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Abstract

The quasilinear chemotaxis system

{ u =V - (D(w)Vu) — V - (S(u) Vo), ")

vy = Av — v+ u,

is considered under homogeneous Neumann boundary conditions in a bounded domain Q C R?
with smooth boundary.

It is shown that if D and S are sufficiently smooth nonnegative functions on [0, c0) satisfying

Kie # s < D(s) < ng*ws forall s >0

with some K; > 0,K5 > 0, Bt > 0 and 8~ > T, then whenever S satisfies the condition of

subcritical growth relative to D given by

S(s)
D(s)

< K35“ for all s > 0

with some K3 > 0 and « € (0, 1), for all suitably regular nonnegative initial data the corresponding
initial-boundary value problem for (x) possesses a global classical solution for which the component

u is bounded in © x (0, c0).
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1 Introduction

In a bounded domain 2 C R?, with prescribed nonnegative initial data ug and vy we consider the
quasilinear parabolic system

up =V - (D(u)Vu) = V- (S(u)Vv), r €N, t>0,

v =Av—v+u, e, t>0,

ou_ o _ 2 e 00, 10, (L)
u(z,0) =ug(z), v(z,0)=uv(z), x € €,

which arises in the modeling of chemotactic migration in populations of cells that partially orient their
movement toward increasing concentrations of chemical secreted by themselves. In this work we will
focus on cases when the diffusivity D and the chemotactic sensitivity S in (1.1) remain significantly
below the respective coefficient functions in the classical Keller-Segel system ([9]), as obtained on
letting

D(s)=1 and S(s)=s for s > 0, (1.2)

thereby following refined modeling approaches which account for the finite volume of cells. In [12], for
instance, the authors propose to choose D and S in dependence of a supposedly given function ) for
which Q(u) measures the probability that a cell, when localized at a position (z,¢) with population
density u(x,t), may find space in some neighboring region; in terms of this parameter function, an
accordingly modified random walk approach suggests the precise functional relationships determined
by

D(s) = Q(s) —sQ'(s) and S(s) = sQ(s), s>0, (1.3)

with the choice @ = 1 corresponding to (1.2).

In comparison to the case determined by (1.2), previous results indicate that dampening the growth of
S relative to D may substantially inhibit the well-known tendency of the original Keller-Segel system
to spontaneously generate extreme structures in the sense of singularity formation within finite time.
Indeed, such exploding solutions are known to exist for D and S as in (1.2) if either n > 3 ([18]), or
n=2and [,up > 8 ([7], [10]), but any unboundedness phenomenon of this type is ruled out for all
reasonably regular initial data whenever n > 2 and

S(s)
D(s)

< Csa—¢ for all s >0 (1.4)

with some € > 0 and C' > 0, provided that in addition to this, D decays at most algebraically in the
sense that
lim inf (SPD(S)) >0 (1.5)

S5—00
for some p > 0 ([15], cf. also [13] for some preceding partial results in this direction). That herein
the condition (1.4) is essentially optimal is indicated by a corresponding result on nonexistence of
global bounded solutions, asserting blow-up, either in finite or infinite time, of some solutions under

the single condition
!/
s (s) o
(5) o

lim inf > —,
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for instance, without the additional requirement (1.5) ([17]).

In cases when D decays at a rate faster than algebraic, besides the latter blow-up result the 2literature
apparently provides no further information concerning the question how far the growth of s» remains

critical for the increase of % with respect to the occurrence of blow-up. In fact, the derivation

of time-independent L bounds for solutions to (1.1) when D # const. has up to now mainly been
based on Moser-type iteration procedures which at their core make essential use of (1.5) in order to
adequately exploit the dissipative action of diffusion ([15]); in the case of the diffusivity decaying faster
than in an algebraic way, however, both Moser-type iterations ([2]) as well as De-Giorgi-type meth-
ods could so far only be used to establish global existence results, without any further boundedness
information ([4]). For instance, it can thereby shown that whenever S decays sufficiently fast in the
sense that S(s) < Cs™"17¢ for all s > 0 with some € > 0 and C > 0, then irrespective of the decay of
561;)(?5)) be finite, evidently weaker than (1.4) if n > 3, is sufficient
to warrant global existence of solutions ([5, Theorem 1.6]), thereby complementing some finite-time
blowup results in cases when D decays at a rate faster than algebraic, as available in [5, Theorem 1.1].

D, the mere assumption that sup,-

An alternative approach based on a Moser iteration for the function €*, rather than for u itself, has
recently been developed for the case when D decays exponentially ([19]). Using this, both a global
existence result as well as a quantitative upper bound for the possible growth of [u(-, )| e (q) could
be established under an assumption on the growth of % which inter alia allows the latter quantity
to increase at a suitably small exponential rate, and thereby also includes cases in which (1.6) holds
and hence some unbounded solutions are known to exist. Correspondingly, the upper bound for
|u(-,)|| Lo () obtained in [19] is not time-independent but rather grows logarithmically as ¢t — oo,
and accordingly it seems open whether solutions to a system of type (1.1) with exponentially decreas-
ing diffusivity remain bounded for suitably slow growth of S relative to D.

