Hs model source terms related to interactions. In a more general framework in which
diffusions are not isotropic, D,, and S can be positive definite matrices. See the survey by Hillen and
Painter [21] for a review of modeling issues based on the classical approach of continuum mechanics
closed by empirical models for the closure of conservation equations. The essay by Horstmann [22]
provides an additional source of information concerning modeling and applications in biology. The
recent survey [9] provides a review and qualitative analysis of a variety of mathematical problems and
multiscale derivations of the original model as well as of some recent developments such as the specific
one treated in this paper.

On the other hand, a natural question can be posed, namely if the use of parabolic models is consistent
with the physics of the phenomena under consideration, or if, for instance, the use of hyperbolic models
can be more appropriate. Or even within the approach by parabolic equations, if linear models are
acceptable, while in the nonlinear case whether one should consider degenerate parabolic equations
characterized by a finite propagation velocity. Intuitively, the answer is that phenomena with finite
propagation velocity should be captured by an appropriate choice of nonlinear diffusion terms [31]. A
conceivable approach leads to consider functions D, (u,v) and D, (u,v) not only depending on u and
v, but also on their derivatives in space and time. A recent study in this direction [7] has shown that
macroscopic models can be obtained from the underlying description at the scale of cells delivered
by suitable developments of kinetic theory methods. More in details, appropriate models of cell-cell
interaction lead to macroscopic expressions for diffusion and cross-diffusion with nonlinear limited flux
terms of the type

v(pu(u,v) uvu ) and v.<5(u,v)uvv>,

\/u2+§\Vu|2 V1+[Vof?

respectively, with v denoting the kinematic viscosity and ¢ the maximum speed of propagation, so
that in combination with an adequate equation for the evolution of the chemoattractant, this appraoch
suggests to consider models of type

) + Hi(u,v)
(1.2)

uVu uVuv
u =V - (Du(u,v) - S(u,v) —
u? + %;]Vu\Z Vit [Vol?

vy = DyAv + Ho(u,v),



as consistent modifications of the classical Keller-Segel system. This idea, which is somehow related
to the optimal transport framework [12], can be motivated by a natural assumption of cell dynamics,
where overcrowding is naturally avoided [13]. Furthermore, the introduction of this type of terms is
founded in the assumption that particles do not diffuse arbitrarily in space but, on the contrary, move
through some privileged ways such as the border of cells. Moreover, in this new approach the non-
physical diffusion is eliminated and the population moves with a finite speed of propagation, which is
one of the intrinsic characteristics. Indeed, the qualitative analysis of related systems with limited flux
[3, 4] as well as some extensions to biological contexts (transport of morphogens) has been recently
explored [2], inter alia confirming the expected movement of fronts at finite speeds.

Boundedness vs. blow-up. In the framework of chemotaxis systems, however, a different quali-
tative aspect seems even more important, namely the ability of the respective system to spontaneously
generate structures. In this regard, the classical Keller-Segel system, as obtained from (1.1) on letting
D,=D,=S=1,H=0and K(u,v) = u — v, is known to have the property that some solutions
reflect such aggregation processes even in the extreme mathematical sense of finite-time blow-up of
some solutions when either the spatial dimension n satisfies n > 3 ([34]), or when n = 2 and the total
mass of cells is suitably large ([20, 27]); on the other hand, if either n > 3 and the initial data fulfill
appropriate smallness conditions, or n = 2 and fQ u(+,0) is small, or if n = 1, then for various types
of initial-boundary value problems, global bounded solutions are known to exist ([15, 28, 33, 29, 14]).

As for Keller-Segel-type models with flux limitations, the corresponding problem appears to be un-
solved, and it is the goal of the present paper to present a first step into a qualitative theory for such
systems, with a particular focus on the question whether solutions exist globally, as conjectured in
[8], or whether blow-up in finite time may occur for some initial data. Specifically, we will consider
the apparently most prototypical among the systems (1.2) in its parabolic-elliptic simplification, as
suggested in [23]); more precisely, we shall be concerned with the initial-boundary value problem

( uVu uVv
wu=V-|—m—) —xV [ — |- z e, t>0,
' (,/u2+|vu|2> X <\/1+|Vv|2>
0=Av—pu+u, rze, t>0,
(1.3)
uV

< u? + |Vul? X 14|
’UJ(.%,O) = UO(x)v z €,

Y >‘y:0, r e o), t >0,
Vo|?

in a ball Q@ = Br(0) C R™, n > 1, where y > 0 indicates the strength of chemotactic cross-diffusion.
In order to further simplify the analysis, we shall assume the initial data to satisfy

ug € C*(Q) s radially symmetric and positive in Q with % =0 on 012, (1.4)

so that the spatial average
v
w=— [ up(zx)dx 1.5
g /) (15)

is positive.



Main results. In this framework, the first of our main results asserts local existence of a uniquely
determined classical solution. In its most crucial part, however, the following theorem furthermore
provides the extensibility criterion (1.6) which will be of great importance both for deriving global
existence in Theorem 1.2 below, as well as for characterizing the asymptotic behavior of non-global
solutions near their blow-up time [10].

Theorem 1.1 Suppose that ug complies with (1.4). Then there exist Tinaz € (0,00] and a uniquely
determined pair (u,v) of positive radially symmetric functions u € C?*1(Qx[0, Trhaz)) and v € C20(Q x
[0, Thnaz)) which solve (1.3) classically in Q X (0, Tynag), and which are such that

if Tmax < oo then limsup [ju(-,t)||reo(q) = co. (1.6)
t/‘Tmaa:

In particular, (1.6) rules out the occurrence of any gradient blow-up phenomenon in the present frame-
work; it is thus impossible that Vu becomes unbounded in finite time, whereas u itself remains
bounded. In view of the complex evolution mechanism in (1.3), inter alia involving doubly degenerate
diffusion, this conclusion seems far from trivial; indeed, various types of gradient-dependent nonlin-
earities and degeneracies are known to enforce unboundedness of gradients for some solutions even
in scalar reaction-diffusion equations [5, 26, 30]. Moreover, the additionally present cross-diffusive
interaction apparently rules out the accessibility of (1.3) to most of the techniques well-established
in contexts of scalar parabolic equations with diffusion degeneracies of related type, such as e.g. the
mean curvature flow equation and derivatives thereof, among others [17, 18], or [11].

A natural next goal consists in identifying circumstances under which the above solutions are global.
Going in this direction, the second of our main results provides conditions on the parameter y in (1.3)
and, when n = 1, on the mass level m, which turn out to be sufficient not only for global extensibility,
but also for uniform boundedness of all solutions emanating from initial data ug with fQ uy = m.

Theorem 1.2 Assume that uy satisfies (1.4), and that either
n>2 and x <1, (1.7)

or
n=1 x>0 and /u0<mc, (1.8)
Q

where in the case n = 1 we have set

1 .

if x > 1,

me =4 VX1 (1.9)
too if y < 1.

Then the problem (1.3) possesses a unique global classical solution (u,v) € C*(Q x [0, 00)) x C%0 (2 x
[0,00)) which is radially symmetric and such that for some C > 0 we have

[u(, )|[Loe) < C  and (1)) < C  for allt > 0. (1.10)

As a first and immediate conclusion thereof, we underline that when x < 1, in stark contrast to the
original Keller-Segel model, the system (1.3) does not exhibit any critical mass phenomenon, nor any



phenomenon of critical sizes of initial data with respect to global existence of solutions. Let us secondly
mention that the conditions (1.7) and (1.8), as identified above, are in fact essentially optimal for the
obtained conclusion: Indeed, in [10] the picture will in this respect be basically completed by showing
that if x > 1 then in both cases n = 1 with m > m., and n > 2, some initial data can be constructed
such that the corresponding solutions will blow up in finite time. Together with the latter, our results
thus indicate that in comparison to the original Keller-Segel system, the occurrence of a critical mass
phenomenon is shifted from the two-dimensional to the one-dimensional setting, whereas in the case
n > 2 we rather encounter a critical sensitivity phenomenon in that the size of x becomes the crucial
quantity to determine whether or not blow-up may happen.

Main ideas. Excluding gradient blow-up. In view of the doubly degenerate structure of the
uVu

V4| Vul?

as long as u remains uniformly positive and both v and Vu remain bounded (Lemma 2.1), where
thanks to our positivity assumption on ug, a corresponding lower bound for u can readily be obtained
(Lemma 3.2).

diffusion operator V - ( ) in (1.3), standard theory yields local existence and extensibility

The crucial part in the derivation of Theorem 1.1 will thus consist in ruling out the possibility of
gradient blow-up, and in our approach toward this we will substantially make use of the radial sym-
metry of our solutions: Based on two different interpretations of the equation satisfied by w, as linear
inhomogeneous parabolic equations (Lemma 2.3), under the standing assumption that u is non-global
but remains bounded we will first obtain a uniform lower bound for u, by a comparison argument
(Lemma 2.3), and thereafter develop this into a bound for |u,| in Section 5.

