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Abstract
This work considers the Keller-Segel-type parabolic system

ur = A(up(v)), z€eQ, t>0, *)
*
vy = Av — v+ u, ze, t>0,

in a smoothly bounded convex domain 2 C R™, n > 2, under no-flux boundary conditions, which
has recently been proposed as a model for processes of stripe pattern formation via so-called “self-
trapping” mechanisms.

In the two-dimensional case, in stark contrast to the classical Keller-Segel model in which large-
data solutions may blow up in finite time, for all suitably regular initial data the associated initial
value problem is seen to possess a globally defined bounded classical solution, provided that the
motility function ¢ € C3([0,00))NW12°((0, 00)) is uniformly positive. In the corresponding higher-
dimensional setting, it is shown that certain weak solutions exist globally, where in the particular
three-dimensional case this solution actually is bounded and classical if the initial data are suitably
small in the norm of L2(2) x W14(€Q). Finally, if still n = 3 but merely the physically interpretable
quantity [|¢’|| e ((0,00)) fQ ug is appropriately small, then the above weak solutions are proved to
become eventually smooth and bounded.
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1 Introduction

In the modeling of self-enhanced chemotactic migration processes at macroscopic levels, Keller-Segel-
type cross-diffusive systems of the form

(1.1)

up =V - (D(u,v)Vu — ux(u, v) Vo), reN, t>0,
vy = Av — v+ u, reQ t>0,

play an outstanding role. With regard to the apparently most striking among the potential features of
(1.1), namely the spontaneous formation of singularities known to occur in the classical (aka minimal)
Keller-Segel system obtained on letting D = y = 1 in two- and higher-dimensional frameworks (cf. [9],
[36] and also [20]), a large variety of results in the literature underlines the crucial role of the interplay
between the chemotactic sensitivity S and the diffusion rate D therein.

For instance, quite a comprehensive understanding could be achieved in the case when D = D(u) > 0
and x = x(u) > 0 are suitably smooth, independent of the signal concentration v = v(x,t) and
exclusively depending on the population density u = u(x,t): Then, namely, known results indicate

that essentially the asymptotic behavior of the ratio % at large values of u determines whether or not

unbounded solutions exist, with the algebraic growth rate of 1 < u u apparently determining
a critical behavior of this quotient in the sense that such unboundedness phenomena may occur
when % grows substantially faster ([5], [6], [34]), whereas in cases of accordingly subcritical growth
of &%, appropriate technical assumptions ensure global existence and boundedness of solutions to
corresponding no-flux initial-boundary value problems in smoothly bounded domains 2 C R", n > 2

(28], [11], [24)).

The respective knowledge is much less complete in situations when the parameter functions explicitly
depend on v. Even in the comparatively simple case D = 1 and x = x(v) the interaction of diffusion,
taxis and signal production in (1.1) seems complex enough so as to allow for partial results identifying
conditions sufficient for global boundedness up to now, with an exception formed by the particular
choice x(v) = X2 of a singular sensitivity consistent with the Weber-Fechner law for which besides
various results on global solvability ([2], [35], [14], [8], [26]) also some complementing statements
on the occurrence of exploding solutions at least in certain parabolic-elliptic simplifications of (1.1)
is available ([21]). To the best of our knowledge, chemotaxis systems additionally involving signal-
dependent diffusion rates have been studied only quite rudimentarily so far with regard to possible
singularity formation phenomena ([15]).

A special Keller-Segel-type model with signal-dependent motility. @ The present work is
devoted to an analytical study of a cross-diffusive parabolic system in which both the cell diffusion rate
and the chemotactic sensitivity depend nonlinearly on the signal concentration, assuming a particular
functional link between these parameter functions suggested by a recent modeling approach. More
precisely, we shall be concerned with the system

{ w = Alug(v)), T€Q, t>0,

(1.2)
v = Av — v+ u, re, t>0,

which formally corresponds to (1.1) upon choosing D(u,v) := ¢(v) and x(u,v) := —¢'(v), where ¢
is a sufficiently smooth given positive function on [0,00). This system (1.2) has recently been pro-



posed to describe processes of stripe pattern formation via so-called “self-trapping” mechanisms ([7]),
which has been investigated experimentally using a synthetic biology approach ([17]). As observed in
the experiment, namely, bacteria of the species E. Coli can secrete a small signaling molecule acyl-
homoserine lactone (AHL) with the property that at low AHL levels, these bacteria are motile and
can thus perform essentially unperturbed random movement via usual swim-and-tumble processes,
whereas high AHL levels substantially enhance the tumbling mechanism and thus lead to essentially
immotile collective behavior at the macroscale ([7]).

In order to complete the framework of our study in accordance with this modeling background, let us
assume that the parameter function ¢ in (1.2) satisfies

¢ € C3([0,00)) (1.3)
and
ky < o(s) < Ky forall s >0 (1.4)
as well as
|9/ (s)] < Ky for all s >0 (1.5)
with certain positive constants kg, Ky and Ky, and consider (1.2) under the boundary conditions
ou v
ov  Ov 0, z €0, t>0, (1.6)
and the initial conditions
u(z,0) = up(x), wv(x,0)=uv(x), x €, (1.7)

in a bounded convex domain 2 C R"™, n > 2, with smooth boundary, where our standing assumptions
on the initial data will be that

up € C°(Q)  is nonnegative, ug # 0, and (1.8)
vp € WH°(Q) is nonnegative. '
Main results.  The goal of this work is to explore basic qualitative dynamical properties of the

particular diffusion-taxis interplay implicity contained in (1.2), with a special focus on aspects related
to the question how far singular solution behavior may occur.

The first of our main results in this direction asserts global existence of bounded solutions in two-
dimensional settings, in sharp contrast to the minimal Keller-Segel model thus ruling out any such
type of singularity formation.

Theorem 1.1 Let Q C R? be a bounded convexr domain with smooth boundary, and suppose that ¢
satisfies (1.3), (1.4) and (1.5) with some kg > 0, Ky > 0 and Ky > 0. Then for all ug and vo fulfilling
(1.8), the problem (1.2), (1.6), (1.7) possesses a global classical solution (u,v) € (C°(Q x [0,00)) N
C*H(Qx (0,00)))? such that both u and v are nonnegative in  x (0,00), and such that (u,v) is bounded
in the sense that

(s Bl oy + 00, Ol < C for all ¢ >0 (1.9)

with some C > 0.



In higher-dimensional cases, it is at least possible to construct certain global weak solutions having
some additional regularity features which exclude any possibility of finite-time collapse into persistent
Dirac-type singularities, as known to occur in some Keller-Segel-type models ([18], [30]).

Theorem 1.2 Let n > 3, and assume that Q@ C R"™ is a bounded domain with smooth boundary.
Moreover, suppose that ¢ satisfies (1.3) as well as (1.4) and (1.5) with positive constants kg, Ky
and Ky . Then for all ug and vy fulfilling (1.8), the problem (1.2), (1.6), (1.7) possesses at least
one global weak solution in the sense of Definition 5.1, and this solution can be gained as the limit
a.e. in 2 x (0,00) of solutions (ue, , v, ) to the reqularized problems (5.5) below along a suitably chosen
sequence (ex)keny C (0,1) such that e \, 0 as k — oo.

Beyond (5.1) and (5.2), this solution has the additional regularity properties

{ we L3, (10,00 L3()) N L ([0, 00) Wi () and (1.10)

loc loc
v € L7([0,00); WH2(Q)) N L, ([0, 00); W>2(Q)),

loc

and there exists C > 0 such that

t+1 t+1
/ / uw? < C  and / / Av]? < C for allt > 0. (1.11)
t Q t Q

In the physically relevant three-dimensional case, a suitable smallness condition on the initial data
ensures that even global bounded classical solutions exist.

Theorem 1.3 Let Q C R? be bounded and convex with smooth boundary. Then for all k > 0 and
K > 0 one can find 6(k, K) > 0 with the property that whenever ¢ satisfies (1.3), (1.4) and (1.5) with
some kg > Kk, Ky > kg and Ky € (0, K|, for each (ug,vo) fulfilling (1.8) and

/u§+/ [Vuo|* < 6(k, K), (1.12)
Q Q

the problem (1.2), (1.6), (1.7) possesses a global classical solution (u,v) € (CY(Q x [0,00)) NCHL(Q x
(0,00)))? which is bounded in the sense that (1.9) holds.

Appropriate smallness assumptions on the initial data, involving the norms of ug and vg in Lz (Q) and
in W"(Q) and thus remaining essentially in line with (1.12), are known to enforce global boundedness
also in the minimal Keller-Segel system when n > 3 ([4], [33]), whereas the total cell mass apparently
loses its relevance in this respect, yet present in the case n = 2 ([22], [19]), in such high-dimensional
settings in the sense that for arbitrary m > 0, in balls £ C R™ one can find smooth ug and vy such
that [, uo = m but that the corresponding solution blows up in finite time ([36]). In sharp contrast
to the latter, the next theorem indicates that in the context of the present model, the mass functional
may play a significant role with regard to solution regularity at least beyond a certain relaxation time.
More precisely, a smallness condition relating the physically relevant total mass fQ ug to the quantity
19" [| oo ((0,00)) ensures that the global weak solution constructed in Theorem 1.2 in fact becomes smooth
and classical eventually.



