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1 Introduction

Investigating mechanisms of mass flux plays an important role in the literature on nonlinear diffusion
processes. In the specific context of the equation

vy =V - (V" Vo) (1.1)

when posed in the entire space R, by a large number of results quite a comprehensive understanding
has been achieved with regard to phenomena related to mass outfluxz. For instance, in the case m > 1
when (1.1) becomes the porous medium equation, and also within the range (n —2)y/n < m < 1 of
fast diffusion, the large time behaviour of nonnegative solutions which decay sufficiently fast at spatial
infinity, in the sense of having finite mass fR" v, is essentially determined by a particular element of
a family of explicit self-similar solutions, the so-called Barenblatt solutions ([12], [18], [19]). For solu-
tions of (1.1) with finite initial mass, the mass is conserved if m > (n — 2)/n when n > 2 and m > 0
when n =1,2 ([19]). If n =1 and —1 < m < 0 then there is nonuniqueness and conservation of mass
holds for the maximal solution ([8], [19]). In the remaining cases n = 1,2 and m < (n —2)4 or n > 2
and m < (n — 2)/n, the mass is not conserved ([19]). In the borderline case m = (n — 2)/n, n > 2,
the large time behaviour of solutions with finite mass is more complicated than for m > (n — 2)/n
because the solution does not evolve toward a single self-similar solution. The behaviour is different
in an inner region and in an outer one ([14], [15]).

In the case m < (n — 2)/n, mass flux toward spatial infinity occurs in an effective manner: If
0 < m < (n —2)/n then any positive solution emanating from initial data in L"(1=")/2(R") be-
comes extinct in finite time, and in the super-fast diffusion range m < 0 even instantaneous extinction
occurs for such initial data in the sense that then no local-in-time solution exists ([6], cf. also [7] for the
case m = 0). Beyond this, the literature has provided more detailed information on how the asymp-
totic behaviour near extinction depends on the initial spatial decay, again indicating an important
role of self-similar solutions (see e.g. [2], [3], [4], [5], [10], [9], [13], [15], [19]).

In contrast to this, except for few results on essentially one-dimensional wave-like transport mech-
anisms ([1]; cf. also [23] and [24] for two recent examples involving non-constant wave speeds) only
little seems known about processes of mass influx from infinity, here naively understood, rather than
in a strict Fickian sense, as a transfer of high densities from far distant sites to e.g. regions located
near the origin. In the present work we establish some results in this direction by exploring in detail
how ‘mass’ initially concentrated at spatial infinity spreads over the entire space for the super-fast
diffusion equation (1.1) with m < 0. More precisely, we shall be concerned with the Cauchy problem

(1.2)

vy =V - (v 1V), zeR™ t>0,
v(z,

0) = vo(z), r eR",

in the strongly degenerate regime m < 0, assuming the initial data vg € C°(R"™) are positive, and such
that
vo(x) = +o0 as || = oo (1.3)

in an appropriate sense. Then solutions exist globally ([6]) and it is natural to expect that they tend
to +o00 everywhere in R™ in the large time limit. Our main objective now consists in investigating
quantitatively the dependence of such growth phenomena on the particular asymptotics of the initial



data. Let us mention here that for m < 0 the diffusion is very fast where v is small but very slow
where v is large. Therefore, it is natural to expect a slow growth process.

Main results: Decay estimates in a degenerate parabolic equation. In order to transfer the
above situation to a convenient framework involving bounded functions decaying at spatial infinity,
we substitute

u(z,t) = 0" (z,t), xeR" t>0, (1.4)

and then obtain formal equivalence of (1.2) to the Cauchy problem

up = uP Au, xreR" t>0,
(1.5)

U(J},O) = UO(x)7 r € R",

where p := (m —1)/m = (Jm| +1)/|m| > 1 and wu := v{" is positive and continuous in R™. Actually,
most parts of our analysis also apply to the case p = 1 which does not stem from super-fast diffusion.
In view of known results on nonuniqueness of classical solutions to (1.2) ([17]), even in the framework
of smooth positive solutions we cannot expect solutions of (1.5) to be uniquely determined. As a
preliminary to our subsequent analysis, we shall therefore first make sure that after all, (1.5) possesses
a minimal classical solution for any positive continuous and bounded initial data.

Proposition 1.1 Let p > 1, and suppose that ug € CO(R™) N L>®(R™) is positive. Then problem (1.5)
possesses at least one global classical solution u € CO(R™ x [0,00)) N C%1(R™ x (0,00)) which satisfies

0 < u(w,t) < |luo|l zoo (mm) for all x € R™ and t > 0. (1.6)

Moreover, this solution is minimal in the sense that whenever T € (0,00] and u € C°(R™ x [0,T)) N
C*YR™ x (0,T)) are such that U is positive and solves (1.5) classically in R™ x (0,T), we necessarily
have v < w in R™ x (0,T).

Now if uy belongs to L%(R™) for some positive gy not necessarily exceeding the value 1, we can
establish the following implications for the temporal decay of |[u(-, )| a(mn) for ¢ € (qo, o0].

Theorem 1.2 Let p > 1, and suppose that ug € CO(R™) N L>®°(R™) is positive and such that ug €
LD (R™) for some qo > 0. Then for any q > qo one can find C = C(q) > 0 with the property that the
solution u of (1.5) from Proposition 1.1 satisfies

2
[u(- )| Larny < Ct_(l_qTO)/(er%) for all t > 0. (1.7)

Moreover, for any § > 0 there exists 6(5) > 0 such that

(-, 8) || poomny < C(8)E/(PH20)F0 - for gl ¢ > 0. (1.8)
In particular, if ug € (50 LT (R") then for any 6 > 0 one can find C(8) > 0 such that
(s )l oo mny < (7(5)75_#ré for all t > 0. (1.9)



A natural next question appears to be how far the above one-sided estimates are optimal. Surprisingly,
the above result on decay in L>°(R™) for initial data with fast decay cannot be substantially improved
in the sense that not even choosing § = 0 is possible in (1.9), however fast the initial data decay:

Proposition 1.3 Let p > 1. Then for every positive ug € C°(R™), any global positive classical u of
(1.5) has the property that for any R > 0 we have

1
inf {tﬁu(x,t)} — +00 as t — oo.
|z|<R

But, indeed, also (1.7) and (1.8) are essentially sharp:

Theorem 1.4 Let p > 1 and qo > 0. Then for every q € (qo,o0] there exists a positive function
ug € COR™) N L>®(R™) such that ug € L (R™) and such that for any § > 0 one can find C(5) > 0
with the property that the solution u of (1.5) from Proposition 1.1 satisfies

2
(e, )| arny > CE)E TV EETN= ol > 1. (1.10)

In cases when the initial data satisfy pointwise decay estimates of algebraic type, we can even achieve
more precise information on the respective large time behaviour. Fundamental for our analysis in
this direction will be the observation that at least for p > 1, (1.5) possesses a two-parameter family
of self-similar solutions with suitable spatial decay. As these solutions apparently have not yet been
detected anywhere in the literature, let us describe them in the following separate statement.