The latter step itself will involve the quantity z := %, as known to be of great importance on various
types of different nonlinear diffusion equations [6, 31]. In the present context, we shall see that u, can
indeed be controlled in terms of the positive part z; of z through an inequality of the form

e (Dl o,y < €+ (1 Iz le(ompion ) for all ¢ € (0, Tonaa), (L11)

where T4, € (0,00) denotes the maximal existence time (Corollary 5.3). This will be achieved by
splitting the interval (0, R) in two parts and first performing a testing procedure to estimate w, in
the corresponding inner region in certain weighted Lebesgue spaces and taking limits appropriately
(Lemma 5.1), whereupon a comparison argument in the associated outer region will complete the
proof of (1.11) (Lemma 5.2).

In order to complete the proof of Theorem 1.1 by providing a suitable estimate for 2z, we shall make
use of the observation that z satisfies the one-sided nonlocal parabolic inequality

zi(r,t) < Lz+d- <1 + ||Z+HL°°((O,R)><(0,t))>

with some d > 0 and some homogeneous linear elliptic operator £ (Lemma 5.5). In fact, employing a
maximum principle-type argument will show that this implies a pointwise upper bound for z (Lemma
5.6), which in conjunction with (1.11) will prove Theorem 1.1.

Thanks to the mild extensibility criterion (1.6) thus gained, the proof of Theorem 1.2 thus actually
reduces to the derivation of suitable a priori bounds for solutions with respect to the norm of u in



L*>°(Q). This will be accomplished in the respective cases detailed in Theorem 1.2 by means of an
essentially straightforward adaptation of the Moser-Alikakos iteration technique to the present setting
in Section 6.

2 Preliminaries

2.1 Local existence and a first extensibility criterion

To begin with, let us suitably reduce (1.3), locally in time, so as to become accessible to standard
existence theory. We thereby obtain the following result on local existence of a smooth solution to
(1.3), extensible as long as such a reduction is possible. As a by-product, this procedure yields the
first basic extensibility criterion (2.2) the improvement of which will be the main objective of the
subsequent Sections 3-5.

Lemma 2.1 Suppose that uy satisfies (1.4). Then there exist Tyar € (0,00] and a uniquely determined
pair (u.v) of radially symmetric positive functions

uwe CPH QX [0,Thmaz)), v € CH(QX [0, Thnar)); (2.1)
which solve (1.3) classically in Q X (0, Tinaz), and which are such that

if Tnaz < oo then either  liminf inf u(z,t) =0 or limsup [Ju(-,t)|lprec@) =o00.  (2.2)

t/(Tmam €N t/(Tmax
Proor. We let
. {1 inf uo(z) 1 1 } (2.3)
€ :=min ¢ — inf up(z), , .
2 zeQ 2(|uoll Loy~ 21 Vuol| Lo (o)

and take cut-off functions ¢ € C*°(R) and ¢. € C*°(R) satisfying

2 1
g < () < - for all s € R and Ye(s)=s forall se (5, g)a
as well as
2 1
de(s) < R for all s € R and ¢:(s) =s forall s < .
Then
ac(s,p) = —— Yelo) ——, SER, peR”,
V2 (s) + o2(Ipl)
defines a function a. € C*°(R x R") fulfilling
aE(s,p)gL(s):l for all s € R and p € R"
VY2(s)
and
as(s,p) > = for all s € R and p € R".
e(s,p) Erie w2 p



We can therefore adapt a fixed point argument which is well-established in the existence theory of
parabolic-elliptic chemotaxis systems (cf. [16] or [19], for instance) to find T, > 0 such that the problem

e (u)Vu B . uVo ’
Tameamm) Y ()

0=Av—pu—+u, xeQ, te(0,Ty),

ut:V-( zeQ, te(0,TL),

ou  Ov
5, =3, =0 T€0te(0T),

u(z,0) = up(x), x €1,

possesses a unique classical solution (ue,v.) such that u. € C*1(Q x[0,T:)) and v. € C?°(Q2 x [0, T%)),
and such that both u. and v, are radially symmetric and positive. Furthermore, since 2¢ < ug < 2—18
and |Vug| < 2% in  according to our choice of €, by continuity of u. and Vu. in Q x [0,7;) we can
find T; € (0,7T¢) such that

€< ue <

in Q x (0,72).

1
— and |[Vug| <
5

M| =

In particular, this implies that v.(u:) = u. and ¢.(|Vu|) = |Vue| in Q x (0,7%), and that thus
ac(ue) = \/ﬁ in this region, meaning that (uc,v.) actually solves the original problem (1.3) in
Q x (0,7T7).

Finally, in view of the dependence of € on ug as expressed in (2.3), a standard extensibility argument
yields that the above solution can be continued so as to exist up to some maximal time T},4, < 0o in

such a way that (2.2) is valid. O

2.2 Radial solutions

Since all our solutions are radially symmetric, whenever this appears convenient me may without any
danger of confusion utilize the notation u(r,¢) and v(r,t) instead of u(z,t) and v(z,t), respectively,
where r = |z| € (0, R).

In this particular radial setting, u actually fulfills a favorable parabolic equation specified in the
following lemma.

Lemma 2.2 Assume (1.4). Then the solution of (1.3) satisfies

wy, uff n—1 Uy
Vu? +u? u? + u? T Vuttu
UpV u(p — u) n—1 uv?
—X = 3 - X 23 —X- r : - 237 (24)
1+vr \/1+'Ur \/1+’Ur

for allr € (0,R) and t € (0, Tinaz)-



Proor.  We differentiate on the right-hand side of the first equation in (1.3) to obtain

vy - .<rn—1uur> _><.<rn—1uvr>
rn—l /u2+u% . rn—l /1+’U2 .,

Ul u? 1 wuy (2uuy + 2upty,) N n—1 ULy
- _ . s )
VuR+u2 JuR w2 NOERY T u? +u?
UV UpVp 1 UV + 20, Vpep n—1 UV

— — _{_7. - .
X\/1+v? X\/1+v,2, 2X4/1+Ug3 T V1402

for all 7 € (0, R) and t € (0,T},42). Here we can rearrange

Uy u? 1w, (2uuy + 2upty,)
Ve +uZ 2t 2 N
2
uu U
= 7W3~{(u2+u3)—u3}+7r3~{(u2+u3)—u2}
N Vu? +u?
Uty ul

and, similarly,

UV 1 UV * 200Uy n—1 UV
X X - X :
VIt 27 /1402
UV n—1 Iy
= g ) - o s g (1))

\/1—1-1)33

w(vpy + ”;lvr) n—1 uv

X- .
JIT 2 Tl

3w

for r € (0,R) and t € (0, Tnez). Since vy + Lo, = p— u by (1.3), the identity (2.4) thus results

from (2.5).

O

We next differentiate (2.4) to obtain a corresponding equation for u,. Here suitable arrangements will
lead to the two alternative interpretations (2.7) and (2.10) thereof as linear inhomogeneous parabolic
equations. The first of these will be used to establish an estimate from below for u, in Lemma 4.1 by
a straightforward comparison argument, whereas upon some more involved preparations, on the basis
of the latter we will apply another comparison procedure to derive a certain upper bound for w, in

Lemma 5.2.

Lemma 2.3 Assume (1.4). Then

3 2,3 3, .2
U Uy UUS Uy 3 U U U,

Ury = 3+3 5 —
Vu? + u? Vu? + u? Vu? + u?
2,3 5 5
T

U U Uy U2 Uy U
T + T = _3

5
5 5
Vu? + u? u? + u? Vu? + u?

+4




n- 1 Uy n—1 Wy n n—1 uﬁ
T2 /u2 + U% r /u2 + 2123 r /7/“2 + u2
.. Uy + 2y Uty 13y UV Vpy - u vrvrrs
V1402 V1402 1+ 02 V1402
“x UppUp X Uy Vpy T urvzvrr
T+02 "1+ " T2
n—1 uvd n—1 Upv3 n—1 wviv
X —— r X" . ror 5 —3x- . 7"”’5 (2.6)
r V1402 r /1402 T /1402
for allr € (0,R) and t € (0,Tnaz). In particular,
(Puy)(r,t) =0 forallr € (0,R) and t € (0, Trnaz), (2.7)

where the inhomogeneous linear parabolic operator P is defined by

(Pp)(r,t) := pr — A1 (r, 1) — Aa(r, t)or — Ag(r, t)p — Ag(r,t), re (0,R), t € (0,Tae), (2.8)

with
3
At = g,
u? + u?
As(rt) = 3 u?ud _3 USUp Uy 44 u?u? - ud n—1 u3
Vu? + u? Vu? +u? Vu? + u? Vu? + u? T u? 4 u?
vy
X >
V14?2
4
-1
Az(r,t) = =3 s’ = — n 5 2u >
Vu? +u? r u® + uy
1 U Uy U%Urr n—1 vg’
— XM + 2x 3 — + X 3 X : and
1+ 02 V1 + 02 Vitor o U142 r 1+ 02
-1 4
A4(T,t) = i . Ur 3
" u?
3 UV Ve 3y UQUTUTTS by n —2 1 _ uvi’ 3y n—1 Uy i (2.9)
1402 V' 1+ v? r V' 1+ 02 /1402
forr e (0,R) and t € (0, Tnqaz). Likewise,
(Quy)(r,t) =0 forallr € (0,R) and t € (0, Thnaz), (2.10)

with Q given by

(Qp)(r,t) =y — A1 (1, t)prr — Aa(r,t)pr — Ag(r,t)p — Ay(r,t), 1€ (0,R), t € (0, Tmaz), (2.11)



where

~ —1
Ag(?“,t) = n . Ur

and

forr e (0,R) and t € (0, Taz)-
PRrOOF.

