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Abstract

The chemotaxis-Navier-Stokes system

ng+u-Vn = An—V-(nx(c)Ve),

¢t +u-Ve = Ac—nf(e),
B (%) (0.1)
ur+(u-Viu = Au+VP+nV,
V-u = 0,

is considered under boundary conditions of homogeneous Neumann type for n and ¢, and Dirichlet
type for u, in a bounded convex domain 2 C R? with smooth boundary, where ® € W1>°(Q) and
and f are sufficiently smooth given functions generalizing the prototypes x = const. and f(s) = s
for s > 0.

It is known that for all suitably regular initial data ng,co and ug satisfying 0 #Z ng > 0, ¢g > 0
and V - ug = 0, a corresponding initial-boundary value problem admits at least one global weak
solution which can be obtained as the pointwise limit of a sequence of solutions to appropriately
regularized problems. The present paper shows that after some relaxation time, this solution enjoys
further regularity properties and thereby complies with the concept of eventual energy solutions
which is newly introduced here, and which inter alia requires that two quasi-dissipative inequalities
are ultimately satisfied.

Moreover, it is shown that actually for any such eventual energy solution (n,c,u) there exists a
waiting time T € (0, 00) with the property that (n,c,u) is smooth in Q x [Tp, 00), and that

n(z,t) — 7o, c(x,t) =0 and u(z,t) — 0

hold as t — oo, uniformly with respect to x € €.

This resembles a classical result on the three-dimensional Navier-Stokes system, asserting eventual
smoothness of arbitrary weak solutions thereof which additionally fulfill the associated natural en-
ergy inequality. In consequence, our results inter alia indicate that under the considered boundary
conditions, the possibly destabilizing action of chemotactic cross-diffusion in (*) does not substan-
tially affect the regularity properties of the fluid flow at least on large time scales.
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1 Introduction

Chemotaxis and blow-up. When primitive microorganisms interact with their environment,
their individually unstructured behavior may switch to quite complicated dynamics at macroscopic
levels. Prototypical situations include spontaneous formation of aggregates such as in slime mold
formation processes e.g. of Dictyostelium discoideum, organization of cell positioning during embryonic
development, or also the invasion of tumors into healthy tissue. An important role in numerous
structure-generating processes is known to be played by various types of biased cell movement in
response to external cues such as chemical signal substances, mechanical stimuli, or gradients in voltage
or acidic concentration, for instance. Such tazis mechanisms have been thoroughly studied in various
contexts, also at a theoretical level, with the celebrated Keller-Segel system of chemotaxis consituting
the apparently most paradigmatic representative in the field of macroscopic mathematical models ([19];
see also [15] for a comprehensive survey on modeling aspects). Indeed, intense analysis on the latter has
confirmed the conjecture that spontaneous formation of aggregates, in the extreme mathematical sense
of finite-time blow-up of solutions, may arise even in the simple two-component framework containing
a population of cells moving chemotactically upward gradients of a signal substance, provided that
the system reinforces itself in that cells produce the chemical in question ([16], [18], [36], [25]).

Chemotaxis-fluid interaction. In the case of even more primitive organisms, chemotactically
moving toward a nutrient which they consume rather than produce, the correspondingly modified
chemotaxis system possesses global bounded smooth solutions in the spatially two-dimensional setting,
whereas in the three-dimensional counterpart at least global weak solutions can be constructed which
eventually become smooth and bounded ([29]). On the other hand, more recent findings indicate that
also populations of such simple individuals may exhibit quite colorful collective behavior: As suggested
by striking experiments revealing spontaneous formation of plume-like aggregates in populations of
Bacillus subtilis suspended in sessile water drops, in such situations it may be necessary to take into
account the mutual interaction of cells and their movement on the one hand, and of the surrounding
medium on the other. Accordingly, the modeling approach in [8] and [32] in particular assumes that
besides chemotactic movement, signal consumption and transport of both cells and signal through the
fluid, there is a significant buoyancy-driven effect of cells on the fluid dynamics. One is thereby led to
considering the coupled chemotaxis-Navier-Stokes system

ni+u-Vn = An—V-(nx(c)Ve), ze, t>0,

ct+u-Ve = Ac—nf(c), re, t>0, (12)
u+ (u-Viu = Au+ VP +nV, re, t>0,
V-u = 0, rzeQ, t>0,

for the unknown (n, ¢, u, P) in the physical domain Q C RY, where the chemotactic sensitivity , the
signal consumption rate f and the gravitational potential ® are given parameter functions.

From a viewpoint of mathematical analysis, this system couples the well-known obstacles from the
theory of the Navier-Stokes equations to the typical difficulties arising in the study of chemotaxis
systems. Up to now, in the case N = 3 it is not only unknown whether the incompressible Navier-
Stokes equations possess global smooth solutions for arbitrarily large smooth initial data (e.g. under
Dirichlet boundary conditions in bounded domains, cf. [23] or also [34] and [26]); also the chemotaxis-
only subsystem of (1.2) obtained on letting v = 0 is far from understood in this framework, with no



answer available yet e.g. to the question whether the global weak solutions, known to exist for any
reasonably regular initial data in a corresponding Neumann-type initial-boundary value problem in
bounded convex domains, may blow up in finite time before becoming ultimately smooth ([29]).

Accordingly, the knowledge on such coupled chemotaxis-fluid systems is at a rather early stage yet, with
most previous works focusing on the basic issues of global solvability in various functional frameworks.
For instance, global existence of uniquely determined smooth solutions is known for an initial-boundary
value problem associated with the two-dimensional version of (1.2), under structural assumptions on
the parameter functions xy and f which are mild enough so as to include the prototypical choices

X = const. and f(s)=s, s>0, (1.3)

and for all reasonably smooth initial data ([35]).

In the context of three-dimensional frameworks, large bodies of the existing literature address vari-
ants of (1.2) involving diverse types of regularizing modifications. For the chemotaxis-Stokes system
obtained from (1.2) on neglecting the convective term (u - V)u in the fluid evolution, global existence
results have been derived for the Cauchy problem in R? under certain additional requirements on y
and f and a smallness assumption e.g. on ¢ ([9]), and also for a corresponding boundary-value prob-
lem without any such further restrictions ([35]). Even in this simplified setting, all these solutions
constructed so far are merely weak solutions, with widely unknown boundedness and regularity prop-
erties which in fact might be poor so as to be consistent with several conceivable types of blow-up
phenomena, for example of finite-time blow up of n with respect to the norm in L>°(Q2) (cf. also [4]
for a detailed discussion of extensibility criteria for local-in-time smooth solutions).

As an additional regularizing mechanism, numerous works study the enhancement of cell diffusion
at large densities, modeled by replacing An with the porous medium-type diffusion term An™ for
m > 1. Under mild assumptions on y and f, the corresponding three-dimensional chemotaxis-Stokes
system then again admits global weak solutions whenever m > 1 ([10]; cf. also [24] for a precedent);
in the case when moreover m > % and Q is a bounded convex domain in R3, the first component
n of such a solution is in fact locally bounded in © x [0,00) ([31]), and if even m > %, then in the
latter situation n actually remains bounded in all of © x (0,00) ([38]). In the case m > 3, global
existence of — possibly unbounded — weak solutions has been established in [33] even for the associated
full chemotaxis-Navier-Stokes system; results on global existence and boundedness in two-dimensional
chemotaxis-fluid systems with nonlinear cell diffusion can be found in [6], [30] and [17]. Examples of
further regularizations, as discussed in the literature with regard to global weak solvability, consist in
considering saturation effects in the cross-diffusive term at large cell densities ([3]), or also including

logistic-type cell proliferation and death ([33]).