Main results. It is the intention of the present work to introduce a method of proving global
boundedness of solutions to the spatially two-dimensional version of (1.1) with D decreasing expo-
nentially and S satisfying the corresponding optimal relative growth condition (1.4). To make this
more precise, let us henceforth assume that Q C R? is a bounded domain with smooth boundary, and
require the regularity hypotheses that

ug € WH?(Q) for some 9 > 2 with up > 0 in Q and (L7
vp € WHY(Q) for some ¥ > 2  with vg > 0 in , '
and that with some ¢ > 0,
D € C'([0,00)) is positive and (1.8)
S € C1*([0,00)) is nonnegative with S(0) = 0. '

Moreover, we shall suppose that there exist constants 7 > 0,3~ > 87, K1 > 0 and K5 > 0 such that

Kle—ﬁ’s < D(s) < K26_5+8 for all s > 0, (1.9)
and that g
D((Z)) < K3s*  foralls >0 (1.10)

with some K3 > 0 and a € (0,1). Then our main results can be stated as follows.



Theorem 1.1 Let Q C R? be a bounded domain with smooth boundary. Assume that D and S comply
with (1.8), and that there exist positive constants K1, Ko and Ks such that (1.9) and (1.10) are valid
with some B+ > 0,8~ > BT and

aec(0,1).

Then for any uy and vg satisfying (1.7), the problem (1.1) possesses a uniquely determined global
classical solution (u,v) with

ve COQ % [0,00)) NCZHQ x (0,00)) N LX (1.11)

loc

{ u € CYQ x [0,00)) N C*HQ x (0,00)),
([0, 00); WH(Q)),

such that both u and v are nonnegative in  x (0,00). Moreover, this solution is bounded in the sense
that there exists C' > 0 such that

(-, t)|| Loy < C forallt > 0. (1.12)
For the particular version of (1.1) obtained through choosing D and S as in (1.3) with
Qs):==e P, s>0,

for 8 > 0, that is, for the volume-filling chemotaxis system

u =V - ((1 + ﬁu)e_B“Vu> — V- (ue= Vo), e, t>0,

v = Av — v+ u, ze, t>0, (1.13)
%:%:0, x e, t>0,

u(z,0) = up(x), v(z,0)=1vo(z), x € ),

this will imply the following boundedness result.

Theorem 1.2 Let Q C R? be a bounded domain with smooth boundary and 3 > 0, and suppose that
(up,vo) s such that (1.7) holds. Then (1.13) possesses a unique global classical solution (u,v) fulfilling
(1.11) which is bounded in 2 x (0,00) in the sense that (1.12) holds.

Thereby asserting boundedness in the two-dimensional chemotaxis system (1.13) with volume-filling
effect described by any exponentially decaying jump probability function ), Theorem 1.2 complements
know results for algebraically decreasing counterparts, which e.g. in the specific case Q(s) = (1+s)77,
s> 0,7 > 0, are known to enforce unboundedness of some solutions ([6, Theorem 4.2 (ii)]).

Plan of the paper. After collecting some preliminary material in Section 2, we shall first exploit the
well-known natural energy inequality (3.1) associated with (1.1) in order to obtain a time-independent
bound for the superlinear functional [,u*~® (Lemma 3.3). Making use of bound on Vv in a sub-
quadratic LY space thereby implied (Lemma 4.3), in Lemma 4.4 we will establish an estimate for
Jo ¢ by tracking the time evolution of y(t) := Jo ¥ (u(-,t)) with ¥ denoting a second primitive of
%, where as an essential ingredient we will employ the two-dimensional Moser-Trudinger inequality
in deriving from the respective diffusive contribution a suitable nonlinear absorptive summand in a
corresponding ODI for y. Using this LP" estimate for e as a starting point, in Section 5 we will
pursue a Moser-type iterative procedure for e” in order to derive boundedness of u and thereby prove
both Theorem 1.1 and Theorem 1.2.



2 Preliminaries

The following basic statement on local existence and extensibility of classical solutions can be obtained
in a straightforward manner by adapting arguments well-established in the context of semilinear and
quasilinear chemotaxis systems, so that we may omit giving details here and rather refer to the
reasonings in [4, Theorem 2.1] and also in [8], or alternatively to the general result in [1], for instance.

Lemma 2.1 Suppose that D and S satisfy (1.8) and that ug and vy fulfill (1.7). Then there exist
Tinaz € (0,00] and a unique couple of nonnegative functions

u € CVQ % [0, Thnaz)) NC*HQ x (0, Trnaz)),
v E CO(Q X [0, Trnaz)) N 0271((2 X (0, Tynaz)) N LS

loc

([0, Tynaz); WHP())
such that (u,v) is a classical solution of (1.1) in Q X (0, Tinaz), and such that we have the alternative

either Tyae = 00, or  limsup (Hu(-,t)HLoo(Q) + ||v(-,t)||W1,19(Q)) = 00. (2.1)
t/‘Tmaac

A first basic property of this solution is immediate.

Lemma 2.2 The solution of (1.1) satisfies

/Qu(-,t) = /Quo for allt € (0, Thhaz)- (2.2)

Proor.  This directly follows on integrating the first equation in (1.1) over x € . O

In deriving further regularity properties from this and subsequently obtained boundedness features of
u, we shall apply the following variant of [8, Lemma 4.1] to the second solution component v in several
situations.