3
U™ Upry

553
Vu? + u?

3
Up Uy

+3-

Uprt =

+4

(2.12)

Differentiation of (2.4) with respect to r yields

Uy Uy 3wy - (2unty + 2uptyy )

Vu? +u?3

3 ut - (2uny 42U,

VTR

T 53
Ve

5
Vu? + u?

n—1

: +
2 u? 2 r

Uy
u

1 n—1 wu, - (2uu, + 2upty,)

n—1 uvf’ - 200Uy

ro \/1+v§5

(2.13)

for r € (0,R) and t € (0,T)qz), where

U U Uy 3 Wup - (2uuy + 22Uty

uSupuZ,

3 - 3
Vu? +u?

2

2
e e (R B S R
5 5 5
N ' NCGERT
203 _3. UB’U/T’U/?“T



4. U Uy - — 3 uy - (2uuy + 2”;””’) — 7%%“” x {4(u2 + u%) — 3u%} —3. 71“53 -
Vu? + u2 2 Vu? 4 u? Vu? 4 u? Vu? + u2
_ 4 wP Uy, U Uy uu
- ’ 5 5 27 5
VuR+u2 Ju? 4 2 Vu? 4 u?
as well as
n—1 Uy n—1 u? 1 n—1 wu - (2uuy + 2uptiyy)
rooVeetw? o Julta2 2T ViZ 2
n—1 [ n—1 u?
= . A {(u2+u3) u,%}—i— . r 3.{(u2+u%)—u2}
T u? 4+ u T u?
n—1 wy, n—1 ut

for r € (0, R) and t € (0, T)nqz). Finally simplifying the last two summands in (2.13) according to

—3x-n_1- uusz 3X‘n—1‘uv§-2wvw
T \/1—}-1)%3 2 r \/1-{-1}72,5
n—1 wviv
— _3X . T TT5.{(]_+/U3)_U3}
r 1+ v?
n—1 WOV,
= —3x- . r 5
r 1+ v?

from (2.13) we easily obtain (2.6), and thus also (2.7) and (2.10).

0

Thanks to the favorable structure of the equation for v in (1.3), this second solution component can
be expressed explicitly in terms of w. This leads to the following observations which will frequently

be referred to throughout the sequel.

Lemma 2.4 Assume (1.4). Then

vp(r,t) = % — . / p"Yulp,t)dp  for allr € (0,R) and t € (0, Thaz) (2.14)
0
and
H n—1 " n—1
Upr(1,1) = o + ol u(p,t)dp for allr € (0,R) and t € (0, Trnaz)- (2.15)
0
Moreover we have w w
Upp = — LV 4 in (0,R) x (0, Trnaz)- 2.16



PROOF.  Since by the second equation in (1.3) we have
(r"tu), =" Y —wu) forallr € (0,R) and t € (0, Trnaz),

the identity (2.14) easily results by integration, whereupon a differentiation of (2.14) with respect to
r yields (2.15).
Next we differentiate (2.14) with respect to ¢ and use the first equation in (1.3) to see that

Urt(’r?t) = = _1'/0 pn_lut(pat)dp
1

r
n—1 n—1 Uy o n—
-l /0 ’ {Pnl (p Vu? + u? X

1

\/ﬁ—vg) }T(pvt)dp

1 { n—i Ul n—1 Uy }
= - T e X" —
rn—t Vu? 4 u? X V1402
for all 7 € (0, R) and t € (0, T)qz), which shows (2.16). O

Let us note some pointwise estimates resulting from Lemma 2.5 in a straightforward manner.

Lemma 2.5 Let (1.4) hold. Then for each t € (0, Tinaz) and any r € (0, R) we have

el < <. 2.1
n T =~ UT(Tvt) =0 r ( 7)
e a1
fon(r, 1)) <+ ;w((O’R” T (2.18)
as well as
ey (7, )| < | 8)[] oo (0, R)) - (2.19)

Proor.  Fixing t € (0, Tinaz) and writing M := [lu(:, )| p((0,r)), We clearly have u < M, so that
since from Lemma 2.4 we know that

vp(ryt) < Bor forallre (0, R)
n

and

" M
/ Pt Mdp = T forallr € (0,R),
0 n

both the right inequality in (2.17) as well as (2.18) are immediate. Similarly, using (2.15) we can
estimate

IN

Orr (7 ) n rn n

< M forallre(0,R)

n—1 T n—1)M
H_i_ /pn_lMd,O:Z‘i‘()
0

and

Upr(r,t) > =M for all r € (0, R),

12



which yields (2.19). Finally, to derive the left inequality in (2.17) we observe that for P tu(p, t)dp < %
for all r € (0, R) and recall that - = % by (1.5) to obtain from (2.14) that

mn

vp(r,t) > —rln/ p"ulp,t)dp > —rtT . — = b nht for all r € (0, R).
0 Wn, n

This completes the proof. ]

3 A pointwise estimate from below for u

In order to show that (2.2) actually reduces to (1.6), let us first rule out the occurrence of the first
alternative in (2.2). In proving this, we shall make use of the following elementary inequality.

Lemma 3.1 We have

& 2
< for all € > 0.
VITE ~ 3V3
PROOF. Since ¢(§) = ﬁ, & > 0, satisfies p(0) = 0,p(§) — 0 as & — oo and ¢'(§) =
(14673 (1= §) for all £ >0, it follows that (&) < ¢(2) = s for all €2 0. 0

By means of a comparison argument applied to (2.4), we can now in fact exclude that solutions attain
zeros within finite time.

Lemma 3.2 If (1.4) holds, then

u(r,t) > < i(r(l)fR) ug(r)> et for allr € (0,R) and t € (0, Tynaz), (3.1)
re(0,
where 2 0
n—1)xu
K= + —. 3.2
Xt =7 (3.2)
ProOOF.  We rewrite (2.4) in the form
—_ -1 3

ug = a1 (r, t)upr + a1 (r,t)u, + az(r,?) Uy — X u(p — u) _n % Uor 3 (3.3)

\/1+v§3 r 1+ 02

for all » € (0, R) and ¢ € (0, T)qz), where

and



as well as

u
Vu? 4 u?

define continuous functions in [0, R] X (0, Tinez). In (3.3), we can estimate

age(r,t) :=(n—1)-

—X - ulp =) > =X % > — XU for all r € (0, R) and ¢ € (0, Thnaz),

VI+o2 I+ 02

and in order to control the last term in (3.3) we use the one-sided inequality v, < & provided by
Lemma 2.5, which in conjunction with Lemma 3.1 entails that

3

n—1 uv;, v? Uy
r 1+ v? 1+02" T
2
> —(n— 1)X'ﬁ . %u for all 7 € (0, R) and t € (0, Tynaz)-

Accordingly, from (3.3) we infer that with x as in (3.2) we have

t
wp > ay(ryt)up + agy(ryt)u, + (1225’73) Uy — KU for all r € (0, R) and t € (0, Tynaz),

so that for all € > 0, writing (7, t) := "ty (r t) we see that

o > elrtelt. {a1 (ryt)urr + ag1(r, t)u, + ago(r, t)u, — ku + (K + E)u}

= a1 (r,t)r + ag1(r, ) + aga(r, t)p, + ceFHOy for all » € (0, R) and t € (0, Tynaz)(3.4)

Now if for some T' € (0, Tinaz), @ attains its minimum over [0, R] x [0, T'| at some (ro, t9) € [0, R] x [0, T],
then necessarily
¢r(ro,to) =0, @rr(ro,t0) > 0 and  i(ro,t9) < 0. (3.5)

Therefore, in the case ¢y > 0 and ry > 0 we may directly apply (3.4) to obtain

az(ro, to)

~r(ro, to) + 86(“+€)t0u(r0, to)
T

0> ¢(ro,to) > ai1(ro,to)err (10, to) + a21(ro, to)er(ro, to) +

> eelF oy (g, tg) > 0,

which is impossible.

However, if tg > 0 and 79 = 0, then there must exist a sequence (r;);en of numbers 7; € (0, R) such
that r; \,0 as j — oo and ¢,(rj,t9) > 0 for all j € N, because otherwise ¢(-,tg) would have a strict
local maximum at r = 0. Since a3 > 0, evaluating (3.4) at r = r; = we would thus obtain that

a2 (rj,to)
rj
> ai(rj, to)err (T, to) + a21(rj, to)er (15, to) + Ee(”JrE)tou(rj,to) for all j € N,

(“+5)t°u(

ei(rj,to) > a1(rj,to)err (15, t0) + a2 (rj, to)er(rj, to) + “r(ry, to) + e 75 to)

14



so that since ¢(-, ) is smooth in [0, R], we may let j — oo here to infer using (3.5) that

a1(0,10) (0, t0) + a21 (0, t0)r (0, to) + e 204 (0, t)
eeF (0, t0) > 0.