Solvability and asymptotics in the three-dimensional chemotaxis-Navier-Stokes system.
Concerning the full three-dimensional chemotaxis-Navier-Stokes system (1.2) with linear cell diffusion,
the question of global solvability is apparently more delicate, and accordingly the first result in this
direction resorted to the construction of global solutions to a corresponding Cauchy problem in R?
which emenate from initial data suitably close to one of the constant equilibria (a,0,0) for a > 0 ([9]).
As for general — and, in particular, large — initial data, in view of the limited knowledge on global
regularity in the Navier-Stokes subsystem of (1.2) only weak solutions can currently be expected. A
result optimal in this respect has recently been achieved in [39], where it has been shown that under



the assumptions (1.7) and (1.8) below, for any initial data fulfilling (1.6) the problem (1.2) possesses
at least one global weak solution.

Concerning the large time behavior of solutions, only very few seems known even in simplified situa-
tions: Except for some results on convergence of solutions satisfying certain smallness conditions ([9],
[4]), the only statememts we are aware of which cover arbitrarily large initial data in (1.2) address its
two-dimensional version in bounded convex domains in which any solution approaches the constant
state (7, 0,0) in the large time limit at an exponential rate, where 7y := H,n0 > 0 ([37], [40]).
In the three-dimensional counterpart, a similar stabilization result so far could be obtained only for
the chemotaxis-Stokes variant in which additional regularity is enforced by the presence of porous
medium-type cell diffusion ([38]).

Main results: Eventual smoothness and stabilization. The objective of the present work
is to undertake a further step toward a qualitative understanding of the chemotaxis-fluid interaction
modeled in (1.2), especially with regard to possible effects of the chemotaxis-driven forcing on the fluid
motion, and of the latter on the distribution of cells. Our main results in this direction will reveal
that any such mutual influence will in fact disappear asymptotically in that the large time behavior
of solutions is essentially governed by the decoupled chemotaxis-only and Navier-Stokes subsystems
obtained on neglecting the components u and (n,c), respectively. In particular, as in the unforced
Navier-Stokes equations ([34]), the fluid velocity u will become smooth eventually and decay uniformly
in the large time limit; likewise, the couple (n, ¢) enjoys enjoys a similar ultimate smoothness property
and approaches the spatially homogeneous limit (79, 0) associated with the respective mass level, thus
resembling the behavior in the associated fluid-free chemotaxis system ([29]).

In order to make this more precise, let us consider (1.2) in a bounded convex domain  C R?® with
smooth boundary, along with the initial conditions

n(z,0) = no(x), c(z,0)=co(x) and wu(z,0)=up(z), x €, (1.4)

and under the boundary conditions

on  Oc
5—5—0 and u=0 on 0f2. (1.5)
Here we shall require that

ng € Llog L(2) is nonnegative with ng Z 0, that
co € L>(Q) is nonnegative and such that \/co € WH3(Q), and that (1.6)
uo € L3(9),

where as usual, Llog L(2) denotes the Orlicz space corresponding to the Young function [0,00) 5 z
zIn(1 + 2), and where for p > 1, by L5(Q) := {¢ € LP(;R3) | V- p = 0} we abbreviate the space of
all solenoidal vector fields in LP(€2).

Throughout this paper, the chemotactic sensitivity y, the signal consumption rate f in (1.2) and the
gravitational potential ® are assumed to be such that

x € C?([0,00)) is positive on [0, 00),
f € CY([0,00)) is positive on (0,00) with f(0) = 0, that (1.7)
d € Whe(Q),



and that the structural requirements

(i)'>o, (QHSO and (y-f)">0  on[0,00) (1.8)

are fulfilled, noting that the latter hypotheses are mild enough so as to allow e.g. for the choices in
(1.3).

Within this framework, in view of the unsolved uniqueness problem for the Navier-Stokes equations
we cannot expect weak solutions of (1.2) to be unique; accordingly, it seems desirable to derive results
on qualitative behavior which are independent of a particular construction of solutions. Inspired by
analogues from the analysis of the Navier-Stokes system, we shall thus consider rather arbitrary weak
solutions enjoying certain additional properties which are essentially linked to strutural features of
(1.2). Here besides the natural energy inequality (1.11) associated with the Navier-Stokes system,
singling out the so-called turbulent solutions among all weak solutions of the latter, a central role will
be played by a second energy-like functional F,, which for given Kk > 0 is defined by

Fuln, el ::/nlnn+ / |v |2+/</ 2 (1.9)

whenever n € Llog L(Q2) and ¢ € W2(Q) are nonnegative and such that %‘VC‘Q € LY(Q), and
u € L2(Q;R3) ([39]).

We now select a subclass of weak solutions to (1.2) as follows.

Definition 1.1 Suppose that (n,c,u) is a global weak solution of (1.2) in the sense of Definition 2.1
below. Then we call (n,c,u) an eventual energy solution of (1.2) if there exists T > 0 such that

n € Ll (@ x [T,00)) N L2, ([T, 00); WH2(Q)) - with n? € L2, ([T, 00); WH3(Q)),
ce LP(Qx [T, oo)) with ci € L} ([T, 00); WH4(Q))  and (1.10)

loc
u € Lis, ([T, 00); L2 () N L7, (T, 00): Wy (%)),

loc

if

1 t 1 t

/ |u(-,t)|2—|—/ /\w? < / |u(-,t0)]2+/ /nu-Vq) for ae. to > T and all t > ty, (1.11)
2 Jo to Jo 2 Ja to J0

and if there exist kK > 0 and K > 0 such that

d 1 vnl? |Vt ‘
£}"ﬁ[n,c, ul(t) + K/Q {’ n‘ + | 03‘ + |Vu|2} <K in D'((T, 00)). (1.12)
Remark. The regularity assumptions in (1.10) warrant that M, ‘Z—i"l and |Vu|? belong to

L} (© x (T,00)), and that moreover (T,00) > t — Fuln,c,ul(t) € L}, ((T,00)) (cf. Lemma 7.1),
implying that (1.12) indeed is meaningful.

It has been shown in [39] that under the assumptions (1.7) and (1.8), for any initial data fulfilling
(1.6) the problem (1.2) possesses at least one global weak solution in the natural sense specified in
Definition 2.1 below. The first of our results asserts that this solution actually enjoys all the above
properties of an eventual energy solution; we shall thereby prove the following.



Theorem 1.2 Let (1.7) and (1.8) hold, and assume that ng, co and ug comply with (1.6). Then there
exists at least one eventual energy solution of (1.2).

We can secondly prove that in fact any such eventual energy solution becomes smooth ultimately, and
that it approaches the unique spatially homogeneous steady state compatible with the preserved total
mass fQ ng > 0.

Theorem 1.3 Let (1.7) and (1.8) hold, and suppose that (n,c,u) is an eventual energy solution
of (1.2) with some initial data ng,co and ug satisfying (1.6). Then there exist T > 0 and P €
CHO(Q x [T, 00)) such that

n € C*YQ x [T, 00)),

c€ CP (O x [T, 0)) and (1.13)

u € CHL(Q x [T, 00); R?),

and such that (n,c,u, P) solves the boundary value problem in (1.2) classically in Q x [T,00). Fur-
thermore,

n(-,t) > ng in L), c(t) =0 in L°(Q) and u(+,t) >0 in L=(Q) (1.14)
as t — oo, where ng := fQ ng.

Theorem 1.3 may be interpreted as rigorously reflecting that despite the possibly disordering influence
of the fluid, the signal consumption process in (1.2) occurs in such a regular manner that ultimately
even the gradients of the chemical become irrelevant with regard to their chemoattractive impact, and
that in consequence the cell population homogenizes efficiently enough so as to let any substantial
destabilizing effect on the fluid vanish asymptotically. This may become substantially different in
situations when different types of boundary conditions are considered, possibly accounting for signal
influx, or when signal absorption is replaced with mechanisms of signal production by cells, as recently
proposed and studied in contexts involving fluid interaction in [20], [21], [7] and [28].

Main ideas. Organization of the paper. The overall strategy pursued in the course of our
reasoning consists in showing that firstly the solution component ¢ must decay with respect to the norm
in L*°(Q) as t — oo, and that secondly appropriate smallness of this component in L>(Q x (T, o))
for some Ty > 0 entails smoothness of (n, ¢, u) in Q x (Ty,00) for some Ty > Tp.