Lemma 2.3 Let p > 1 and q > p be such that

2p .
< 5= <2,
{ q 2—p pr > (23)

q < o0 if p>2.

Then there exists C > 0 such that whenever T € (0,00], f € L*((0,T); LP(Q?)) and w € C°(Q x
[0,7)) N C?1(Q x (0,T)) are such that

(2.4)

ow_0,  zedQ, te(0,7T),

{wt—Aw—w—i-f(x,t), xeQ, te(0,7),
ov

we have

3,1
w(,t)lwray < C - (L+t 2 0) |w(-,0)| L) + Cllf lpeoryrr@) — forallt € (0,T). (2.5)



PrOOF.  According to a variation-of-constants representation of w, by known smoothing estimates
for the Neumann heat semigroup (e7®),>¢ in Q ([16]), we can find ¢; > 0 such that

t
AN, 0)+ [ IO p(s)as
0

[ E)llwrae

Wia(Q)
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—1—01/ e (t=s -{1—}—(75—3) 26y }||f(.,s)|\Lp(Q)ds for all ¢ € (0,T).
0

Since e~! < 1 for all ¢t > 0, this entails that

ETE
lw( llwra@) < e (L+t 20 |w(-0)]|L1q)
K 111
el fll Lo (0,1); 7 () ; e (t=s). {1 +(t—s) 2 G4 }ds
341
< e+t 2 ) lw(, 0)][pe)
+ereo|| fllpeoryie))  forallt € (0,T)
with ¢p := [[Te - {1+ U_%_(%_%)}da being finite as a consequence of (2.3). O

As announced, the mass conservation property (2.2) can thereby be seen to imply some first regularity
property of v.

Corollary 2.4 Let r > 2. Then there exists C' > 0 such that
[v(- )] < C for allt € (0, Tinagz)- (2.6)

PROOF. We let ¢ := 1~%TT2 > 1 and note that then Wh4(Q) — L7(Q). Since u belongs to

L>((0, Trnaz); LY(Q)) by (2.2), in view of the boundary-value sub-problem of (1.1) satisfied by v
we may invoke Lemma 2.3 to see that writing 7 := min{1, %Tmm} we have

lo( O)]lLr) < e for all t € (7, Trnaz)

with some ¢; > 0. As v is continuous and hence bounded in 2 x [0, 7], this implies (2.6). O

For later use, let us recall the following consequence of the compactness of the embedding W12(§2) —
L?(Q) and an associated Ehrling-type lemma ([19, Lemma 2.5]).

Lemma 2.5 There exists Cg > 0 with the property that for any ¢ > 1 we have

103120y < Cr - {IIV@l2a0) + CrllelBuey ) for all o € WH2(@).

We shall moreover need the following version of the two-dimensional Gagliardo-Nirenberg inequality,
with particular emphasis on the independence of the constant appearing therein on the involved
parameters within an appropriate range (cf. also [19, Lemma 2.6]).



Lemma 2.6 Let ¢*,p, and p* be positive constants such that ¢* < p, < p*. Then there exists C > 0

such that for any choice of q € [1,q*] and p € [ps, p*] we have
el o) < ClIVellTz{g el L) + Cllel, for all o € WH2(4).
Proor.  We first employ the Gagliardo-Nirenberg inequality to fix ¢; > 1 such that
p*—q*

12 0 < crlllpidioy el g for all o € WH2(),

and using Lemma 2.5 we can find ¢y > 1 such that whenever ¢ € [1, ¢*],

Il < ez {IVeldaa) +lIelluq ) for all p € WH2(@).

Now if ¢ € [1,¢*] and p € [p4, p*] are such that ¢ < p, then the Hélder inequality says that

lollzo < lellgm oy llelian, and el < lelmallelin, — for all o € WH2(9),

where

_ (=9 aml _
a:= o —a) € (0,1] d b: € (0,1].

Therefore, (2.8) entails that

*

* < ya
lellzn@y < { Vol (H@HLP(Q el | el
P q—* 1-b)+1—a
= 01 Hcprlz HSOIILP el Zao for all € W'?(9),
that is,
re p(p fq *a p[ga(17b>+17a]
p*-(1— lfg—:u.b 1.2
= 1 i T2 for all o € W'(Q).
Since herein
* * ok
P
p pT—q

and hence

p(p*—qa 4

(1 — 2@1))
P

as well as

T _

p[p*a(l b) +1 a} .,
_ g o
1 p*ab

(2.7)

(2.8)

(2.9)



and

_ *
pa p—q9 - _ P

p*(l _ ;{;ab) P g T pr— g

*

—q*

it follows from our restriction ¢; > 1 that with ¢3 := cf* we have

HSOHI[?/P(Q) < C3“‘P|’I;{{2(Q)H¢H%q(g) for all ¢ € W1’2(Q)-

As a consquence of (2.9) and the validity of the elementary inequality (A + B)" < 2%(A" + B") for all
A>0,B>0and k>0, we thus conclude that

p—q p—aq
Il ney < es-ca® - {IVelBaq + I9l3ua) } * - leldam
e p—q _ _
< o7 o2 {IVelal + el b Il

p* _
< (26) T es{ IVt 19150y + 60y} for all p € WH2(@),

because co > 1. This proves (2.7) whenever ¢ < p, whereupon the corresponding estimate in the
borderline case ¢ = p can easily be established upon an appropriate limit procedure. O

3 Estimates implied by the natural energy inequality

The natural energy inequality (3.1), known as a powerful tool in the derivation of various solution
properties in quasilinear chemotaxis systems of the considered structure, including the occurrence of
blow-up ([11], [5], [6], [17], [18], [10]), will also constitute the starting point of our analysis of regularity
beyond the information in (2.2) and Corollary 2.4.