Theorem 1.5 Let p > 1, a € (0 l) and A > 0. Then the equation u; = uPAu possesses a radially

’p
symmetric positive classical self-similar solution uff) which can be written in the form

ul® (z,1) = t—af(t—ﬁyx|), zeR", >0, (1.11)
where 3 := 1_2p°‘ > 0, and where f :[0,00) — (0,00) is the solution of the initial value problem
{ PEO(F1(€) + 22 (©) + Bef(©) +af() =0, €>0, 119
f(0)=4, f(0)=0.

Moreover, f satisfies

®|Q

c(1+6)75 < f(€) <C+6)

with appropriate positive constants ¢ and C'.

for all £ >0 (1.13)

By means of two arguments based on parabolic comparison, in the upper estimate involving suitable
members of the above self-similar family and in the lower estimate relying on certain compactly
supported separated solutions, it is possible to give quite a comprehensive description of the temporal
asymptotics in (1.5) for algebraically decaying initial data:

Theorem 1.6 Let p > 1 and ug € C°(R™")NL>®(R™) be positive, and let u denote the solution of (1.5)
constructed in Proposition 1.1.



(1) If
up(x) > Co(1 + |x|)™7 for all x € R" (1.14)

with some Cy > 0 and v > 0, then for any q € (2, 0] there exists C > 0 such that

a
(-, )| pagqy = Ct~ O~/ TH for aii ¢ > 1. (1.15)

(ii) If p > 1 and there exist v > 0 and C1 > 0 such that
up(z) < Cr1(1+|z))™” for all z € R™, (1.16)

then for any q € (%, oo| one can find C > 0 with the property that

(-, )| pagrny < CEO7@H o air e > 0. (1.17)

Let us again underline that the above results exclusively address the respective minimal solution of
(1.5) from Proposition 1.1. Restrictions of this type seem necessary for detecting a unique dependence
of solution behavior on the initial data because of the quite drastic nature of the nonuniqueness
phenomenon detected in [17], according to which it is namely possible to construct continua of solutions
with substantially different, and actually widely arbitrary, behavior at spatial infinity.

Main results: Growth estimates for (1.2). Among the obvious translations of the above
results to the original problem, let us highlight some implications for the respective maximal classical
solutions v := u'™P p = (m — 1)/m, of (1.2) obtained from Proposition 1.1. First, Theorem 1.2,
Proposition 1.3 and Theorem 1.4 immediately yield the following.

Theorem 1.7 Let m < 0, and let vg € C°(R™) be positive and such that v* € L>(R™) N L9 (R™) for
some qo > 0. Let v be the maximal solution of (1.2). Then for any § > 0 there exists C(0) > 0 such
that sy

inf v(z,1) > C(8)tH/A=m==7)=9

L (R™) then for any & > 0 one can find C(8) > 0 such that

for allt > 0. (1.18)

y m
Moreover, if ug' € (=0

inﬂg’ v(z,t) > C(8)t/0—m= ) - for allt > 0. (1.19)
zeR?
On the other hand, for every qo > 0 there exists a positive function vg € C°(R™) such that vyt €

L>*(R™) N LP(R™) and such that for each 6 > 0 one can find 6((5) > 0 with the property that

inﬂ{ v(x,t) < 6(5)t1/(1*m*2q2m)+5 for all t > 0. (1.20)
zeR"

Moreover, if vg € C°(R™) is an arbitrary positive function such that 1/vg € L (R™), then

1

t (-, ) = 0 in L3S (R™) as t — oo. (1.21)

loc

Next, assuming algebraic growth of the initial data, we may rephrase Theorem 1.6 as follows.



Theorem 1.8 Let m < 0 and vy € C°(R™) be positive. Let v be the mazimal solution of (1.2).

(1) If
vo(x) < Co(1 + |z|)? for all x € R" (1.22)

with some Cy > 0 and 0 > 0, then there exists C > 0 such that

0
inIRf v(z,t) < Cta-mo+2 for allt > 1. (1.23)
zeR™

(ii) If there exist @ > 0 and Cy > 0 such that

vo(z) > C1(1 + |z])? for all x € R" (1.24)
then )
ian v(x,t) > Cta-mo+2 for allt > 1. (1.25)
EISING

with some C > 0.

Remark 1.9 Theorem 1.8 describes explicitly how slow the growth process is and how it slows down
as m — —oo. Namely, for m <0 and 6 > 0 set

0

(0, m) := A—miot2

which is the exponent from (1.23), (1.25). Then for every fixzed 6 > 0 we have that 9(0,m) — 0 as
m — —oo, U is increasing in both variables, and 0 < ¥(0,m) < 1 for allm < 0 and 6 > 0.

The mechanism of mass influx from infinity is completely different for the linear heat equation. For
example, for any positive even integer k, the solution of the problem

Ut = Ugy , $6R7t>0,
u(z,0) =z, x € R,
1s the heat polynomial
k/2 1
H t) = kg
k) ; ik -2

and

. K ke
inf Hy(x,t) = e,

(k/2)!

so the growth rate tends to infinity as k — oo while ¥(6,m) < 1/(1 —m) for all > 0.

The paper is organized as follows. We give a sketch of the proof of Proposition 1.1 in Section 2. The
upper bounds from Theorem 1.2 are established in Section 3. We derive lower bounds used in the
proofs of Proposition 1.3, Theorem 1.4 and Theorem 1.6 (i) in Section 4. The proof of Theorem 1.4 is
finished in Section 5. Self-similar solutions are studied in Section 6 and they are used there to prove
Theorem 1.6 (ii).



2 Global existence via approximation. Proof of Proposition 1.1
If p > 1 then Proposition 1.1 follows from [6]. Since we include also the case p = 1, we give a brief
sketch of a proof which works for p > 1.

In order to construct solutions to (1.5), for Br := {|z| < R}, R > 0 we consider the approximate
problems

uRt:u%AuR, x € Br, t>0,
ug(z,t) =0, x € OBg, t >0, (2.1)
ur(x,0) = uor(x), x € Bpg,

where ugr € C3(Bg) satisfies 0 < ugr < ug in Bg and ugr = 0 on dBp as well as
upr /ug in R™ as R 7 oco. (2.2)

Moreover, for € € (0,1) we consider

URet = uby Aupe, x € Bg, t >0,
uge(x,t) = ¢, x € OBg, t >0, (2.3)
uRE('IaO) = UJORE(:U), T C BR7

where we have set
UORe = UQR + €.