The first of these properties will be a consequence of some basic dissipative features of (1.2) combined
with suitable uniform-in-time regularity estimates implied by the energy inequality (1.12) (Sections 3
and 4). In accomplishing the second of the mentioned steps, we will generalize a related procedure
pursued in [37] for smooth solutions of the two-dimensional version of (1.2), where a similar conclusion
was derived on the basis of the observation that for any given p > 2 the functional fQ 57% acts as
an entropy, provided that § = §(p) is suitably small and ¢ remains below the threshold § throughout
evolution. Since in the present case we intend to address arbitrary eventual energy solutions, the
lack of a priori knowledge on regularity properties beyond those listed in Definition 1.1 will require
the use of a substantially more subtle testing technique to track the time evolution of functionals
of the above type, simultaneously involving the first two equations in (1.2). Moreover, this limited
information on regularity will force us to firstly restrict our key statement in this direction, presented
in the extensive Lemma 5.1, to functionals of the form [, ¢(n)p(c) with convex ¢ and p subject to



technical assumptions which inter alia require that 1)(n) does not increase faster than ns asn — o0;
only in a second step we will see in Section 6 by means of an approximation argument that actually
any algebraic growth of 1) can be achieved.

In Section 7 we shall infer from the correspondingly gained entropy-dissipation inequalities that n
stabilizes in a sense yet weaker than claimed in Theorem 1.3, but strong enough to assert a decay
property of the forcing term in the Navier-Stokes system in (1.2) which is sufficient to imply decay
of u with respect to the norm in LP(Q2) for any finite p > 1 (Lemma 7.5). The eventual integrability
property of u thereby implied will enable us to perform a series of arguments based on maximal Sobolev
regularity in the Stokes evolution system and inhomogeneous linear heat equations to successively
obtain further ultimate regularity properties of u, ¢ and n which by standard Schauder theory imply
eventual smoothness (Lemma 7.6-Lemma 7.13). This improved knowledge on regularity thereupon
allows for turning the weak decay information previously gathered into the desired uniform convergence
statements and thereby complete the proof of Theorem 1.3 in Section 8.

Finally, in proving Theorem 1.2 in Section 9 we shall make use of the fact that our arguments in
Section 3 through Section 6 are formulated in a manner slightly more general than used in the mere
analysis of eventual energy solutions, namely simultaneously covering also all of the solutions to the
approximate systems (9.4), uniformly with respect to the regularization parameter ¢ € (0,1). Since
an appropriate sequence of such solutions is known to approach a weak solution of (1.2) satisfying
(1.11) and (1.12) for Tp := 0, the additional properties thereby obtained assert that this limit in fact
is an eventual energy solution.

Throughout the paper, we let A := —PA denote the Stokes operator which for any p € (1,00) is
sectorial in L5 (Q) when considered with domain D(A) = D(A,) = W2P(Q) N W, P(Q) N LE(),
and hence generates the analytic Stokes semigroup (e_tA)tZO. Here, by P we mean the associated
Helmholtz projection mapping L?(2) onto L5 (Q) (cf. [12], [13], [11]).

2 Weak solutions

The following notion of weak solutions to (1.2) is taken from [39]. Here and in the sequel, for vectors
v € R? and w € R? we let v ® w denote the matrix (aij)ijef1,2,3) € R3*3 defined on setting a;; := v;w;
for i,j5 € {1,2,3}.

Definition 2.1 By a global weak solution of (1.2), (1.4), (1.5) we mean a triple (n,c,u) of functions
n € Lioe(0,00); WH(Q)), ¢ € Lipe([0,00): WHN (), u € Lipe([0,00); Wy (B RY)),  (2.1)
such that n >0 and ¢ > 0 a.e. in Q x (0,00),

nf(c) € Ligo(2x [0,00)),  u®@u€ Ljo(2x [0,00);R>?),  and
nx(c)Ve,nu and cu belong to L} (2 x [0, 00); R?), (2.2)

that V-u =0 a.e. in Q x (0,00), and that

—/OOO/anbt—/Qnqu(-,O)——/OOO/QVn‘Vqﬁ—i-/OOO/an(c)Vc-ng—i—/ooo/anVcb (2.3)
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for all ¢ € C§°(Q x [0,00)),

/OOO/Qc@/Qcogzs(-,m:/OOO/QVc-w/Ooo/gnf(@w/omfgcu-w (2.4)

for all g € C§°(Q x [0,00)) as well as

_/OOO/QU.(%_/S)UO.Qg(.’()):_/OOO/QVU-Vqﬁ—i-/OOOu@u-Vqﬁ—i—/ooo/ﬂnvfb-¢ (2.5)

for all g € CF°(Q x [0,00); R?) satisfying V - ¢ = 0.

The above solution concept meets the basic natural requirement that solutions preserve mass during
evolution.

Lemma 2.2 Suppose that (n,c,u) is a global weak solution of (1.2). Then n € L>((0,00); L'(2))
with

/Qn(.,t)z/QnO for a.e. t > 0. (2.6)

PrROOF.  Let tp > 0 be a Lebesgue point of (0,00) 3 ¢t — [, n(x,t)dz. For § € (0,1) we then
approximate

1 if t < to,
(s(t) = q o=t t € (tg,to + 6), (2.7)
0 if t >t + 6,

by taking any sequence ((s5;)jen C C*°([0,00)) fulfilling (5; = 1 in [0,%p), (55 = 0 in (t9 + 1,00) and
Csj = (s in W12°((0,t9+1)) as j — oo. Foreach d € (0,1) and j € N, we may then use ¢(z,t) := (5;(t),
(x,t) € Q x [0,00), as a test function in (2.3). In the correspondingly obtained identity

to+1
_/to /Qggj(t)n(x,t)da:dt—/Qno(af)da:,

we first let 7 — oo to obtain
1 to+0
= / n(x,t)drdt = / no(z)dx,
0 to Q Q

for all § € (0,1), whereupon we take § N\, 0 to infer from the assumed Lebesgue point property of ¢y
that [, n(-,t0) = [ no. Since the complement in (0, 00) of the set of all such ty has measure zero, this
proves (2.6). O

3 A family of chemotaxis problems with prescribed convection

From [39] we already know that (1.2) possesses a global weak solution, and that this solution can be
obtained as the limit of smooth solutions to certain regularized problems (cf. (9.4) and Lemma 9.2
below). Verifying Theorem 1.2 thus amounts to showing that these approximate solutions in fact enjoy



further regularity features which ensure that the limit in fact will be an eventual energy solution. In
view of the circumstance that also Theorem 1.3 requires proving regularity, to avoid repetitions we
find it convenient to organize our line of arguments in such a way that in the first part of our analysis
we consider a generalized variant of the first two equations in (1.2) which includes both the original
version appearing in (1.2) and also the regularized subsystem thereof considered later in Section 9.

Moreover, in order to underline that several asymptotic solution properties, including decay of the
component ¢, are widely independent of the particular structure of the fluid flow, let us in this and
the following sections consider the boundary value problem

n+u-Vn = An—V - (nF'(n)x(c)Ve), r e, t>Tp,
c+u-Ve = Ac—F(n)f(c), xeQ, t>Tp, (3.1)
k=5=0 x €00, t> Ty,

where u € L2 ((Tp, o0); L2(Q)) N L ((To, 00); W,2(€2)) is a given function, and where
F € C'(]0,00)) is such that F(0) =0 and 0<F'(s)<1 foralls>0 (3.2)

as well as s
F(s) > B for all s € [0,1]. (3.3)

For proving Theorem 1.3 it would be sufficient to concentrate throughout on the case F(s) := s, s > 0;
in the proof of Theorem 1.2, however, we will apply some of the results obtained for (3.1) upon choosing
F(s) := F.(s) := 1In(1 +&s) for s > 0 and € € (0,1), which is as well consistent with (3.2) and (3.3)
(see Section 9).