Lemma 3.1 We have

%F(u(~,t),v(-,t)) < =D(u(-,t),v(-1)) for all t € (0, Trnaz), (3.1)

where we have set

L 2 L[ 2
Fow)i=g [ 0o+ [ vt [ oo+ [ o (32
for ¢ € WH2(Q) and positive functions ¢ € CY(Q), and

D(p.v) :—A'%W—WW‘Z/QIM—MAZ

for v € WH2(Q) and positive o € CO(Q) N WH2(Q), with

B s a% )
B(s) ._/1 /1 sele a0 (3.3)




PRrROOF.  Using that u and v are smooth in Q x (0, Tiae) and that u > 0 in Q x [0, T)ne:) according
to the strong maximum principle and our assumption that ug be positive in §2, one can easily verify
(3.1) by means of a straightforward computation ([17]). O

Now the assumption @ < 1 in (1.10) becomes essential in the following observation which is elementary
but of fundamental importance in further exploiting (3.1).

Lemma 3.2 If (1.10) holds with some o € (0,1) and K3 > 0, then the function ® defined in (3.3)

satisfies
1 1
D(s) > o 1 : 4
(8)_(1—a)(2—a)K3 s e s foralls >0 (3.4)

Proor. By (1.10), in both cases s € (0, 1] and s > 1 we can estimate

B(s) > /1[ K;gadgda
' .

_ Ul—a o o
- (1-a)K; /1 ( D

1 - 1
= : —1) - 1
ook * Y aar C Y
B 1 P 1 N 1
T-a)2-0K = (1-ak = 2-0k
As 2 — o is positive, this immediately yields (3.4). O

In view of the latter, namely, the energy inequality (3.1) can be used to improve the boundedness
statement contained in (2.2) as follows.

Lemma 3.3 Under assumptions of Theorem 1.1 there exists C > 0 such that

/QUQO‘(‘,t) <C  forallte (0, Tma)- (3.5)
Proor.  Form Corollary 2.4 we obtain ¢; > 0 such that

/ertg < for all t € (0, Thnax)-
Since Young’s inequality provides co > 0 such that

uv < uw Y+ vi-a for all t € (0, Thnaz),
s sr=ae=am , ? Jo (0 L)

by means of Lemma 3.2 and (2.2) we thus infer that with F as in (3.2) and m := [, ug we have

Flu,v) > —/qu—&—/QCI)(u)
- ‘/Q“”(l—a)(;—a)ffg/Q“Z_a‘a—lm/g“

9




= — [ w L u? — _m
; /Q " (1—a)(2—a)K3/sz (1-a)K;

> 1 /UQ_a—C /Uia_m
T 2(1-a)2-a)Ks Jq *Jo (1—a)Ks

> 63/ urT — ey for all t € (0, Thax)
Q

m and ¢4 := c1c9 + ﬁ Therefore, (3.1) implies that

03/u20‘(-,t)—04
Q

with c¢3 :=

IN

.F('LL(, t)? 'U(', t))
< Fl(up,vo) for all t € (0, Thnaz),
and that hence

1
/ u?—a(.’t) < ; . {C4 + ]:'(uO’fUO)} for all t € (O,Tmaac)a
Q 3

as claimed. O

4 Boundedness of ¢’

Our next goal is to further improve our knowledge on regularity of u, but unlike previous approaches
concerned with at most algebraically decaying diffusivities, our subsequent arguments will aim at
deriving estimates for integrals involving certain exponentials of u, rather than powers. To prepare
our analysis in this direction, for arbitrary v > 0 let us introduce ¥, : [0,00) — R by defining

s ro 675
U, (s) :—/0/0 D(f)dfda’ s >0, (4.1)

and first state two elementary features thereof, as immediately implied by (1.9).

Lemma 4.1 Let v > 0. Then

1 + 1 1
)\ S>7'6(7+ﬁ )8*7‘5*7 0ralls>0 4.2
R ORI K68 T g Frete=t 1
and
1 s
\II»Y(S) S W . 6(74_6 ) fO?” all s Z 0. (43)

ProoF.  Using the right inequality in (1.9), we directly obtain that
1 S o
U (s) > — / / et agdo for all s > 0,
Kz Jo Jo
from which (4.2) directly results after integration. Likewise, the left inequality in (1.9) entails that

1 S g _
U, (s) < / / OB dedo
KiJo Jo
1

_ 1 1
e HBT)s .5 — for all s >0
e S or all s ,
Ki(y+B7)? Ki(y+67) Ki(y+B7)? -
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and thereby implies (4.3) on dropping the two rightmost summands. O

As a consequence of (1.10), we obtain the following basic property of [, ¥~(u) when evaluated along
trajectories of (1.1).