0> ¢i(0,20) >
>

This absurd conclusion shows that actually to = 0, which implies that ¢ > inf,co r)¢(r,0) =
inf,.¢(o,r) wo(r) throughout [0, R] x [0,T] for any T' € (0, Tinaz). Taking T' 7 Tinae and € N\, 0 we
thereby obtain (3.1). O

4 A pointwise lower estimate for u,

It remains to exclude the possibility of finite-time blow-up of u, despite boundedness of u. A first step
toward this can accomplished by invoking parabolic comparison to derive the following lower bound
for u, from (2.7). Let us emphasize that our argument makes essential use of the fact that on the

right-hand side of (2.6), the most singular term ”r—_zl - —%r__ therein appears with a negative sign,

Vi
and that in consequence a corresponding upper estimate for u, can apparently not be obtained by a
direct approach of the type pursued here, at least not when n > 2.

Lemma 4.1 Assume that Tz < 00, bul that Sup(.s)e(0,R)x (0,Thmas) W(rst) < 00. Then there exists
C > 0 such that
up(r,t) > —C  forallr € (0,R) and t € (0, Traz)- (4.1)

PROOF.  According to our hypothesis, we can find ¢; > 0 such that
u(r,t) < ¢ for all » € (0, R) and ¢ € (0, Thnaz), (4.2)
so that Lemma 2.5 provides co > 0 and c3 > 0 such that
[o(r,t)] < cor and v (r,t)| < e for all » € (0, R) and ¢ € (0, Trnaz)- (4.3)

We now take D > 1 and o > 0 large enough fulfilling

uor(r) > —D for all r € (0, R) (4.4)
and .
a>q+§> (4.5)
where
cq = 2c1X + e3x + cesxRE 4 (n — 1)c3x R? (4.6)
and
c5 1= 3crcacax i+ 3ctcacsx R4 (n — 1)eicsx R + 3(n — 1)ciciesxR, (4.7)

and define a comparison function ¢ by letting

o(r,t) := —De™ for r € [0, R] and ¢t > 0.

15



Then since p = ¢ =0, with P as in (2.8) we have

(Pp)(r,t) = —aDe™
3 ut - Det n—-1 u - De?t o Det
+2y u - De N De*t vam« - De®t

X +X
Vit V1407 JI+02

n—1 v3- De*

_X . 3
r V1402
n—1 uf: UV Ve U2 v, Uy
- : 7 — IXU—— X—F—5
T u? 4 u? V1+v? 1+ 02
-1 3 -1 2
- n uv;, 43y n UV Uy (4.8)

for all 7 € (0,R) and t € (0,T}nae). Here the second, third, fourth and ninth term on the right are
nonpositive, and we claim that each of the remaining summands containing x can be controlled in
modulus by the first term on the right-hand side suitably. Indeed, repeatedly using (4.2), (4.3) and
(4.4), we can estimate

w - De™

/3
V1+v?

‘2x < 2x ¢y - De™,

t
SX'C3'Dea7

2 at
ViU - De

V1 —i—v%g

< x-c2r? ez De™ < BesxR? - Det,

< 3xp-cy-cor-c3 < 3cicacs R

U
' - 3X,uﬁ

as well as

U2V, Uy

/b
V1402

<3x- C% -cor ey < 30%6203)(}%

and finally,




as well as

A3 De* < (n—1)e3xR? - De

and
n—1 wiv.,
' 5
r 2
V1t

Therefore, (4.8) implies that with ¢4 and ¢5 as in (4.6) and (4.7) we have

(Pe)(r; 1)

n—1
ey - e3 < 3(n— 1)eicdesxR.

’3)(- <3x-

r

—aDe® 4 ¢4 - De® + c5

<
< —aDe* + <C4 + %) - De™ for all » € (0, R) and ¢ € (0, Thaz),

whence our assumption (4.5) on a ensures that (Py)(r,t) < 0 for all » € (0,R) and ¢ € (0, Tinaz)-
Since (Puy)(r,t) = 0 for all (r,t) € (0, R) X (0, Tinaez) by Lemma 2.3, and since moreover

©(r,0) = =D < ug(r) = u,(0,7) for all r € [0, R]
and, clearly,
©.(0,t) =u,(0,1) =0 aswellas ¢ (R,t) =u(R,t)=0 for all t € (0, Trnaz),

from the comparison principle we conclude that w,(r,t) > ¢(r,t) for all 7 € (0, R) and t € (0, Tinqz),
and that hence

up(r,t) > —DeTmaz for all + € (0, R) and t € (0, Taz),

which proves the claim. O

5 A bound for |u,|. Proof of Theorem 1.1

The goal of this section is to complete the proof of Theorem 1.1 by further developing the one-sided

inequality for w, from Lemma 4.1 into a bound for |u,| in modulus, provided that T4, is finite but

u itself remains bounded (Corollary 5.7). An important role in our analysis in this direction will be
ut

played by the function z := %, which is indeed well-defined and continuous in [0, R] x [0, Tjnez) by
Lemma 2.1. Furthermore, according to Lemma 2.2 we have the representation

2 4

U™ Uy Uy n—1 Ur
z = 5 5 : 3 5
VuZ+u2 u/u +ul rooVuttu
Uy Uy w—u n—1 v3
- X . L 3 (5.1)

-X - X
u/T+02 " T+ It

for r € (0,R) and t € (0, Tyaz)-



Now in a first key observation, to be presented in Corollary 5.3, we will establish a useful relationship
between u, and the function z, essentially controlling [|u; (-, )|z ((0,r)) for any fixed ¢ € (0, Tinaz) by
the maximum of the positive part zy of z over the whole memory region (0, R) x (0,t). To achieve this,
we will foremost use an integral technique to estimate |u,| in terms of z4 on the basis of (5.1) and
Lemma 4.1 in a suitably small subinterval (0, Ry) of (0, R) (Lemma 5.1). This will in particular imply
an upper bound for u, at r = Ry and therefore allow for applying a comparison argument to (2.10)
which will yield a pointwise upper estimate for u, in the corresponding outer region (R, R) (Lemma
5.2).

The second essential step will thereafter consist in deriving a nonlocal parabolic inequality for z with a
memory-type nonlinearity (Lemma 5.5). Upon another comparison, this will entail a pointwise upper
bound for z (Lemma 5.6) and hence also for u,.

5.1 A bound for |u,| in terms of z,

5.1.1 Estimating |u,| near the origin

Let us first apply an appropriate testing procedure to (5.1) to find some small Ry € (0, R) with the
property that u,(-,t) can be bounded in certain weighted Lebesgue spaces over (0, Rp) in such a way
that on taking limits we can derive a respective L*° estimate from this.

Lemma 5.1 Assume that Tinae < 00, but that SUp (. s)c(0,R)x (0,Tmes) U(rst) < 00. Then there exist
Ry € (0,R) and C > 0 such that

(- ) | oo ((0,R0)) < C - (1 + |’Z+('7t)HLoo((o,Ro))) for all t € (0, Trnaz)- (5.2)

PrOOF.  We first rearrange (5.1) to obtain

2
4 2 2 2 2
U, VUt ug n—l‘ u® +uy up

— = 2 = Upp — 5

u? u? u
3 3 3
(p— u)\/u2 + u2 N Vu? + u ey Ly.not Vu? +ud vl (5.3)

,
X X
\/l—i—v,??) u?y/1+ 07 r u%/l—i—v?g

+X

where

2
n—1 u?+uZ u, n—1 n—1 u}
T = e ) S

e = T w
1 _ n—1 ud
= _T’n_l (Tn ! 7")7’ - r : ;; (54)

for r € (0,R) and t € (0,Tnaz). In order to choose Ry appropriately, we use our boundedness
assumption on w to fix ¢; > p and ¢ > 0 such that

u(r,t) < ¢ for all r € (0, R) and t € (0, Tnaz) (5.5)

and

V2 ta2 <eo- (L4 [wl?)  in (0, R) (0, Ta), (5.6)
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and recall Lemma 3.2 to find c3 > 0 fulfilling

u(r,t) > c3 for all » € (0, R) and t € (0, Thaz)- (5.7)
We claim that then the conclusion of the lemma holds if we pick any Ry € (0, R) satisfying
3
Ry< —3 (5.8)
defeaxp

To see this, we take an arbitrary even integer m > 0, multiply (5.3) by 7" !/ and integrate over
(0, Rp) to see using (5.4) that

Ro um+4
I(t) := / Pl T 5—dr
0 u
Ry /22 23 Ro Ry m+3
= pr-1 VU T ;—ur cwzdr — / (r" ), - umdr — (n — 1)/ pr—2lr 5—dr
0 u 0 0 u
Ro L (p— )T Bo R,
+x r B dr 4+ x r dr
0 u?\/1+v? 0 u3y/1 4 v2
Ro /72 1 25, m 3
+(n —1)x 2 VU ’LLT3U7. dr
0 u?\/1+v?2
= Ji(t) + ... + Js(t) for all t € (0, Tnaz)- (5.9)
Here by (5.5) we have
1 [fe
I(t) > — / Lyt gy for all t € (0, Traz), (5.10)
Cl 0

and our goal is to show that the sum on the right-hand side of (5.9) can be controlled adequately by
the term on the right of (5.10).
For this purpose, we first use Lemma 2.4 in rewriting J5(¢) to obtain
3 3
o R V@R e
J5(t) = — G dr —x : p"ulp, t)dp |dr
n Jo u3\/1 + v2 0 udy/1 4 v? 0

