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Abstract

The chemotaxis system

vy = Av — v+ u,

{ up = Au — xV - (£Vv),

is considered in a bounded domain 2 C R™ with smooth boundary, where y > 0.

An apparently novel type of generalized solution framework is introduced within which an extension
of previously known ranges for the key parameter y with regard to global solvability is achieved.
In particular, it is shown that under the hypothesis that

0 if n=2,
x<<{ V8 if n =3,
o if n >4,

for all initial data satisfying suitable assumptions on regularity and positivity, an associated no-flux
initial-boundary value problem admits a globally defined generalized solution. This solution inter
alia has the property that

u € L, (Q x [0, 00)).
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1 Introduction

We consider the Keller-Segel system with logarithmic sensitivity, as given by the initial-boundary value
problem

ut:Au—xv-<%Vv), zeQ, t>0,
% =0, e, t>0, (1.1)
u(z,0) = up(z), x €,

coupled to the parabolic problem

v =Av— v+ u, reQ t>0,
gv =0, z €N, t>0, (1.2)
’U(l’,O) = UO(£)) z €,

where () is a bounded domain in R™, n > 2, with smooth boundary, x is a positive parameter and the
given initial data ug and vg satisfy suitable regularity and positivity assumptions.

This system can be viewed as a prototypical parabolic model for self-enhanced chemotactic migration
processes in which cross-diffusion occurs in accordance with the Weber-Fechner law of stimulus percep-
tion (9], [15]), and accordingly a considerable literature is concerned with its mathematical analysis.
However, up to now it seems yet unclear to which extent the particular mechanism of taxis inhibition
at large signal densities in (1.1) is sufficient to prevent phenomena of blow-up, known as the probably
most striking qualitative feature of the classical Keller-Segel system: Indeed, in its fully parabolic
version, as determined by the choice 7 :=1 in

{ ur = Au— xV - (uVwv),

1.3
TUr = Av — v + u, (13)

the latter admits solutions blowing up in finite time for any choice of x > 0 whenever n > 2 ([8|,
[22]), and in the simplified parabolic-elliptic case obtained on choosing 7 := 0 it is even known that
some radial solutions to an associated Cauchy problem in the whole plane collapse into a persistent
Dirac-type singularity in the sense that a globally defined measure-valued solution exists which has a
singular part beyond some finite time and asymptotically approaches a Dirac measure (cf. e.g. [19] or
also [12]).

As opposed to this, the literature has identified various circumstances under which phenomena of
this type are ruled out in (1.1)-(1.2): For instance, when x < xo(n) with some xo(2) > 1.015 and

Xo(n) = \/% for n > 3, global bounded classical solutions exist for all reasonably regular positive

initial data ([11], [2], [4], [24], [13], [21]); in the corresponding parabolic-elliptic analogue, the same
conclusion holds with x¢(2) = oo ([5]) and with xo(n) := —25 when n > 3 and the spatial setting is

radially symmetric ([14], cf. also [6] for a related result addressing a variant with its second equation

being 7v; = Av — v + u for small 7 > 0), whereas it is known that some exploding solutions exist if
n >3 and y > -2 ([14]). As for larger values of x in the fully parabolic problem (1.1)-(1.2), in some

n
cases at least certain global generalized solutions can be found which satisfy

u € L},.(Q x [0,00)) (1.4)



and thereby indicate the absence of strong singularity formation of the flavor described above. Such
constructions are possible in the context of natural weak solution concepts if

n+2
< 1.5
X<\3.—2 (1.5)
([21]) and within a slightly more generalized framework if merely
n
< 1.6
X<y (1.6)

but in addition the solutions are supposed to be radially symmetric ([17]). To the best of our knowledge,
however, the question how far (1.5) is optimal with respect to the existence of not necessarily radial
solutions fulfilling (1.4) is yet unsolved; in particular, it appears to be unknown whether in nonradial
planar settings such solutions do exist also beyond the range y < v/2 determined by (1.5).

Main results. The purpose of this work is to design a novel concept of generalized solvability
which is yet suitably strong so as to require (1.4), but which on the other hand is mild enough so
that it enables us to construct corresponding global solutions without any symmetry hypotheses and
under conditions somewhat weaker than (1.5) and actually also than (1.6). More precisely, considering
(1.1)-(1.2) under the assumptions that

{ ug € C°(Q2) is such that ug > 0 in Q and ug # 0, and that (1.7)

vp € WH(Q)  satisfies vg > 0 in Q,
we can state our main results as follows.

Theorem 1.1. Let n > 2 and Q) C R™ be a bounded domain with smooth boundary, and let x > 0 be
such that

00 ifn=2,
xX<{ V8 ifn =3, (1.8)
) ifn > 4.

Then for any uy and vy fulfilling (1.7), the problem (1.1)-(1.2) has at least one global generalized
solution (u,v) in the sense of Definition 2.4 below. In particular, this solution satisfies (1.4), and
moreover we have

/Qu(-,t):/QuO for a.e. t > 0. (1.9)

Plan of the paper. A first substantial task will be related to the design of a suitable family
of approximate versions of (1.1)-(1.2) in which, on the one hand, the crucial nonlinear interaction
is regularized in such an effective manner that even global classical solutions exist, but which on the
other hand retains, as far as possible, a fundamental dissipative property of (1.1)-(1.2). As is essentially
well-known, namely, the functional fQ uPv? enjoys certain quasi-entropy features along trajectories of
(1.1)-(1.2), provided that the crucial positive parameter p therein satisfies p < é and g > 0 is chosen
adequately. After introducing the regularization (3.1) of (1.1)-(1.2) appropriate for our purposes,
in Section 4 we will derive a rigorous counterpart of this entropy-like property for the corresponding
approximate solutions. The main challenge now consists in taking appropriate advantage of accordingly



implied a priori estimates obtained in Sections 5, 6 and 7, which inter alia seem far from sufficient to
warrant L' bounds for the cross-diffusive flux X3 Vo especially in cases when  is large and hence p
needs to be chosen small.

In the preparatory Section 3, we will therefore resort to a solution framework involving certain sublinear
powers of u rather than w itself, thus reminiscent of the celebrated concept of renormalized solutions
([3]). This idea has partially been adapted to the present context in [17] already, but in the present
work we shall further weaken the requirements on solutions to a considerable extent: Namely, for the
crucial first sub-problem (1.1) to be solved we shall only require that the coupled quantity uPv?, with
certain positive p and ¢, satisfies a parabolic inequality associated with (1.1)-(1.2) in a weak form,
and that moreover fQ u(+,t) < fQ ug for a.e. t > 0; a key observation, to be made in Lemma 2.5, will
reveal that if we furthermore assume the component v to fulfill (1.2) in a natural weak sense, then
we indeed obtain a concept consistent with that of classical solvability in (1.1)-(1.2) for all suitably
smooth functions.

As seen in Section 8 by means of appropriate compactness arguments, the previously gained estimates
in fact enable us to construct a global solution within this framework.

2 A concept of generalized solvability

In specifying the subsequently pursued concept of weak solvability, we first require certain products
uPv? to satisfy an inequality which can be viewed as generalizing a classical supersolution property of
this quantity with regard to (1.1)-(1.2).