Lemma 2.1 Let p > 1, and assume that ug € C°(R™) N L (R™) is positive. Then with uor and ugpe
as above, problem (2.3) possesses for any € € (0,1) a global classical solution ur. € C°(Bg x [0,00)) N
C?*Y(Bpx (0,00)). Ase \,0, we have that ur. \, up where ur € CO(Br x [0,00))NC?*(Bg x (0,00))
is a positive classical solution of (2.1). Moreover, there exists a classical solution u € CO(R™x [0, 00))N
C*HR™ x (0,00)) of (1.5) which is such that (1.6) holds, and that ur /* u in R™ x (0,00) as R /* co.

PROOF.  Since all arguments are well-known, we may confine ourselves to sketching the main steps
only and refer for details to [21], for example.

According to standard theory of quasilinear parabolic problems, each of these actually nondegenerate
problems possesses a globally defined classical solution ur. which satisfies

€ Supe < |luorllLe(By) +€  in Brx (0,00). (2.4)

By parabolic comparison it then follows that as € N\, 0 we have ur. \, ur in Br x (0,00) with some
limit function ug. According to the interior positivity properties of ugg, it can be seen by comparison
that inf.c(o,1) Inf(z 1)ex x[0,7] URe (2,t) > 0 for any compact K C Bg and every T' > 0, which combined
with parabolic Schauder estimates ([16]) shows that the convergence ur. — 0 actually takes place in
CP (Bgr x [0,00)) N C'ZQO’CI(BR x [0,00)), and that up is a classical solution of (2.1) which due to (2.4)
satisfies

0<ur< HUORHLoo(BR) in Br x (0,00). (2.5)

Now on the basis of this and the monotone approximation property (2.2), one more comparison
argument asserts that ur  u in R"™ x (0,00) as R /" 0o, where u is a limit function which according



to (2.5) clearly satisfies (1.6). Again by means of parabolic regularity theory, the two-sided estimate
in (1.6) guarantees that actually ug — u in CP_(R™ x [0,00)) N C2Y(R™ x (0,00)), and that hence u

loc

solves (1.5) classically. O
PROOF of Proposition 1.1. Taking v := limpg_,+ ugr as provided by Lemma 2.1, in view of the latter
we only need to show the claimed minimality property of u. Given T' € (0, co] and a positive classical
solution w of (1.5) in R™ x (0,7") from the indicated class, however, by comparison we see that for
every R > 0 we have up < u in Br x [0,T) and that hence u < u in R" x [0,T). O
3 Upper decay estimates

3.1 Upper bounds for u in LY(R") for g < oo

The following elementary inequality will be used in Lemma 3.2.

Lemma 3.1 Let 8 > 0. Then there exists k() > 0 such that
(a — b)ﬁ > k(B)a’ —v? for alla >0 and b > 0. (3.1)
Proor.  We take ¢;(8) > 0 such that
(A+B)? <c1(B)(AP +B%)  forall A>0and B > 0.

Then given a > 0 and b > 0, we apply this to A := (a — b); and B := b to obtain using the
nonnegativity of 5 that

o’ < ((@=b)s + b)ﬁ <al@) (@] +v).

Therefore, (3.1) holds if we let k(53) := 1/c¢1(5), for instance. O

Now the first main step toward our upper estimates for solutions is accomplished by means of a stan-
dard testing procedure applied to the approximate problems (2.3), followed by taking limits properly.

Lemma 3.2 Let p > 1 and ug € C°(R™) be positive with
ug € L (R"™) for some go > 0.
Then for any q > qo there exists C(q) > 0 such that for any R > 0, the solution ur of (2.1) satisfies
2
lur( D)o < Clayt™ =8/ PT5D forail ¢ > 0. (3.2)

PRrROOF.  Observing that ug. is smooth in Br x [0,00), for arbitrary ¢ > 0 we may test (2.3) by
u}]{sl and integrate by parts. Using that ugr. > ¢ and that ur. = ¢ on 0Bp, we thereby obtain

1d B ) o
adt 5 u%a /B u%—l;q IAURa — —(p+ q— 1)/3 u%‘gq 2’vuRa‘2 + /8B uz}%—q ITVE
R R B N
- 4p+q-1) ptq (2
< _p+q_1 / up-i—q 2V"LLR 2:—/ V2 3.3
( ) B Re | 5’ (p+q)2 B Re ( )



for all ¢ > 0. Since p + g — 1 is positive for any ¢ > 0 due to the fact that p > 1, this implies that, in
particular,

||UR5(’at)HLq0(BR) < HUOR€||LQO(BR) for all ¢t > 0. (3.4)
In order to proceed, let us fix ¢ > g9 and note that then since }% < 2, an application of the
Gagliardo-Nirenberg inequality provides ¢; > 0 such that
lel 20 < ellVellfagm el g for all o € WH*(R™), (3.5)
4 (R™) LPFd (Rn)

where a € (0,1) is determined by the relation

_n(];:q): (1_%>G_w(1_a%

SR

Now for fixed ¢ > 0, we apply this to

ptg ptq
o(z) = up: (x,t) —e 2, x € Bp,
0, z € R"\ Bg,

that is, where

which indeed defines a function ¢ belonging to W12(R"), because ug.(-,t) € C*(Bg) satisfies ug. > ¢
in B and ug:|op, = €.
Accordingly, (3.5) shows that

Pt pig Pt a Pt pig |10
Jur ()= L (B er|[Vur 0 vl 073,y oAl E= 0 B

where again using that up. > € and recalling (3.4) we can estimate

o o= 2 < e 0] = T Oy
: Lita(Br) — IR TR (Bg) o L(BR)
P+f1( a)
< ||UORE||LQO (Br) for all ¢ > 0. (3.8)
Therefore, (3.7) entails that
ptq piq || 2

ups (t)—e 2

pia g2 ha(-ay—3
Vug: (0] < {erluonl /s, |

Jo

Here we apply Lemma 3.1 to see that with x(-) as in (3.1) we have

2g : for all ¢t > 0. (3.9)

2 2 L_‘—q
LR pta||a ety pta|prg |
2 (t) — €2 — 2 (b)) —c2 ptq
‘uRg ( ) L%(BR) {/BR Upe ( ) }
ptq ptq
26] qa 26] qa
> n( )uq (~,t)—sq> - ﬁ( )/ u% (1) — | Brle?
{/BR( p+q/ p+aq/ Jp,
ptTq prtq
2 “oa o Pth
> () (GR) T ([ he0) ™ = ()’
qa p+q Br

9



for all ¢ > 0. As a consequence, from (3.9) we obtain ¢ > 0 and c3(R) > 0 such that writing