Lemma 4.2 Let v > 0. Then under assumptions of Theorem 1.1,

d 1 K3
/ U, (u) + / 7| Vul? < 3/ u* e | Vol for allt € (0, Thaz)- (4.4)

PROOF.  Since U”(s) = <~ for all s > 0, on straightforward computation using the first equation
o D(s) g p

in (1.1) we obtain

G [ww = [ v {pwve-swve)

= —/ﬂ\Ilz(u)D(u)]Vu\Q—|—/Q\Ifz(u)S(u)Vu'Vv (4.5)
= — [ ¥Vul? &ew u- Vv or a
= /Q |Vul +/QD(U) Vu -V for all ¢t € (0, Trnax)- (4.6)

As here by Young’s inequality and (1.10) we can estimate

2
/ S(U) Uy - Vo < 1/ ’Yu‘vu’2_~_1/ <S(U)> e’yu‘vv‘Q
Q Q Q

D(u) 2 2 D(u)
1 K3
< / 7| Vu|? + 3/ u?® e | Vul? for all ¢ € (0, Trnaz),
2 Ja 2 Ja
from (4.5) we immediately obtain (4.4). O

The following consequence of Lemma 3.3 and Lemma 2.3 will enable us to appropriately estimate the
integral on the right-hand side of (4.4) in the first step of our iterative argument to be performed
below.

Lemma 4.3 Under assumptions of Theorem 1.1 there exist ¢ > 2 and C > 0 such that

[v(, O)llwra) < C for all t € (0, Trnaz)- (4.7)
PrOOF.  We take 9 > 2 from the hypothesis (1.7) and fix any ¢ > 2 such that ¢ < ¢ and
2(2 —
<22
!

(

which is possible because %ﬁa) > 2 due to our assumption that o < 1. Now since Lemma 3.3 yields
c1 > 0 such that

[u( )l p2-a@) < a for all t € (0, Thnax),
on an application of Lemma 2.3 to p := 2 — « we infer that with some ¢o > 0 we have

_l’_

[SIY
Q=

IN

lv(s ) lwia) co(1 4+t 27 9)[lvoll L1 () + callwll Lo ((0,Tmae ): L2 (22))
co(l+1t

[MIe]

+

Q=

IN

Mwvollz1 (o) + ciez for all t € (0, Thnaz)-

11



Again writing 7 := min{1, %Tmm}, we see that this implies the inequality

341
[0, ) lwrag) < 2027 2 4 ||vol| 1) +crca for all t € (7, Tinaa),

whereupon recalling that v € L>((0,7); W5?(Q)) by continuity, we conclude. O

We shall next see that indeed the latter information can be used to suitably estimate the integral on the
right of (4.4) in terms of the dissipative integral on the left in the case v = 0. However, in order to turn
(4.4) into an autonomous ODI for the functional fQ U, (u) containing an appropriate absorbing term,
an adequate control of the Dirichlet integral [, |Vu|? from below will be required. In the presently
considered two-dimensional context, this can be achieved by means of the Moser-Trudinger inequality,
as demonstrated in the following lemma.

Lemma 4.4 Under assumptions of Theorem 1.1 there exists C > 0 such that
/ PTutt) < ¢ for all t € (0, Thnaz)- (4.8)
Q

Proor.  We apply Lemma 4.2 to v := 0 to see that with ¥, as correspondingly given by (4.1) we
have

d 1
/ U, (u) + / Vul? < cl/ u?®|Vol? for all t € (0, Trnaz) (4.9)
dt Jo 2 Ja Q

with ¢; := KTP% In order to estimate the right-hand side herein, we invoke Lemma 4.3 to find ¢ > 2

and co > 0 such that
/ |Voul? < ¢ for all t € (0, Tz ),
Q
and hence by the Hélder inequality we obtain

q—2 2
2qa
cl/u2a]V0|2 cl{/uqb} ! {/ |Vv|q}q
Q Q Q

2
0105 H’LL||2a2qa for all ¢t € (O,Tma:c)-
Li=2(Q)

IN

2qa
Now since W12(Q) < Lq%(Q), there exists c¢3 > 0 such that

||u||L§% < Cg”uHWl,z(Q) for all t € (Ovaax);

2(9Q)

so that with Cg > 0 as given by Lemma 2.5, in view of (2.2) we can estimate

¥ S {CBIVulZ0) + Colul? o) }

IN

(03
AC% - { /Q (Vu|? + m2} for all ¢ € (0, Trnaz)

12



with m := fQ ug. Thus, using that o < 1 in employing Young’s inequality we infer that there exists
¢4 > 0 such that

2 «
cl/u2a|Vv|2 < el oy {/ |Vul? +m2}
Q Q

< {/ \vu12+m2}+C4 for all t € (0, Tynax),
Q

1
1

and that therefore (4.9) implies the inequality

d 1
/ U, (u) + / |Vul?> < ¢5 for all t € (0, Trnaz) (4.10)
dt Jo 4 Jq

with ¢35 := %mQ + ¢4.