Definition 2.1. Let p € (0,1) and q € (0,1), and suppose that u and v are measurable functions on
Q x (0,00) such that u >0 and v > 0 a.e. in Q x (0,00), that

uPv! € L. (Q x [0,00)) and  uwPT?l € L} (Q x [0,00)), (2.1)
and that Vu? and Vu? belong to L} (2 x (0,00)) and are such that
vIVuZ € L2, (Q x [0,00)) and  uzVvi e L3 (Qx [0,00)). (2.2)

Then (u,v) will be called a global weak (p, q)-supersolution of (1.1) if

/ [ wrvie= [ ot

_ _ _ 2 2
S 4(1 —p)g —4¢* — p(1 / /vqwuz‘z
- pqp><+1—q
1— 2
pX+ q / /‘UZVU _ —p)Xx + 2q gv g o

pX+1—Q)
2
px/ /quVW Ve

1 —-= / / uPvlAp
—q/ /upvqg0+q/ /up+1vq_1<p (2.3)
o Ja o Ja
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for all nonnegative ¢ € C§°(Q x [0,0)) such that g—f =0 on 00 x (0,00) and if moreover
uPv? >0 a.e. on 0 x (0,00). (2.4)

Remark 2.2. (i) Observing that (2.1) in particular ensures that u3v? € LE (2% [0,00)), and that
hence (2.1) and (2.2) warrant that

P P
2 2

wEvIVu? = (uzv?) - (v2Vu2) € L}, (Q x [0, 00))

. q g
and stmilarly uPv2Voz € Llloc

(2.3) are indeed well-defined.
(ii) According to (2.1) and (2.2), for a.e. t > 0, uZ(-,)v3(-,t) € WH2(Q) so that ugv%(-,t)‘aﬂ €
L2(0Q) exists in the sense of traces, giving meaning to the positivity requirement in (2.4).

(2 x [0,00)), it follows that under the above requirements all integrals in

Apart from that, we will require the second problem (1.2) to be satisfied in the following rather natural
weak sense.

Definition 2.3. A pair (u,v) of functions

loc

v € L (0, 50); Wh(2))

loc

{ u € L}, (2 x [0,00)), (2.5)

will be named a global weak solution of (1.2) if

—/Ooo/chpt—/Qvoap(-,O):—/OOO/QVU-V@—/OOO/QMp—i—/OOO/pr (2.6)

for all p € C§° (2 x [0, 00)).

Following an approach already pursued in [23] in a considerably less involved related context, in order
to complete our solution concept we will complement the above two requirements by merely postulating
an upper bound for the mass functional fQ u in terms of fQ ug:

Definition 2.4. A couple of nonnegative measurable functions w and v defined on © x (0,00) will
be said to be a global generalized solution of (1.1)-(1.2) if (u,v) is a global weak solution of (1.2)
according to Definition 2.3, if there exist p € (0,1) and q¢ € (0,1) such that (u,v) is a global weak
(p, q)-supersolution of (1.1) in the sense of Definition 2.1, and if moreover

/Qu(-,t) §/Qu0 for a.e. t > 0. (2.7)

This is indeed consistent with the concept of classical solvability in the following sense.

Lemma 2.5. Let x > 0, and suppose that (u,v) € (C°(Q x [0,00)) N C%1(Q x (0,00)))? is such that
(u,v) is a global generalized solution of (1.1)-(1.2) in the sense of Definition 2.4. Then (u,v) satisfies
(1.1)-(1.2) classically in € x (0, 00).



Proof. By means of standard arguments relying on the assumed regularity properties of v, it can easily
be verified that v solves (1.2) classically. According to the maximum principle, v hence is strictly
positive in Q x [0, 00) and v9~! is uniformly bounded in every set 2 x [0,T) for T' € (0, 00). Positivity
of v ensures that by (2.4) u > 0 on a dense subset of 92 x (0, 00) which moreover is open in 92 x (0, o)
by continuity of u.

For arbitrary ¢ € C*°(Q) with ¥ > 0 and %’80 = 0, testing (2.3) by ¢(z,t) := (z)(1 — ét)Jr, €€
(0,1), which is permissible by Weierstrass’ theorem, and invoking Lebesgue’s dominated convergence
theorem and continuity of ¢ — [, uP(-,t)v9(-,t) at t = 0 in taking ¢ \, 0 we readily achieve

A&WhOM%ymwziLu&g¢ brdhﬁecwgﬂwgiqg%bgzo7

showing that u?(-,0)v4(-,0) > ubuvd throughout Q. Because of v(-,0) = vy > 0 and the monotonicity of
1

(-)» we obtain u(-,0) > ug in 2 and from continuity of u and (2.7) we can conclude that u(-,0) = ug

in €.

In the first two integrals on the right of (2.3) straightforward computations yield

401 — 401 — 4 1—
( - P)Uq|v B2 _ ( ( p) +8) o (pXJ; Q)upwvg‘z
PX+1 { WPVod[? — )X+2q W iUt Vot + (x —px +29) |V 2‘2}
px+1 4(px +1—q)?
4(1— p)  ((1=p)x+29)? } 9
+ 01|V 2.8
{ p ( +1—¢q) | | (28)
4 1— v a  (1— 20 o o|* 4(1—p)g—4q¢% — p(1 — p)2\2 p
_AxHt1-9)) po e (A=pX+2 a0 2" A0 = p)g— 4" —p(1 — p)*x Vb2,
q 2(px+1—-q) pq(px +1—q)
since
Al-p) ((A-p)x+29°> _ 4(1-plpx+1-q) — (1 —p)x+29)°p
P qlpx +1—1q) pa(px +1—14q)
4(1 = p)g — 4¢® — p(1 — p)%y?
pa(px +1—q)

In preparation of the following calculations we also note that for each positive function w € C?(2) and
any r > 0, we have the pointwise identities
T T r—2
w2V - (7w 2
2
r(r—2)

-2 r
= TwT_QIVwF + gwr_lAw = L]Vwiﬁ + gwr_lAw (2.9)
r

NI
Il

r - 2 r— r—
Vw) = w?2 (T(T4)w BN IVwl|* + ngQAw>

r
w2 Aw

and

4(r — 1)

Aw" =V - (rw"'Vw) = r(r — Dw" 2| Vw]? + rv"™ 1 Aw = Vw2 +ro"™ P Aw  (2.10)



The positivity requirement on w in (2.9) and (2.10) prompts us to perform the following calculations
only for test functions ¢ compactly supported in {u > 0} := {(x,t) € Q x [0,00) : u(z,t) > 0},
ensuring strict positivity of u and boundedness of uP~! on supp ¢.

Accordingly, for all nonnegative ¢ € C§°(Q x (0,00)) with supp ¢ C {u > 0} and 2 o ‘BQX(O 00)

(2.9) applied to u and p, an integration by parts in the integral in (2.3) containing V¢ yields

2 2
px/ /u2quu2 Vo = px/ /vq]Vu2| Y+ px/ / 303IVoE - VuZep
P
2pX/ /uzquuup_QpX/ / uiv? 2
o0
2PX/ /vqwuﬂwJr pX/ / L oby
—2)x 2px [ ou*
+p/ /vq]Vug\Qtp—i-pX/ /up_lquugo—pX/ / uqu£4p, (2.11)
q o Jo qa Jo Ja qa Jo Joa ov

whereas integrating by parts twice in the integral containing Ay in (2.3), by (2.10) applied to u,p and
v, q, respectively, leads to

pxy [~
1—— / /upqucp— 1—— / /quupgp—i— 1—— / /upA(vq)go
0 Q

+2 1—— / /2u2Vu2 2112Vv2
1—/ /2u2 1—/ /upvgam
oQ ov oQ ov

4(p—1)

:(pp px / /vq]Vu2| o+ —-" ( px / /up|Vv2] ©
17— / /vqup 1Augo+ 17— / /upvq LAy
+5( 1_i / / iVt . Vo

PX p Ous
1—-== 2 g 2.12
( q >/0 /89 s 8V vy ( )

for any such ¢, for we already know that % =0 on 99 x (0,00). If we combine (2.3) with (2.8), (2.11)
and (2.12), we obtain

/ /upvq tcp>{4<1_) 2px+4(p—1)<1 px) 2p = 2)x }/ /vq]Vuﬂz
p q p

Alpx +1— 4(qg—1)

px+ a9 | (q 1% }/ /up|w2|2

{
AP g 4px+8 8p><}/ [ utot
Ui

=0, by

w\»a

. u2sp

N

¥

N\‘d



1—— / /u”vq 1Avg0—q/ /upvqgo+q/ /up+1vq !

b
2

2px/ / quau (1_>/ / 2u§8u2
0 ov o0 ov

4
/ /{ pXx uP|Voz |2 —uw% Vus - Vo3 —i—pvquplAu—pXUp’UqlAU}SD
—|—q/ /upvq_l{Av—v—i-u}(p