=: J51(t) + J52(t) for all t € (0, Thnax), (5.11)

where (5.6), (5.7) and Young’s inequality enable us to infer that

Ro - (1 3y . m+1
Js1(t) < XM/ . 2 ( +‘“7’|3) |ur] dr
n Jo c3
Ro o
¢ c
= 2X£ / r”|ur|m+1dr + QXéU / Tn’LLTT,n+4dr
nes Jo ned Jy
Ry Ro
¢ c
= 2X£/ (1 +uT+4)dr+ 2X£/ rnu;n-ﬁ-éldr
nes Jo n o

c Rn+1 2¢ Ro
- ng(zl:‘ f)cS + TL20>§N A TnU:«n—HLdT for all t € (07 Tmam)-
3 3
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Trivially estimating

Ro Ro
/ ™ dr < RO/ vy m
0 0

according to (5.10) and our restriction (5.8) on Ry we thus conclude that

1 [
J51(t) <cqg+ 2c3/ Lyt gy for all t € (0, Trnaz) (5.12)
10

coxp R

n(n+1)cs

In order to derive an appropriate upper bound for the second term on the right of (5.11), let us apply
Lemma 4.1 to fix a constant L > 1 such that

with ¢4 :=

up(ryt) > —L for all » € (0, R) and t € (0, Tyaz)- (5.13)

Then since —u™*! = (—u,)™*! due to the fact that m + 1 is odd, this in conjunction with (5.6), (5.7)
and (5.3) implies that

Ro /o2 4 2° r
Jsa(t) < xL™ WA ( / p"_IU(p,t)dp>dr
0o udy/1+v2 0
Ro T
01032XLm+1/ (14 |ur®) - (/ pn_ldp>d7"
0 0

C3

IN

Ro
- clczmeH/ (1 + |u,|*)dr
0

e
Rn+1 Ro
= 0102><703Lm+1 + Clc?gx / P L 3 dr for all t € (0, Trnaz).  (5.14)
n(n+1)c3 nes  Jo

As by Young’s inequality we have

Ro 3 Ro 1 Ry
/ P L Pdr < / M dr + ml / "L dr
0 m-|—4 0 m+4 0
3R fto ’I"n_lum+4d7‘ + Rn+l Lm—|—4
m + 4 0 T n —+ 1 ’
in view of the fact that L > 1 we obtain from (5.14) that
4 6 fio 1 4
Jsa(t) < esL™H + m+4/0 "yt dr  for all t € (0, Thnaz) (5.15)
. n+1
with ¢5 == 722(?1?)% and cg 1= 7361:5?1%.

Going back to (5.9), we next apply (5.6), (5.7) and Young’s and Holder’s inequalities to estimate

(&) Ro

Ji(t) <
( 2

N ) - ul ey dr

20



e [T e [T 3
= = T 2y dr + 2/ " ™y dr
3 Jo 3
RO 0
(&) _ 202 _
< " laidr + =5 ", ™32 dr
63 0 03 0
1
Ro — n m+3 Ro
2 _ mtd R 1 2c _
< 2(/ 7"" 1zT+4dr) (29 22 pn=1
C3 0 n C3 0
. . ¢, RV
which means that if we let Ry := max{1, R} and c7 := max{3 - -
3

m—+3

Ro )

m+4 m+4

u;”Hdr) . (/ r”_lzf+4d7“> ,
0

221 then

5 2
c3

Ro e Ro ra
n—1, m+4 + n—1_m+4 +
Ji(t) <ecr-< 1+ ; T dr ] T for all t € (0, Tynaz)- (5.16)

As for the second term on the right of (5.9), in order to remove second-order derivatives, in the case

n > 2 we twice integrate by parts to obtain

Ro
Jo(t) = m/ r"flufluwdr—Rg_luZ:”H(Ro,t)
0

(n—1)ym [Fo

m
= —— 2 dr 4 7R8_1UT+1(R0, t) — Rg_lufn”Jrl(Ro, t)

R,
- (n B 1)m 0 7,‘n—2um—‘y—1d,r _ 1

Ry (Ro,t)  for all t € (0, Thaz)-

Once more since m + 1 is odd, (5.13) again becomes applicable to provide the one-sided estimate

(n—1)m 1/R0 —2 1
Jo(t) < ~———L™F " —
() = m—+1 0 " +m+1

< L™ forall t € (0, Thar)

. L (nfl)m ) Rn—1
with ¢cg = =7 Py il il

conclusion can be extended so as to include the case n = 1 as well.

n—1rm+1
RI'L

(5.17)

L_pgr-1 = g1 when n > 2, and it can easily be verified that this

Similarly, since also m + 3 is odd, we may invoke (5.13) and then (5.7) to see that in the case n > 2,

m+3
n—2L
2

dr
U

Ro
Js(t) < (n—1)/0 ,

—1
n-—- 1Lm+3 Rg

2 _
€3 n—1

IN

< egL™T3 for all t € (0, Thax)

with ¢g := %2_1, and note that (5.18) trivially holds when n = 1.

3
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We next estimate J4(t) by first using (5.6), (5.7) and Young’s inequality according to

Ro
Ju(t) < ch'u/ r"71(1+\ur|3)u;”dr
0

‘3
c 2c
< 2);:“/ . 1d + 2X:U’/ n71|u7"’m+3d7,

2 2

Ry 2 fio
_ explng C2X”/ " Hu, " 3dr - for all t € (0, Trnaz)-
nes C3 0

Since thanks to the Holder inequality we know that

Ro R" Ro o
/ L, 7 3dr < ( 0>m+4 ) (/ Tn1u§n+4dr>
0 n 0
R™ Ro %ﬁ
< L. </ r”_luTHdr) , (5.19)
n 0
again with Ry = max{1, R}, this entails that
Ro o
Ji(t) <cip-q 1+ </ r"_lu;”Hdr) for all t € (0, Trnaz) (5.20)
0

n 2 R
if we let c19 := max{ X cxuRT e R B
3 3

Finally, in treating the last integral in (5.9) we make use of the upper estimate for v, in (2.17) to see,
again recalling (5.6), (5.7) and using Young’s inequality, that

(n — 1)xu? ROT”“«/uQ—i-uQ ’"d
n3 0 \/lJriv2

-1 3 rRo
3

Jo(t) <

-1 3 Ro 2 -1 3 Ro
(n 3)022XM / P g (n 3)52)(# / P [y [ e
n 0 n 03 0
-1 3Rn+2 92 1 3 rRo
_ ()C2f’2‘)c A ng)sz;z / P " 3dr - for all t € (0, Trnaa)-
3 c3 0

Now due to (5.19),

IN

R() RO
/ rn+1|uT’m+3dr R(Q) / 7’”_1 ’ur‘m-i—?;dr
0 0

Rn+2 Ro 3 m+a
1 T,n lu:l+4dr ’
n 0
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whence we obtain that

m+3

Ro ™
Jo(t) < c11- {1 + (/ r”lu;”+4dr> ’ } for all ¢t € (0, Trnax) (5.21)
0

(n=D)caxp®R"2 2(n—1)caxp® R?JFQ}

with c17 1= max{ PtE per L

In summary, (5.10), (5.16), (5.17), (5.18), (5.11), (5.12), (5.15) and (5.21) combined with (5.9) show

that
m—+3 1
1 [Ro Ro mtd Ro mtd
G < b ([ T ([0 )
1J0 0 0

+68Lm+1 + chm+3

Ro m+3
1 mid g\
+c10-% 1+ T, dr
0

| L
+eyq + 23/ r
¢ Jo

R,
m+4 Ce 0 n—1_ m+4
+C5L +ﬁ T U’T dT
m 0
m—+3

RO m+4
+eng 1+ </ r"lu;”HdT) for all t € (0, Trnaz)-
0

Since L > 1, this means that if m, is sufficiently large such that

Cg 1
R 5.22
my+4 40‘% ( )
and if m > m,, then
m—+3 1
1 RO RO m-+4 RO m+4
3/ R T [ R </ rn_lu;”HdT) . (/ r"_lzf+4dr>
dey Jo 0 0
Ro mid
+012</ r"lu;”+4dr>
0
+ep3 L™ for all t € (0, Trnaz), (5.23)

where c12 := ¢19 + c11 and c13 1= ¢g + ¢g + c10 + ¢4 + 5 + c11.