Theorem 1.4 Let Q C R? be bounded and convex with smooth boundary. Then for all k > 0 and
K > 0 there exists 6(k, ) > 0 such that if ¢ satisfies (1.3), (1.4) and (1.5) with some ky > K, Ky €
k¢, K| and Kg > 0, and if (uo,vo) is such that (1.8) holds as well as

K¢’ -EO S (S(K,, K), (113)

then the global weak solution of (1.2), (1.6), (1.7) gained in Theorem 1.2 has the property that there
exists tg > 0 such that

[u(, )l ooy + 00 )|l £ C for allt >ty (1.14)

with some C' > 0, and such that (u,v) belongs to (C*(Q x (tg,0)))? and solves the boundary value
problem in (1.2) classically in Q X (to, 00).

We remark that the above condition (1.13) is satisfied for arbitrary fixed initial data and given lower
and upper bounds for ¢ if |¢'| is appropriately small throughout [0,00), thus partially confirming
the intuitive idea that when ¢ is suitably close to a constant ¢y, solutions to (1.2) should exhibit a
behavior which is somewhat related to that of the respective limiting equation u; = ¢,Au, at least
with regard to regularity.

Main ideas. Our analytical approach is guided by the idea to appropriately respect the particular
structure of (1.2) which differs from the general system (1.1) in that both diffusive and cross-diffusive
movement are captured by one single action of the Laplacian. Indeed, unlike in the latter model
this allows for a lifting procedure consisting in an application of A=! to both sides of the identity
uy = A(up(v) — ug(v)) formally associated with (1.2), where A denotes the realization of —A under
homogeneous Neumann boundary conditions in the subspace of L?(€2) orthogonal to constants. On
testing the resulting equation by u — wg this will enable us to derive estimates for tH_T fQ(u —Tp)?
with appropriately small 7 € (0, 1] (Lemma 3.1), and thereafter, by smoothing properties of the second

equation in (1.2), also for [, |Vo[? and for [[77 [, |Av[?> (Lemma 3.2).

In the spatially two-dimensional case, this regularity information turns out to be sufficient as a starting
point for a bootstrap argument, through estimates for fQulnu and then for fQ uP + fQ |Vo|? with
arbitrary p > 1 finally yielding bounds for v in L>°(€2) and thereby establishing Theorem 1.1. In the
higher-dimensional case, we will make use of a certain structural stability of the a priori estimates
from Lemma 3.1 and Lemma 3.2 with respect to the coefficient functions in (1.2) by firstly considering
a suitably regularized variant thereof for which global solutions can easily be seen to exist, and for
which the above basic regularity properties imply compactness properties allowing for the construction
of a weak solution by an appropriate limit procedure (Section 5).

The proofs both of Theorem 1.3 and of Theorem 1.4 are based on the observation that in the case
n = 3 and under the assumtion that Ky is suitably small, the functional

E(u,v) := /Q(u—uo)2—|-K;//QVU|4

possesses a certain energy-like property under the additional condition that £(u, v) be sufficiently small
(Lemma 6.1). Again by means of a bootstrap procedure, for initial data fulfilling a smallness assump-
tion as in Theorem 1.3 the accordingly implied boundedness features of (u,v) in LP(Q) x W12P(Q),



with p := 2 satisfying p > 5 due to the fact that n = 3, warrant global existence and boundedness
of classical solutions (Section 6.2). If merely Ky is small, by making full use of the quantitative
dependence of the basic estimates from Lemma 3.1 and Lemma 3.2 it is possible to make sure that
such solutions at least eventually comply with the hypotheses from Lemma 3.2, whereupon a similar
series of regularity arguments, when applied to the respective approximate versions of (1.2), yields
bounds for the corresponding approximate solutions in spaces of smooth functions after an appropriate
waiting time (Lemma 6.3), and thereby establishes Theorem 1.4.

2 Preliminaries

2.1 Local existence and basic solution properties

In order to derive some common features of the original system (1.2) and the regularized variants (5.5)
thereof, instead of (1.2), (1.6), (1.7) let us consider the more general auxiliary problem

uy = A(up(v)), reQ, t>0,
v =Av—v+ f(u), z e, t>0,
ou __ Ov __ 0 (21)
gu = 0v — ), x e, t>0,
u(z,0) = up(x), wv(x,0)=uwv(x), x € Q,
with
f € Cl([0,00)) (2.2)
satisfying
f(0)=0 and 0<f(s) <1 forall s>0. (2.3)

For any such problem, standard theory yields the following result on local existence and extensibility
of smooth solutions.

Lemma 2.1 Suppose that ¢ and f satisfy (1.3), (1.4), (2.2) and (2.8) with some kg > 0 and K¢y > kq.
Then for all ug and vy fulfilling (1.8) there exist Tqax € (0,00] and a pair of nonnegative functions u
and v, both belonging to C°(Q x [0, Trnaz)) N C*H(Q x (0, Trnaz)), such that (u,v) solves (2.1) in the
classical sense in Q x (0, Tynaz), and such that

if Trnaz < 00,  then limsup {HU(',t)HLoo(Q) + Hv(-,t)HW1,q(Q)} =00 forall g > n. (2.4)
t/‘Tma:L‘

Proor.  Following well-established fixed point arguments and invoking standard parabolic regularity

theory (cf. e.g. [27, Lemma2.1] or [39], for instance), one can readily verify the existence of a local-

in-time classical solution, nonnegative in both components by the maximum principle, and satisfying

the extensiblity criterion (2.4). O

The following properties of the spatial L' norms are immediate.



Lemma 2.2 Assume that (1.3), (1.4), (2.2) and (2.3) hold with some kg > 0 and Ky > kg, and that
(1.8) is valid. Then the solution of (2.1) satisfies

/ u(z, t)de = / ug for all t € (0, Tnaz) (2.5)
Q Q
as well as
/ v(x,t)dx < </ v())e_t + </ uo)(l —eh) for allt € (0, Tinaq)- (2.6)
Q Q Q
PROOF.  Integrating the first equation in (1.2) with respect to = € 2, we see that % Jou =0, and
that
d
— v = —[ov+ ] flw<—[ v+ [ u for all t € (0, Trnaz)
dt Jo Q Q Q Q
thanks to 0 < f(u) < wu as a consequence of (2.3). This yields (2.5) and moreover shows (2.6). O

Now combining two standard testing procedures yields the following basic inequelity that will be
referred to several times throughout the sequel.

Lemma 2.3 Assume that (1.3), (1.4), (1.5) as well as (2.2) and (2.3) are valid, and that (1.8) holds.
Then for all p > 1 and any a > 0, the solution of (2.1) satisfies

d 2(p— 1)k 4(p —1 2
{/u”—l—a/ \VU\QP}—i-Qpa/ ]V’U|2p+(p)¢/ \Vu5|2+(p)a/ ‘V|Vv\p‘
dt | Ja Q Q P Q p Q

~1)K?
< p(p)d)/ up|Vv|2 + <4p(p - 1)2 + np)a/ UQIVUIQP_Q Jor allt € (OaTmam)~ (2-7)
2k Q Q

PROOF. By straightforward computation using (1.2) and Young’s inequality, we obtain

d

@, = —p(p—l)/QUPZVU‘V(W(U))

= —plp— 1)/Q¢(v)up_2!VU\2 —plp— 1)/Q¢'(v)up_1Vu Vo

IN

_p(p—l) P2 Va2 pp—1) ¢/2(U)up vI2 for a
. /Qqs() vl + 22 /qu(v) Vo2 for all £ € (0, Thas)(2.8)

where from (1.4) and (1.5) we know that

-1 -1k 2(p— 1)k
p(p2 )/¢(v)up_2]Vu|2 > P = Dk ¢/up_2|Vu]2: 2 = Dk . ) ¢/ Vus? forall t € (0, Tas)
Q Q Q

2
(2.9)
and

p(p—1) / #"(v) » 9 p(p — 1)K;/ / 9
wW| Vol < ———— [ «P|Vwo for all t € (0, Tz )- 2.10



Next, relying on the convexity of €2 in estimating 6|g5| < 0 on 99 ([16]) and making use of the

identities 2Vv - VAv = A|Vv|? — 2|D?v|? and V|Vv|?P~2 ( — 1)|Vo|#=4V|Vv|?, by means of a
standard testing procedure applied to the second equation in (2.1) ([28]) we see that

/|Vv|2p /‘V|Vv|p —|—2p/|Vv|2p 2|D2v|2+2p/|V112p

< 2p/ |vv|2P*2Vf(u)-w for all t € (0, Tynax), (2.11)
Q

where integrating by parts and using Young’s inequality we obtain

2p /Q Vo2V f(u) - Vo = —dp(p—1) / f@)| Vo=V (D% Vo) = 2p / )| Vo= Av
/|Vv|2p 2 D22 + 4p(p /fQ )| Vo[22
+n/Q|Vv|2p—2|Av|2+np/Qf2(u)\Vv]2p_2

< 2p/ ’vvl2p72|D2v|2+ <4p(p—1)2—|—np>/u2wv]2p2
Q Q

IN

for all t € (0, Tinaz), because |Av|? < n|D?v|? in Q x (0, Tiae) and 0 < f(u) < u in Q x (0, Thaz)
as a consequence of (2.3). Therefore, (2.7) immediately results from an evident linear combination of
(2.11) with (2.8) upon taking into account (2.9) and (2.10). O

2.2 Two ODE comparison results

The following statement on subsolutions of an apsorptive linear ODE, generalizing a corresponding
inequality obtained in [25], will be needed in Lemma 3.2 and also in Lemma 4.1.