—2/ /6m ”a“; (2.13)

for every p € C§°(Q2 x (0, 00)) satisfying ¢ > 0 throughout £ x (0, c0) and 22

supp ¢ C {u > 0}.
The observations that

‘8Q><(0 o) = =0 as well as

puP Lyl (Au —xV- (EVU)> = puP I Au — pxuP M1V - Vo + pyuPv? 2 |Vol? — pxuPo?tAv
v
4 4dpx
= puP~ LAy — Xubvivub - vod + up|Vv2\2—pxupvq LAw,
q q>

and that v solves (1.2), now turn (2.13) into

/ /up vqut<p>p/ /up Lyt Aufxv ( Vv <p p/ / uP~ lvq—gp (2.14)
onN

for all nonnegative ¢ € C5°(Q x (0,00)) with supp ¢ C {u > 0} and (97‘8Q><(0,oo) = 0.
Specializing this to nonnegative ¢ € C§°(2 x (0,00) N {u > 0}) by a Du Bois-Reymond lemma type
argument we conclude

up > Au— xV - <%Vv) in {u > 0}. (2.15)
Density of {u > 0} in © x (0, 00), obtained from the assumption that v > 0 a.e., and continuity show
that (2.15) actually holds on all of £ x (0, 00).
We pick tg > 0 and some nonnegative ) € C(Q) with 8U ‘89 = 0 such that suppy C {u(-,tg) >
0} :={x € Q: u(z,ty) > 0}. Then by continuity of u we can find some 7 > 0 such that suppvy C
Nte(to—r to+r) 1u(-, 1) > 0}. Applying (2.14) to functions of the form ¢(x,t) = ((t)Y(z), ¢ € CF°((to —
T,to + 7)) by once more invoking a Weierstrass type density argument and the Du Bois-Reymond
lemma, we see that

/Q W oty (- ) > / @ { A=V (Vo) | ()0 - [ %ﬂgu(,t)w

v

for every nonnegative 1 € C1(2) such that ad" a0 = 0, supp® C {u(:,tp) > 0} and for almost every
t € (to — 7,to + 7) — and due to continuity especially for ¢ = ty. In particular inserting v.(z) :=
(1 — Ldist (z,00))+ - 1 and Lebesgue’s theorem show that for every t > 0, ¢ € C*(Q), ¢ > 0 with

92,0 =0 and suppth N OQ C {u(-,t) > 0},
ou
Pl =g > 0. 2.16
/agu v 61/w - ( )

8



Since the integral only depends on @Z)‘BQ and not on the values of 1 inside €2, it can be seen that (2.16)
actually holds for any ¢ > 0 and any nonnegative 1 € C°(Q) such that supp N 9Q C {u(-,t) > 0}.
If %(xo,to) < 0 for some (z0,tp) € 0 x (0,00) with u(zg,tp) > 0, we pick 1 € C%(09Q) such that
P1(xo) > 0, Y1 > 0, and suppyy C {z € IN : %(w,to) < 0,u(x,tp) > 0} =: M. Moreover, we let
d := dist (supp ¢1,00 \ M) (or d = 1 if 92\ M = () and let 15 be the solution to —Awe = 0 in Q,
Py = —ulfp(-,tg)v*q(-,to)wl% on 0. Then, thanks to the choice of supp 1, 12 is nonnegative on
the boundary and hence by the maximum principle in €. Defining ¢3(z) := 2 (z)(1 — 2dist (z, M))+
we obtain a nonnegative continuous function on {2 whose support intersects the boundary only in
{z € 09 : u(z,t) > 0} and which hence is a permissible test function in (2.16). We conclude that
0< faQ up_lvq%%ﬁs = - faQ |%|2¢1 and hence in particular %(xo, to) =0, Whi{Ch is a contradiction.
We conclude that % >0 on 99 x (0,00) N{u > 0} and hence, by continuity of % and density of this
set that % >0 on 092 x (0,00).

Finally integrating (2.15) over © x (0,¢) and taking (2.7) into consideration, we see that

/QUOZ/QU('J)Z/Quo—i-/ot/QAu—x/Ot/QV-(:Vv):/guo—l—/ot/mgz

by Gauss’ theorem and g—z = 0, which firstly shows that % = 0 on 09 x (0,00) and secondly that
(2.15) actually is an equality. O

3 Global smooth solutions to approximate problems

Now in order to approximate solutions by means of a convenient regularization of (1.1)-(1.2), for
e € (0,1) we consider

Ugr = Au, — XV - ((H;‘i;s)verE), reQ t>0,

Vet = Ave — Ve + U, e, t>0, (3.1)
Gue — Jve — ), z €N, t>0,

ue(2,0) = up(z), wve(x,0) =vo(x), x €,

and then first obtain the following.

Lemma 3.1. For all e € (0,1), the problem (3.1) admits a global classical solution (u.,v.) € (C°(Q x
[0,00)) N C%H(Q x (0,00)))? for which u. >0 in Q x (0,00) and ve > 0 in Q x [0,00).

Proof. The local existence of a solution can be obtained in a standard manner (cf. [1, Lemma 3.1] for
a related general setting). Boundedness of the sensitivity term X(l-i-:iﬁg)vg’ due to a strict positivity
property of v. on Q x (0,T) — to be made more precise in Lemma 3.3 below — allows for an iterative
procedure converting boundedness information of [|[Vve(:,t)[|q(q) for some ¢ > 1 into bounds for
[ue(, )|l po(qy for p € (1, ﬁ) that in turn yield better estimates for Vv, through application of
semigroup estimates in the first and second equation, respectively. Finally, this serves to provide a
uniform bound on u. on € x (0,T), in light of the extensibility criterion [1, (3.3)] thus ensuring global
existence of the solution. Positivity of u. follows from a classical strong maximum principle. O

These approximate solutions clearly preserve mass:



Lemma 3.2. Let ¢ € (0,1). Then

/ ue(+,t) = / uo for all t > 0. (3.2)
Q Q

Proof. This directly results on integrating the first equation in (3.1). 0
Moreover, the assumed positivity of vy enables us to control v, from below at least locally in time:
Lemma 3.3. For each € € (0,1), we have

ve(x,t) > < ingf) vo(az)> et forallz € Q and t > 0.
T

Proof. As u. is nonnegative, this is a straightforward consequence of a comparison argument applied
to the second equation in (3.1). O

By means of well-known smoothing estimates of the heat semigroup, the mass conservation property
(3.2) readily implies some basic regularity features of the second component.

Lemma 3.4. Letr > 1 and s > 1 be such that r < # and s < % Then there exists C > 0 such
that for each € € (0,1),

/ U ) <C forallt>0 (3.3)
Q

and

/ Vo (-, )P <C  forallt>0. (3.4)
Q
Proof. The representation of v, as
¢
ve (-, 1) = ANy —|—/ =)A=y (., 5)ds
0

makes it possible to apply well-known estimates for the Neumann heat-semigroup (cf. [20, Lemma
1.3]), which provide positive constants c1, ¢, c3 and ¢4 such that

ds
L1(Q)

ug(-,s)’

t
o s )y < 1 0l gy + 2 / (14 (t— ) 5019
and

ds

t 1l _mne_ 1 —(t—s
10 Dlley < esllvollwe o) + s /0 (14 (1 —s) 727 507)e (7 )

ug(-,s)‘

for all ¢ > 0 and all € € (0,1), so that Lemma 3.2 and finiteness of [;*(1 + T_%(l_%))e*TdT and
1_n

fooo(l + 77272 (1_%))6_761’7' due to the conditions on r and s prove the lemma. 0
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4 A fundamental identity and first consequences thereof

Let us next formulate an identity which apparently reflects a fundamental structural propety of (1.1)-
(1.2), as already used in a slightly modified form and for more restricted choices of x in [21]. In Lemma
4.3 applied to ¢ = 1, this will serve as a source for some essential a priori estimates for (3.1), whereas
in Lemma 8.8 we will make use of the freedom to choose widely arbitrary test functions here in order
to verify (2.3) for the limit couple (u,v) to be constructed in Lemma 8.1.