Ape = lJuorell s gy ") we have

Jo

so that (3.3) yields

pt+aq
pt+aq

ptq 2 qa
Vi (o 2 ctn( [ ()" - @A oraneso
Br

ptq

q q qa ptq
up (1) < —c4ARe up (-, t) + c5(R)ARgee @ for all ¢t > 0,
Br

4
dt g,

where again since p > 1, both ¢4 := %02 and c5(R) := %%(R) are positive. By an ODE

comparison argument, this entails that

/B uh (1) < Ype(t) for all ¢t > 0, (3.10)
R

where 3. denotes the solution if the initial-value problem

p+q p+gq

y}%(t) = —C4ARE§]§ (t) + C5(R)ARE€ a t>0,

Ur(0) = [5,, UiR.-

Now, since our construction of (UORE)EG(OJ) guarantees that
—(p+q)(1—
Ap. — AR = ||U0RHL§(I)J(5;() 9)/(a90)  and / U g — / ulp as € \( 0,
Br Br

it follows from standard results on continuous dependence that ¥p. — ¥ in CP ([0,00)) as € N\, 0,
where

pt+q

Tr(t) = —c4Agryg" (1), t>0,

Jr(0) = [, win-

Here an explicit integration shows that if we set r := aq/(p + ¢ — aq) then

_1 -
yr(t) = (yR’“ (0) + C:Am) < cs(Apt)™" for all t > 0, (3.11)
where ¢g := (c4/7r)”", and where thanks to (3.6),

>0

1_p+q_1_ 2q0 + np
r qa n(q — qo)

according to the fact that ¢ > qg. Therefore, using that ugr < ug in estimating

Ap > A= || b BN @0) o all B > 0,

10



letting € \, 0 in (3.10) we infer from (3.11) that for every R > 0 we have
2
/ Wh(-11) < co(A) "D/ EEED g all £ > 0,
Br

which on taking the ¢-th root on both sides proves (3.2). O

Taking R oo and recalling Lemma 2.1, we can thereby already verify the first estimate in Theo-
rem 1.2.

Corollary 3.3 Let p > 1 and ug € C°(R™) be positive and such that
ug € L (R"™) for some qo > 0.

Then for any q > qo, the solution u of (1.5) obtained in Proposition 1.1 satisfies u(-,t) € LY(R™) for
all t > 0, moreover, there exists C(q) > 0 such that

2
u(- )] Lany < C(q)t_( —)/ =) for all t > 0. (3.12)
Proor. This is an evident consequence of Lemma 3.2 combined with (2.2) and the monotone
convergence theorem. O

3.2 Upper bounds for v in L>*(R"). Proof of Theorem 1.2

The constant C'(q) inequality gained in Corollary 3.3 may depend on ¢; as Proposition 1.3 will reveal,
in general we actually must have C'(q) — oo as ¢ — oo. Accordingly, establishing the respective decay
estimates from Theorem 1.2 which involve the norm in L>°(R"™) will, besides Lemma 3.2, require an
additional ingredient. This role will be played by the following semi-convexity estimate which is a
well-known feature of nonlinear diffusion equations of type (1.5). For its derivation, we may thus refer
to the literature (see [1] or [22], for example).

Lemma 3.4 Let R > 0. Then

t 1
ur(@,) ——  forallz € By and t > 0. (3.13)

UR(IL', t) p

In exploiting this, we shall need the following variant of the Gagliardo-Nirenberg inequality which
involves small integrability powers, and in which the dependence of the constant on these powers is
stressed.

Lemma 3.5 Let s > 2 be such that (n —2)s < 2n. Then there exists C(s) > 0 such that for any
o € (0,2) we have

lellps@ny < CNIVelGa@nllol ol — for all g € WHR™) N L7(R™),

where



PROOF.  According to the standard Gagliardo-Nirenberg inequality ([11]), there exists c¢i(s) > 0
such that

ol zsn) < c1()IVellz2@n @l fageny  for all p € CE°(R™), (3.14)
where
n o n
b=—-—-—¢€(0,1
5~ 5 € (0.1]
due to our assumptions s > 2 and (n — 2)s < 2n. Here we can apply the Holder inequality to further
interpolate
ol < [l (0 DA=D for all p € CE°(R™ 3.15
¥ L2( R” SOHLs(Rn)H‘PHLo (Rm) or all ¢ € Cy ( ) ( . )
with

Combining (3.14) with (3.15) shows that

(1—b)(1—d)

1—(1-b)d o0 (TN
Il L ggmy < er(S)IVRNY 2 gm |2l S sy for all € C§°(R"),
so that since
b (1—b)(1—d) b
L — G R S L
1—(1-ba ¢ ™ 1—(1_byd 1—(1_byd @

we obtain

a(s,a)

lelle@ny < e1" (NVlL2@nyllolliarny — for all o € CE°(R™).

0

With this tool at hand, we can derive the following consequence of Lemma 3.4 which will form the
essential step in an iteration procedure to be performed in Lemma 3.7.

Lemma 3.6 Let s > 2 be such that (n — 2)s < 2n. Then there exists C > 0 such that for any r > 1,
the solution ugr of (2.1) satisfies

Cr\ 35 — 2=
e Dll oo < (S0) lunC- Ol for atlt> 1 (3.16)
where .
iy (P ET) m (o n(p )T
a=a(r):= ( 5 s> <1 5 + o € (0,1). (3.17)

PrROOF.  We fix a sequence (x)reny C C°(R) of cut-off functions satisfying 0 < x, < 1 and x}, >0
on R as well as y; = 0 in (—o0,1/k) and xx = 1 in (2/k,00). Then since upr is continuous with
upr|op, = 0, testing the inequality (3.13) by x(u)u" yields

T— 1 T
(p+r— 1)/ Xk(UR)UR ?|Vug|? + / Xk(UR)UI}?L "Vugl? < / Xk(ug)up forall £ > 0.
Bg Dt JBg

Br
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Since x}, >0, xx < 1 and p+r —1 > 0, this implies that

2
Xk(uRr)u Vug|® < /Xk
et < o

< / u’p for all ¢ > 0. (3.18)
p(p+r— 1 t JBg
Thus, if we introduce
£
= [Vl e (3.19)
0

and extend Pj(ug(-,t)) by zero so as to become a function Py(ur(-,t)) € C5°(R"™), then (3.18) says

that
1

/n |V Py (ug)* < P+ 1)t

Here we apply the Gagliardo-Nirenberg inequality from Lemma 3.5 to obtain ¢; > 0 such that for any
choice of r > 0, inter alia ensuring that

/ up for all ¢ > 0. (3.20)
Br

2r
p+r

0<

< 2,
we have
| Pe(up)ll Ls@ny < Cl||VPk(UR)||%2(R")||Pk(UR)H2;fI/(p+r)(Rn) for all ¢ >0 (3.21)

with a € (0,1) determined in (3.17). Again since 0 < x;, < 1, from (3.19) we see that Py(§) <
26W+7)/2 /(p 4+ 1) for all £ > 0, so that

ugw) /2‘

p+r

l1—a
2 1—
1— . (p+r)(1—a)/2
HPk(uR)HL”G/('”*”(R") = { L?T/(p+r>(BR)} - (p—i-r) ”uRHU (Br)

for all t > 0. Accordingly, combining (3.21) with (3.20) shows that
I=a T a)/2
n&wmmw>s(ww)|wmwmmWWM$aaV
e z . (pr)(1-a)/2
<p+r> ( p+r 1y ) </BR uR) HURHLr(BR)