Lemma 2.4 Let T € (0, 0], and suppose that y € C°([0,T))NC*((0,T)) is nonnegative and satisfies
Y (t) + Ay(t) < h(t) for allt € (0,7T) (2.12)

with a nonnegative function h € C°((0,T)) N L}, .([0,T)) fulfilling
t+7 ,
/ h(s)ds < a + be " forallt € (0,7 — 1), (2.13)
t

where a,b,\,\' and T are positive constants such that X < X and 7 <T. Then

a b€(2)\’7)\)7'

< T F O+

y(t) —

} e M for allt € (0,T). (2.14)

PrOOF. Givent € (0,T), we fix k € N such that (k—1)7 <t < k7, so that extending h to (—o0,T)
by letting h(t) := 0 for t <0, from (2.12) and a comparison argument we infer that

t
y(t) < y(O)e_’\t—i—/ e_’\(t_s)h(s)ds
0

8



t—jT1

= e M 4 Z/ =) h(s)ds

(J+1)T
k-1 ) t—j7
< mmfﬁ+2}ﬂﬁ/ h(s)ds. (2.15)
§=0 t—(j+1)T
Here by (2.13) and our assumption that X' > A\,
kil e [T Z A Z AT~ N (t—(j+1)7)
e’ T/ h(s)ds < a) e 7" +b —IAT N (= ()T
=0 t—(j+1)T
k—1 k—1
= aZe IAT 4 pe= N (T 267
Jj=0 7=0
o 1 — g~ kAT N be*)\'(tfﬂ') . kN =M1 _ 1
1 — AT eN =M1 _1
N =) (t+
BT )
1 — e AT eWN=NT _ 1
because kT < t + 7. Along with (2.15), this readily establishes (2.14). O

For superlinearly dampened differential inequalities with possibly large initial data, we prepare the
following statement to be used in Lemma 6.2.

Lemma 2.5 Leta > 0 and b > 0 and a > 1, and suppose that with some tg € R and T € (tg, 00| we
are given a nonnegative function y € C°([to, T)) N C((to, T)) satisfying

Y (t) +ay®(t) <b  forallte (ty,T). (2.16)
Then
y(t) < C-(t—tg) o= 14 C for all t € (to,T) (2.17)
with ) gt
C := max { (m> S (;) “ } (2.18)

PROOF. Without loss of generality assuming that ¢yp = 0, with C as defined in (2.18) we let
1
y(t) :=Ct a1 4+ C for t € (0,T) and compute

7(t) +ay”(t) —b=—

1t_%+aca'{t_ﬁ+l}a—b for aute (OyT)
o —

As (2.18) guarantees that
1 co t*ﬁ 1 @ 1 JR
PR + - 50C% -t o1 (a—1)a

= = cl>1  forallte (0,T
%fﬁ - C e 2 - o 0.7)




and

3aC* - {t‘ﬁ + 1}a Laco
; 226 > 1 for all t € (0,7),
this implies that
7(t)+ay*(t)—b>0  forallte (0,T).
Since g(t) — +oo as t N\, 0 and hence y(t1) > y(t1) for all t; € (0,t,) with some sufficiently small
€ (0,7), an ODE comparison on (t1,T) shows that ¥ > y on (¢1,7) for any such ¢;, which on taking
t1 N\ 0 shows that indeed (2.17) holds. O

3 Fundamental a priori estimates for (2.1)

Now a cornerstone for all our subsequence analysis is obtained by properly exploiting the special
structure of the diffusive processes in both (1.2) and (2.1), thus constituting an essential difference
between these and the more general system (1.1).

Lemma 3.1 Let k > 0. Then there exist L = L(k) > 0 and A = \(k) > 0 with the property that if ¢
satisfies (1.8) and (1.4) with some ky > k and Ky > kg, and if f complies with (2.2) and (2.3), then
for any (ug,vo) fulfilling (1.8) one can find C' > 0 such that for the solution of (2.1) we have

t+1
/ /Q(u — 60)2 < LB;,UO + Ce ™M for all t € (0, Tz — 7), (3.1)
where )

T := min {1 , §Tmax} (3.2)

and
BqS,UO = ngﬂo (33)

with
Vg = Ky — kg. (3.4)

PROOF. We let A denote the self-adjoint realization of —A under homogeneous Neumann boundary
conditions in the Hilbert space L3 (Q) := {¢ € L*(Q) | [,% = 0} with domain given by D(A) :=
{p e W22(Q)N LA (Q) g—f = 0 on 0Q2}. Then according to known results from elliptic theory ([38]),
since the spectrum of A is a discrete subset of the positive real half-line (0, 00), A possesses bounded
self-adjoint fractional powers A~ for any « > 0. In particular, rewriting the first equation in (2.1) in

the form u; = —A (uqb(v) - W), in view of (2.5) we may compute
th/ ’A_f u — ‘ = /A_é(u—uo)'A_%(u—uo)t
= /A (u—1g) - (u—To)¢
= = [ A7 =) A(wote) i)
- —/(u—uo)- (ugb(v) —W) for all t € (0, Tas).  (3.5)
Q

10



Here we decompose
L= (w) ~w0) = [ =) (wo() - wo(0)) + [ (0 -10) (wo(0) - w(0))

_ /ng(v)(u — ) + /Q(u — ) - <U0¢(U) —W)

for t € (0, Thnaz), where due to (2.5) and the definitions (3.4) and (3.3) of V, and B we can estimate

Tod(u(z, ) ~ IO =

o Do(u(a, 1)) — u(-,t>¢<v<-,t>>'

= Jigg [t {otwte. ) - ototwn
< Vorrg | utwtjay
= By, for all z € Q and t € (0, Thaz)-

Thus, by Young’s inequality and (1.4) we see that

L= (mot) - ww)| < 3 [oww-mreg [ B,

it
< = _ I g2 for all Thnas):
=5 /Q¢(U)(U u)” 2k: b0 orall t € (0, )

and that hence

/Q(u—uo)-<u¢>(v)—u¢(v)) > /<l5 u_qu_zlslz‘B

_2 19
> > /Q(u—uo) _ﬁBqﬁuo for all t € (0, Thnax),

so that from (3.5) and our assumption that k4 > ~ we obtain the inequality

d 2
/ ‘A*%(u — ao)’ + n/(u —p)* < 1B}, for all t € (0, Thnaz) (3.6)
dt Q Q 10

with ¢; := S Now using that fQ A_%(u —Tp) = 0, we may invoke the Poincaré inequality to gain

A > 0 such t%at

— | (u—1p)* == ‘VA 2 (u— uo)’ > A ’A 2 (u— uo)} for all t € (0, Thaz ),
2 Jo 2 Jo 0

2
so that (3.6) implies that for y(t) := [, ‘Af’ ) — uo)‘ and g(t) :== % [, (u(
we have

7 te [OaTmax)a

Y (t) + My(t) +g(t) < cqu%’uo for all t € (0, Trnaz)- (3.7)

11



As g is nonnegative, this firstly entails that

t
y(t) < y(O)e’\t+613iu0/ o~ Mt=5) g
0

2
Cle’vuo (1 _ e—)\t)

A

2
ClB(b:“O

A

= y(0)e™ +

IN

y(0)e M + for all ¢ € (0, Thnaz),

whereupon an integration of (3.7) shows that

" 2 A 186, 2
/ g(s)ds < y(t) +c1Bj . <y(0)e ™ + T +caBg ., for all t € (0, Tnaz — T)
¢

and thereby proves the lemma. O

For the evolution of the standard first-order energy functional associated with the inhomogeneous
linear heat equation for v in (2.1), Lemma 3.1 has an immediate consequence which implies the
following.

Lemma 3.2 For all k > 0 there exist M = M (k) > 0 and pu = p(k) > 0 with the following property:
If ¢ and f satisfy (1.3), (1.4), (2.2) and (2.3) with some ky > Kk and Ky > k¢, then for any choice of
(uo,vo) fulfilling (1.8) it is possible to choose C > 0 such that the solution of (2.1) satisfies

/ Vo(- 1) < MBS, +Ce ™ forallt € (0, Trnaz) (3.8)
Q

and
t+1
/ / |Av)? < MB(%’H0 + Ce M forallt € (0, Trae — 7), (3.9)
t Q

where T and B, are as in (3.2) and (3.3).