Lemma 4.1. Let p € (0,1) and q € (0,1), and assume that T > 0 and that ¢ € C>®(Q x [0,T]) is
such that g—f =0 on 0 x (0,T). Then

/ / oy + / P(, TYod(, T)p(, T) — /Q Wil 0)
N2.2
1—p)q—4q2—p(&+§ij§z o B2
/ / _ IV P
0o Jo PQ(HEu +1—q)

o 1 p)x+2q 2
1+<€uE —a)

p q D
/ / AV R e EVat| o
Oq
— D p
/ / p)ee p]Xu§ vIVus - Vo

mm\»m

2(1+5u +1- q)
q(1+ 5u5)

PudA
A r ) oiae

—q/ /upvqgo—i—q/ / ub o1y for all e € (0,1). (4.1)
0

Proof. Using (3.1), we compute
/ g(upvq).@ — _p/ V(u”‘%%) . (Vu g, )
Ot ¢ Q c F c (14 ecu)v.  ©
—q/ﬂV(u’Qv?‘%) - Ve —q/ﬂugvgcp—l—q/gugﬂvg_lw
= =) [ @Vl

p—1

Uu _ _ _

P [ et (Ve Vg~ 2 [ a7 (Vue - Ve
Q —|—€U€ Q

P
u -2 2 -2 2
sy [ Ve (- o) [ TP

p
—1 U -1
—P/ng vdVue - Vo +PX/Q Tseugvg Ve - Vo

—q/ ulvI™ Vo, - Vi
Q

—QAUQU§¢+QAUQ+1U§_I¢
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4(1 — 2
=D [ gvadpy
p Q

P
4(1—p)></ ué 4ok
Vu2 - Voi)p — 8
q Ql+euav6( ue UE)SO

4 4 a 4(1 — 4
P te Vo2 |?p + 4l =q) / ul| Vo
q Jol+eue q 0

V4 P
—2/ uvIVuz - Vo
Q

p
pX U
€

—q/ ubvlp + q/ ul i1y for all ¢ > 0.
Q Q

Here a straightforward rearrangement in the first five integrands on the right along the lines of (2.8)

(4.2)

shows that
D
4(1 — P 4(1 — 2 q D a D g P q
MU?‘VU?F— ( p>x1jj€6 v2 (Vué - Voi) — 8uzvé (Vui - Vud)
q Ue
4 u? g 4(1 — a
Xl Dk
€
(1-p)x (1-p)x
4 PX ) ., Tew. T2¢ 2 a_ 2 ¢« ] oo T 24 T
= - +1—q) | WB|V2|* — ———uZvZVuZ - Vvi + - < vl|Vuz
q<1—|—8u€ elvee] Pt 1l-q " " oA\ B +1—¢ e[ Vue]
2.2
4(1 - p)g — 44> — pUTEN; p
(heve)” )| Vu2 2 in Q x (0, 00). (4.3)

_l’_
pe(Z +1—q)

Moreover, in two of the three summands in (4.2) which contain V¢ we once more integrate by parts

to see that

p
—2/ u§v§Vu§ -V + Px LV@? -V — / ulVol -V
Q q Jol+eue Q

P V4
= —Q/ugngug Vo
Q

2 p—1 p
X u q PXE Ue pX U
R 1 & v T v e B T IAVA TR v/ —/qu
S T Ja U eu)2 e YT o T eu oY

q Jol-+eu

—i—p/ ul~ IV, - V(p—i—/ugng(p
Q Q
D
vIVuz - Vo

= —2/u5
Q
£+

[MS]

p
Y24 Ug ’UquO

D
2px uZ PR 2xe TE P
—= [ ——vIVui -Vo+ —=— [ ———=vIVu2 -Vp — =
e VUe ¥ q Q(1+6u6>28 € ¥ q Jol+eu ©

q Jol+cu.
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P
2

o
+2/u§ngu5 -ch—l—/ugng«p
Q Q

_ 2[(1 —pleue —plx 2 . /
= /Q 0+ eu)? uZviVug - Vo + .

pPX .
- P A T
( q(1 + eu.) i in (0,7)

thanks to the assumption that g—f =0 on 092 x (0,7). Combining this with (4.2) and (4.3) establishes
(4.1). O

An elementary but crucial observation now identifies a condition on the relationship between the
exponents p and g which ensure positivity of the coefficient appearing in the first summand on the
right-hand side in (4.1).

Lemma 4.2. Given x >0 and p € (0,1) such that p < %, let g4+ (p) € (0,1) and g—(p) € (0,q+(p)) be
defined by
_1-p

¢ (p) = —5— - (1 + V1 —pxz)- (4.4)

Then for any choice of q € (q—(p), q+(p)) and all € € (0,1),

2 (1-p)*x?
Ml_mq_gl_pw@32>4G—pM—4f—pU—pV%
pa(ee +1-4) - pa(px +1—q)

>0 inQx(0,00). (4.5)

Proof. We use that 1+ eu. > 1 to firstly obtain
2.2

1 . .
PUZPIX 5 41— pyg— 4 —p(1—p°  in Q2 x (0,00).

41 — p)q — 4¢> —
(I=p)a—4¢" = 57 2

Since here our hypothesis ¢ € (¢—(p), ¢+(p)) guarantees that

41-p)g =4 —p(1—p)* = —4- (= a:()) - (1= a-(0)) >0,

we may once again estimate 1 + cu. > 1 to infer that indeed both inequalities in (4.5) hold. O

As a consequence, for p and ¢ as in Lemma 4.2 we can readily derive the following from Lemma 4.1
when combined with the pointwise lower estimate for v, in Lemma 3.3.

Lemma 4.3. Let p € (0,1) be such that p < é, and let g € (q—(p),q+(p)) with q+(p) taken from

(4.4). Then for each T > 0 there exists C(p,q,T) > 0 fulfilling

T P
/l/ﬂN@FSCmmﬂ (4.6)
0 Ja
and
T D
| [ wep < coan (4.7)
0 JQ
as well as
T (d-p)x 2
4 px 2o % Trewe 124 4o %
z 11— 2V — : 2vu2| < C(p,q,T 4.8
/0 /Q(](l-l-EUg Q> Ug Vg 2(1f§u6+1_Q)v6 Ue | = (pq ) ( )



and -
/ /u€“v§1 < C(p,q,T) (4.9)
0 Q
for alle € (0,1).
Proof. According to Lemma 4.2, our assumption ¢ € (¢—(p), q+(p)) ensures that with some ¢; > 0 we
have e

(1
A(1 —p)g — 4¢* — P72y N

pe(; +1-49) -
for all € € (0,1), whence applying Lemma 4.1 to ¢ = 1 shows that

T V4
cl/ /vg|Vu§|2
]_ —
/ /Qq <1 + EUe Q>
+q/ /u§+lv§_1
0o Jo

T
< / ul (-, TYi(-,T) — / ubvd + q/ / ubvd for all € € (0,1). (4.10)
Q Q 0o Jo

Now by the Holder inequality,

p g Y1-p
/uf’;vgg{/ug} {/vslp} for all t > 0,
Q Q Q

14+ +/1—py? n
q <q+(p)_ Ve

l—-p 1—p 2 n—2

so that since

we may combine (3.2) with Lemma 3.4 to find ¢3 > 0 fulfilling
/ ulvd < c3 forallt >0
Q
whenever € € (0,1). The estimates in (4.6), (4.8) and (4.9) therefore result from (4.10), whereupon

(4.7) is a consequence of (4.6) and the fact that Lemma 3.3 along with (1.7) says that given 7' > 0 we
can find ¢y > 0 such that

ve(x,t) > co forallz € Q,¢t e (0,T) and € € (0,1).
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5 A further consequence: A bound for u. in L" for some r > 1

Now in view of the desired integrability feature in (1.4), a crucial step in our analysis will consist in
deriving a spatio-temporal equi-integrability property of u.. This will result from bounds therefor in
some reflexive L" spaces, to be obtained by an interpolation between (4.9) and (3.3). The following
statement identifies the minimal possible choice of an integrability exponent arising in the course of
this argument (cf. (5.6) below), and will thereby form the core of our requirement (1.8) on x.