2 1o 1 r—pa)/2
- <p+7“> (m) lugl| S5 r% forallt >0, (3.22)

Now since (3.19) along with our choice of xj ensures that for all £ < 0 we have

2 gzﬂz-r
p+r

Pi(&) — as k — oo,

we may apply Fatou’s lemma to conclude from (3.22) that

2 (p+r)/2 (p+r)/2
el O sy = 5|0

(p j— r)lia (p(p —|—1“ — 1)t)g’uR( )HLP:(FJ;RI)M

13
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and hence

P+ 1 P (p+r—pa)/(p+7)
lurCo O wemmam < (57) ™ (o)™ lert OIS (3.23)

for all ¢ > 0. Here, we can clearly find co, c3 > 1 such that

1
MSCQT and 7§C—3 for all r > 1,
2 plp+r—1)t ~ rt
so that (3.16) follows from (3.23) if we let C := c3cs. O

Now an estimate for ug in L>°(Bpg) in the flavour of Theorem 1.2 can be achieved by means of a
Moser-type iteration, making essential use of the dependence of the right-hand side of (3.16) on both
r and t.

Lemma 3.7 Let p > 1 and ug € CO(R") be positive and such that ug € LI (R™) for some qo > 0. Set

V= npf2qo. Then for any § > 0 there exists C'(0) > 0 such that for any R > 0 we have

lur(-, )l oo (Br) < C (o)t for all t > 0. (3.24)
PrROOF. Let us fix ¢ > 0 such that
In¢ > —c1(1-¢) for all £ € (1/2,1) (3.25)

and pick s > 2 sufficiently close to 2 such that (n — 2)s < 2n. Further, given § > 0 satisfying 6 < v
we can find ¢’ € (0,0) such that —v +§ > —v(1 — §’) and then take ¢ > gg large such that still
q4—4qo
q

v(1-4") < —v+ad. (3.26)

Next we choose a number rg > 1 large enough satisfying

ro > q (3.27)
and .
p
<z 3.28
p+ro 2 (3.28)
as well as -
pei (2) <t 5
7‘0; s) =M1y (3.29)
and recursively define
L (p+rg)s
Tk+1 = R

for nonnegative integers k. Then, clearly, (74)r>0 is increasing with
s\ k
TL > T0 (5) for all k > 0, (3.30)
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and there exists ¢y > 0 such that
re < cosk for all &k > 0. (3.31)
In particular, Lemma 3.6 applies to yield a constant c3 > 1 such that writing

Mp(t) := llur(, Ol e Bry: >0,

we have ”
Myar (t) < (ZZE)755 0r0% (1) forallt >0 and k > 0 3.32
k(1) < / k(1) orallt >0andk 20U, (3.32)
where )
gp—1 - P _ L aptry (3.33)
p+rE p+rE
with )
nlp+ry) n n  np+rg)\
— _ 2 1— — 4 % 0,1 3.34
e ( 27, 3>< 2 " 27y, €©.1) (3:34)
for £ > 0. Now by a straightforward induction, (3.32) implies that, for all ¢ > 0 and k£ > 0, we have
: a; k aj k
c3 S0 o T4 00 el | LI k6
My (t) < {(t) 0 by T AR VA L O] (3.35)
j=0

where we may use that (3.33) yields that 6; € (0,1) for all ¢ > 0 in estimating

k
H 0; <1 forallk>0andje{0,... Kk} (3.36)
i=j+1

Along with (3.31), (3.30) and the fact that a; <1 and r; > 9 > 1 for all j > 0, this yields that

k aj Hk 0
e i=j+4+1 Y1
In { 7“;-7+ J ’ } <
=0

ln{
i=0 i=0 =0
k k . k .
1 - Incy 2\J Ins 2\ J
<y In(eas’) = =23 (7) il (7) for all k > 0.
— i) BT i=0 T j:OJ y =t

Since both Z?io(%)j and Z;ioj(%)j converge thanks to the fact that s > 2, from this we infer the
existence of ¢4 > 0 such that

5 k .
Hi:j+1 97,

k
H 1";””' < for all k£ > 0. (3.37)
=0

Next, (3.36) entails that since ¢3 > 1 and ; > 0 for all ¢ > 0, for every ¢t > 1 we can estimate

k aj k ) k ) k 0. k )
C3 ijo pEry Hi:j+1 0s z:j:O ptr; Hi:j+1 ’ Z:J':O Ty
(?> <4 < ¢y for all £ > 0,

15



whence again by using (3.30) and that a; <1 for all j > 0 we see that

Sk o TT L 6 L5~k (2 1 g0 (2j
(Ci’) O =ols) B2l > Tand k> 0. (3.38)

. <y’ <csi=c

Finally, to control the rightmost factor in (3.35) we first apply Lemma 3.2 to find ¢ > 1 such that

My(t) < cgt ET for all ¢ > 0,

which according to (3.27) implies that

Mo(t) <egt™ @ ¥ forallt> 1. (3.39)

Now whenever ¢t > 1 is such that the right-hand side herein is larger than 1, that is, when

1<t <ty = cﬁ,
from (3.35), (3.37) and (3.38) we trivially infer that
Mi11(t) < cqese6 < 0405061‘/6_%*””, (3.40)
again because 60; € (0,1) for all ¢ > 0. If, conversely, t > ty then we estimate

_q—qo V) 150

k .
Ml () < <C6t : ’ (3.41)
where, since 0; > 1 — z%n for all 4 > 0, we have
1
0; >1— P > — forall i >0
p+ro 2
according to (3.34), (3.30) and (3.28), using (3.25) and once more (3.30) we know that
k k k k » E oy
B e X e
=0 =0 =0 1=0 1=0
peg~ 2y, g, for all k > 0
> £ )Y > —ln—— >
B 0 ;(.9) - nl*é‘l ora B
as a consequence of (3.29). Therefore,
k
[[0i=1-¢  forallk>0,
=0
so that (3.41) combined with (3.26) and the fact that ¢ty > 1 guarantees that
1%, 6; _azag, )\ 1Y 1-6"—v+d
Mal=0% 1) < (c6t 2 ) <l for all ¢ > t.
In conjunction with (3.40) this establishes (3.24) upon an evident choice of C(J). O

In the limit R * oo, this proves the estimate (1.8) in Theorem 1.2.
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Corollary 3.8 Assume that p > 1, and that ug € CO(R") is positive fulfilling ug € L9 (R™) for some
go > 0. Then for any § > 0 one can find C(6) > 0 such that the solution w of (1.5) obtained in
Proposition 1.1 satisfies

lu(-, )] Loo mny < C(o)tv+e for all t > 1.