Proor.  Given k > 0, according to Lemma 3.1 we can pick L > 0 and A > 0 such that for each

(up, vo) satisfying (1.8) one can find ¢; > 0 such that if (u,v) denotes the maximally extended solution
of (2.1) with some ¢ and f fulfilling (1.3), (1.4), (2.2) and (2.3), then

t+7 2
/ / <u(, s) — Uo) ds < LB(?WO + e M for all t € (0, Trnaz — T)- (3.10)
t Q

Now for any such solution, we test the second equation in (2.1) by —Aw to obtain

;i/ﬂlwlﬁ/glm\%r/ﬂ!wlz —/Qf(“)A”
_ —/Q(f(u)—f(u)>Av

< 5 [l [ (rw-Tw) @
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for all t € (0, Tnae), because [, Av = [, 8 = 0 for any such ¢. Here since |f’| <1 on [0,00) by (2.3),
by the mean value theorem the integrand in the rightmost term can be estimated according to

[F(ue,) - FCD)| = halﬂjww¢»—fww¢»}ﬂ

1
0] /Q ‘u(m,t) — u(y,t)‘dy for all x € Q and t € (0, Thhaz),

so that thanks to the Cauchy-Schwarz inequality and the Minkowski inequality,
1

5 [, () = 76 5)) o §2MP/{/‘It (“M@F“

2
< — u(x,t) —u(y,t)) dydx
s |- | () =)
1 2 2
S— t) — Uy — t dyd
< i [ [ { (e =)+ (70~ uty0) fadvaa
2 2
= / (u(x,t)—ﬂo) dm—i—/ (ﬂo—u(y,t)) dy
Q Q
= 2/(u — Tp)? for all t € (0, Trnaz)-
Q
Now ertmg y = fQ|Vv t)|? for t € [0, Trnaz) and g(t fQ|AU t)|? as well as h(t) :=
4 [o(u(-t ) for t e (0, Tma:c)7 we thus see that for any ﬁxed € (0 2] such that u < A,
(3.11) implies that
y' () +py(t) +g(t) <h(t)  forallt € (0, Thaz)- (3.12)

As g is nonnegative, Lemma 2.4 therefore applies to show that in view of (3.10) we have

y(t) < MBJ,, +coe ™ forallt € (0, Tinaz)

with M = ,M and ¢y == [ |Vvol? + %, and thereupon an integration of (3.12), again
thanks to (3 10) yields
t+7 t+71
/ g(s)ds < y(t) +/ h(s)ds
t t
< 4L+ M)Bi,u0 + coe M 4 depe M
< (4L + M)B;UO + (4cy + co)e M for all t € (0, Thnaz — 7),
because p < A. O

Upon a straightforward interpolation, the two inequalities in Lemma 3.2 entail the following.
Lemma 3.3 Let k > 0. Then there exist N = N(k) > 0 and v = y(k) > 0 such that whenever ¢ and
f satisfy (1.3), (1.4), (2.2) and (2.8) with some kg > Kk and Ky > kg, for all (ug,vo) fulfilling (1.8)
one can fix C > 0 such that for the solution of (2.1) we have
t+7 2(n+2) 2 n+2
/ / |Vl < NB +Ce for all t € (0, Tynaz) (3.13)

with 7 and B as given by (3.2) and (3.3).

13



Proor. From Lemma 3.2 we know that for each x > 0 we can choose positive constants M and pu
such that under the above conditions on ¢ and f, whenever (ug,v) is such that (1.8) holds one can
find ¢; > 0 fulfilling

/ Vo(- 1) < MBj,, +cie ™ forallt € (0, ) (3.14)
Q

and .
.
/ / |Av|? < MB;UO + e for all t € (0, gz — T)- (3.15)
t Q

As the Gagliardo-Nirenberg inequality along with standard elliptic regularity theory provides co > 0
such that

2 n+2)

4
||V1/’|| 2(n+2) @ < CQHAW&Z’(Q)HV@DHZQ(Q) for all ¥ € WZ’Z(Q) with ?Tq,f =0 on 012,

combining (3.14) with (3.15) shows that

t+T1 2(n+2) "ITH
/t V(- 5)||L2?n+2) (Q)ds < (MBQQMO + cle_“t> for all t € (0, Tnaz — T)-

Since (a +b) = < 22( N ) for all @ > 0 and b > 0, this readily implies (3.13) with N :=
n n+2
2anM :2 v = "JrQ,u and C := 2nc1 s, for instance. O

4 The two-dimensional case

In this section we directly address the problem (1.2) in the two-dimensional case, thus specifying
f(s) == s for s > 0 in (2.1). In this framework, namely, the integrability exponent in Lemma 3.3 is
large enough so as to allow for appropriately estimating the cross-diffusive contributions arising in an
ODE describing the time evolution of the logarithmic entropy fQ ulnu.

Lemma 4.1 Let n = 2, suppose that ¢ satisfies (1.3), (1.4) and (1.5) with some ky > 0, K4 > 0 and
Ky >0, and that (1.8) holds. Then there exists C' > 0 such that the solution of (1.2), (1.6), (1.7)
satisfies

/ u(-,t)Inu(-,t) <C for allt € (0, Tinagz)- (4.1)
Q
PROOF.  Since u is positive in Q x (0, Tjaz) according to the strong maximum principle, we may
test the first equation in (1.2) by Inu and use (2.5) and Young’s inequality to see that

d 1

7 Qulnu = — /Q EVU -V (up(v))

= - [oo)T - [ gwva v

B quP O
< / e / v
Vul|? P
< - /Q¢<v>'§'+ [+ [ SOgt ot 0Ty, 52
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where (1.4) and (1.5) imply that

1 2 2
/ o(v) [Vl > c1/ [Vl for all ¢ € (0, Trnaz)
2 Q u Q u

and

14

4

with ¢q := ks and cy = Now since by an interpolation argument it can easily be seen that there

2
exists ¢z > 0 such that

16k2

V 2
/ulnugcl/|u’+03 for all t € (0, Thnaz),
Q Q u

from (4.2) we infer that y(t) := [ u(-,t) Inu(-,t),t € [0, Trmaz), and h(t) := [ u?(-,t)+c2 [o [Vo(-, 6)[*+
c3, t € (0, Thnax), satisfy

Y (t) + y(t) < h(t) for all t € (0, Trnaz)-

As Lemma 3.1 and Lemma 3.3 along with (2.5) entail the existence of ¢4 > 0 such that with 7 =
min{1, %Tmax} we have

t+1
/ h(s)ds < ¢4 for all t € (0, Tynax — T)
t

with ¢4 = LB ot CQNB¢ w T WIQT + 37 + C(1 + ¢2), where By, L, N and C are constants of
Lammata 3.1 and 3.2, Lemma 2.4 thus warrants that

y(t) < +y(0)e™" for all t € (0, Thnaz)

1—eT"
and thereby clearly entails (4.1). O

Similar to corresponding situations in the minimal two-dimensional Keller-Segel system ([22], [1]),
through a variant of the Gagliardo-Nirenberg inequality due to [3] the above slight improvement of
the L! information from (2.5) is sufficient to ensure higher regularity estimates.

Lemma 4.2 Let n = 2, suppose that ¢ satisfies (1.3), (1.4) and (1.5) with some ky > 0, K4 > 0 and
Ky >0, and that (1.8) holds. Then for all p > 1 one can find C(p) > 0 such that the solution of
(1.2), (1.6), (1.7) has the properties that

/ uP(-,t) < C(p) for allt € (0, Trax) (4.3)
Q

and
/ Vo) < C(p)  for all t € (0, Tyaa). (4.4)
Q

15



PROOF. We first apply Lemma 2.3 to see that with ¢; := min{ 2(p_1)k¢, 4(pp_1)} and co =

P
—1)K?,
ax{% , 4p(p — 1)% + 2p} we have

d
{/u“r/ va|2p}+{/uP+/ yw?p}
dt | Jo Q Q Q
P9 2
+c | |Vuz|*+ ¢ ‘V|Vv|p‘
Q Q

< 02/ up\VUZ—i—cz/ u2]Vv|2p2+/up for all t € (0, Trnaz), (4.5)
Q Q Q

because 2p > 1. In order to prepare an adequate estimation of the three rightmost summands herein,

we invoke the Gagliardo-Nirenberg inequality (see [32] for a version suitable in the present case in-

volving small summability powers) to find ¢z > 0 such that

2(p+1) 5 2 2(p+1) 19
r < 3||V P +c P for all v € WH=(Q?), 4.6
1l dyn | <l VUl iy aalvl vEWR®),  (46)
and recall Lemma 3.2 to fix ¢4 > 0 fulfilling
/ Vo2 < ey for all t € (0, Trnaz)- (4.7)
Q
Then employing Young’s inequality, we see that setting 71 := -5~ we can choose ¢5 > 0 such that for

c3cy

all t € (0, Traz),

02/up|Vv|2+02/u2|Vv|2p_2+/up < {771/ |Vv|2p+2+05/up+1}
0 Q Q 2 Jao 0
—i—{m/ \Vv\2p+2+05/up+1}
2 Ja Q
+{C5/up+1+1}
Q

= 771/ |Vo|?PT2 4 305/ Pt 41 (4.8)
Q Q
Next, since £Iné > —% for all £ > 0, from Lemma 4.1 we obtain c¢g > 0 satisfying
/ lulnu| < cg for all t € (0, Trnaz), (4.9)
0

and from an extended Gagliardo-Nirenberg inequality generalizing an observation originally made in
[3] (see [29, Lemma A.5]) we infer that writing 7o := 2%~ we can find ¢; > 0 with the property that

3pcsce

2(p+1)

(T = ) o R
L ()

2 2(p+1)

P . 1,2
+c P 4+ for all nonnegative ¢ € W(Q2).
Vo el f e gative o € WH2(0)

P

(4.10)
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Now thanks to (4.6), (4.7) and our definition of 7, on the right-hand side of (4.8) we can estimate

2(P+1)
1o = ]
Q P (R
2 2(p+1)
< g e ¥ [ioer],z
< 03?71HV!VUI VP72 g + esm 19027,
< 0364771HV|VU\[)‘ L@ +esc
- 01/ ‘V|Vv‘p‘ testy for all t € (0, Tnaa), (4.11)
Q

whereas combining (4.10) with (4.9) and (2.5) we see that by definition of 1, we have

1 2(p+1)
365/up+ = 3es|jut|| 2(p+1)
Q L ()
2 2(p+1)
< 3C5n2\|vu%||§2(mHu%|1nu%\% v, +3cBC7||uz|y S+ Beser
L7 (Q) L7 (Q)

3pc p+1
— PG ||Vug||%2(m / u| Inu| + 3eger - (/ u0> + 3cse7
2 Q Q
3pcsc p+1
< MHV 7HL2 +3escr - (/ Uo) + 3ese7
Q
P9 p+1
= IV’UJ‘ + 3cse7 - ( U()> + 3cser for all t € (0, Tmaz)-
Q Q

Along with (4.11) and (4.8) this shows that (4.5) implies the existence of cg > 0 such that

{/up /\w?ﬁ} {/up+/ yw|2p} <cg  forallte (0, Thaz),
Q Q

from which both (4.3) and (4.4) result upon an ODE comparison. O

A Moser-type iteration results in the following.