Lemma 5.1. Let x > 0, and for p € (0,min{1, é}) let q+(p) be as in (4.4). Then

1 if x <1,
1 B .
inf S QU S if x € (1,2), (5.1)
PG(O,I), p<% p X2 .
1+ 4 > 2.
a€(q- (p),q+(>1<o)) + G if x >
Proof. By an evident monotonicity property,
1-— 1—
it L9 gy lme®
pe(0,1), p<>%2 p p€e(0,1), p<X% P

q€(q—(p),q+(p))

B L LR VI-p)
pe(0,1), p<X% b
14+p—(1—p)/1—px2
- inf tr=(1-p) ) iy (5.2)
pe(0,1), p<X% 2p

. 14+p—(1-p)/1-px2 ,
for any y > 0. Since (1—p)+/1 — px? < 1—p and thus +p=( 52 PX" > 1 for all p € (0, min{1, é}),

and since on the other hand for y <1 we have

(1 /T — py2
I(X)Sliminf1+p (1—p) PX =1

p/1 2p

9

this firstly implies that I(x) = 1 for any such y.
In the case x > 1, having in mind the substitution £ = /1 — px? in (5.2), we note that

L+ 5 - (- 55) ¢
p(é.) = X 2,1;252 X
1 2
=y lie -9y
2
= s {Serreh cen,
satisfies
/ X2 1
p(&) = —m + B} for all £ € (0,1),



so that p/ attains a zero at £ = y — 1 € (0,1) if and only if x € (1,2), while p’ < 0 throughout (0,1

if x > 2. Therefore, infecg 1) p(§) = p(x — 1) = x if x € (1,2), whereas infeg(g 1) p(§) = lime 1 p(§) =
2

1+ %- if x > 2. In conjunction with (5.2), these observations verify (5.1). O

Now under the assumptions on y from Theorem 1.1, the announced interpolation argument indeed
bears fruit of the desired flavour.

Lemma 5.2. Suppose that x > 0 is such that (1.8) holds. Then there exists r > 1 such that for any
T > 0 one can find C(T) > 0 with the property that

/T/ u, < C(T) for all e € (0,1). (5.3)
0 Q

Proof. As a consequence of Lemma 5.1, our assumption on y warrants that we can pick p € (0, min{1, é})

and ¢ € (g—(p), ¢+(p)) such that
1—g¢q n

P n—2

(5.4)

Indeed, if n = 2 this is obvious, while if n > 4 this is immediate from (5.1), because then due to the
fact that ™5 < 2, the hypothesis (1.8) in particular requires that x < 2, so that in both cases x <1

and x > 1, (5.1) shows that the assumption x < —"5 implies that

n
n—2

. 1—gq
inf _—
p€(0,1), p<X% p
q€(g—(p),a+(p))

= max{1, x} <

If n = 3, in the case y < 2 we similarly obtain that

1—gq

:max{l,x}<2<3:L

inf ,
L p n—2

pe(ovl)v p< 7
q€(q—(p),q+(p))

whereas when y > 2 we use our restriction Y < v/8 to infer from (5.1) that

1— 2
inf ST X 3
pe(0,1), p<X% p 4

q€(q—(p),q+(p))

and that thus (5.4) can be achieved also in this case.

Henceforth keeping p and ¢ fixed such that (5.4) holds, e.g. by means of a continuity argument we can
pick r > 1 sufficiently close to 1 such that still p+1 —r > 0 and

1—
(-ar _ n_
p+l—r n-2

(5.5)

Then using Young’s inequality, for 7' > 0 we can estimate

T T % (A-g)r
/ / ug / / <U€+1Ug_1) P Ve pF+1
0 Q 0 Q
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(1—g)r
/ /upﬂvq 1y / / pti-r for all € € (0,1), (5.6)

so that (5.3) results on using (4.9) and applying (3.3) together with (5.5). O

6 A weighted L? bound for V.

In order to complement (4.7) by an analogous L? estimate for Vv, merely involving v. but not u. as
a weight function, independently from the above we apply a standard testing technique to the second
equation in (3.1) with the following outcome.

Lemma 6.1. For all g € (0,1) and any T > 0 one can find C(T') > 0 such that

T g9
/ / Vo2 |? < O(T) for all e € (0,1). (6.1)
0 Q

Proof. Thanks to the positivity of v., we may use v371 as a test function in the second equation in

(3.1) to see that
1d . _
s [t = o [urrwel - [ [
Q Q Q Q

> (1- q)/ 0172 Ve |* — / v for all ¢ > 0, (6.2)
Q Q

[

|
<

Sy
I

where according to Lemma 3.4 and the fact that ¢ <1 < 25, we can find ¢; > 0 such that

/vg§c1 for all t > 0.
Q

On integration, we thus obtain from (6.2) that

1_ T
q / /|V02\2 = (1—q)/0 /Qvg_Q|Vve|2
T
1/@mn+/§/@
q.Jo 0 Q

Cfl—i-Tcl
q

IN

IN

for all € € (0,1). O

7 Time regularity

As a final preparation for our limit procedure, we establish some regularity features of the time deriva-
tives in (3.1), beginning with a conveniently transformed version of the first solution component.
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Lemma 7.1. Assume (1.8), and let p € (0,1) be such that p < é Then for all T > 0 there exists
C(T') > 0 such that

[ et

Proof. We fix ¢ € C§°(€2) such that [[¢[[j1.00() < 1 and use (3.1) and Young's inequality as well as
the trivial estimate u: + 1 > 1 to see that

dt < C(T or all e € (0,1). 7.1
iy #ECD) 0.1) (7.)

e | |p(2—p) et 2 P p2o
’/Qatmeﬂ) zp‘ _’ . /Q(ua—i—l) V2 2/0(1154—1) V. - Vi

p—2
2

—4
_p(2—p)x/ ue(ue +1)7 . px/ ue(ue + 1)
T Jo Qreuge VTS L O e

9 _ _ _
P01 Pl 2 [ e )0
4 Q 2 Ja
5 _ Vo L Vo
(PP 4p)x/(u€+1)”22\w5|-’ ”‘#’X/(uaﬂ)‘é' vl

Q Ve 2 Ja

2_
22D [ et 1219+ 2 2w+ 22
4 Q 4 /o

2 — 2 — Vo |?
+p( p)x/(u€+1)p2,v%,2+p( pX [ | v;l
8 QO 8 o Uz

Vo, - V)

IN

IN

_|_

\V4 2
bX (uE—i-l)p—l-pX/ | U;’ for all t > 0 and ¢ € (0, 1).
4 Q 4 o U

Since Lemma 3.3 provides ¢; > 0 such that v. > ¢; in  x (0,7") and hence

|Voe|?
o V2

_2 1
(1) < 9¢ 3 / Vo3 (L0 forallte (0,7) and e € (0,1),
Q
and since
/(ug(-,t)+1)p§/u0+\(2] for all ¢ > 0 and € € (0,1)
Q Q

by (3.2), we thus infer that there exists ¢ > 0 such that for all € € (0, 1),

H&g(us(-,t)-i-l)g iy sup | ‘/Q({“)t<u6(-7t)+1>g¢‘

PYeCF (2
H"/f’”wl,w(g)gl

P 1
CQ-{/ yvu§(-,t)|2+/ \va”(-,t)\Q—irl} for all ¢ € (0,T).
Q Q

IN

Thanks to the outcomes of Lemma 4.3 and Lemma 6.1, an integration over ¢ € (0,7") therefore yields
(7.1). O

As for the second component, we can directly address the quantity wve;.
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Lemma 7.2. Let x > 0. Then there exists C > 0 such that whenever € € (0,1),
Hvet('vt)||(w(}»°°(g))*dt <C  forallt>D0. (7.2)

Proof. We again fix ¢ € C§°(Q) fulfilling ||9)|yy1.00() < 1, and using (3.1) we find that

‘/sttw - ‘/Qws-w/gvgw/ﬂugw

/|va|—i-/v€+/u6 for all ¢ > 0 and € € (0,1).
Q Q Q

IN

Therefore,

H'U&-t('?t)”(wl,oo(ﬂ))* < sup {/ |Ve (-, 7)| +/ ve(+, ) —i—/ ug(-,r)} for all ¢ > 0 and € € (0,1),
0 >0 Q Q Q

so that (7.2) results from Lemma 3.4 and (3.2). O

8 Construction of limit functions. Proof of Theorem 1.1

Collecting the above estimates, by means of a straightforward extraction procedure we can pass to the

limit € N\, 0 in the following sense.