We shall study (3.1) in the framework of solutions fulfilling the regularity requirements in Definition
1.1:

Definition 3.1 Let Ty > 0 and u € L2, ((Tp, oc); L2(Q)) N L3, .((Ty, 00); WOI’2(Q)), and suppose that
F satisfies (3.2). Then a couple (n,c) of nonnegative functions defined a.e. in § x (Tp, 00) will be
called a strong solution of the boundary value problem (3.1) in Q x (Ty, 00) if

n € LS ((Ty, 00); LY() N Lloc<Q X (Tp,00)) N Lloc((TO, ); WH2(Q))  and

¢ € LS x (Ty, o0)) 1 Lk, (Th, 00); WHA(Q)), (3.4)

loc

_/T:O/th: /TO/Vn VQH—/TO/nF’ ¢)Ve- Ve — /TO/angb (3.5)
e /T [ ebu= /T:"/ch-w_/:/Qm)f@gb—/:/gﬂ-vw (3.6)

hold for all ¢ € C$°(Q x (Tp, ).

and if

The following lemma inter alia asserts that under the assumptions in (3.4) the integral identities (3.5)
and (3.6) are indeed meaningful, and beyond this it provides some further regularity properties of the
sources, fluxes and transport terms therein. These properties will become essential in the proof of
Lemma 5.1.



Lemma 3.2 Let Ty > 0, u € L ((Tp,00); L2(Q)) N L?

e loc((To,oo);WOl’z(Q)) and F' be such that (3.2)
holds.

i) If n and ¢ are nonnegative and satisfy (3.4), then

_ 5
nF'(n)x(c)Ve € L2 (Q x (Tp, 00)), u-VnelL!

loc loc

(€2 x (T, 00)), 3.7)

F(n)f(c) € L} (Q x (Tp, 00)) and u-Ve € L%

loc loc

(2 x (Tp, 00)).

In particular, all integrals in (3.5) and (3.6) are well-defined.

ii) If (n,c) is a strong solution of (3.1) in Q x (Ty, 00), then the identity (3.5) is actually valid for any
¢ € L5(2 x (Tp, 00)) which has compact support in Q x (Ty, o), and for which V¢ € L*(Q x (Tp, o))
and ¢y € L3 (Q x (Tp, 00)).

iii) Whenever (n,c) is a strong solution of (3.1) in Q x (Tp, 00), the equation (3.6) continues to hold
for any ¢ € L%(Q x (Ty,00)) with V¢ € L%(Q x (T, 00)) and ¢y € L (Q x (Tp, 00)), for which supp ¢
is a compact subset of Q x (Tp, 00).

1
PROOF. i) In view of Lemma 10.2, the regularity hypotheses on @ entail that u € LEOC(Q x (Tp, 00)).
Since T+ 1 =1 and & +1 = 23 as well as 5 + 1 = 1L and since n € L} (Q x (T, )), ¢ €
L2 (Q x (Tp,00)) and Ve € L (Q x (Tp,00)) again by Definition 3.1, several applications of the

loc

Holder inequality and (3.2) readily yield the claimed integrability properties.

ii) and iii) In view of i), both statements can immediately be obtained upon performing standard
approximation procedures. ]

The proof of the next lemma on a basic dissipative property of the second equation in (3.1) follows a
testing procedure which is well-established in the context of related parabolic problems in their weak
formulation ([1]), relying on the convexity of [0,00) > s + sP for p > 1. As we are not aware of a
reference precisely covering the present situation, let us include the main arguments for completeness.
Upon slight modification, the argument can be adapted so as to extend the result to any p > 1; for
simplicity in presentation, however, we restrict ourselves to the cases p = 1 and p > 2 relevant below,
using that then 0 < s +— sP belongs to C?%(]0, 00)).

For the following proof, as well as for the reasoning in Lemma 5.1, let us separately introduce a variant
of the cut-off function in (2.7) defined by

0 ift <tg—dort>t +9,
t=to+d if t € (to — 6, to),
Gs(t) = ° . (3.8)
1 if t € [to,tl],
ot if t € (ty,t1 +9),

for given tg € R, t; > tg and 0 > 0.

Lemma 3.3 Let Ty > 0 and @ € L2 ((Tp, 00); L2(Q)) N L2 ((Th, 00); Wy 2(2) and F be such that

(3.2) holds, and suppose that (n,c) is a strong solution of (3.1) in Q x (Tp,00). Then for each

10



p € {1} U[2,00) there exists a null set N(p) C (Tp,00) such that

| e+t ‘1/T0/Cp 2|Vc|2+p/TO/ < [ ot

for all tg € (Ty,00) \ N(p) and any t € (tp,o0) \ N(p). (3.9)

PrOOF. For p > 1, we let N(p) C (Tp,00) denote the complement of the set of all Lebesgue points
of (Tp,0) 3t — [, c”(-,t), and in order to prove the inequality in (3.9) for all ¢y € (Tp, 00) \ N(p) and
t =t € (tg,00) \ N(p), given any such tg and ¢; we let (5 denote the cut-off function defined in (3.8)
for 6 € (0,60p) with dp := min{1,to — Tp}. Then according to Lemma 3.2 iii), for all h € (0,09 — J) we
may apply (3.6) to ¢(x,t) := (s(t) - Sp[cP~ (1), (z,t) € Q x (Tp, 00), with p € {1} U[2,00) and the
Steklov average operator Sy, being defined in (10.1). This leads to the identity

to t14+6
L5, 1) + Io(6,h) + I3(8,h) = —1/t /c-sh[cp—1]+1/t : /c-sh[cp—l]

1+1 _
—/H/Ca Je(a,t) - © 1(M+hg ) Gt

t1+1
/ /(5 ez, t) - VSu[cP Y (x, t)dxdt

t14+1
/ /C& SN fe(x, 1) Sh[cP Y (x, t)dxdt
t1+1
/ / Cs(t) ) - Ve)Su[cP Y (x, t)dadt
=: 14((5, h) +I5((5, h) +I6(57 h) (3.10)

for all § € (0,dp) and h € (0,99 — 0), in which we observe that since (p — l)cp*2 is bounded in both
cases p =1 and p > 2, it follows from the definition of Sy, the inclusion Ve € L2 (€ x (Tp,00)) and
Lemma 10.1 that

VSh[eP™ = (p = 1)SK[P 2V — (p— 1)cP2Ve in L2 (Q x (T, o0)) as h \,0.

Since Lemma 10.1 also warrants that Sp[c?~!] — ™! in L, 5 9 (2 x (Ip,00)) as h , 0, and since the
required regularity properties of n and ¢ along With (3.2) readlly ensure that F(n)f(c) € L (Q x

(Th, 0)) C L11 (2 x (Tp, 0)) and also u - Ve € L11 (2 x (Tp, 0)), in (3.10) we obtain

loc loc

t1+1 t1+1
Li(6,h) + I5(6,h) + Ig(6,h) / : / G2 (Ve — / : / GOF ) (c)

/t1+1/g5 )15 Ve (3.11)

t1+6
I (6, h) + I2(6, h) —>—f /cp—i—(s /cp as h ™\, 0. (3.12)
to—0

as h \, 0, and likewise

11



As for the third integral on the left of (3.10), we estimate using Young’s inequality to find upon a
substitution that

L > -1 { /“H/g xtdxdtJr/t1+1/QC5(t)cp(x,t+h)dxdt}
/t1+1/ Cs(t)eP (z,t)dxdt

t1+1 _
= ’ /QS Cét h) P (z, t)dxdt

for all § € (0,09) and h € (0, dp — d), so that by the dominated convergence theorem we conclude that

t1+1 71 t1+0
li fI3(9, h >7 c? 3.13
im inf 13 (6, R A (3.13)

as h 0. Since w is solenoidal and hence

/““/45 vc—/t1+1/<5 )i Vel =0,

combining (3.10)-(3.13) and rearranging shows that

t1+90 t1+1 ) 2 t1+1 1 to
|eo+w —1/ [ Gtoer2ive / | awrmetso< s [" o
p5 t1 p(S to—0

for all § € (0,0¢). Since (s = 1 in (tp,t1), thanks to the assumed Lebesgue point properties of ¢y and
t1 this readily yields the desired inequality for such tg and ¢; on taking § \, 0. O

Evaluating (3.9) for p = 1 and p = 2 as well as in the limit case p — oo we obtain the following
consequence which provides some first, still quite weak, information on decay of ¢, at least under the
assumption that n, and hence F'(n) by (3.3), remains positive in an appropriate sense.