Lemma 4.3 Assume that n = 2, that ¢ satisfies (1.3), (1.4) and (1.5) with some kg > 0, Ky > 0 and
Ky >0, and that (1.8) holds. Then there exists C > 0 such that for the solution of (1.2), (1.6), (1.7)

we have
u(, t)|[Loe) < C for allt € (0, Tinax)-

PRrROOF. In view of Lemma 4.2, this can be seen by means of a Moser-type iteration (cf. [28, Lemma
A.1] for a corresponding result precisely covering the present situation). 0

We are now in a position to prove Theorem 1.1.

PrOOF of Theorem 1.1.  Since as a consequence of (2.6) we know that

/ v < max{/ Ug , / vo} for all t € (0, Thnaz ),
Q Q Q
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fixing any ¢ > 2 we conclude from Lemma 4.2 and Lemma 4.3 that
u(-, )| oo (@) + [IVO( ) Lao) < @ for all ¢ € (0, Thnax) (4.12)

with some ¢; > 0. Thanks to the extensibility criterion (2.4) in Lemma 2.1, this firstly ensures that
(u,v) is global in time, whereupon the observation that Wh4(Q2) — L%°(Q) shows that (4.12) also
entails (1.9). O

5 Global weak solutions in the case n > 3

In higher-dimensional domains, throughout this section assuming that ¢ satisfies (1.3), (1.4) and (1.5)
and that (ug,vg) comply with (1.8), we shall seek for solutions in the following generalized framework.

Definition 5.1 Let ¢ € WH*°((0,00)) be nonnegative. Then by a global weak solution of (1.2), (1.6),
(1.7) we mean a pair of nonnegative functions

u € L}, ([0,00); WH(Q))  and .
v € Lj,.([0,00); WH(Q)) .
which are such that
uVv  belongs to L}, (Q x [0,00)), (5.2)

and which satisfy

/Ow/52u¢t+/£2“0¢("0> :/OOO/QQb(U)VU'V<,0+/OOO/Q¢’(U)UVU-V@ (5.3)
/Ooo/ﬂvﬁpt—k/gvow(-ﬂ)Z/OOO/QVU-VQO-F/OOO/QMp—/OOO/pr (5.4)

for all p € C§(Q x [0,00)).

as well as

In order to construct such a weak solution through an approximation procedure, let us consider the
regularized problems

et = Ausp(ve)), e, t>0,
Vet = Ave — ve + fo(ue), xeQ, t>0, (5.5)
Qe = G =, 2 EdN, t>0, ‘
us(z,0) = up(z), wve(x,0) =vo(x), x € Q,
for e € (0,1), where
s
= >
)= o sz0 (5:6)

clearly satisfies (2.2) and (2.3) for any such e.

Indeed, all these regularized problems are globally solvable in classical sense:

18



Lemma 5.1 For each € € (0,1), the problem (5.5) possesses a global classical solution (ue,ve).

PrOOF.  We only need to prove that for each fixed ¢ € (0,1) the corresponding maximal existence
time from Lemma 2.1 satisfies Ty,q, = 00. To this end, combining the observation that

|f€(u£)| < in ) x (OaTmaa:)

M | =

with well-known smoothing properties of the Neumann heat semigroup (see e.g. [10, Lemma 4.1])
yields the existence of a constant ¢; = ¢1(¢) > 0 such that

[[vellw1.eo ) < 1 for all ¢ € (0, Trnaz)- (5.7)
Therefore, in the identity us = V - (¢(ve)Vue) + V - (uz¢'(v:) Ve ), besides
kg < ¢p(ve(z,t)) < Ky forall z € Q and t € (0, Trnaz)
we have
16 (0e (-, )V Dll iy < 1Ky for all ¢ € (0, Tyne).

Thus, by means a Moser-type iteration (cf. [29, Lemma 3.12]) applied to the first equation in (5.5) we
obtain ¢ = ca(¢) > 0 such that

HUE(’at)HLOO(Q) < 02(5) for all ¢ € (OaTmaa:)7

which in conjunction with (5.7) and Lemma 2.1 warrants that indeed T4, = 00. O

Now in view of the fact that Definition 5.1 involves the spatial gradient of u not addressed so far,
our net goal consists in deriving appropriate a priori information for the corresponding approximates.
This will be achieved through a further testing procedure involving non-convex functionals of the first
solution component.

Lemma 5.2 For all T > 0 one can find C(T) > 0 with the property that for each ¢ € (0,1), the
solution of (5.5) satisfies

/ /u |y 2 < O(T). (5.8)

n—2

n+2

PROOF.  As u. is positive throughout Q x (0, 00), we may use u: "*> as a test function in (5.5) to

see, again thanks to (1.4), (1.5) and Young’s inequality, that

n+2d .
YR ng“’z = /Vu6 = V(usp(ve))

_ /¢ 'Us n+2’v 5’2

n+2

n—2
. "2V, - Vo,

+2

v

cl/ s [V — CQ/ +2|w512 for all £ > 0 (5.9)
Q Q

19



_ (n=2)k  (n—2)K3,
(n+2)"’ >0 and ¢y := 2(n+2)k¢¢

% 9 9 2(n+2)
ud Vo |“ < [ ul+ | [Voe| = for all t > 0,
Q Q Q

so that an integration of (5.9) in time yields

2 _4
Cl/ /“E””W 4 /%
Q

) 4 T T "
< ot /ue"“(wTHca/ /U§+c2/ /\Vva|2( 2 forallT>0.  (5.10)
4 Ja o Ja 0o Ja

4 _ _4

due to (2.5), invoking Lemma 3.1 and Lemma 3.3 we readily see that (5.10) implies (5.8). O

with ¢; :

> 0. Here once more by Young’s inequality,

Since

By interpolation between the latter and the estimate from Lemma 3.1, we immediately obtain the
following inequality which no longer involves weight functions.

Corollary 5.3 For each T > 0 one can find C(T') > 0 such that

T n+2
/0 /Q]Vuelnﬂ < () (5.11)

for all e € (0,1).

ProoF. By Young’s inequality,

T 2)
/ / |vu8’21? — / / Ue n+2|v 5| }2(n+1) .
0
/ / Ue s Vue|? + / / for all T > 0,

and hence (5.11) results from a combination of Lemma 5.2 with Lemma 3.1. u

‘“:
+‘3
AR

IN

To prepare the derivation of some strong compactness properties of (u.) c€(0,1) by means of the Aubin-
Lions lemma, we once more use Lemma 3.1 to obtain the following regularity property with respect
to the time variable.

Lemma 5.4 Given any T > 0, one can find C(T) > 0 fulfilling

T
| T 012, < €T) (5.12)

for alle € (0,1).
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PrOOF.  Multiplying the first equation in (5.5) by an arbitrary ¢ € C§°(£2), on two integrations by
parts we see that thanks to (1.4) we have

‘/gud("tw" - ‘/Qus('at)gb(va(',t))A¢

< Kgllu( )| o) 1A% L2y forallt >0
and hence
||Ust(‘at)||(wg,2(g))* < Kgllue(+ )| 220 for all t > 0.
Therefore,
T T
/0 Hust(',t)H?WO?,?(Q))*dt < Kq%/0 /ng for all T > 0,
and thus an application of Lemma 3.1 proves (5.12). O

Now a straightforward extraction procedure on the basis of the estimates gained above leads to our
main result on global weak solvability in the higher-dimensional case.