We now make use of the fact that writing cg := ——~——, by Lemma 4.1 with v = 0 we have

K1 (67)2 9
/ U (u) < 06/ efu for all t € (0, Thnaz),
Q Q
and recall that according to the Moser-Trudinger inequality ([3]) there exists ¢; > 0 fulfilling
2
/ el < C7ec7l|<p”Wl’2(Q) for all o € WH2(Q).
Q

Therefore, again by Lemma 2.5 and (2.2),
/\Ily(u) < 06/66_“
Q Q
< aacrexp { (5 Perlulfne |

< cgerexp {(6_)207CE/ |Vul? + (ﬂ_)zc7CEm2} for all ¢ € (0, Trnaz),
Q

which entails that

2 1 1 2
/Q IVl 2 (87)%ciCE " { C6CT /Q Wv(m}
= % In { / \Ily(u)} - % In(cger) —m? for all t € (0, Trnag)-
(67)? ) (87)?crCr

Consequently, from (4.10) we obtain that

d
ﬁ\lfﬂy(u) +cgln {/ \va(u)} < ¢g for all ¢t € (0, Trnaz)
)

with cg := m and cg := c5 + m In(cger) + %mz. As a result of an ODE comparison,

we thus conlcude that

/ U, (u) < 1o := max {/ U, (up) , ecg} for all t € (0, Thaz ),
Q Q
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and that hence, as a consequence of the lower estimate for ¥, provided by Lemma 4.1, we have

/€5+u < K2(5+)2/ \I’y(u)—f—ﬁJr/ u+ |9
Q Q Q
< Ky(B%)%cro+ 5+/ u+ |Q] for all t € (0, Trnaz)-
Q

Once more by means of (2.2), this finally establishes (4.8). O

5 A Moser-type iteration for ¢“. Proof of Theorems 1.1 and 1.2

The goal of this section is to achieve boundedness of u in ©Q X (0, T)nq.) by employing a Moser-type
recursive argument to e“, as a starting point using the L bound for this quantity asserted by
Lemma 4.4. To accomplish this, let us first draw an immediate consequence of the latter concerning
our knowledge about the regularity of v.

Lemma 5.1 Under assumptions of Theorem 1.1, for all T € (0, T)naz) there exists C(7) > 0 such that

[Vo(e, )] oo () < C(7) for all t € (0, Thaz)-

PrROOF. We fix p > 2 and then obtain as a particular consequence of Lemma 4.4 that u €
L>*((0, Thnaz); LP(2)). Therefore, the claim readily results upon an application of Lemma 2.3 to
q = 0. O

With the information provided by Lemma 4.4 and Lemma 5.1 at hand, we are now in the position
to pursue the announced recursive reasoning. As a final preparation for this, let us briefly prove a
comparison principle for sub- and supersolutions of difference equations involving nonlinearities with
a favorable monotonicity property.

Lemma 5.2 Let F' : Ny x [0,00) — [0,00) be such that F(k,-) is nondecreasing for all k € Ng, and
suppose that (M) ren, C [0,00) and (My)ren, C [0,00) are such that

M, <F(k,M,_,) and My > F(k,My_1) for all k € N (5.1)

as well as My < M. Then
M, < M for all k € Np. (5.2)
ProOOF. By hypothesis, S:={k e N | M; < M for all j € {0,...,k — 1}} is not empty, and unless
S =N, ko := max S is a well-defined number in N satisfying M, _; < My, 1 and My, > My, .
According to (5.1) and the assumed monotonicity property of F', this entails that
Mk‘o < Mko S F(k07M/€0—1) S F(koaﬁk‘o—l) S Mk‘oa

which is absurd. We therefore must have S = N, meaning that indeed (5.2) holds. 0

We can now proceed to derive boundedness of e, and hence of u, by refining an iterative argument
of Moser-type that has been applied to a slightly different framework in [19]. In its basic design, our
reasoning follows a procedure detailed in the appendix of [15], but since the present setting apparently
does not allow for a direct application of the latter, we include a full proof for completeness.
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Lemma 5.3 Assume that all the assumptions of Theorem 1.1 are satisfied. Then there exists C > 0

with the property that
|u(, )l o) < C for allt € (0, Trnaz)- (5.3)

PROOF. We let B = 288t for k € Ny and 7 := min{l,%me}, and given T € (7, Tyaz) We
introduce the numbers

My(T) = max{l, sup /eﬁ’“”("t)}, k € Ny,
te(r,T) JQ

which are all finite thanks to the continuity of u in Q x [0, T}z ). In order to derive suitable information
on My(T) for k € N, we let v = v := ;. — 7 and then obtain from Lemma 4.1 and (2.2) that

/Qeﬁ’@“("t) < K25;3/Q‘1’7(U('775)>+5k/ﬂu('7t)+’m
Kﬁﬁ/ ‘Ifw(u(-,t))Jrﬁk/ uo + |92 for all £ € (0, Tinaa), (5.4)
Q Q

IN

whence estimating M, (T) essentlially amounts to finding appropriate bounds for [, ¥ (u) in (0,T).
To achieve this, according to Lemma 5.1 we fix ¢; > 0 such that

Vou(z,t)] < ¢ for all z € Q and t € (7, Thnaz),

so that using (4.4) we find that

d L [ -8y < K36 [ y20,680-6" 0
— [ Uy(u)+ 5 [ €k |[Vul|* < —— [ u®e'* for all t € (7, Thnaz)- (5.5)
dt Jo 2 Jo 2 Jo

To proceed from this, let us fix co > 0 satisfying
K2 +
;cl 2o < 626%5 for all £ > 0,

whence from (5.5) and the evident fact that 8 — 3% < B we obtain that

B2 / )+2/ v Al
2
kdt U 0 e
Qﬁk

Now an application of Lemma 2.6 to p = pi := 6* and ¢ = q; : ﬂkﬁ_’“ﬁ yields c3 > 0 such that
for all £ € N we have

< CQBk/ (8= Ju for all t € (7, Thnaz)- (5.6)
Q

+ + =Bt
I [
e 2 = e~ 2
Q 28j,— 6T
Be=8% ()
B8t B —B+ e B —B+ Qﬁ’":
S A PPN o (AR (S RE
me LT () LA=5% (@)
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for all t € (0, Tynas ), because

1:hmQjSQkS%ZQZ}ETOlOijPkSPl::s for all k € N.