Corollary 3.4 Let Ty > 0 and e L2 ([Ty, 00); L2() N L2 ([To, 00); Wy 2 () and F be such that
(8.2) holds, and suppose that (n,c) is a strong solution of (3.1) in Q x (Ty,00). Then

/ / <esshm1nf/ e+, t) (3.14)
Ty N Jg

and )
/ / |Ve|* < ess hm inf — / (1), (3.15)
T 2 Ja
and there exists a null set N C (Tp, 00) such that
(s )l nee () < lle(-to) || Lo (o) for all ty € (Ty,00) \ N and any t € (tg,00) \ N. (3.16)

PROOF.  The inequalities in (3.14) and (3.15) immediately result from applying Lemma 3.3 to p := 1
and p := 2, respectively. We next invoke Lemma 3.3 for p; := j for j € N to obtain null sets N(p;)
with the properties listed there. For the null set N = (J;cyN(p;) C (T, 00) we thus obtain that
le( )l zriy < lle(- o)l Lri () Whenever j € N as well as to € [Ip,00) \ NV and ¢ € (t,00) \ NV, because
F and f are both nonnegatlve Taking j — oo here shows that ||c(-, )| () < [le(+,t0)||L () for any
such tg and ¢, which yields (3.16). O
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4 A doubly uniform decay property of solutions to (3.1)

In this section we shall make sure that any solution (n,c) of (3.1) satisfies ¢(-,t) — 0 in L*°(Q) as
t — oo, which will be a fundamental ingredient for our later regularity arguments. Since apart from
considering any fixed eventual energy solution of (1.2) we wish to address the entire family of solutions
to the approximate problems (9.4) for £ € (0,1), our plan will be to make sure that this convergence
is actually uniform with respect to the choice of the considered solution, as well as of w and F, in an
appropriate sense. In order to make this more precise, let us introduce the following notation.

Definition 4.1 Given m >0,M > 0,L > 0 and Ty > 0, we let
Sm,M,L.Ty (4.1)

denote the set of all triples (n,c, F') of functions n : Q x (Ty,00) — R,c : 2 x (0,00) — R and
F :[0,00) — R such that F satisfies (3.2) and (5.3), and that for some u € L5 ((Tp,00); LZ(£2)) N

L2 (T, o0); VVO1 2(Q)), the pair (n,c) is a strong solution of (3.1) in Q x (Tp, 00) satisfying

/ n(t)=m and |c(-,t)|[po@) <M for a.e. t > Ty (4.2)
Q

as well as

t+1 2
/ / {m + ‘Vc]‘l} <L for all t > Ty. (4.3)
t Q- n

In this framework, an adequate interpretation of (3.14) and (3.15) in Corollary 3.4 yields the following.
Lemma 4.2 Let m > 0,M > 0,L > 0 and Ty > 0. Then the set Sy a1, 1 (4.1) has the property

that

t+1

sup inf / / )+ Vel } as T — 00. (4.4)
(n,e F)Esm M, L, Ty €[To,To+T]

PROOF.  In order to verify (4.4) we let § > 0 be given and pick any integer k fulfilling & > S1 where
Cy:=M|Q| + MT‘Ql We claim that then for each (n,c, F) € Sy m,1,1, We have

t+1
inf v L5
te[Tﬁr,lTHk]/ / )+ [Vl } (4:5)

To see this, given any such (n,c) we first apply Corollary 3.4 to obtain

/ /F <esshm1nf/ c(-,t) < MI|Q|
T N Jo

and
1 M?|Q
/ / Ve)]? < esshmmf / A(-,t) < | |,
To TO 2 QO 2
whence for h(t) := [, F( (c(-,8)) + [o IVe(-, 1), t > Tp, we obtain
/ h(t)dt < Cy (4.6)
To
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by definition of Cf.
Now if (4.5) was false, then (4.6) would imply that

To+k To+j
C > / h(t)dt = 2/ h(t)dt > "6 = ko,

To =

which is absurd in view of our choice of k. As (n,¢, F) € Sy m.n1, and 6 > 0 were arbitrary, this
establishes (4.4). N

Now a crucial point appears to consist in deriving more substantial decay properties from this without
any further knowledge on possible lower bounds for n beyond the weak information that its mass
Jon remains constantly positive by definition of Sy, ar,r,7,- In order to prepare a first step in this
direction, we state an elementary observation which will below be related to a lower estimate for the
first integral appearing in (4.4).

Lemma 4.3 Assume that F' satisfies (3.2) and (3.3). Then for all m >0 and B > %, each nonne-

gative o € L3(Q) fulfilling
/ o=m and / < B (4.7)
Q Q

[ ez (4.8)
Q

has the property that

128B°

Proor. As B > ¢, the number C; := ,/% satisfies C7 > 1, so that combining (3.3) with (3.2)
shows that

1
F(s) > min {f for all s € [0,C4].

s
RN
2° 2 2CY
Hence, given any nonnegatve ¢ € L3(Q) fulfilling (4.7), we have

1
/Q F(g) > /{ RS /{ ® (4.9)

In order to further estimate the latter integral, we use the Holder inequality and (4.7) to obtain

[ es([&) o> Bt fie> e
{¥>C1} Q

so that since [{¢ > C1}| < & by the Chebyshev inequality, we conclude that

2
3

9

2 2
1 3 1 m\ 3 1 m 3 m
cpzm—/ p>m—DB3-|{p>C ‘ >m— B3 m—B3'< ) .
/{«pscl} fp>C1) o> <Cl) Ao ’

Therefore, (4.8) results from (4.9). O

By means of appropriate interpolation making use of the regularity property (4.3) jointly shared by
all elements of Sy, ar,1.73,, we can thereby turn Lemma 4.2 into a statement on decay of f(c) which is
uniform with respect to functions from this set.

14



Lemma 4.4 Let m >0,M > 0,L >0 and Ty > 0. Then

sup inf / / f(e(z,t))dxdt — 0 as T — 00,
(n,¢,F)ESm, M, L, SC(To, To+7) S JQ
S is measurable with |5]>1
and diam S<1

where Sy, w11y, 05 as defined in (4.1).

PROOF.  We need to show that for each fixed m, M, L and Tj, given § > 0 we can find 7 > 0 with
the property that for any (n,c, F') € Sy, m,1,1, there exists a measurable set S C (T, Tp +7) such that

|S| > 3 and diam'S < 1 as well as
/S/Qf(c(a:,t))dxdt < 0. (4.10)

In order to prepare our definition of 7, let us first make use of the embedding W2(Q) — L%(Q),
which in conjunction with the Poincaré inequality yields C; > 0 and C > 0 such that

lelZo) < CillVelZaiq) + Cillellizgy — for all p € WH(Q) (4.11)

and
o —Bllro) < CallVellzy — forall o € WH(Q), (4.12)

where again we have set @ := §, ¢ for ¢ € LY(€2). Next, the Gagliardo-Nirenberg inequality provides
Cs > 0 fulfilling

||90Hi%2,(9) < G|Vl yllellizg) + Callellzzg — forall p € WH(Q). (4.13)
3
Finally abbreviating Cy := || f'|| oo ((0,a1)), B := 8- {% + C’lm} and C5 := %, given § > 0 we
can find some small g > 0 such that
€2 6
— .0 < = 4.14
< s (119
and
CyCylQ [ CymiL3 RERRE
: C S08 < = 4.15
05{2+3m} 03 (4.15)
Then Lemma 4.2 says that there exists 7 > 0 such that
t+1
sup inf / / )+ |V¢| } < dp.
(n707F)ESm,]M,L,TO te[T07TO+7']