PROOF of Theorem 1.2. From Lemma 3.1 and Lemma 3.2 we know that there exists ¢; > 0 such
that for all € € (0,1), the solution of (5.5) satisfies

t+1 t+1
/ / u? <¢; and / |Vu(, t)> < e as well as / / |Av.? < ¢ for all t > 0. (5.13)
t Q Q t Q

Recalling (2.6), we see that this in particular ensures that
(ue)ee(o,1) 1s bounded in LZQOC([O, 00); LQ(Q)) (5.14)

and that
(UE)EE(O,l) is bounded in LOO((Ov OO); WLQ(Q)) n Ll2oc([07 OO); WQ’Q(Q))7 (515)

where in view of the second equation in (5.5) and (5.6), the latter immediately implies that also
(Vet)ee(o,1y 18 bounded in LZQOC([O, 00); LQ(Q)). (5.16)

Since Corollary 5.3 and Lemma 5.4 furthermore assert that

n+2

(ue)ee(o,1) 1s bounded in L[;?([O, 00); Wl%ﬁ(ﬁ)) (5.17)

and that
(tet)ec(o,1) s bounded in LZ ([0, 00); (W52 (€2))*), (5.18)

by means of a straightforward extraction procedure involving the Aubin-Lions lemma ([31, Ch. III,
Theorem 2.3]) we infer the existence of a sequence (ex)ren C (0, 1) such that e \, 0 as k — oo, that

ue = u, ve—v and Vov.— Vv a.e. in Q x (0, 00) (5.19)
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as € = g \( 0, and such that for all 7" > 0 we have

u. —u  in L*(Qx (0,7)) (5.20)
and io
Vu. — Vu  in Lo+ (Q x (0,7T)) (5.21)
as well as
ve — v in LY(Q x (0,T)) (5.22)
and
Vv, — Vo in L*(Q x (0,T)) (5.23)

as € = € ¢ 0 with some nonnegative limit functions v and v which satisfy both (5.1) and (5.2) as
well as (1.10) and (1.11) due to (5.13) and (5.17).
Now for each T' > 0 we can use (1.5) to estimate

/ Y < / o / Y
|¢/(0.) 9. W)V”‘mmxm < ¢ vu vm\pmxmj)ﬁ)]w(%) ¢<v>>%\mw
/ /
< KyllVee = Vol zaniomy + (@) = @)V, (5.2)

where due to (5.19) and the continuity of ¢ we have ¢'(v.) — ¢'(v) a.e. in Q x (0,T) and hence, by
the dominated convergence theorem,

|(6we) — 6wl

oo //|¢v5— WPIVO2 =0 ase=ep \O,

because ¢ is bounded and |Vv|? belongs to L?(€2 x (0,T)). Consequently, from (5.24) and (5.23) we
infer that
¢ (ve) Ve — ¢/ (v)Vo in L*(Q x (0,7)) (5.25)

as e =¢x (0.
Furthermore, upon another application of Lebesgue’s theorem we obtain from (5.19) that

o(ve) — o(v)  in L"2(Q x (0,7)) (5.26)
as € = ¢ \( 0, for ¢ is bounded and continuous on [0, c0).

Now in order to verify that (u, v) indeed satisfies the identities (5.3) and (5.4), given ¢ € C§°(Q2x [0, )
we use (5.5) to see that

/ / et + / o (- / / B(0:)Vue - Voo + / / ued (1) Ve - Vig (5.27)

for all £ € (0,1). Here choosing T' > 0 large such that ¢ =0 in Q x (T, 00), we conclude from (5.20)

that
o0 (0]
//uacpt—>/ /wpt as e =¢r \(0,
0 Q 0 Q
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whereas combining (5.21) with (5.26) warrants that
/ / ¢(ve)Vue - Vo — / / ¢(v)Vu -V ase=c¢c; \(0
0o Jo 0o Jo
and (5.20) in conjunction with (5.25) implies that
/ / ue¢' (ve) Vo - Vo — / / ug' (v)Vu - Vi as e = e, \(0.
0 Q 0 Q

Therefore, (5.27) entails (5.3), and the derivation of (5.4) can be accomplished in quite a similar
manner, relying on (5.22) and (5.23) together with the observation that

1_?‘;“5 —u in L'(Q x (0,T)) as e =¢r (0
by (5.20), because 1+16u5 — 1in L2(2x(0,7)) as e = g, \, 0 by (5.19) and the dominated convergence
theorem. 0

6 The three-dimensional case

6.1 Preservation of a smallness smallness property

The following observation on preservation of certain smallness properties, rooted in the existence of a
constant barrier for an associated time-dependent functional (cf. (6.15), will be essential to our proofs
of both Theorem 1.3 and Theorem 1.4.

Lemma 6.1 Let n = 3. Then for all kK > 0 there exist n(k) > 0, o(k) > 0 and C(k) > 0 with the
following property: If ¢ satisfies (1.3), (1.4) and (1.5) with some kg > r, K4 > kg and Ky > 0, if f
and (ug, vo) fulfill (2.2), (2.3) and (1.8) as well as

K¢/ﬂ0 < 77(/6), (61)

and if for some ty € [0, Tynaz), for the solution of (2.1) we have

/Q(u(-,to)—u0)2+K§,/Q|vu(-,to)|4 < ‘;Eg) (6.2)
then
2 Ok C(k
/Q<u(-,t)—u0> < K(’;,) and /Q|Vv(-,t)|4§ K(,g/) for all t € (to, Tynaa)- (6.3)

PrROOF.  We first let ¢; = ¢1(k) = % + 14 and employ the Gagliardo-Nirenberg inequality and the
Poincaré inequality to find ¢ > 0 and ¢z > 0 such that

3 3
191250 < 2l ltlzeg — forallp € WH(Q) (6.4)
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and
lllwray < sl Vel for all ¢ € WH2(Q) with / ¥ =0. (6.5)
Q

Then by Young’s inequality, there exist ¢4 = c4(k) > 0 and ¢5 = c3(k) > 0 fulfilling

w

2c1(k)cacsab < 3

a3 +cgb?  foralla>0and b>0 (6.6)

M\;ﬁ

and
4eq(k)egab < 23 + csb? for all @ > 0 and b > 0. (6.7)

Abbreviating cg = cg(k) := min{2, 55}, c7 = c7(k) 1= ca(k) + c5(k) and cg = cg(k) == 2¢1 (k)| We
3
next take 7 = n(x) > 0 small such that

n(k) < ¢ 27?:85;);(@ (6.8)
and finally define
o =o(k) = 30067((2). (6.9)
To see that then the claimed implication holds, we note that since by (2.5) we have
1 _ 1
‘Q’/Qu(-,t) —mp = ’Q‘/Quo for all £ € (0, Tas) (6.10)

and hence

d _ 9 d 9 oo d 9
p” Q(u Ug)” = dt{/gu 2u0/Qu+u0|Q|} dt/u for all t € (0, Trnaz),

Lemma 2.3 can be applied to a = K¢2>’ and p = 2 to show that in view of our choice of ¢; and the
hypothesis k4 > x we have

d
dt{/(u—uo) +K¢,/ |Vv|4}+4K¢,/ \Vv]4+f£/ yw|2+2K¢,/ ‘vyvm j

K2,
< ¢/u2|Vv\2+14K§,/u2\Vv\2
ot Q Q
— cqu%,/UQIVv]? for all t € (0, Thnaz)- (6.11)
Q

Here we use Young’s inequality to estimate

/u2|w2 :/(u—u0+uo)2]Vv]2 < 2/(u—u0)2\w2+2u3/ Vo2 forall £ € (0, Tynas)
Q Q Q Q
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as well as

K3 [w-mpwof = [ {K)w—ur} {KjIve?}

K¢,/ |u—u0|3+Kg,/ Vo8 for all t € (0, Tnae)
Q Q

IN

and, similarly,
2.2 2 — 4 6
K(z)/UO |VU| < K¢/UO|Q| + K¢/ |V'U‘ forall t € (Omiax)a
Q Q
from which by definition of ¢g we infer that for all ¢ € (0,T},4,) we have

cle%,/uQIVUP < 201K¢:/ ]u—uolg—&—QClKg,/ ’V'U’ﬁ+261’Q‘K¢/u8+201Kg// |Vl
Q Q Q Q

261K¢/ / |’LL — ﬂo|3 + 461Kg/ / ’VU|6 + Cqug/Ug. (6.12)
Q Q
Now by (6.4), (6.5), (6.10) and (6.6),

261K¢/ / \u — ﬂo‘g
Q

IN

3 3
2c100K g |lu — ﬂo”[%[/lﬂ(ﬂ) |u — ﬂOHEQ(Q)

IN

3 3 3
2c1c003 Ky HVquQ(Q)Hu - ﬁonQ(Q)

IN

K _
§HVUH%2(Q) + eak g |lu — |2

3
’;/ |Vu\2+C4Kg/{/(u—uo)2} for all t € (0, Tynaz), (6.13)
Q Q

whereas combining (6.4) with (6.7) shows that

3
de1 K, / Vol = 4K
Q

o

L3(Q)

3 H 5
W2(Q) L2(Q)

3 5
2 . K§,
Ww(m} { ¢

Vol

IN

401 C9 K(%/

Vof? Vof?

IN

3
40102{K;, Vo2 |Vvl?