PrROOF.  The claim immediately results from Lemma 3.7 upon taking R * co. O

On furthermore taking go \, 0 herein, we can also deduce the estimate (1.9) on fast decay in L>(R")
for rapidly decreasing initial data.

Corollary 3.9 Let p > 1 and ug € C°(R™) be positive and such that ug € LY(R™) for all ¢ > 0. Then
for any 6 > 0 there exists C(5) > 0 such that for the solution u of (1.5) from Proposition 1.1 we have

)o@ < COE P forallt > 1. (3.42)
PrROOF.  Given d > 0, we fix gg > 0 small enough such that —v < —% + 6, and then choose ¢ > 0
fulfilling —v + ¢’ < —I% + 0. An application of Corollary 3.8 then yields (3.42). O

Summarizing, we can thereby complete the proof of Theorem 1.2.

PROOF of Theorem 1.2. We only need to collect the results provided by Corollary 3.3, Corollary 3.8
and Corollary 3.9. 0

4 Estimates from below. Optimality

In order to derive lower estimates for solutions of (1.5), given any such solution u, for z € R™ and
t > 0 we introduce )
v(x, )= (t+ 1)ru(x,t), T=In(t+1), (4.1)

whence, as can easily be verified, v is a positive classical solution of

{ UT:vav+%v, reR™ t>0, (4.2)

v(x,0) = up(x), xr € R™.

The following result can be obtained by a comparison argument from below with functions of the form
v(z,7) :=yr(7)(ORr(z)+dR), where O denotes the principal eigenfunction of the Dirichlet Laplacian
in Bg, and where the number dr > 0 and the positive function yr are chosen appropriately (cf. [22,
Lemma 2.1]).

Lemma 4.1 Let p > 1, and suppose that ug € C°(R™) is positive and that u is a globally defined
positive classical solution of (1.5). Then for every R > 0, the function v defined by (4.1) satisfies

inf v(z,t) - +o0 ast — oo.
rEBR

PROOF of Proposition 1.3.  The claimed divergence property is an immediate consequence of Lemma 4.1
and (4.1). O
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4.1 Initial data with algebraic decay

Let us next focus on the particular case when the initial data essentially decay algebraically in space.
The key step in our analysis of the corresponding solutions of (1.5) will consist in a comparison
argument involving separated solutions of the PDE in (1.5) in suitably chosen balls. The spatial
profiles arising therein are addressed in the following lemma asserting a favorable scaling property.

Lemma 4.2 Let p > 1. For R >0, let wg € C°(Bg) N C?(Bg) denote the positive solution of

—1,1-p
—Awg = SWR T € Bp, (4.3)
wr =0, x € 0Bp.
Then for every R > 0 we have
wr(z) = R%wl (%) for all x € Bp. (4.4)

PROOF. Since

(i (5)) o (5)) = wom(R) s ()

2_ 1 4
= Ri Z{Awl—k—w% p}<£> for all x € Bp,
P R

it results from the properties defining w; that Br > = — R%wl(%) solves (4.3). By uniqueness of
positive solutions to (4.3) ([20]), (4.4) thus follows. O

Now by an appropriate comparison argument from below we shall achieve the following quantitative
implication of an algebraic lower decay estimate on wug for the size of v in balls with a certain time-
dependent radius.

Lemma 4.3 Let p > 1, and suppose that ug € C°(R™) is such that there exist v > 0 and co > 0

fulfilling
uo(x) > Co(1 4+ |x])™7 for all x € R™. (4.5)

Then there exists C > 0 such that for v as given by (4.1) we have
v(w,7) > Cwp(r) () for all v € Br;y and 7 > 0, (4.6)

where wg(r) denotes the positive solution of (4.3) corresponding to R(t) := e/ (Pr+2),

PrOOF.  We fix an arbitrary mp > 0 and let

0

R :=er+2, (4.7)
Then writing ¢ := |lwi || (B,), We set
C() 2
= —R" 4.8
27¢q ’ ( )
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and define y € C*([0,0)) to be the solution of

/ 1 _ 1, p+1
y'(r) = py(r) — P (1),  7>0, (4.9)
y(0) =9,
that is, we let
1
y(1) = {(5_pe_T +1-— e_T} v for 7 > 0. (4.10)

We finally introduce
v(z,7) = y(T)wgr(x), x € Bg, 7>0,

and first observe that clearly v = 0 < v on dBg x (0,00). Moreover, since from Lemma 4.2 we know
that

wr(w) < o |wn|| (s, = c1R?  for all o € Bg,
and since (4.5) along with the fact that R > 1 implies that
up(x) > Co(1 + |z|)™7 > 277CoR™7 for all z € Bg,
thanks to (4.8) we obtain that

u(e,0) _ duwn(x) _ 2e,

R7+%5 =1 for all x € Bpg.

v(z,0) up(x) — Co
As (4.9) entails that furthermore

1

1 1
pHW%AwR - EZ/UJR = {y/ + I;?/pﬂ - ];y}wR =0 in Bg x (0,00),

1
v — vPAv — —v =y'wgp —y
p
the comparison principle (cf. [20] for a version adequate for the present purpose) guarantees that
v<wv in Br x (0,00). (4.11)

Since from (4.10) we see that

1

y(r) > {(5_]36_74-1}_10 for all 7> 0,

and that hence, by (4.7) and (4.8),

i = ()= {(@) el {(aya

evaluating (4.11) at 7 = 7 readily establishes (4.6). O

=

Properly evaluating this lower estimate we obtain the claimed estimate from below for solutions which
initially decay no faster than algebraically.
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PrROOF of Theorem 1.6 (i). According to Lemma 4.3 and (4.1), (1.14) implies that there exists ¢; > 0
such that )
u(z,t) > c1(t+1) Pwpe(v) for all z € Bg(;) and t > 0, (4.12)

where R(7) = em+? with 7 = In(t + 1) and wp(;) is taken from (4.3). As for the case ¢ = oo, in light
of Lemma 4.2 this immediately implies that

[, )| ooy > w(0,8) > 1t +1) 7 Re (1w (0) = cyws (0) (¢ + 1) 77 forall ¢ > 0

and thereby proves (1.15) in this particular situation.
For finite ¢, an integration of (4.12) using the substitution y = % shows that

/nuq(x,t)dx > dt+ 1)_?’/ w;]%(T)(:L")d:z:

Br(r)

— A1) /BR(T) {Ri(T)wl(;’;)}qu

=+ 1) PR / w (y)dy
B1

_g9y=—n
= d@t+1) m+ for all t > 0.