Thus, if we now pick any (n,c, F') € Sy a1, then we can pick tg € [Ty, Ty + 7] such that

to+1 to+1
/ / ) < do and / / Ve|? < do. (4.16)
to to Q

With this number ¢y fixed henceforth, we observe that

to+1 1 1 to+1 ’vn‘Q L

to
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by definition of Sy, ar,1,73, so that using (4.11) we obtain

to+1 to+1 N )
/ InC Dl ot = / 2% (-, £) |20 g

to to
to+1 1 ) to+1 1
< [ IRt + G [ nb 0
to to
C,L
< L4-01771
4
B3
DI
because
1
||n2(-,t)||2L2(Q) = /Qn(',t) =m for a.e. t > T (4.18)

again due to the definition of S, as 1, 7,- The measurable set

=

s:={tetoto+1) | InC.t)lrs < B

)

therefore satisfies |S| > % by the Chebyshev inequality, and in view of our definition of C5 we infer
from Lemma 4.3 that

/ F(n(z,t))dz > Cs forall t € S. (4.19)
Q

For the proof of (4.10), we now decompose the first integral in (4.16) according to

/+ JFese = /+ | Pt - { (et t) = Tl 1) ot

to+1
/ / n(z,t)) - flc(-,t))dzdt,
to
where by (4.19),

/:H/ n(z,1)) - Flel))dzdt — /t:mf(c(-,t)). {/QF(n(:n,t))dx}dt
> /Sf(c(.,t)).{/QF(n(x,t))dx}dt
> C’5/f(c(,t))dt
- Q|//f (1)) dzdt.

Hence, for the integral in question we obtain the inequality

Flelw, B))dadt < !QI R T
|, f,Fw

to+1
IQ\ / ( (z,1)) — f(c(-,t))}dxdt, (4.20)
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in which thanks to (4.16) and (4.14),

to+1
‘Q’ / <M<l (4.21)
Cs 2

Moreover, invoking the Holder inequality we can estimate

to+1
’Q| /F (e 1)) - { Flela. 1) —f(c(-,t))}dxdt

< \gj to+1 Hp(n( ‘ e Hf m‘ La(mdt
< ‘c{i' </t0+1 HF ))’ ig(mdt>2 , </t0+1 Hf m‘ ;(Q)dt>2, (4.22)

where as a consequence of (4.12) and our choice of Cy we have
2

< c%HVﬂc(-,t))\ 2

L2()
= G [ PPl )T
< C3CH|Vel, )HLg(Q) for a.e. t € (to,to + 1), (4.23)

| £eett)) =T 1)

L5(Q)

because ¢ < M a.e. in Q x (Tp, 00) by definition of S, a7, -
As for the factor in (4.22) containing n, we use (4.13) and the fact that F'(n) < n by (3.2) to see that

2
. ) 2
[0 g < GO
_ o4
= I3l

1 1 : 1
< C3”vn2('7t>HL2(Q)”n2('7t)H22(Q)+C3Hn2('at)Hi2(Q)
= Cym?||Vn3 (1)l o) + Cam?  forac.t€ (to,to+1),  (4.24)

again due to (4.18).
In summary, from (4.22), (4.23) and (4.24) we obtain upon employing the Cauchy-Schwarz inequality
that

to+1
\QI / (c(x,t)) _ f(c(-,t))}da:dt

1] g [lotl ! : fott :
<& cng/ V2 (-, t)|| p2dt + Csm? ¢ - O%CZ/ Ve, )72t

to to

‘Q’ s to+1 ) ) % ) % o o to+1 ) %
?5 - ¢ Cymz - </t anz(',t)‘Lz(Q)dt> + Csm ’ C12614/15 ch('7t)HL2(Q)dt ’
0 0
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so that (4.17), (4.16) and then (4.15) become applicable so as to warrant that

R S
[ [ Pt {stetw 1) — Tl 1)
€2 3 L 22 225 12
< [ {Cgm2 5t Csm } : {020450}
20
2
Combined with (4.21) and (4.20), this shows (4.10) and thereby completes the proof. O

Once more relying on the regularity features in (4.3), we can show that the above convergence of f(c)
does not only take place in L'(2) but actually even in L°°().

Lemma 4.5 Let m > 0,M > 0,L >0 and Ty > 0. Then

sup inf / 1 (c(-s )l zoe() — 0 as T — oo.
(nrch)ESm,JM,L,TO SC(TQ,T0+T)
S is measurable with [5|>1
and diam S<1

Proor. Fixing m > 0,M > 0,L > 0 and Ty > 0, we need to make sure that for each § > 0 there
exists 7 > 0 such that given any (n,c, F') € Sy, a1, we can find a measurable S C (Tp, Ty + 7) such
that [S| > 1 and diam S < 1 as well as

/Hf )| Lo (dt < 6. (4.25)

For this purpose, we first use that W1#4(Q) < L*>(Q) to interpolate by means of the Gagliardo-
Nirenberg inequality to find Cy > 0 fulfilling

1
el o) < ClHWH @ el +Cllellg  forall p e WH(Q), (4.26)
and abbreviate Cy := || f'||go((0,ar))- Then for arbitrary § > 0 we can pick dy > 0 small enough
satisfying
0
Cidg < 5 (4.27)
and
2 5 1§
C1C5? L130y° < 2 (4.28)
and apply Lemma 4.4 to obtain 7 > 0 such that
sup inf //f(c(a:,t))da:dt< 0.
(n,e,F)E€ESm, M, L, T, SC(To,To+7) SJQ
S is measurable with |S|>1
and diam S<1
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This means that if we fix (n,c, F') € Sy m,1,73,, then we can find a measurable S C (Tp, Tp + 7) such
that |S| > 3, diam$ < 1 and

/ / Fle(w, ) dzdt < 5. (4.29)
S JQ

This entails that if we estimate the integral under consideration by using (4.26) according to

to+1 12 to+1
/ Doyt < o [ I F el IO gyt + € [ 1D ot

(4.30)
then the rightmost term herein satisfies
to+1 5
C [ ISl e < Cioo < (431)
to

in view of (4.27). As the inclusion (n,c¢, F) € Sy m,11, ensures that ¢ < M a.e. in Q x (Tp,00) and
hence

IV f(e(s D170y /f’4 )|Ve(-, )4<02/ Ve(, ) forae. t > Ty

by definition of Cy, two applications of the Holder inequality to the first integral on the right of (4.30)
yield

to+1 1
o [ 19 st 0 7 018 o
to+1 2 to+1 1 i3
cl{ / HVf<c<-,t>>||4L4<mdt} { / ||f<c<-,t>>||i%<mdt}

to+1 5 to+1 &
cl{ / HVf(C(‘,t))IIiAL(Q)dt} { / uf<c<-,t>>uy<mdt}

1

{ /+/ 'Vcl“} { /:an(( Dl dt}

Since ftOH Jo |Ve|* < L by definition of Sy, a1, (4.29) and (4.28) guarantee that

IN

IN

IN

3

o oy 0
C [ IO ) 1)l e < €1 { AL} 035 < 5,

to
which in conjunction with (4.31) and (4.30) establishes (4.25). O

Now thanks to the assumed positivity of f on (0,00), and in view of the downward monotonicity of
t = |lc(-, )|l () asserted by Corollary 3.4, the latter implies the following doubly uniform decay
property of (3.1) which constitutes the main result of this section.