Lemma 8.1. Suppose that (1.8) holds, and let p € (0,1) and g € (0,1) be such that p < % and
q € (q—(p),q+(p)). Then there exist (¢;)jen C (0,1) and functions u and v defined on € x (0,00) such
that €; ;0 as j — oo, that u > 0 and v > 0 a.e. in  x (0,00), and that

Ue — U in L} (Q % [0,00)) and a.e. in  x (0,00), (8.1)
Vul — Vi in L2 (Q % [0, 00)), (8.2)
Ve =V in L} (Q % [0,00)) and a.e. in  x (0,00), (8.3)
Vove = Vo in Li,.(Q x [0,00)) and (8.4)
Vol — Vol in L2 (Q x [0,00)) (8.5)
as € =¢; \(0, and
/ u(-,t) = / uo for a.e. t > 0. (8.6)
Q Q

Proof. We fix p € (0,1) such that p < é and combine Lemma 4.3 with (3.2) and Lemma 7.1 to see
that

[MIS]

((uE +1) )ae( is bounded in L2,.([0, 00); WH2(Q))

)

and that

[N4S)

(&t(ug +1) )se(o is bounded in L}, ([0, c0); (WOIOO(Q))*)

)
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Apart from that, Lemma 3.4 and Lemma 7.2 show that there exists » > 1 such that
(ve)eeo,1) is bounded in Lj,.([0,00); W""(R2))
and
(vVet)ee(0,1y  is bounded in L*((0, 00); (WOIOO(Q))*)

Therefore, by means of two applications of an Aubin-Lions lemma [16, Cor. 8.4] we can find (¢;);en C
P —
(0,1) such that £; \, 0 as j — oo, that u2 — u? in L2 (Qx[0,00)) and a.e. in Qx (0, 00) as e = gj (0,

loc
and that (8.2), (8.3) and (8.4) hold with some nonnegative functions u and v defined on £ x (0, c0).
Since thus also u. — u a.e. in Q x (0,00) as € = €; \, 0, making use of the equi-integrability property
implied by Lemma 5.2 we may invoke the Vitali convergence theorem to infer that in fact also (8.1)
holds, whereupon (8.6) becomes a consequence of (3.2). The additional convergence statement in (8.5)

finally results from Lemma 6.1 and (8.3) in a straightforward manner. O

Our next aim is to make sure that the functions v and v we have just constructed form a generalized
solution of (1.1)-(1.2). We begin with the second equation.

Lemma 8.2. If (1.8) holds, then the pair (u,v) obtained in Lemma 8.1 is a global weak solution of
(1.2) in the sense of Definition 2.3.

Proof. From (8.1), (8.3) and (8.4) we immediately see that the regularity properties in (2.5) hold, and
that moreover for arbitrary ¢ € C§°(Q x [0,00)), in the identity

_/ /Ua%—/vo@(',o):—/ /VUE-VQO—/ /U&:‘P"’/ /U5907
0 Q Q 0 Q 0 Q 0 Q

valid for all € € (0,1) due to (3.1), we may let € = €; \, 0 in each integral separately to readily verify
(2.6). O

Another important part of Definition 2.4 are positivity requirements, which will be established in
Lemma 8.6. The following technical lemmas prepare the main argument therein, where we will derive
a differential inequality for fQ Inu., and where further exploting the latter will in particular require
some e-independent lower bound for this functional at some suitable initial value, despite the fact that
(1.7) does not guarantee finiteness of fQ Inug. An appropriate replacement, to be provided by Lemma
8.5, is entailed by the comparison-type Lemma 8.3 in combination with a differential inequality, the
derivation of which rests on Lemma 8.4.

Lemma 8.3. Let a > 0, b > 0 and T > 0, and let y: (0,T) — R be a continuously differentiable
function satisfying

y(t) < —ay?(t)+b  forallt € (0,T) at which y(t) > 0.

Then
y(t) < \/E coth(Vabt)  for allt € (0,T).
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Proof. Let n > 0. Then M,, := {t € (0,T):y(t) > \/g—i-n} (is either empty or) can be written as union
of its connected components, i.e. M, = (J,cy I with disjoint open intervals Ij. If we consider any
nonempty Iy with inf I, # 0, by continuity y(inf Iy) = \/g—i-n and hence ¢/ (inf I}.) < —2vabn—an? < 0,
contradicting the definition of inf I}, as infimum of a set where y > \/g + 1. Hence there is t,, € [0,T)

such that y < \/g +nin (t,,T) and that y > \/g + 1 in (0,¢,) so that b — ay? is negative in (0,t,)
and for ¢y € (0,t,) and t € (to,t,) we find that

t / Lot
Y (s) 1 Ve g 1 { \/E \/E }
t—tg < ds = e dr= th (4/=y(t)) — arcoth (/~y(to)) b,
0= /to b ay(s) s @ sz T 2z — arco ( by( )) arco ( by( 0))

leading to
Vab(t — to) + arcoth (\/gy(to)) < arcoth (\/zy(t))

and hence to

y(t) < \/Ecoth <\/%(t — o) + arcoth (\/gy(to))> < \/Ecoth (x/%(t - t0)>.

Using that ¢t € (0,¢) and n > 0 were arbitrary, we conclude that y(¢) < max { \/gcoth(\/%t), \/g} =
\/gcoth(\/@t). O

The following statement essentially goes back to an observation made in [18].

Lemma 8.4. Letn > 0. Then there exists C > 0 such that every positive function o € C*(Q) fulfilling
{2 € Qi o) > 8} >

for some § > 0 satisfies

2 2
\Vgg[ ZC-{/lné} or /ln6<0.
Q ¢ Q ¢ Q ¥

Proof. This directly follows from the inequality provided by [18, Lemma 4.3] upon squaring. A re-
quirement on convexity of the domain, as additionally made there in order to allow for an application
of the Poincaré inequality from [10, Cor 9.1.4] in the proof, can actually be removed by replacing the
latter with Lemma 9.1. U

We can now pass to our derivation of lower bounds for fQ Inu, in the following form.

Lemma 8.5. There exists T > 0 such that for every t € (0,T),

inf 1 -, t) > —o0.
ot [ > -
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Proof. We let Mc(t) := sup,ejoq [[us(+; T)|| 1o (g for t € (0,00) and € € (0,1), and pick p > n. From
known LP-L? estimates for the Neumann heat semigroup [20, Lemma 1.3 iii) and ii)| we obtain ¢; > 0
and co > 0 such that

IN

t
c1 [[vollypree () + 02/0 (1+ (= 5)72)e™ ) ue| o () ds
< ez (14 M(t)) for all t € (0, 00),

Vv (D)l oo @)

where c¢3 = max {01 [vollw.ee (), €2 fo (1 + T_%)G_TdT}. Invoking further semigroup estimates (in the
form of [20, Lemma 1.3 iv)]) we find ¢4 > 0 such that

n

t _1_n u
oDl ey < gy +x6s | (1 (= 5)7475) :

ve(+, 8)(1 + eug(-, s))

ds
Lr(Q)

Ve (-, 8)

C. 1 p—1 t _1l_n
XCL a1 4 M(8)) - ol g (M ()5 /0(1+T 5 )dr

< Juoll oo (@) + g

1 p=1
forallt € (0,00) and all e € (0, 1), because H 1;@55?::) ’ @) < Hue(-yt)HLp(Q) < H’U,()Hzl(ﬂ) Hue(.,t)HLgo(Q)

for all t € (0,00), so that in conclusion we can find ¢5 > 0 fulfilling

Me(t) < |luoll poo () + €5 (t + t%_%)et(l + Mg(t))(ME(t))pT for all t € (0, 00),

and hence by the fact that for all a,b € [0,00), v € (0,1)
sup{z € [0,00); x < a+bx"} < 1# + b
-

we can achieve that

1 _n p
M.(t) < plluoll gy + (c5<t+t2 51l (1 +Ma<t>>>

If we let T, := sup {t € (0,00) : Me(t) < plluoll oo + 1}, then certainly

1 "
> min{1,2 (CS 26(2 + p ol o) T) } -y

In conclusion, this means that for all € € (0, 1),
[ue (s Ol oo ) < Plluollpooiey +1 =M and  [[Voe(,8)|lyrooiq) < ca(l+ M) forall t € (0,T).