Now in order to prove (5.2) for some suitably large C' > 0 independent of ¢ € (0, Tynq4), We fix any
such ¢ and first consider the case when there exists a sequence of even numbers m = m; > m,,j € N,
such that m; — oo as j — oo and

m—+3

Ro A
</ r"_luTHdr) < mt for all m € (m;)jen. (5.24)
0

23



Then taking j — oo here, we directly obtain that

Ry =4 mj+4
: n—1, mj+4 it : miT3
l|2r (-, )| oo ((0,R)) = lim ; e (r, t)dr = lim L™* = L. (5.25)

j—00 Jj—00

If conversely, such a sequence does not exist, then we can find my, > my such that for all even
m 2 My,

m—+3

Boo 0 mia )™ 4
/ Pl dr > LM
0

Using that L > 1, we thus infer from (5.23) that for any such m we have
1 RO RO %ﬁ RO ﬁ
13 /) ™ (e Ddr < 2¢q </0 Ly t)dr) : </0 r"ilz_’f“(r, t)dr)
1

Ro mts Ro mtd
+c12 </ vy (o, t)dr) + c13 </ L T O t)dr>
0 0

and hence

1 [ [T W Ry o
13 (/ Tl t)dr) < 2c¢7 </ T”flzf+4(r, t)dr) + c12 + C13.
1 0 0

In the limit m — oo, we therefore conclude that in this case,

1
i3 e (5 )| oo ((0,R0)) < 267 - |24 (5 ) | oo ((0,Ro)) + €12 + C13- (5.26)
1

Since ¢z, c12 and c¢13 as well as L are independent of ¢ € (0, Tynaz), (5.25) and (5.26) establish (5.2). O

5.1.2 Estimating |u,| near the boundary

For fixed t € (0, Tjnaz), the above lemma in particular implies an upper bound for w, in terms of
|24 [ Lo ((0,) x (0,Ro)) On the lateral boundary line 7 = Ry of the parabolic cylinder (R, R) x (0,t). This
will enable us to apply a comparison argument to derive an estimate from above for u, in this region
on the basis of (2.10) to achieve the following.

Lemma 5.2 Assume that Tynee < 00, but that Sup(, yc(0,r)x (0,Tmes) U(r>t) < 00. Then with Ry €
(0, R) taken from Lemma 5.1, we can find C' > 0 such that

lwr (5 )l oo (Ro,RY) < C (1 + ||Z+\|Loo((o,Ro)x(o,t))> for all t € (0, Trna)- (5.27)

ProOOF.  According to Lemma 5.1, we can pick ¢; > 0 such that

wr(Ro,t) < c1 - (1 + ||z+(-,t)||Lm((0,RO))) for all £ € (0, Tynaz),
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which in particular implies that given any to € (0, Tnaz) We have

ur(Ro,t) < Dito) i= 1 (14 |24 (o moyx o) for all ¢ € (0, ko). (5.28)
Let us next use our hypothesis and recall Lemma 3.2 to pick co > 0 and c¢3 > 0 fulfilling
ca <u(rt) <cs for all » € (0, R) and t € (0, Thnaz), (5.29)
and apply Lemma 2.5 to find ¢4 > 0 and ¢35 > 0 such that
lop(r, )| < cqr and  |up(r,t)] < cs for all r € (0, R) and ¢ € (0, Thnaz)- (5.30)

Therefore, the coefficient functions A3 and A4 in (2.12) can be estimated according to

As(r,t) < ¢ := nR_Ol + i%( +xcs+x-AR?-c5+ (n—1)x - iR (5.31)

and
fl4(7“, t)y<C7 = 3cs+ nR—21 “Co 4+ 3xp-c3-caR -5+ 3x - c% ccyR - cs (5.32)
+(n — 1); cc3-GR+3(n—1) -c3-cAR - c3 (5.33)

for all r € (0, R) and ¢ € (0, Tnaz). We now fix o > 0 large such that

C
a > co+ 57 (5.34)

and, given ty € (0, Tjnqz), define
?(r,t) := D e for r € [Rp, R] and t € [0, t¢],
where

D := max {Dl(to) , sup ’LL()T('I“)} +1. (5.35)
T'E(RQ,R)

Then (5.28) asserts that

ur(Ro,t) < ®(Ro,t) for all t € (0,t9),
whereas clearly

ur(R,t) =p(R,t) =0 for all ¢t € (0,10)
and

ur(r,0) = uor(r) < D =%(r,0) for all r € [Ry, R].
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Moreover, since @ is positive and @, = p,,, = 0, we may use (5.31), (5.32) and (5.34) to see that with
Q as in (2.11) we have
QP = B — As(rt)p — Au(r,1)
aDe® — As(r,t) - De®t — Ay(r,t)
(o —cg) - De® — 7
(v —¢6)D — 7
> 0 for all r € (Rp, R) and ¢ € (0, o).

>
>

As Qu, =0 due to Lemma 2.3, by comparison we conclude that v, <@ in (Ro, R) x (0,%p), which in
view of (5.35) and (5.28) readily entails (5.27). O
5.1.3 A bound for |u,| in the entire domain

Let us summarize the outcome of Lemma 5.1 and Lemma 5.2:

Corollary 5.3 If Tinax < 00 but SUD(;. )¢ (0,R)x (0,Tjnas) W(Ts 1) < 00, then there exists C > 0 such that

[wr (-5 t) | oo (0,R)) < C - (1 + HZ+HL<>0((0,R)x(o,t))> for all t € (0, Traz)-

Proor.  We only need to combine Lemma 5.1 with Lemma 5.2. g

5.2 A nonlocal parabolic inequality for z

In order to bound z from above, let us first identify a linear inhomogeneous parabolic equation satisfied
by this function.

Lemma 5.4 The function z = 5t satisfies

B t
zt = Bi(r,t)zpp + Boy (1, t) 2 + 227(474’)% + Bs(r,t)z+ By(r,t) for allr € (0,R) and t € (0, Thnaz),
(5.36)
where
( u
Byi(r,t) = ———,
Vu? + u?
By (r,t) := 2 Ul -3 4t 4 U? 7 —3 U? - - 2’
Vu? 4+ u2 , Vu? 4 u? Vu? +u? Vu? 4 u? V1t+or
u
Baa(r,t) == (n—1)——,
” Vu? +u?
Bs(r,t) := x——3 and
V1+ 02
B4(T‘ t) - _3 U(M - U)UTUT 2 (N — )U’?’ Y ’LL% 2 U
Vu? + u? \/l+v25 (1+07)? \/u2+u%-\/1+v7?3 (1+07)?
n—1 (R 9.2 . n—1_ _ uvl
k TS Ty O why
(5.37)

forr € (0,R) and t € (0, Traz)-
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Proor.  We divide (2.4) by u and differentiate each term on the right-hand side of the resulting

identity separately. Using that u; = uz and hence u,; = uz, + urz and uppy = UZpp + 202 + Upp 2z, We
first obtain

( TRLT. ) B TRz 49 U Uy 3wl - (2unuy + 2upugg)
3 - 3 37 o 5
Vur+u2 /e Vu?+u? Vi ruz 2 Vu? 4+ u2
3 2 2 2
u u?u u?u u?u
— S'ZTT+27T3'Z’F+7W3'Z+27M
Vu? 4 u? u? + u? Vu? 4 u? Vu? + u?
uHty, WUy u?utug,
-3 =-2—3 czp—3

7-2
5 5
Vu? 4 u? u? + u? Vu? 4 u?

Since

= —— {(u2 4+ u?) + 2(u® + u?) — 3u® — 3u2}

)

this yields

2 3 2
<““3> :“3.ZW+{2 w3 ““’““’“T5}.ZT (5.38)
Vuz+u2 /e Ju? +ud Vu? 4 uZ Vu? 4 u?

for all r € (0, R) and t € (0, Trnaz)-

Next,
(u;l> _ 4 w iy uruy 3wk (2uug + 2uptng)
3 - 3 3 o 5
uy/u2 +u2” /¢ u/u 2w ulu 2 ur/u? + u?
3 4 4
u u u
= 4——= 2 +4 — A —
Vu? + u? u\/u? + u uy/u? + u?
4 5 6
uu u u
T N oo T

where again the zero-order terms have a vanishing sum in the sense that

4 4 4 6
u U uu u
4 r C T VR S VR S Y
2 23 W 22 220
U/ U” + Uz U/ u* + uy \ Ut uy U/ u* + uy
4

= #5 . {4(u2+u$)—(u2+u3)—3u2—3u2}-z

T
ury/u? + u?

27



so that

o B P
<3> - {4 3 5} 2 (5.39)
uy/u? +u /e Vu? 4 u? Vu? + u?

for all 7 € (0, R) and ¢ € (0, Thaz).