Lemma 4.6 Let m > 0,M > 0,L >0 and Iy > 0. Then

sup llell Lo @ (£,00)) — O as t — oo. (4.32)
(n:C:F)ESm,M,L,TO
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Proor. We fix m >0,M > 0,L >0 and Ty > 0 and note that proving (4.32) amounts to showing
that for each > 0 we can find tg > Tj such that whenever (n,c, F') € Sy 0m,1,1,, We have

HC(-,t)HLoo(Q) <6 for a.e. t > tp. (4.33)

To verify this, we may assume that § < M and then observe that since f is continuous and positive
n (0,00), the number

dp := min{f(s) ‘ s € [6,M]}
is well-defined and positive. An application of Lemma 4.5 thus yields 7 > 0 with the property that

(5
(0,6, F)E€Sm, M, L, T, SC(To,To+T)
S is measurable with |S|>1
and diam S<1

In order to show that the desired conclusion holds for tg := Ty +7, we now fix (n, ¢, F') € Sy, mr, 1,73, and
then obtain from (4.34) that there exists a measurable set S C (Tp, Tp+7) such that |S| > 3, diam S < 1
and

Since

b0+ |{t €S 17Oz = b0 |

< [ 1rtet )l

So:={te s | Ifet Dl <00}

by the Chebyshev inequality, this guarantees that

satisfies |So| > |S| — 1 > +. Moreover, the definition of § ensures that for each t € Sy we necessarily
have ¢(-,t) < 6 a.e. in Q, that is,

le( 1)o@y <6 forall ty € So. (4.35)

We now invoke Corollary 3.4 to find a null set N C (7, 00) such that le( )l ooy < lle(s 1)l Lee ()
for all t; € (Tp,00) \ N and each t € (t1,00) \ N. Since [Sp \ N| > I, we may thus pick an arbitrary
t1 € So \ NV and apply (4.35) to infer that

e )o@y < lle(,t1)l[poo) <6 forall ¢ € (t1,00) \ N,

which implies (4.33) due to the fact that the inclusion ¢, € Sy C S C (Tp, Tp +7) along with our choice
of tgp warrants that t; < tg. O
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5 Dissipation in (3.1) implied by uniform smallness of ¢

Our next goal is to make sure that as soon as ¢ becomes suitably small, solutions to (3.1) enjoy further
regularity properties. This will arise as a consequence of the following lemma which provides a weak
formulation of a corresponding differential inequality which can formally be obtained on computing

d
& | v

for certain convex functions ¢ and p, and which at this heuristic level can be seen to yield an entropy-
type inequality under the structural assumption (5.5) below which is satisfied e.g. for the couple

P(s):=sP, s>0, and plo) = ( ! o € [0,2n), (5.1)

2n—o)?’

for any fixed p > 1 and 0 € (0, i%), provided that n = n(p,0) > 0 is appropriately small (cf. also [37,
Lemma 5.1] for a similar reasoning for classical solutions in a related problem). In view of our weak
assumptions on regularity of solutions, our rigorous justification of the respective integrated version,
in its overall strategy inspired by the testing procedure presented in [1], will require certain additional
restrictions on the growth of 1 with respect to n, which at this stage substantially reduce the range
of admissible p in (5.1), but which in a later step can be removed upon an approximation argument

so as to finally allow for any choice of p in Lemma 6.2.

Lemma 5.1 Assume (3.2) and (3.8). Letn > 0, and suppose that 1 € C2([0,00)) and p € C2([0,27n))

are such that

P(s) >0, ¢'(s)>0 and ¢"(s)>0 forall s >0 (5.2)
with )
lim sup s54" (s) < oo, (5.3)
5—00
that
p(c) >0, p(o)>0 and p'(oc)>0 for all o € [0,2n), (5.4)
and that

40" (5)p%(0) + x55*0" (5)p () < 20(5)¢"(s)p(0)p"(0)  forall s >0 and o € [0,n],  (5.5)

where xo 1= HXHL‘”((Om))'

Then if Ty > 0 and u € L{S,((To, o0); L2(Q)) N L2 .((To, 00); Wol’z(Q)), given any strong solution (n, c)

of (3.1) in Q x (Ty, 00) with the additional property that

HCHLOO(Qx(TO,oo)) <, (5.6)

one can find a null set N C (Tp,00) such that

[ vty 5 [ [ n@ent < [ utto)pt.t0) for enchto € (T 00\ ¥

and all t € (tg,00) \ N. (5.7)
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PROOF.  In order to collect some regularity properties needed in the course of our testing procedure,
we first observe that as a consequence of (5.3), we can find C; > 0 such that

P'(s) < Ci(s+ 1)_% for all s >0, (5.8)

whence there exist Cy > 0 and C3 > 0 such that

4
5

SR

YP'(s) < Co(s+1)5 and (s) < Cs(s+1) for all s > 0. (5.9)

Since our hypotheses imply that p € C2([0,7]), we can moreover fix positive constants Cy4, C5 and Cp
such that
p(o) <Cy, p(0)<Cs and p"(0) < Cq for all o € [0, n]. (5.10)

We claim that these inequalities ensure that if (n,c) has the assumed strong solution property and
additionally satisfies (5.6), then

W (m)ple) € Liu(@ x (T, 00)) 1 L ((To, 00); W2(2) (5.11)
and

(w(n-) pl(c))he(o,l) C L2(Q % (To,00)) with

P(n_p)p'(c) = ¥(n)p'(c) in L;EOC(Q x (Tp,0)) as h\,0 (5.12)
as well as

<V <w(nh)p’(c))> C LiC(Q x (Tp,00)) with

he(0,1)
V(0 (©) = V() (e) in Li(@x (To,00)) as b0, (5.13)
where for h € (0,1) we have set
5 n(x,t —h), (x,t) € Q x (Ty + h,0),
nen(mh =1 (z,1) € Q x (To, To + h].

To this end, we first note that since by Young’s inequality we obtain as a particular consequence of
(5.8)-(5.10) and (5.6) that

W' (n)p())” < C307(n+1)*  in Qx (Tp,0)

and
V(o) < [ mp©@lval+ o) @lvel}
< {GiIn| + CuCiln+ 1)3[Vel}
< 202C2|Vnf? 4+ 2C2C2(n+ 1) + 2C2C2|Ve|*  in Q x (Tp, 00),
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5.11) results upon recalling that (n + 1)%, |[Vn|? and |Vel* and hence clearly also (n + 1 5 belong to
(5.11) P g ; y g
L} (9 x (Tp, 00)) according to Definition 3.1. Moreover, since (5.9) warrants that

o

20 2

P9 (n) < CP (n+1)* in Q x (Tp, 00),

it follows from the fact that n € L} (Q x (Tp,0)) that

loc
20 _

Y(n_p) = Y(n) in L2 (Qx (Tp,00)) as h\,0, (5.14)

and that hence in particular (5.12) holds due to the fact that p'(c) is bounded by (5.10). Apart from
this, (5.14) also implies that in

V((n_1)p () = ' (n_n)p(€)Fn + b(n_n)p" () Ve, (5.15)

we have .
Y(n_p)p"(c)Ve = ¥(n)p"(¢c)Ve in L} (Q x (Tp,00)) as h \,0, (5.16)
because p”(c)Ve € L (Q x (0,00)) according to (5.10) and the requirement Ve € L (€ x (Tp, o0))

in Definition 3.1, and because 29—0 + i = 1—70 < %. Since (5.9) combined with Young’s inequality shows
that

4 4 4
[/ (n)Vnls < C3(n+1)T[Vals < CF(n+ 1% +C5|Vaf2  in Qx (T, 00),

it follows again from the inclusions n € L} (Qx(Tp,00)) and Vn € L2 (Qx(Tp, 00)) that ' (n_p)Vn_j —

4 loc loc
¢/(n)Vn in L}

2. (Q x (Tp,00)) as h N, 0. Once more using the boundedness of p'(c), we thus obtain
that

4

V' (n_p)p' (€)Vn_p = ' (n)p'(¢)Vn in L?

loc

(Q X (T(),OO)) as h \( 0,

which together with (5.15) and (5.16) proves (5.13).