3
2
o)

2 3
2K§// ‘vywﬂ +2K;,/ |Vv|4+C5K19{/ |Vv|4} for all t € (0, Tnaa)-
Q Q Q

Together with (6.12), (6.13) and (6.11), this entails that

d —\2 2/ 4 2/ 4 H/ 2
— - K2, \% 2K%, \Y% — V
dt{/g(u up)” + K Q| o* ¢ + 2K Q] v|* + 5 Q| ul

3 3
< C4K§>/{ / (u —U,o)z} + C5K19{/ |V’U|4} —I—Cngyﬂg (6.14)
Q Q

6

IN

2
2K¢)/

2
|Vol|? + s K1Y
Wi2(Q)

L2(Q)
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for all t € (0, Tinae). Since again (6.5) and (6.10) ensure that

K K K
= |Vl > = |lu — T |? >/ —wp)?  forall t € (0, Taz),
2 A’ U,‘ el 26% ”U uO”WL?(Q) = ch Q(u uO) or a ( maa:)

and since writing

)= [ (a6t =)+ K3 [ [FuC e 0. Tn)

we clearly have

3 3
C4K;1)/{ / (u — uo)Q} + C5K19{ / |Vv|4} < C4K;1),y3(t) + C5K$,y3(t) for all t € (0, Tnaz),
Q Q
recalling the definitions of ¢ and ¢; we therefore conclude from (6.14) that
Y (t) + cey(t) < C7Kg,y3(t) + cs Ky for all t € (0, Tnaz), (6.15)

that is,
Y1) < gly(t)  forall £ € (0, Tonas) (6.16)

with
g(s) := —cgs + C7Kg,s3 + cs K iy, s> 0.

[ _ o
Berkl, T K2

3
_ [ C6 4 C6 _3
9(80) = —Cp m + C7K¢/\/; —+ 08K¢/u0
4}

being negative, for from (6.1) and (6.8) we know that

3 3

. C8 3 (&3 406 4C6
Ky < <3 T -
ORI g2 T S K2 N 2T T\ 27K

Therefore, since (6.2) asserts that

Here we note that ¢ attains its minimum over [0,00) at s¢ := with corresponding

minimal value

g
y(to) < 5 — 50,
K¢>’

we may invoke an ODE comparison argument to conclude that (6.16) implies the inequality

y(t) < s1 for all t € [to, Trmaz)s
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where s; := min{s > so | g(s) = 0}. As with C':=, /<& we obtain from the definition of g that

C C C3 B B
g(ﬁ) = —Cg - K2 + C7K¢, . Fg + 08K¢/u8 = C8K¢/’U,g’ > 07

and that hence s; < this directly yields (6.3). O

K2’

In the presently considered three-dimensional setting, controlling the norms appearing in Lemma 6.1
is sufficient for boundedness in any of the spaces LP(Q2) x W1?(Q) with finite p > 1, which parallels a
corresponding property of the minimal Keller-Segel system in n-dimensional domains where the same
conclusion holds whenever for some & > 0, solutions are known to fulfill bounds in Lz 2(Q) x Wlm+(Q)
(or merely the norm of the first solution component in L275(Q), cf. [1]).

Lemma 6.2 Let n = 3, and suppose that (ug,vo), f and ¢ satisfy (1.8), (2.2) and (2.3) as well as
(1.3), (1.4) and (1.5) with some ky > 0,K4 > kg and Ky > 0. Then for all p > 2 and each ¥ > 0
there exists C(p,X) > 0 with the property that if for some ty € [0, Tynas) the solution of (2.1) has the
property that

/u2(',t>+/lw(-,t>|‘*§2 for all t € ((to — 1)+, Tmax), (6.18)
Q Q

then
/up /|w O < C(p,X)  for allt € [to, Tmaz)- (6.19)
Q

PROOF. From Lemma 2.3 we obtain ¢; > 0 and ¢ > 0, as all constants cs, ¢4, ... below possibly
depending on p and X, such that

y(t) = /Qup("t) + /Q |VU("t)|2pv te [O7Tmaz)a

2
’t)+cl/ ]Vug|2+cl/ )V|Vv|p‘ SCQ/UPVU|2+CQ/U2\V1}]2P_2 for all t € (0, Thnaz), (6.20)
Q Q Q Q

satisfies

where by Young’s inequality,
CQ/ uP|Vol? + cQ/ u?| Vo2 < 202/ uP Tt 4 262/ |Vo|?T2 for all t € (0, Traz).  (6.21)
Q Q Q Q

Here we invoke the Gagliardo-Nirenberg inequality to obtain ¢3 > 0 such that

2(p+1) 6p—6 » 8p—4 2(p+1)
202/ =20l g <@l VubIEG YT s elu] p o forall € (0, Tnaa)
Q L Q) Q) P(Q)

so that since ||u? ||” = Jqu? < Sforallt > (tg—1)4+ by (6.18), and since 3p 3 < 1, we may apply
LP(Q)
Young’s inequality to see that with some ¢4 > 0 we have

2@/ uP ! < 621/ IVuzl> + ¢y forall t € [(to — 1)t Taz)- (6.22)
Q Q
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4
In quite a similar manner, using that H|Vv|p !

= [o|Vo[* < S for all ¢ € [(to — 1)+, Taz) by

L7 (Q)
(6.18), we can find ¢5 > 0 and ¢g > 0 such that
2(p+1)
2CQ/|V’U|2P+2 = 202H|vv|‘ 2(p+1)
Q (@
2(p+1)
< c5HV|wp o= A | 5H|v@|p] /
L (©2) LP(Q)
< 21/ \wij tog forallt € [(to— 1)1, Ta). (6.23)
Q

In order to introduce a superlinear absorptive term in (6.20), we let « : gg 2 - 1 and first observe

that N N
y2(t) §2a—1{/up} +2a—1{/ |w|2p} for all ¢ € [0, Tynaz), (6.24)
Q Q

where two more applications of the Gagliardo-Nirenberg inequality along with (6.18) provide positive
constants ¢y, cg, cg and c¢qg fulfilling

(6%
rf [wh = et

ya
< ellVuz iz ||U2||

6p—4
dp 6

L7 ()
< 68/ IVus|? + s for all t € [(to — 1)+, Trmaz)
Q

R

_8
RPN [ s
Q)

as well as

L*(Q)
_8 6p—4
S O N (2 et (2 e
L2(Q) LP(Q) LP ()
< 610/ ’V|Vv|p‘ + c1o for all t € [(to — 1)+, Tnaz)-
)

Writing ¢11 := cg + ¢10, from (6.24) we thus infer that
2
ya(t) S 611/ \VugIQ + 011/ ‘V’V’U’p‘ +c11 for all ¢ S [(to — 1)+7Tmax)7
Q Q

so that collecting (6.20), (6.21), (6.22) and (6.23) shows that
y/(t) + Clgya(t) < ci3 for all t € [(t() — 1)+, Tma:c) (625)

with c19 1= % and c13 := ¢4 +c6 + 5
Now in the case tgp < 1 when the inequality in (6.25) holds for all ¢ € [0, T)n42), We may use a simple
comparison argument to see that

1
y(t) < max {y(O) , (%) a} for all t € [0, Trnaz)
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and hence in particular

1
/up(.,t)Jr/ Vv(.yt)PpgmaX{/ug—i—/ Vol , (013)“‘} for all t € [to, Trnaz). (6.26)
Q Q Q Q C12

1

1 1
If to > 1, however, we infer from Lemma 2.5 that with ¢4 := max { ( —2— )", (223 ) * | we have
(Oc 1)(:12 c12
_1
y(t) < ciq - (t — (to — 1)) e for all t € (to — 1, Trnaz),
implying that in this case,
/ uP(-,t) —i—/ (Vo (-, 1) < 2c14 for all ¢ € [to, Trmaz)-
Q Q
Together with (6.26), this establishes (6.19). O

6.2 Small-data classical solutions. Proof of Theorem 1.3

Combining Lemma 6.1 with Lemma 6.2 and another Moser-type boundedness argument now readily
yields the following.

Lemma 6.3 Let n = 3. Then for all Kk > 0 and K > 0 there exists § = 0(k, K) > 0 such that if ¢
fulfills (1.3), (1.4) and (1.5) with some kg > 0, Ky > kg and Ky € (0, K], and if (ug,vo) is such that

(1.8) holds as well as
[+ [ vult < (6.27)
Q Q

then there exists C' > 0 such that the solution of (1.2), (1.6), (1.7) satisfies
u(-, )| oo () + [V ) |[Lan) < C for all t € (0, Thnaz)- (6.28)

PrROOF. Given k > 0 and K > 0, we fix n = n(k) > 0 and 0 = o(k) > 0 as provided by Lemma 6.1
and let 0 = d(k, K) > 0 be small enough such that both

Q 2
5< | K'Z (6.29)
and -
'S A7 KOK2 (6.30)

2
hold. Then assuming (ug,v9) to comply with the above hypotheses, using that (fQ uo) <19 [, u?
by the Cauchy-Schwarz inequality we infer from (6.27) that thanks to (6.29) we have

_ _1 2 % _1.1
K¢/U0 SK‘Q’ 2 Ug SK’Q‘ 202 S’I]
Q
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Since

/ (up — ) = / W — | < / .
Q Q Q

it moreover follows from (6.27) when combined with (6.30) that

2 2 4 2 2 4 2
/Q(uo—uo) +K¢//Q|VUO| </Qu0—|—K /Q\Vvol §5+K(5<ﬁ<K2,

whence we may employ Lemma 6.1 with the choice f(s) := s, s > 0 to see that there exists ¢; > 0
such that

2
/ (u(-,t) —ﬂo) +/ IVo(-, t)[* < for all t € (0, Trnaz)-
Q Q

L= [ (w60 -m) + 10 for all ¢ € (0. T
this implies that
/ﬂuz(.?t) T /Q Vol t)|* <er + Q@2 forall t € (0, Tnaz), (6.31)
whereupon Lemma 6.2, applied to ¢g := 0 and arbitrary p > E, yields co > 0 fulfilling

/ uP (- / V(- 1)]%P < ¢y for all t € (0, Thaz)-
Q

In consequence, F(z,t) := u(z,t)¢' (v(z,t))Vo(z,t), (z,t) € Q X (0, Tz ), has the property that
[ircor® < / 0ol ¥
Q
i
2p 3
Q

< K¢ - Co for all t € (0, Tinaz)-

‘“"c

‘“"c

As %p > 5, according to Lemma A.1l in [28] this guarantees that a Moser-type iteration can be

applied to the first equation in (1.2), rewritten in the form u; = V - (D(x,t)Vu) + V - F(x,t) with
D(z,t) == ¢(v(x,t)) € [kg, Kp] for all z € Q and t € (0, Tpnae), to show that there exists c3 > 0 such
that

[u(- 8|l poey < cs  for all t € (0, Trnaa)-
Combined with (6.31), this proves (6.28). O

We thereby immediately arrive at our main result on global classical solvability for small data in
three-dimensional domains.