In particular with ¢ := ﬁ Jo uo and 1 == 517 [, uo we have [{uc(-,t) > 6} > n for every t € (0,T)
and each € € (0,1), because

/QUO _ /Q“("t) _ /{u?("t) n /{uu("t) < M{u(-,t) > 0} + [0 = M[{u(-,t) > 6} + ;/Quo

',t)25} (')t)<6}
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and therefore

:WLAngwwz&L

From Lemma 8.4 we hence obtain c¢g > 0 such that

c;if(/glnus(é,t» :‘/Qwﬂﬂ -I-sus)u:( Dot L uelht) - Vel )

L[ [Vue( )P [Vee(, )
— 2Jo u2(hi) 2 o V(1)
2 (22T 2
<-% / In 0 + X 3L+ M)*
2\ Ja uc(t) 2(inf vg)?
for every ¢t € (0,7 at which [, In - t) > (0. Lemma 8.3 hence proves the claim. O

This enables us to verify the posmVlty requirements from Definition 2.4 without any assumptions on
the initial data beyond (1.7).

Lemma 8.6. The functions u, v obtained in Lemma 8.1 satisfy v > 0, u > 0 a.e. in Q x (0,00) and
uPv? >0 a.e. on I x (0,00).

Proof. According to Lemma 3.3 and (8.3), essinf,ecqv(x,t) > infvge™ for any ¢ > 0, and (8.2) and
(8.5) together with (8.1) or (8.3), respectively, show that u and v can be evaluated on 99 x (0, 00) in
the sense of traces. For the proof of the remaining positivity properties u > 0 a.e. in © x (0,00) and
u >0 a.e. on 9N x (0,00), we intend to prove

Inu € Lf,.((0,00); W2(2)), (8.7)

which entails Inu € L2 (€2 x (0,00)) and, due to the embedding W12(Q) — L?*(99), also Inu €
L2 (09 x (0,00)), proving positivity of u a.e. in the respective sets. By Lemmata 3.3 and 3.2,

d |Vue|? 1 |Vve|?
A e =2 [ o | =— : / Vo, — 2/ :
dt [ /Q e = X /Q nvs] /Q u? X Q UV (1 + Eue)vuE Ve X o U2

U
+ %19 - —
Q 1)5
2 2
PRV T T
2 f’l)() Q

for any ¢t > 0. Now picking 7 > 0, according to Lemma 8.5 we can find 79 € (0,7) and ¢; > 0 such that
inf Inug(-,70) > —o0. (8.8)

e€(0,1) Jo

For any fixed T' > 7 we then obtain

. 2
/lnuE , //|Vlnu5]2 /lnuE( T0)+X2/1HM+X2|Q’T+_X€T/UO (8.9)
a ve(+,70) inf v Q
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for t € (7,T), where according to (8.8) and by Lemma 3.3 and (3.3) the right-hand side is bounded
independently of e. We invoke the Poincaré inequality to find ¢1 > 0 such that [[¢fly12q) <

(Ve 2 + lellpiq)) for all ¢ € Wh2(Q), and since the elementary estimate |Ins| < 2s —Ins

valid for all s > 0, Lemma 3.2 and (8.9) provide ¢z > 0 such that [, |Inuc(-,t)| < ¢ for all t € (7,T),
we conclude that for every 7 > 0 and T > 7 there exists ¢z > 0 such that for all € € (0,1) we have

I vt 2y 1.2 (@) < €35
which by a weak compactness argument immediately results in (8.7). U
In order to demonstrate that (u,v) satisfies (2.3), we prepare the following.

Lemma 8.7. Let (¢)-c(0,1) C C°([0,00)) N L>((0,00)) be such that

sup ||oe || oo ((0,00)) < 0 (8.10)
e€(0,1)
and that there exists ¢ € C°([0,00)) such that
¢ = ¢ in L ([0,00)) ase\,0. (8.11)

Then given x > 0 such that (1.8) holds and taking u,v and (&;)jen C (0,1) from Lemma 8.1, for all
p € (0, min{1, %}), any q € (¢—(p),q+(p)) and each T > 0 we have

q P
b= (u)v2 Vu2 — ¢(u)w2Vuz in L2(Qx (0,T)) ase= g5 \ 0. (8.12)
Proof. Let T'> 0. Then since from (8.10) we know that there exists ¢; > 0 such that
|pe(s)] < 1 for all s > 0 and € € (0,1) (8.13)

and hence

q P2 T P 9
de(ug)vZVuz| < cl/ / vI|VuZ| for all € € (0,1),
0o Ja

T
|
g p
writing we := ¢ (us)vd VuZ, e € (0,1), we infer from (4.6) that (we).c(g,1) is bounded in L?(Q2 % (0,T"))
and hence relatively compact therein with respect to the weak topology. According to a standard
argument, in order to verify (8.12) it is thus sufficient to make sure that whenever (g, )ren is a
subsequence of (g;);jen with the property that

w, = w in L2(Q x (0,T)) ase=¢j 0 (8.14)

with some w € L2(€2 x (0,T)), we have w = ¢(u)v2Vu? a.c. in Q x (0,7). To achieve this, we note

q
that due to ¢ < 1 and (8.3), v2 — v% in L2(Q x (0,T)). By (8.13) and the pointwise convergence
asserted in (8.1) together with Lebesgue’s dominated convergence theorem, we therefore even have

9
de(us)v2 — P(u)v? in L2(Q x (0,T)). Furthermore taking into account (8.2), we see that

a_p
be(ue)v2VuZ — ¢(u)v2Vus in L'(Q x (0,7)),
which ensures w = ¢(u)v2Vu? a.e. in Q x (0,7). O

We can now make sure that indeed the obtained pair (u,v) has all the properties required in Definition
2.1.
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Lemma 8.8. Suppose that (1.8) holds, and let p € (0,1) and q € (0,1) be such that p < xi

2
q € (¢—(p),q+(p)). Then the functions w and v constructed in Lemma 8.1 form a global weak (p,q)-
supersolution of (1.1) in the framework of Definition 2.1.

and

Proof. Writing

(1-p)x
¢£1) (S) - 14es + 2(]
VES +al-g)
and
2 DX
o) (s) := JiVives +1—g¢ (8.15)
as well as
(1-p)2x2
43 (s) i A(1=p)g —4¢* — pfese
‘ pa(i75 +1-9q)
and
¢£4)(S) — 2[(1 — p)€8 _p]X

q(1+es)?

for e € (0,1) and s > 0, we first observe that g[)gk) is well-defined for k € {1,2,3,4} with

6D Ly o = (1-p)x+2q
) Vpax —q(1—q)
¢E:2) — Cg = 2 pX+1_qv
V4
4(1 = p)g — 4¢* — p(1 — p)*x?
(3) 5 g := and
% ’ \/ plpax — q(1 — q)]
2
o0 = oq = X (8.16)

q

in Li® ([0,00)) as € \( 0. Using these auxiliary functions, given 7" > 0 we now invoke Lemma 4.3 to
fix ¢5 > 0 and ¢g > 0 such that

g p p g
oW (ue)v2 Vuz — ¢ (ue)u2 Vo2 | < e (8.17)

T
/0 [)uﬁ“v?l < cg (8.18)
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for all € € (0,1).