Jj—o0

Bp—BT
e

Bk
ramres B
bt = / ez = / -1t < M (T)  forall t € (r,T), (5.8)
LBk_5+ Q) Q Q

from (5.7) we thus infer upon employing Young’s inequality that

2 (Br—2")u 2 =% 2 Qﬁ%;5+
2B ; e 2 < ceacsfi M1 (T) - HVB 2 @) + cae3B M, _* (T)
st (2 (20234 26, —8%
< /Q etz 4 %Mﬁ_l(z’) teefM,_ ) (T)  (5.9)
for all t € (7,T). Since
1
Bi < Wﬁ,ﬁ for all £ € N,

and since 261;37;6* < 2 together with the fact that Mj_;(T") > 1 implies that

28, -6+

M, [ (T)<ME(T) forallkeN,

this shows that if we abbreviate ¢4 := c%f iy 4(65?)2, then (5.6) along with (5.9) implies that

d Br—8T 12
s [ww+ [ |ve
dt Jo Q

We now recall that, again by Lemma 4.1 and our definition of 7%, and due to the fact that 5~ > 7,
we have

< cefiMP_(T)  forallte (r,7T). (5.10)

1 —_p+
g < Bre+B~=BT)u
L¥w < warr s ke
1 —_g+
< eBrtB™=BT)u for all t € (0, Thaz), 5.11
< wn (0, Tonae) (5.11)

where we once more apply Lemma 2.6, this time with p = py, := mﬂtﬁf_ﬁ:m and g =, := ﬁ’ to

find ¢5 > 1 such that for all k € N and any ¢ € (0, Tz ),

g gt 2B —ET)
(Bretp—ptu || B || aeT
o 2(Bp+B~ —BF)
L BBt
Br+28~ -2+ n B L2+ -8
Br—8T e [ — 5T Bg—8 3+
" M i R e e
@ LB—5T (@) LB—5T (@)
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for

98-
l—hmqj<qk<q1—2—hmpj<pk§ﬁ1:2+£ for all k € N.

Again by (5.8), this entails that
o Brt+26~ —2p+ 28+~ —81)

— ﬂ —
/Qe(ﬁ’“Jrﬂ —Au < csMy_1(T) - HV@ g LQ(?;)_BJF +esM,  P* (T) for all t € (7, 7T),

and that hence
— gt 2(8,—81)
B8t |2 R Br+26- 267
/Q’Ve b —u / Bet+B~=B ) _ pf Bl (T) k

>
- k—1
{C5Mk 1 +
2(51@*5+)

2(8,-81) Ftos— —25F
> Q_ﬁk+21;3_—2/3+ : {1 : / e(ﬁﬁﬁ‘—ﬁ*)ﬂ}ﬁ’““ﬁ 207
B cs My

2(8,—81)
-M, [ (T) forallte(r,T), (5.12)

because (a — b)} > 27"a" — 0" for all @ > 0,b > 0 and x > 0. Since clearly

2(8r — BY) 20087 _ B*
> 5 ros 25t 2 G 125 —25F — - lorallkeN (5.13)

and thus
__28=8D) 1 —2e—sh) 28, —8")
2 BRpt2T 28T > 7 G Pk > 05_2 and K, Pe > = min{1, K12} for all k € N
due to our restriction ¢ > 1, and since furthermore
2(8,-81)
M, [ (T) < M{_4(T)

thanks to the fact that My_1(7") > 1, combining (5.12) with (5.11) shows that

B8 3+
/‘Vek

2(8,-81) 28, —81)

2 1 e _ G256 —25T
> ﬁMk 51“2‘3 2% (T).{/Qe(ﬂwﬁ —ﬁ+)u}ﬁk+2ﬁ 25 M2 (T)
5

2(8,—81) 2(8,—81)

1~ 5 e —257F 267
L T <T>-{Klﬂ,% / wu)}‘*’“*” M ()

dcg

Y

208,81 2(8,—51)

Ce T B.323——23F Br+28— —287T
> TC%Mkfl"”ﬁ 28 (T) - {ﬁ,%/ \Iiv(u)} i — M,?_l(T) forall t € (1,T).