Taking the g-th root here we readily arrive at (1.15) also in this case. O

5 Optimality of L? decay estimates. Proof of Theorem 1.4
Another application of Theorem 1.6 (i) to suitably chosen 7 finally shows optimality of the estimates
(1.7) and (1.8) as formulated in Theorem 1.4.

Proor of Theorem 1.4. Since

qay—n n(q — qo)
- % -
q(py +2) q(np + 2qo)

we see that given gg > 0, ¢ € (qo,00] and § > 0 we can fix v > n/qg such that

as v\, —,
q0

gy —n
————— < ¥(q0,q) + 9.
q(py +2) (@,9)

We then choose any positive function ug € C°(R™) with the property that
a(l+|z))77 <wup(z) < co(1+ |x])77 for all x € R" (5.1)

with certain positive constants ¢; and c¢o. Since v > q%, the right inequality herein ensures that
ug € LP(R™), whereas the left allows for an application of Theorem 1.6 (i) which provides cg > 0
fulfilling

y—1

[uC, )| L) = cat A for all ¢t > 1.

Thanks to (5.1), this proves (1.10). O
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6 A family of self-similar solutions of (1.5) with algebraic decay

In the following, given p > 1,a > 0,8 > 0and A > 0 welet f = fa = fga’ﬁ) denote the solution of the
initial value problem (1.12) which we suppose to be defined as a positive classical solution in [0, &)
with maximally chosen & € (0, oo].

Lemma 6.1 Let p > 1, a > 0 and 8 > 0. Then for any choice of A > 0, fa ewists on all of [0, 00)
and satisfies

fa&) >0 and f4(6)<0 for all € > 0. (6.1)

PROOF.  Since o > 0, it is clear that f := f4 cannot attain a positive local minimum on (0, c0) and
hence satisfies f > 0 as well as f* < 0 on [0,&p), whence we only need to show that § = oco. Thus
assuming for contradiction that &y be finite, we accordingly obtain that f(£) N\, 0 as £ &, and for
€ € (0,&) we may divide the ODE in (1.12) by £f(§) to see that

—% — N Y for all € € (0, &),

and that hence with & := £p/2 we have

B(ln f)' =

3
Bln f(€) = Bln f(&) —alné —/ o P o) (o™ (o)) do  for all € € (&1, &). (6.2)

Here an integration by parts shows that

3 €1
—/ o N o) (" f (o)) do = (p—1) . fp_Q(U)fQ(U)dU—n/ — "1 (0)f (0)do

v

—éfp_l(ﬁ)f'(é) + ;f”_l(&)f’(&) / — PN o)f (o)do — 1 forall € € (&1,60) (6.3)

with ¢ = fP71(&) f'(&1)/€é > 0, because p > 1 and f’ < 0 on (0,&). Once more integrating by
parts, since f(§) — 0 as £ /' & we obtain that

S n [t , 2n
n 7fp @ oin =2 [* Loyt =2 [ Loy + 2 prie) - e
o

ifp(a)do —er asE S

3
1 O

2n 2n
§ — fp do+ — fp EH —  — /
. o (o) pr (€) )

where the fact that & € (0,&p) clearly asserts that cy is finite. From (6.2) and (6.3) we therefore
conclude that

- €o

hmmf{ In }> In —aln>= —c¢; — ¢,

o BInf(§) = Flnf(&) g 1T
which together with our assumption 5 > 0 contradicts the hypothesis that f({) — 0 as £ 7 & and
thereby proves that actually £ = oo, as claimed. O

In the proofs of Lemma 6.4 and Lemma 6.5 we shall use the following:
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Lemma 6.2 Letp > 1, >0, 3> 0 and A > 0. Then the solution fa of (1.12) satisfies

— 3
&+ . -(n+ (p 51)0‘) /0 " 1P (0)do pflg" FIPE) =0 Jorall€>0. (6.4)

PrOOF.  We again let f := f and rewrite (1.12) in the form

g

0= (&7 f) +BEFf + a8 I = (€Y - p_lﬁn‘l{f(fl"’)’ - “’_ﬁ”afl—p},

whence computing

@-Da_ g _@-Da N (p—1)a
e A e A

we obtain that

(p—Da (p—1Da /
0= ("1 - o 15”* E (5’ 7 flfp) for all £ > 0.
p —
Using that f’(0) = 0, by integration we achieve the identity
N B[ pybas _@-ba N/
0=¢&"""f'(&) — =] o B (0‘ B f _p) (o)do for all £ > 0, (6.5)
—1Jo
where integrating by parts we find that
6 13 g (=)o ( _@=Da N/ 3 (p—1)a /5 L
— | o 5 lo” B fP) (o) = 7(n+7 o TP (0)do
ey Jo) = 5 Sl (0)
—ign fIPE)  forall € >0,
p—1
so that (6.4) is equivalent to (6.5). O

6.1 A lower bound for f{*”

A preliminary estimate for f4 from below near £ = 0 can be obtained by quite straightforward
manipulations of (1.12).

Lemma 6.3 Let p > 1, a > 0 and 8 > 0. Then there exist & > 0 and K > 0 such that for any
A >0, the solution fa of (1.12) satisfies

=% foralic el (6.6)

and that moreover c
9a(€) = / APV, €20, A>0, (6.7)

has the property that 0
gj"_%gfl(g*) <KA“™P  forall A> 0. (6.8)
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ProoOF.  Using that f:= f4 is nonincreasing by Lemma 6.1, from (1.12) we obtain that
" n—1 / /
/ Z—Tf—ﬁff —af >—af  forall >0,
and that hence (f”?)’ > —%(f?)’ on (0,00). On integration, this yields

P > 5O+ 547 forall¢>0

DN |

and thus

F1(€) > —Va /A2 — f2(¢)  for all £ > 0.

By an ODE comparison, we thereby conclude that
F(6) > Acos(vag)  forall € e (o L)
- ) 2\/a )

which means that if we let &, := ﬁ, then

T g for all € € (0,&,).

f(©) = Acos % =

This establishes (6.6), and since p > 1 this moreover entails that

Ex op—1le¢n
/ O_nflflfp(o_)do_ < 5* 1417;07
0 n

which readily proves (6.8). O

Making use of this information, on the basis of (6.4) we can make sure that in the case p > 1, a
lower bound for the asymptotic behaviour of f4 is determined by the decay of positive solutions to
the first-order equation BEf" + af = 0:

Lemma 6.4 Let p > 1, and suppose that a > 0 and 8 > 0. Then there exists L > 0 such that for
every A > 0, the solution fa of (1.12) satisfies

Fal€)>LAQ+&)7F  forall&>0. (6.9)

ProoOF.  Reformulating (6.4) in terms of ¢(¢§) = fog o Lf1P(g)do, € > 0, since f/ < 0 on [0, 00)
we obtain that
»— Do

<n+ 3

)9(&) =€/ P€) =0 foral ¢ >0 (6.10)
and that hence

7>g(§) for all € > 0.
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By e.g. a comparison argument, from this we infer that with & > 0 and K > 0 as provided by
Lemma 6.3 we have

£\t (1)

(&) < g(ﬁ*)(g) P < KAl et for all € > &,.