Next, since evidently (¢>§ )ee(0,1)s (qﬁg )56(0 1) and ((ﬁ6 )ee(0,1) are bounded in L>°((0,0c)), three ap-
plications of Lemma 8.7 on the ba51s of (8. 16) show that

oM (ug)vs Vug — cv2Vut in L?(Q x (0,7T)) (8.19)
and
(3) i £ q D . 9
o (ug)vé Vug — czv2Vu2 in L°(Q x (0,7)) (8.20)
as well as
S (us)vE Vu — c2Vui in L?(Q x (0,7T)) (8.21)

as € = g \, 0. We moreover observe that (8.1) implies that ¢y > ¢§2) (ug) — c2 ae. in Q x (0,7) as

€ =¢; (0, so that since
T 2 2 T 2
/ / p§c§/ /uszcé’T/uo for all e € (0,1)
0o Jo 0o Jo Q
p
by (3.2), the Vitali convergence theorem ensures that qﬁg) (ue)uZ — cou? in L2(Qx(0,T)) ase = g; N0

q
due to the fact that ]% > 2. Since Vo2 — Vo? in L2(Q x (0,T)) as e = €j ¢ 0 according to Lemma
8.1, we thus infer that

p
)(us)ug

¢ (ug)ugngE% — cuiVul in L1(Q x (0,7))

P q
e (ue)us Vg )og(o,1) is relatively compact with respect
17), together with (8.19) the latter guarantees that in
fact
(2) g 4 JN——} . 2

o (ug)u2 Vo — cou2Voz in L*(2 x (0,7) (8.22)
as € = €5 \( 0. Along with e.g. (8.20), this particularly asserts the regularity requirements in (2.2),
whereas those in (2.1) result from (8.18) and the fact that by Young’s inequality, (3.2) and Lemma 3.4

there exists ¢y > 0 such that

1 T T
pgp+q S/ /ua+/ /2}5§07 forallaE(O,l)
0o Ja 0o Jo

and hence, as € = ¢; \, 0,

ubvd — uPv? in L'(Q x (0,7)) (8.23)
thanks to Lemma 8.1 and again the Vitali convergence theorem, because p + ¢ < p + ¢+(p) < 1.

Positivity properties of u, v and uPv?, and the validity of (2.6) are ensured by Lemma 8.6 and Lemma
8.2, respectively.

Now for the verification of (2.3) we let 0 < ¢ € C§°(Q x [0,00)) be such that g—f =0 on 99 x (0,00)
and fix T > 0 such that ¢ =0 in Q x (7', 00). Then an application of Lemma 4.1 shows that

/ /up+1vq 1

a4 a p p
LAY Joz Vug — ¢ (ue)ud Vo




- [ fran [
T
_ | oW 50IVuE - Vo ___Px Pyt
/qug (ue)ug viVu2 - Vo /0 /Q(l q(1+€u€)>u€v€Agp

T
+q/ / uPolp for all € € (0,1), (8.24)
0 Q

where again employing (8.23) we see that

T T
—/ /u’e’vggot — —/ /upvqgot (8.25)
0o Jo 0o Ja

T T
q/o [)ué’v?g@—)q/o /Qupvqcp (8.26)
/ / 1+5u )>u§nggo—> 1— = / /upqutp (8.27)
€

as € = g \y 0, the derivation of the latter additionally relylng on an application of the dominated

and

as well as

b g
convergence theorem. Since (8.23) together with Lemma 8.1 clearly warrants that u2v? — usv? in
L?(2 x (0,T)) and hence

T
—/ /¢£4)(ua)u§ngu§ Vo = / / Eg 5% <¢£4)(UE)U§VU§> -V
0 Q
.
= —C4/ /uquVUg VSD
0 Q

as e = ¢; \(0, in view of Fatou’s lemma and a standard argument based on lower semicontinuity of the
norm in L?(2 x (0,T)) with respect to weak convergence it follows from (8.24), (8.20), (8.19), (8.22)

and (8.25)-(8.27) that
2 T q p p q 2 T 1 1
cp+/ / ‘01U§Vu§ —couzVuz (p—i—q/ /up+ v
0 Q 0 Q

T q p
//’C3U2Vu2
0o Ja
T
= [ [aeeten = [ abitet0)
0 JQ Q

T
—64/ /uquVug -V — 1 - == / /upqucp
0 Q
T
+q/ /upvqgo,
0 Q

which is equivalent to (2.3) and thus completes the proof.

P

. (cwgVu?) -V

M\Q

27



Our main result thereby becomes evident.

PROOF of Theorem 1.1. We only need to combine Lemma 8.2 with Lemma 8.8. ]

9 Appendix: A Poincaré inequality in non-convex domains

Our proof of Lemma 8.5 relies on Lemma 8.4, which in its original formulation in [18, Lemma 4.2]
requires convexity of the domain due to the version of Poincaré’s inequality ([10, Corollary 9.1.4]) used.
In this appendix we state this Poincaré inequality without any such convexity condition, and since we
could not find any reference to this in the literature, we briefly outline an argument. Here and in the
following, by ux we denote the average ﬁ [x u(z)dz for v € L*(2) and any measurable set X C Q
with positive measure.

Lemma 9.1. Let Q C R™ be a bounded with smooth boundary, and let § > 0 and p € [1,00). Then
there exists C' = C(Q, 8, p) with the property that for all u € W1P(€),

(f !u—ugwpf <c@in ([ |Durp)’1'

holds for any measurable set B C Q with |B| = 4.
A derivation of this can be based on the following.

Lemma 9.2. Let Q C R" be a bounded domain with smooth boundary, and let § > 0. Then there exists
C > 0 such that for every measurable set B C Q with |B| = 6, and for each u € WH1(Q)) we have

(9.1)

for almost every x € Q).

Proof. We follow the proof of |7, Theorem 10|, where (9.1) is shown for B = ), and indicate necessary
changes. With By being a certain ball in €2, defined as in the proof of [7, Theorem 10], in [7, (14)] it
is shown that there is ¢; > 0 such that for every u € W11(Q) and almost every z € (2 the estimate

) gy < 1 [ T

—d 9.2
R e ‘ ©-2)

holds, whose proof relies on a Poincaré inequality on balls that takes into account the dependence of
the constant on the radius and on the existence of a chain of balls connecting By with = that allows for
certain estimates independently of z (cf. [7, p. 119]). Whereas the first summand in the right-hand
side of

u(z) = up| < |u(w) — usy| + lus, — us] (9.3)

is immediately covered by (9.2), as to the second we observe that, again by (9.2),
1
‘uBo - UB| S o |UBO - U(y)‘dy
1Bl /5
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// |Vu(z)|
= 3] Q\y—ZI’“

‘B’/|Vu |/ = ’n T dydz. (9.4)

In estimating [5 Wdy we employ the fact that with some c3 = ¢(n), for all z € R™ and any
measurable E C R", [, w_il% < CQ‘E‘% ([7, (13)]), because if E is a ball centered in z with |E| = |E|
and radius R = 62(n)\E\%,

dy dy Bo1 ~ 1
/_ — §/_ — :/ " l—n_ldr202|E|n.
g ly— 2| i ly— 2| 0 r

(diam Q)1

We moreover use that 1 < o for any x,z € Q. With these observations, (9.4) turns into

C1C2 |VU(Z)|
lup, —up| < Bl ‘B’n/ |Vu(z)|dz < clcg\B]n (diam )" ; mdz. (9.5)
Noting that ]B|7_1 — 6+ and combining (9.2) and (9.5) with (9.3) proves (9.1). O

PROOF of Lemma 9.1.  For convex domains, this is exactly Corollary 9.1.4 of [10], which follows
from [10, Lemma 9.1.3| and [10, Lemma 9.1.2|, the latter of which (a continuity property of the Riesz
potential operator) poses no convexity condition on €. As replacement of the former, in the case of
general 2 we now rather rely on Lemma 9.2. g

Remark 9.3. In Lemma 9.2 (and hence in Lemma 9.1), for the domain it is actually sufficient to be
(bounded and) a John domain, instead of having smooth boundary. In particular, any bounded domain
satisfying the interior cone condition is admissible in these lemmata. For details concerning this, we
once more refer the reader to [7].

Remark 9.4. With Lemma 9.1, it is also possible to remove the convezity condition on the domain in
[18].
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chemotactic cross-diffusion in complex frameworks”.
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