Likewise,
( Uy ) B Uyt 1wy (2uug + 2upugy)
IS .0 - ) 3
Vur+ut/y Vu2+u2 2 NS
u Uy uu, uu? ul
= 2+ - - 2

. z J— .
VuZ 4+ u2 Vu? 4 u2 JiZr a2 N ERT N

u
(W)
Vu? + u?
u
+7r3~{(u2+u3)—u2—u3}-z
No=r
w3
Vu? +u?
whence 5
<n1 Uy > :nfl' U . (5.40)
r /u2+u% ‘ T /u27-|- u%?; T

for r € (0,R) and t € (0, Tynaz)-
As for the respective terms originating from the rightmost three summands in (2.4), we make use of
(2.16) to express v,y conveniently. We thereby compute

W= Ut 3 w—u
- X) = + X ———s - 2vurvne
( Vit /e 20 T+ 02
(1 — u)yy { T }
N X
VI+02 VuZtuz /T2
u(p — w)urv, g, 2Up — oy (5.41)

-z 4 3x

Ve
u
Ve
v
e

= -z = 3x X
\/u2+uZ~\/1+v35 (1+v7)
and
(_ N > N L S L }X Ul g
uy/1+v2/, uy/T+02 Tuy/T+02 eI+ 20 T2
Uy Uy Ve
= 7X7 -z —_— Xi -z
Vit T Cuy/1+ 02
Uy { Uy n UV }
_Xi . _— X
uy/1+v2 Vu? + u? 1+v2

UpVp urvTQ

Uy UV,
X == 2t X : { - + X }
uy/1+ 02 uy/1+ 02 ViZ+u? 1402

28




u? 9 UpUp

= ) + T — -
X\/l—HJ% ' X\/uz—i-u%-\/l—i-v? X (1+07)?
2
Uy ur 5 UpUp
N VS . , (5.42)
Vit? 7 \/u2+u%-\/1+v7?3 (1 407)?
and observe that
< v3 ) { 3v2 3 vl 20, } )
— — -5 cUrt
\/1+v23 t \/1—1—2133 2 \/1+U,,%5
2 3
() uv
— _3 T +3X T
\/u2+u%-\/1+v72,5 (1+02)?
to obtain
<_X.n—1. v3 3) :3x-n_1- v 5_3X2.n—1. uv1?323 (5.43)
N A A T u /1402 ro (40
forr € (0,R) and t € (0, T)nqz). In light of (5.38)-(5.43), (2.4) easily yields (5.36) with By, Bai, Baa, B3
and By as in (5.37). O

On suitably estimating the inhomogeneous term By herein by means of Corollary 5.3, we can develop
(5.36) into a nonlocal parabolic inequality for z as follows.

Lemma 5.5 Suppose that Tinaz < 00, but that SUP (.4 e(0,R)x (0,Tnas) W(rs 1) < 00. Then there exist a
constant d > 0 and continuous functions by, ba1, bag and by on [0, R] X [0, Ty,qe.) with the properties that
by and bay are nonnegative, that b is bounded on (0, R) % (0, Tinaz), and such that z = % satisfies

Zt(r’ t) S b]_ (T, t)er + b21(’]‘7 t)ZT‘ —+ W

zr + bs(r,t)z +d- <1 + HZJr”LOO((O,R)x(O,t))) (5.44)
for all r € (0,R) and t € (0, Taz)-

Proor. With By, Bsy, By, B3 and By taken from Lemma 5.4, we let by := By, b1 := Bai,bas := By
and bs := Bs. Then from (5.37) we immediately obtain that by, bo1,b92 and bs are continuous in
[0, R] X [0, Tinaz), and that by > 0 and bes > 0. Since our boundedness assumption on u ensures that
bs is bounded, it remains to control the inhomogeneity By in (5.36) adequately. To this end, we once
more use our hypothesis along with Lemma 2.5 to pick positive constants c1, co and c3 such that

u(r,t) <eci, |op(r,t)| <cor and |vp(r,t)] <c3 for all 7 € (0,R) and t € (0, Tinaz). (5.45)
Then in (5.37) we can estimate

u(p — w)upv,
NCERT RV

—3x

IN

3x-a(p+ec) R ———

< 3er(p+er)eaxR
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and

o U(f — )V

3x 3x%c1(p+c1) - 2R - c3

(1+02)3 -
< 3 (p+ 01)0203X2R
as well as
n—1 u,v? n—1 9 9 |ur|
3X . L S 3X 'Cl'C2T o
" \/u2+u%'\/1+v,2,5 r Vu? +u?
< 3(n—1)ec xR
and
n—1 uv? n—1
—342. ) T < 32 T e 33
X r (1+02)3 — X r e ar

< 3(n—1)ec3x*R?

for all € (0, R) and ¢ € (0, T)4z)- In the third and fourth summands in the definition (5.37) of By,
however, apparently we can only estimate
2 2
u us <yl

X <X <
\/u2+u$-\/1+033 Vu? + u?

and

2 Urlr 2
—X m < Xy
r

for all » € (0, R) and t € (0, T)nqz), with the possibly unbounded factors |u,| remaining. Fortunately,
applying Corollary 5.3 yields ¢4 > 0 such that

luy (1, 8)] < 4 - (1 n HZ+||L00((O,R)X(0¢))) for all 7 € (0, R) and ¢ € (0, Tas).
Therefore, (5.44) results from (5.36) if we choose d > 0 conveniently large. O

5.3 Boundedness of z from above

Apparently, nonlocal parabolic inequalities of type (5.44) do not allow for general comparison priciples.
After all, the fact that here the memory term enjoys a certain linear boundedness property with respect
to z4 enables us to follow a maximum principle-type reasoning to establish an essentially exponential
upper bound for z and thereby obtain the following.

Lemma 5.6 Assume that Tnaz < 00 and Sup(, s e(0,r)x (0,Tmas) u(r,t) < co. Then there exists C' > 0

such that z = <t satisfies

z(rt) <C for allr € (0,R) and t € (0, Trnaz)- (5.46)
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PRrROOF.  We let by, ba1, bog, bg and d be as provided by Lemma 5.5, so that by boundedness of b we
can find ¢; > 0 such that

bs(r,t) < ¢ for all » € (0, R) and ¢ € (0, Thnaz)- (5.47)

We than fix a > 0 large enough fulfilling
a>c +d (5.48)

and let
o(r,t) == e “z(r,t) — dt for r € [0, R] and ¢ € [0, Thnqz)-

Then according to Lemma 5.5,

o = ey —az)—d

—at boo
< eot. {bl(r, )z + bar (1, 8)2r + 222 + by (r, )2 + dll 24 e 0,1 0.+ = az} —d

bQQ(T, t)

ma— + (bg(T‘, t) — a) . (90 + dt)

+de || 24| Lo (0, R)x (0,0)) + de” " —d for all » € (0, R) and t € (0, Trnaz), (5.49)

= b (T7 t)SOTr + b21(T7 t)Qpr +

and since z, = (%), = “t — 3t in [0, R] x [0, Tynaz), the fact that u,(0,t) = u,(R,t) = 0 for all

u

t € (0, T)az) entails that
0r(0,8) = @r (R, 1) =0 for all £ € (0, Thnaz)- (5.50)

Now if for some T' € (0, Tinaz), the value S := sup(, ;¢ (0,r)x(0,1) ¢(75t) Was positive and attained at
some point (r9,%o) € [0, R] x [0, T] with top > 0, then necessarily

¢t(ro, to) > 0, (5.51)
and (5.50) ensures that in both cases 1o € (0, R) and r¢ € {0, R} we moreover must have
¢r(ro,t0) =0 andep,r(r0,t0) < 0. (5.52)

We claim that these properties imply that
0< (193(7“0,750) - Oé) ' (80(7“0,750) + dto) + de™ |z || Lo (0, R) x (0,10)) + de™ — d. (5.53)

Indeed, in the case 19 € (0, R) we may directly apply (5.49) to easily deduce this from (5.51) and
(5.52). When r9 = R, by continuity of ¢, ps, ¢, and ¢ in [0, R] X (0, Tines) it is clear that (5.49)
actually remains valid at (rg,tp), so that (5.53) follows from the same argument. If 7o = 0, however,
we make use of the favorable sign of the singular term b272 in (5.49) by first choosing, once more relying
on the extremal property of ¢(r0,%0), a sequence (r;)jen C (0, R) such that r; \, 0 as j — oo and

or(rj, to) <0 for all j € N,
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and then evaluating (5.49) at r = r; to see that

e(rjto) < bi(rj,to)err(rj to) + bai(rj, to)er (s, to) + (bs(rj,to) - a) : (@(Tj,to) + dto)
+de” " |24 | (0.R)x (0.10)) + de 0 —d

for all j € N. Again by continuity of ¢, ¢, ¢, and ¢,,, we may take j — oo to conclude that

20(0.10) < b1(0,10)irr(0,t0) + b1 (0, t0)r (0, t0) + (b (0, t0) = ) - (2(0,t0) + dto)
+de” 0 12+l ((0.R)% (0,t0)) + de " —d,
whereupon one more application of (5.51) and (5.52) yields (5.53) also in this case.