Going back to (6.10), we see that this yields information on f itself by implying the inequality

(p—Da
B

)g(&) < (n + M)KAlfpganfl)a/ﬁ for all £ > &,

& < (n+ 5

which is equivalent to

(p—1a
B

This shows that if L > 0 is sufficiently small then the estimate in (6.9) holds for all £ > &,, whereas
(6.6) guarantees that on diminishing L if necessary we can achieve the desired lower bound also for

£ €[0,&]. O

7€) > <n n )_”ilellg? for all € > &,.

6.2 An upper bound for 1(40"6)

Again by means of (6.4), we can complete our description of the asymptotic decay of f for p > 1 as
follows.

Lemma 6.5 Letp > 1,0 > 0,8 > 0 and A > 0. Then there exists C > 0 with the property that the
solution fa of (1.12) satisfies

fA©) SCOU+&7F  forall€>0. (6.11)

PROOF.  Again abbreviating f := f4 and g(§) := f(f oL f1=P(g)do for € > 0, from (6.4) we obtain

ag 1€+ (n+ E0N)g9 - ed(© =0 foralle>0
with ¢ := %, that is,
g &) = <n + = La —/Bl)a>g(§) + "2 f1() for all £ > 0. (6.12)

In order to prepare an integration thereof, let us first make sure that if we define

&1 = \/2nc AP, (6.13)

then 1
&P f(&) < 55?"9(51)- (6.14)
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Indeed, this follows from the observation that using f(o) < A for all ¢ > 0 by Lemma 6.1, we can
estimate

() _yy enr J(E) wo A 2nadr

< 2615 =
boglp f051 onLldo &2

201N 2
14 9(&) s fo& oL fl=p(g)do

thanks to (6.13).
We now invoke the variation-of-constants formula associated with the initial value problem for (6.12)
starting from £ = &; to see that

pla do 3 p—la
g6) = gle)e T ))féwc/e(“ A E 2 1 () o

- e ()

where an integration by parts shows that

(p=Da (& _(p=Da_ —1 (-Da € _(ptDa_
C1€n+ L= / - = Qf/(o_)do_: (Q)B)O‘+2)Clgn+ £ / ” = Sf(a)dcr
1 1

(p—1Da _(p=Da (p—1Da 7(1’_71)0‘72

& 7 &) > —al" T f(&)  forall€ >,

(p—Da g (p—1Da
n Cl£n+% / 07%72]"/(0’)(&7 for all £ > &, (6.15)
1

+ ") — "t

because p > 1 and f is nonnegative. Using (6.14), from (6.15) we thus infer that

(p—1a —1a

9©) > {gree) - ag e T €T 208 frallé> 6 (6.16)

with cg := 151 ~(p=1a/B
In order to derive (6.11) from this, we once again make use of the downward monotonicity of f in
estimating

g 3 n
96 = [ oM < [l do =S oral e,

0 0

which combined with (6.16) shows that

(p-1a ) — =17 _ 1 _a
My e } T (nes) TIETE forall € > €.

é‘n
Along with the boundedness of f on [0,&;], this proves (6.11). O

IGES|

6.3 Implications on the large time behaviour for solutions of (1.5) with algebraic
spatial decay

Let us underline the outcome of the above construction:
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Proposition 6.6 Let p > 1 and a € (0, %), and set 3 := I_QW. Then for any A > 0,

uff)(:c,t) = t_o‘fi‘a’ﬁ) (t_5|:c|>, zeR"” t>0,
defines a positive classical solution of the equation uy = uPAu in R™ x (0, 00).

Proor. Writing u := u(f) and f := f/(f’ﬁ) and abbreviating ¢ := t~#|z| for z € R” and t > 0, we
only need to compute us(x,t) = —at =L f(&) — Bt (€) and

n—1

uP ;) Au(a, 1) = D2 (e (£7() +

to see that by the choice of § and (1.12) we have

w—wsu=rf —ap( - sere - PO+ r©) -
]

PROOF of Theorem 1.5. We only need to collect Proposition 6.6, Lemma 6.4 and Lemma 6.5. [

We can thereby complete the proof of Theorem 1.6.

1

PROOF of Theorem 1.6 (ii). Given v > 0, we let o := so that clearly o € (0, ;). Moreover,

ol
pYy+2°
specifying 3 := 1_2p 2 > 0, we then take L > 0 as provided by Lemma 6.4 and fix A > 0 suitably large
fulfilling

LA> . (6.17)
Then with uila) taken from Proposition 6.6, the function @ defined by
() = 0Ot + 1) = (t+ 1) f @0 ((t + 1)_B|a:|>, zeR", >0, (6.18)
evidently satisfies 7, = w?Aw in R™ x (0, 00) and
u(z,0) = fP(|ja) > LA+ |z) 5 for all 2 € R”

by Lemma 6.4. Since according to our definitions of § and a we have % = 7, in view of (6.17) and
(1.16) this shows that w(x,0) > C1(1 + |z|)™7 > wo(z) for all x € R™. By means of a comparison
argument, we thus conclude that for any R > 0, the solution up of (2.1) satisfies ug < @win Bg x [0, 00),
and that hence

u(x,t) <u(z,t) for all x € R™ and t > 0, (6.19)

which by (6.18) and Lemma 6.1 in particular yields that
ey ) ey < TG, 0) ey = A+ 1)~ for all £ > 0.

Again using the definition of «, we thereby immediately obtain (1.17) for ¢ = oco. Apart from that,
once more writing f := flga’ﬁ) we see that (6.19) implies that whenever ¢ € (£,00), then

/nuq(a:,t)da: < /nuq(x,t)da: =(t+1)9 /Rn fa ((t—i— 1)7*3|x]>da:

_ (t+1)—qa(t+1)nﬁ/ FU(yDdy  for all £ > 0. (6.20)
R”’L
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Here, applying Lemma 6.5 we find Cy > 0 such that f(§) < Co¢™7 for all £ > 1, so that our assumption
q > % asserts that

00 00 q
[ etreas<og [Tetras - 2
1 1 n—qy
is finite. As furthermore, again by definition of 5 and «,
qa_nﬁ:qa_n(l—pa): Y _Q(l_ Py ):qv—n
2 py+2 2 py+ 2 py+2

from (6.20) we thus infer the existence of C3 > 0 such that
/ u(z,t)dx < Cs(t + 1)7% for all t > 0,

which for these finite values of ¢ is equivalent to (1.17). O
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