Proor of Theorem 1.3.  In view of (2.6), the claim directly results from Lemma 6.3 and the
extensibility criterion (2.4). O
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6.3 Eventual regularity for small values of K4%,. Proof of Theorem 1.4

Let us finally make use of the precise quantitative information provided by Lemma 3.1 and Lemma 3.2
to reveal that under a smallness condition only involving [|¢'| o ((0,0c)) and the total cell mass [, uo,
the exponentially decay of the rightmost summands in (3.1) and (3.9) warrants that the requirements
of Lemma 6.1 are fulfilled at least at some suitably large time, hence implying the following.

Lemma 6.4 Let n = 3. Then for each k > 0 and K > 0 there exists 6(k, K) > 0 such that whenever
¢ satisfies (1.8), (1.4) and (1.5) with some ky > k, Ky € [kg, K] and Ky > 0, for all (ug,vo) fulfilling
(1.8) and

Ky g < d(k, K), (6.32)

one can find tg >0, o € (0,1) and C > 0 with the property that for all € € (0,1), the solution of (5.5)
satisfies

HU‘SHCZ-’_O"I-’_%(Qx[t,t-i-l]) + H'USHCQ.;.QJ_;_%(Qx[t7t+1]) S C fO’I” (1” t> to. (633)

PrROOF.  For fixed K > 0 and K > 0, we let n = (k) > 0 and 0 = o(k) > 0 denote the constants
from Lemma 6.1, and take L = L(k) > 0and M = M (k) > 0aswellas A = A\(k) > 0and p = pu(k) >0
as given by Lemma 3.1 and Lemma 3.2. By using the Sobolev inequality and elliptic regularity theory,
we furthermore pick ¢; > 0 such that

IVl 1) < ctllA¢||Taiq)  for all ¢ € W22(Q) with 9 =0 on 09, (6.34)

and thereupon choose § = d(k, K) > 0 small enough such that

6<n (6.35)
and
5 < 7 (6.36)
— \ 16LK?2 '
as well as

g
Ry p—— (6.37)
1282 M2 K*

Now assuming that (ug,vo) and ¢ satisfy (1.8) as well as (1.3), (1.4) and (1.5) with some k¢ > k, Ky €
[ke, K] and Ky > 0 fulfilling (6.32), from Lemma 3.1 and Lemma 3.2 we infer the existence of co > 0
and c3 > 0 such that for all € € (0, 1), the solution of (5.5) satisfies

t+1
/ / (ue —W)* < LK*u2 + coe™ ™ forallt >0 (6.38)
t Q

and t+1
/ / |Av. > < MK*52 + cze for all ¢ > 0, (6.39)
t Q

because the number By, = (K4 — kg)Uo introduced in Lemma 3.1 satisfies By, < Kug according
to our hypotheses.
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We claim that these choices imply that if, in implicit dependence on (ug, vg), we fix t, > 0 large enough
fulfilling

_ o _ o
deyKGe M < 5 and 32cc3 K e < T (6.40)
then for all € € (0, 1) there exists t. € (t4,t, + 1) such that
_ 2 2 4 (o
(uelte) o)+ K3 | Vvt < (6.41)
Q Q

¢/

To verify this, we first use (6.38) along with the Chebyshev inequality to see that for any such e the
set

Si(e) == {t € (b te +1) ‘ /Q (ug(-,t) —ao)2 > 4(LK*a2 + cZeM*)}

must satisfy [S1(¢)| < 1, whereas combining (6.39) with (6.34) shows that

tatl :
/ {/Q]VUE(',t)rl} dt < ey MK?T3 + cieze M,
tx

which implies that also for
%
Sa(e) = {t € (ti ts +1) ‘ {/ ]va(~,t)\4} dt > 4(C1MK2ug+C163e“t*)}
Q

we have |Sy(e)| < . Since therefore ’(t*,t* + 1)\ (Si(e) U 52(8))‘ > %, we can pick t. € (Lot + 1)
such that simultaneously

2
/ (1)~ 70 < ALK + ere )
Q
and
2
Vol t)|* < 4(et MK?T2 + crese ™M+ Y < 322 M2 K405 + 3262 c2e 21t
0 1 0 1%3
Q

hold, and that hence, by (6.32), (6.36), (6.37) and (6.40), indeed

2
K(%//Q(us(~,t5)—uo> +K;45//Q|Vv5(-,t5)|4

IN

ALKP K35 + dca K e M
+320%M2K4K3/ﬂé + 326%03](31),6_2‘”*
ALK?6® 4 Ay K e M
+32c MP K5t 4 32} 3 K e

IN

o, 0,0 0 _
AT T Ty T

IN
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thus establishing (6.41). Now as a consequence thereof, in view of the fact that Ky < n thanks to
(6.32) and (6.35), Lemma 6.1 applies so as to yield ¢4 > 0 such that for all € € (0,1) we have

2
/ (1) — ) +/ Voo D < s forallt>t, 41
Q Q

and hence
/ u?(-,t) +/ Voo (- )[* <eg+ Q2 forallt >t, +1,
Q Q

whereupon Lemma 6.2 applies to show that if we fix any p > %, then we can find c¢5(p) > 0 such that
for all € € (0,1),

/ ubl (-, 1) +/ Vo (, )] <c5  forallt>t, +2. (6.42)
Q Q

In order to turn this into an estimate for u. with respect to the norm in L>®(Q x (¢, + 3,00)) by
means of another Moser iteration, let us pick a nondecreasing function ¢ € C*°(R) such that ( =0 in
(—o00,ty +2) and ¢ =1 in (tx + 3,00). Then

we(x,t) = ((t)ue(z,t), z e t>0,

satisfies
wee = C(t)uer + ¢ (t)ue
= V. (De(z,t)Vwe) + V- Fe(z,t) + Go(x, 1), re, t>0,
with
De(z,t) := ¢(ve(x, 1))
and
Fe(x,t) = ((t)ue(@,1)¢' (v(x, 1)) Ve (2, t)
as well as

Ge(z,t) == ' (t)ue(x,t)

for x € Q and t > 0. Here due to the cut-off properties of ¢, (6.42) along with the Holder inequality
shows that

(Fg)se(m) is bounded in L*°((0, oo; L%p(Q))
and that

(Ge)ee(01) is bounded in L*°((0, 00; LP(Q)).
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Since %p > 5 and p > %, and since k¢ < D, < Ky in Q x (0,00), making use of the evident fact that
ws(+,0) = 0 we may once more employ Lemma A.1 in [28] to infer the existence of ¢g > 0 such that
for each € € (0,1) we have

[we (s )l L) < o for all t > 0,
in particular implying that
[[ue (5 )] Loo () < 6 for all t > t, + 3.

Using this as a starting point, by means of a straightforward bootstrap procedure based on standard
results from parabolic regularity theory alternately applied to the second and the first equations in
(5.5) ([13], [23]), we readily conclude that (6.33) holds with to := ¢, + 4, for instance. O

Thereby eventual smoothness and boundedness of our weak solutions under the assumptions from
Theorem 1.4 becomes evident.

PRrROOF of Theorem 1.4. In view of the Arzela-Ascoli theorem, the claim immediately results from
Lemma 6.4 on extracting an appropriate subsequence (ekj )jen of the sequence (ej)gen provided by
Theorem 1.2, and taking € = e, ~\, 0. O

7 Conclusion

Our analysis has revealed that in comparison to the classical Keller-Segel system, linking diffusion
and cross-diffusion through the particular functional form described in (1.2) substantially reduces the
ability of the system to spontaneously generate singularities, up to complete blow-up suppression in
two-dimensional settings, and may therefore indeed be appropriate to describe the dynamics of stripe
pattern formation at large time scales, as suggested by the modeling approach in [7].

The present study may thereby be viewed as the attempt to provide one further step toward a more
comprehensive understanding of how chemotactic cross-diffusion influences the dynamics in models
for collective behavior in cell populations, in accordance with current trends, as reflected e.g. in the
recent collection described in [37], focusing on the intention to more and more incorporate refined
aspects of modeling.

In the particular context of (1.2), a natural next step, potentially accompanied or also guided by
numerical simulations, might consist in exploring the corresponding global dynamical features in more
detail, possibly in the sense of stabilization toward equilibria or also in more general frameworks
including attractors.
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