Therefore, (5.10) implies that yi(¢) := 57 [ ¥y t)), t € [r,T), satisfies the autonomous ODI
2(8p—8) 2(8,—8)

( ) + PM; ﬁ1k+2ﬁ——2[3+ (T) . y6k+2ﬁ*—23+ (t)

IN

caBpMp_ (T) + M;_((T)

N

< eBiMP_(T)  forallte (r,T) (5.14)
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4
with c¢7 :=c4 + W, because 1 < (257&)4 for all £ € N. Now by an ODE comparison, (5.14) warrants
that for all t € (7,T)

2(8,—81) Bpt28” —28T
4c2e D ATy R YR 208 —BT)
y(t) < max{y(r) { 5 7/Bk ﬁk+2/3 28+ (T) k }
B+28~ —28T BL+28~ —2pT 28, +28~ —387T
46207 28,-8T) 4 kz(ﬁ —8h) kﬁ -pt
- max{y(r), { 056 } B, M, " (T) ¢, (5.15)
where recalling (5.13) we can estimate
22 6k+26——+25+ 1 o
cic 25, —BT) cEC7 Y GF
{ 57} . gcszzmax{L{ 57}*} for all k € N
C6 C6
and
Bpt28——28T

B, O <gepy forallkeN

with ¢g := max{1, 5 + =71 |, noting that the latter is 1mmed1ate from (5.13) when f; > 1, whereas

in the case B < 1 it is sufficient to observe that 1 < ©FF +) by definition of 8. Since furthermore
Bx — B+ > 2 implies that
2 23~ — 38" 28~ — BF 26~ -
Ont 207~ 307 _ o 2B g 2Py W g
Br — B+ B — B+ Br — Bt Br

with ¢1g := 4;—;, and hence

28, +28~ —367T .
Mk_lﬂk—5+ (T) < M]?-_‘rfw?* (T)
for all k£ € N, (5.15) along with (5.11) entails that

1
/ (BrA+B~ =BT )u(-7) 0809ﬁ8M2+010 2" (T)} forallt € (r,T)

y(t) < maX{l, e

and that therefore, by (5.4),

K B )
My (T) Smax{l, K, FQ / Bkt B™=BuCT) ooy Ko B M2 C102 ’“(T)} 1 By / uo + |9
1JQ Q

for all T € (7, Tynas). Since

Jo 9
o< it O[S i md 191 ot
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as well as My_1(T) > 1 for all T' € (7, Tynqez) and k € N, this can easily be seen to imply
K - _
M;(T) < max {1, FQ / Bt =FTIuCT) ey gR M 102 ’“(T)} for all T € (7, Tymaz)  (5.16)
1Ja

with e.g. ¢11 := cgcg Ko + (ng)s + é‘éf;@ (Qg‘)s. According to Lemma 5.2 when applied to

K _ _
F(k, &) := max {1 , Kf/ﬂe(ﬁﬁﬁ —Bulr) 11 BRgten? k}7 ke Ny, £>0,

this means that if we recursively define (My)gen, C [0,00) by letting

My := max {1, sup / e’8+“("t)}
tE(T’Tmaz) Q

and
_ K - 2tk
M, — max{l,; / S LG BNy v st } k€N,
1JQ

then since M and hence also all numbers M, k € N, are finite by Lemma 4.4 with My > Mq(T) for
all T € (7, Trnaz ), we have

M (T) < My, for all k € Ny (5.17)
for any such T'. Therefore, the remaining part of the conclusion is now straightforward: If, for some
T € (7, Tynaz ), there exist infinitely many & € N such that M) < max {1 s Jo e(5k+'87_'8+)“('77)}, then
by (5.17)

1
u(-,t) — liminf / Bru(-t) | 7
1€ Lo @) im in { .

1
< liminf M (T
S Hpnint M7 T)

1
< liminf M *

k—oo
1

< max< 1, liminf /e(ﬂk‘*‘ﬂ_—ﬂﬂu(ﬂ) Pk
- ’ k—oo Q
— HeU(-,T)HLOO(Q) forallt € (1,T). (5.18)

Otherwise, (5.16) entails the existence of b > 1 such that

I R 99—k
My < W50 for all k € N,

which by a well-known inductive argument (see [19, Lemma 4.3] for a corresponding statement precisely
covering the present situation) shows that with ¢ := e 3 we have

ok+1 70122’“

M, < bFre27 jfe for all k € N
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and hence, again together with (5.17), implies that in this case,

1

. o ok+l  =—cip2k | 2RET

[€“C | foorgy < liminf  pEFez 2 e
) k—o0

2c19 c12

= bt M forallte (r,T). (5.19)

Therefore, e* and thus also u is bounded in € x (7, Tjnaz). Once more by continuity of u in € x [0, 7],
this establishes (5.3). O

Without any further difficulties, we can thereby proceed to the proof of our main result on global
boundedness in (1.1).

PROOF of Theorem 1.1. In view of Lemma 2.1, both the statement of global existence and the claimed
boundedness property are immediate consequences of Lemma 5.3 when combined with Lemma 5.1. [J

From this, boundedness in the volume-filling chemotaxis model (1.13) follows as a straightforward
consequence:

PROOF of Theorem 1.2. Writing D(s) := (1 + Bs)e™P* and S(s) := se™?* for s > 0, it is evident
that if we fix any ¢ € (0, 3), then we can find ¢; > 0 such that

e P < D(s) < cre—(B=e)s for all s > 0.

Since furthermore

= for all s >0

and hence, for arbitrary a € (0,1),

5(s)
D(s)

§min{s,;}§max{1,;}'sa for all s > 0,

Theorem 1.1 directly applies so as to yield the desired conclusion. O
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