Now observing that e~ < 1 and using that S = ¢(rg,to) is positive, in view of (5.47) we obtain
from (5.53) that

0<(c1—a)- (80(7”0,?50) + dto) + de™ || 24| Lo ((0,R)x (0,20)) - (5.54)

Here we rewrite z = e®p + dte® and use that if f and ¢ are two functions on a set D C RN, N > 1,
then both (f + g)+ and supp{f + g} < supp f + supp g. We thereby obtain that

de™ |24 || oo 0, m)x(000)) = de”* - sup {6“80(7", s) + dseo‘s}
(r,5)€(0,R) % (0,t0)
< de® . sup {easgmr (r,s) + dseo‘s}

(r,s)€(0,R) % (0,t0)

IN

de®o . { sup {eascp+(r, s)} + sup {dseas}}
(T,S)E(O,R)X(O,to) SE(O,tQ)

< de . sup {eo‘sg0+ (7, 8)} + d*to.
(r,s)€(0,R)x(0,t0)

Since from the definition of S we know that

sp {eo o} e s pu(rs) = e (o, o),
(r,s)€(0,R) % (0,t0) (r,s)€(0,R) % (0,t0)

this entails that
de™ |z || Lo ((0,R) % (0,t0)) < A |z | Lo (0,R) x (0,t0)) < dip(T0,t0) + d*to,
so that (5.54) yields the inequality
0 < (a1—a)- (go(ro,to) + dt()) + dp(ro, to) + dto
= (q—a+d)- ((p(m,to) + dt()).

In light of our restriction (5.48) on «, however, this contradicts the positivity of ¢(rg,tp) and thereby
proves that actually ¢ cannot attain a positive maximum over any such region [0, R] x [0,T], T €
(0, Thnaz), at a positive time to. This means that in fact

o(r,t) < lox(-,0)lle(0,r) = 2+, 0)l oo,y for all 7 € (0, R) and t € (0, Trnax)
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and hence

z(r,t) = eat(go(r,t)+dt>

< eTmaz {||Z+(-, O)HLOO((O’R)) -+ dTmax} for all r € (0, R) and t € (O,Tmax),

which establishes (5.46). O

5.4 Boundedness of u implies extensibility. Proof of Theorem 1.1
Combining the latter lemma with Corollary 5.3 now directly yields the desired bound for w,.

Corollary 5.7 If Tinaw < 00 but SUP(r. )¢ (0,R)x (0,Tjnas) W(Ts t) < 00, then there exists C > 0 such that
HUT('vt)HLOO((O,R)) <C fOT allt € (OaTmax)-

Proor.  Thanks to the upper estimate for z obtained in Lemma 5.6, this is an immediate conse-

quence of Corollary 5.3. O

We can thereby readily verify our main statement on local existence and extensibility.

PROOF of Theorem 1.1. In view of the local existence result established in Lemma 2.1, we only need
to verify (1.6). Indeed, if (1.6) was false, then for some solution the respective maximal existence time
would satisfy Tingz < 00 but limsup; s, . [[u(-,t)||e (@) < 0o. Then, however, Corollary 5.7 would
apply to assert that also limsup, »,, . [[Vu(-,t)| L~ (q) would be finite. Along with the lower bound
for u provided by Lemma 3.2, this would contradict the extensibility criterion (2.2) in Lemma 2.1. O

6 Boundedness for small y. Proof of Theorem 1.2

In light of the extensibility criterion provided by Theorem 1.1, in order to prove both global existence
and boundedness of a solution it is sufficient to derive an a priori estimate for (u,v) in (L>®(Q2x(0,T)))?
which does not explicitly depend on T' < T4 < 00. As a preparation for the proof of this in Theorem
1.2 below, let us state the following elementary inequality.

Lemma 6.1 Letp > 1. Then

p—1|vu|2
wPHVu| < / A DA +/up for all t € (0, Thaz)- 6.1
/Q Ve ayu?+[Vul?2  Jo ( ) (1)

PrROOF. By means of Young’s inequality, we see that

1 PUV? 1
/ uPH V| < = S\ + = [ wPT w2 | Va2 for all t € (0, Thaz), (6.2)
Q 2 u?2 + |[Vul2 2 Jq

where using the elementary inequality vX +Y < v/ X + VY, valid for all X > 0 and Y > 0, we can

estimate
1 1 1
/up_lx/u2+|Vu|2§ /up+/up_1]Vu|.
2 Ja 2 Ja 2 Ja
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Therefore, (6.1) results from (6.2). O

We are now in the position to make sure that if either n > 2,x < 1 and ug is an arbitrary function
satisfying (1.4), or n =1, x > 0 and [, up < m, with m, as in (1.9), then the solution of (1.3) in fact
is global and remains bounded:

PROOF of Theorem 1.2. We let pj := 2* and, given T € (0, Tynaz ), introduce

My, := sup /upk(m,t)dzn (6.3)
t€(0,7) JQ

for nonnegative integers k. Then clearly M} is well-defined for any such 7" and k, and in order to

control M}, appropriately, we fix & > 1 and multiply the first equation in (1.3) by puP~! for p := p; to
see upon integrating by parts that

d /u”+ (p— W\ Va2 (p— 1)x uP~1Vu - Vo
dt Pt e v - Y 0 VIF VO
) Vol

PHVy| s .
_p(p—l)x/gu Vil s 6

for all t € (0, Tjnay). Here in the multi-dimensional case, in which no evident uniform a priori bound
— Vol <1 to obtain

Vi <

for |Vu| seems available, we use the trivial pointwise inequality

d/)p+( 1) upﬂvmz 1)y / P Vu| for all t € (0,Thnaz)  if n > 2. (6.5)
u - u u r , if n>2. (6.
Ui p(p VR pp=1)x | mas
In the one-dimensional setting, however, from (2.17) and (1.5) we know that |Vv| = |v.| < m through-
out Q x (0, Thae), whence by monotonicity of 0 < & — —~— we infer from (6.4) that

\/14+€2

[ ipp—1) [ B\ ) p— !/ Pyl for all t € (0, Tynge) ifn =1
u - 1) —— [ u u r yTrnaz) ifn =1
dt P Q0 u? + |Vul|? < plp=Dx V1+m? Jo
(6.6)
In both (6.5) and (6.6) we now apply Lemma 6.1 to estimate
uP~ 1|Vu\2
p(p—1 > —1/up1Vu—pp—1/up
w1 [ e 2e ) [ v e |
and thus obtain on writing
A= View  He=l (6.7)
1 if n> 2,

and adding [, u? on both sides of (6.5) and (6.6), respectively, that

{p(p—l)—l—l}-/gup

gﬁ/w for all t € (0, Tynaz). (6.8)
Q

IN

d up /up—i—p( —1)(1—XA)/up S\
da o
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We next invoke the Gagliardo-Nirenberg inequality ([32]) to find ¢; > 0 such that with a := 15 we
have

el < allVellzig HsﬁllLla tallell g, for all p € WH(9),

)
and thereby obtain that

a »\ 2(1—a)
/up < cl</ |Vup|> : (/ u5> for all t € (0, Thaz)-
Q Q Q
Since our specification of p = p = 2" allows us to use the definition (6.3) of My_; in estimating
/ us < My, for all t € (0,7),
Q

this implies that

/up<cl /|Vup\ )+ aM? for all t € (0, 7).

Thanks to the fact that our assumptions ensure that YA < 1, another application of Young’s inequality
therefore provides co > 0 fulfilling

p2/Qup <(p—1)(1—xA) /Q |VuP| + CQpl%lle_l + e p*ME for all t € (0,7),
from which due to the evident fact that p? < pﬁ we obtain that
pQ/Qup <plp-1)(1- XA)/Qup1|Vu] + c;;pﬁM,?_l for all t € (0,7
with ¢3 := ¢1 + co. Therefore, (6.8) entails the autonomous ODI
/up /up < c3pT- aMk 1> te (0,7),

for (0,7) >t — fQ uP(z,t)dx, which upon a comparison argument implies that

2
M}, < max { /ngk , capy M,f_l} for all £ > 1. (6.9)
Now if there exists a sequence (k;)jen C N such that k; — oo as j — oo and
My, < /Q ug?  forall j €N, (6.10)

we may take the py,-th root on both sides here to see that according to the definition (6.3) of My, we
have

. ‘ < j
tes(%%) [|u( ,t)HLPkJ @ = ||u0||kaJ Q)
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which on letting 7 — oo implies that

sup [|u(-, )| L) < [luollz= (o) (6.11)
te(0,T)
in this case.
Conversely, if no such sequence exists, then (6.9) means that with some suitably large ky € N we have

2

M, < esp, * My for all k& > k.

2 2
Since pé‘“ = (ZE)k , it is easy to see that this entails the existence of a number b > 1 independent

of T" which satisfies
My, <b*M,_,  forall k> 1. (6.12)

By a straightforward induction, this warrants that
k . —j
My < b2=032"7 28 forall k> 1,

where by an elementary computation,

k~ k—j k-1 k‘ 1yt
Dot = )

= k—2(k+1)+ 2

okl for all k£ > 1.

IN

Thus,
M, < B MY forall k> 1,
by (6.3) implying that
sup |[u(-,t)|| o) = Mgi’“ <M,  forall k> 1. (6.13)
te(0,T)
Now as by the evident mass conservation property in (1.3) we have [, u(z,t)dz = [, uo(x)dz for all

t € (0, Tinaz) and hence Mo = |lug| 1 (q), taking & — oo in (6.13) shows that in this second case,

sup_[|u(-, 1) oo () < b%[luollL1(e)- (6.14)
te(0,T)

Since all expressions on the right-hand sides of (6.11) and (6.14) do not depend on T" € (0, Tin4z), and
since boundedness of u clearly implies boundedness of v by standard elliptic estimates, the proof is
complete. O
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