Since (5.9) and (5.10) furthermore ensure that ¢(n)p(c) < C3Cy(n + 1)% in Q x (Tp, 00), it is evident
that 1 (n)p(c) belongs to Lj,.(Q x (Tp,0)), so that we can pick a null set N C (Tp, 00) such that

(To, <) \ N exclusively contains Lebesgue points of (Tp,00) 3 t — [, ¥(n(-,t))p(c(-,t)). We now fix
to € (Tp,00) \ N and t1 € (tg,00) \ N, let (5 be as given by (3.8), and define

¢(x,t) = Co(t) - Sply' (n)p(o))(w,1),  x€Q, t> T,

for 6 € (0,dp) and h € (0,09 —0) with dp := min{1, tOETO }, where the averaging operator Sy, is as intro-
duced in (10.1). Then ¢ has compact support in Q x (Tp, t; + ], and since evidently V.Sy,[¢'(n)p(c)] =

SLIV (' (n)p(c))], it follows from (5.11) that ¢ € L>(Q x (Tp, 00)) N L2((Tp, o0 ); WH2(Q)). Computing

W(n(z,t +h)p(e(z,t + b)) — ¢'(n(z, 1) plc(x, 1))
h

Pu(x,t) = G5(t) - SplY'(n)p(0)] (. t) + Cs(t)

for a.e. x € Q and t > Ty,
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from (5.11) we furthermore see that ¢; € L5(Q x (Tp, 00)) C L%(Q x (Tp,0)), so that Lemma 3.2 ii)
guarantees that we may use ¢ in (3.5) to gain the identity

11(5, h) + [2((5 h) + 13(5, h)

= t1+5/ n(z,t)SpY (x,t)dzxdt — /to / n(z, t)Sp[Y' (n)p(c)|(z, t)dxdt
_/““/ &) n(o,t+ h)p(c(a,t+ b)) — (n(x,t))p(c(:r,t))}dxdt

_ /“H/g; Wz, ) - S [v@( )o(c)) | (@, t)dedt
t14+1
/ / GO (e ) F (n(ar, ) (el ) Vel 1) - 53 [V (4 (n)p(e)) ] e, )l
/ o / G() ) Vn(a, 1)) Sl (n)p(c)) (e, £

— (6, h) + Is(8, h) + Is(6, ) (5.17)
for all § € (0,00) and h € (0,9 — 9). Here thanks to (5.11) and Lemma 10.1 we have
S|V (¥ )p(e))| = V(¥ (m)p(e)) in L@ x (To.00)) s b\,

so that since both Vn and nF’(n)x(c)Ve belong to LZ (€ x (Tp,00)) by Definition 3.1 and Lemma
3.2, we obtain

t14+1
/g; DV V(@) as kN0 (5.18)

and

t1+1
/ Cs(t)nE' (n V(@Z/(n)p(c)) as h "\, 0. (5.19)
We next note that (5.11) in hght of Lemma 10.1 also warrants that
Spld!(n)p(e)] = ¢ (n)p(e)  in Lie(Q x (To,00))  as h \,0,

which entails that

t1+1
/ Cs(t) (u-Vn) as h ™\, 0, (5.20)

because u - Vn € L4 (Q x (Tp, <)) according to Lemma 3.2, and that

loc

t1+0 1 to ,
L(6.h) + (6, k) — /t /w —5/t0_6/§2n¢ (n)p(c)
= I%5(0) as h ™\, 0, (5.21)
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for clearly also n lies in LlOC(Q x (T, 00)).
As for the remaining term I3(d,h) in (5.17), we follow a well-known argument ([1]) in using the
convexity of ¥ to firstly obtain the pointwise estimate

Y(n(z,t)) — Pzt —h)) <'(n(z,t) - [n(x,t) —n(z,t — h)] for a.e. x € Qand t € (Tp,t1 + 1),

which on integration implies that
t1+1
16 = 5 [ [ ) {etnte) - vt 1)} ptete, )z
t1+1
/ / G () (n(@,t))p(c(a, t))dxdt

t1+1
/ /C(s n(x,t — k)Y (n(z,t)p(c(x, t))ddt
t1+1
— { / / Cs(n(x, )y (n(x,t))p(c(z, t))dxdt
t1+1
/ / Cs(t —h)n(x,t — h)wl(n(:p,t))p(c(x,t))d:cdt}
t1+1
{ / / Cs(t — h)n(z, t — k) (n(z, £)ple(z, t))dadt

/t1+ / Gs(1) )w/(n(x,t))p(c(a:,t))dxdt}

= J1(6,h) + Jo(5, h) (5.22)

IN

for all 6 € (0,0¢) and h € (0,09 — 0). Here the substitution s =t — h reveals that

T1(6,h) = (6, 1), (5.23)
whereas with I75(J) as in (5.21) we have
141 oy
Jo(0,h) = / / Gl S ot — BY (1)) ple 1)) davdt
t1+1
= / / 0 (nl, 1) plele, 1)) dudt
= I5(9) as h ™\, 0 (5.24)

because clearly M X ¢t in L((Ty, t1 + 1)) and n_y, — n in L (Q x (Tp, 00)) as h N\, 0, and
once more because of (5.11).

On the other hand, again by substitution we can rewrite the expression on the left-hand side of (5.22)

loc

25



according to

t1+1
J6.h) = / | Gsritntapteta ) dade
/t1+1/<5 E+ Bz, D)ple(@, t + h))dwdt
t1+1
_ / /45 Hh ) pnle )p(cla t + h))dadt

t1+1
{ / ACé(t)w(n(x’t))P(C(ﬂ?at—i-h))dazdt
t1+1
h / /Q Cs(B)(n(a, t))ple(, t))dmdt}

=: J3(d,h) + Ju(d,h) (5.25)
for § € (0,00) and h € (0,89 — 9), where arguing as above we see that
t1+1
J3(6,h) — / / Cs(t) ple(x,t))dzdt
t1+0
= —5 /¢(n)p(c) /@D as h 0.
to—6 JQ
In summary, from (5.17) and (5.18)-(5.25) we thus infer that for all § € (0, do),
t1+1 t1+1
[ [ewvn v (@)« [ / Gt F (n)x() Ve - ¥ (' (n)o(c))

/tlH/Ca (w-Vn)

= liminf {11(5, h) + In(6, h) + I3(6, h)}
= I35(6) + liminf J1(5, )

> I55(6) + lim in {J(a, h) — Ja(s, h)}
= I35(0) + limint J(5.) — I35(0)

= liminf {J3((5, h) + Ja (5, h)}

1 [to t1+6
= —5 toé/ﬂq/;(n)p(c) /1/1 —i—hmme4(5 h) (5.26)

Now an estimate for J4(d,h) can be obtained by pursuing a variant of the above strategy: First, by
convexity of p we see that

p(c(x,t +h)) — p(c(x,t)) < p(c(z, t + h)) - [c(z, t + h) — c(z,t)] for a.e. x € Q and t € (Tp, 61 + 1),
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and that hence

Ben) = -1 / tl“ e {p(c(;r,t+h))—p(c(m,t))}d:vdt
> lll/tﬁ_l/ Cs(t) Vo' (c(x,t+ h)) - {c(:c,t—f—h) —c(x,t)}dxdt
_ }11/““/@ ez, t + By (n(z, t)p (c(z, t + h))dzdt

t1+1
/ Cs(t — h)e(z, t)(n(x, t)p'(c(z,t + h))dxdt
t1+1
/ / Cs(t)e(z, ) (n(z,t)p' (c(x, t + h))dxdt
t1+1
1 / / Co(t — Be(, ) (n(w, ) (c(a, ¢ + h))dadt
t1+1
- / /g; (t = h)e(x, 1) {w(n(x,t))p’(c(a:,t—i-h)) — Y(n(a,t = ) (c(z, ) fdedt

t1+1 _ .
/ /C” o) “c(x, t)(n(z, t)p' (c(x,t 4 h))dxdt

= J41((5, h) + J42((5, h) for all 6 € (0, (50) and h € (0, 0o — 5), (5.27)

where we have substituted ¢ by ¢ — h in one of the integrals making up Jy;(d, h). Here, arguing as
above we infer that

t1+1
Ji(,h) - / | Gtrcta tpptnte. ) (et ) dade
t1+0 to
= 5[ e vl (o)
== L21 ((5) as h \ 0, (528)
and in order to gain appropriate information on Jy; (0, h) through the PDE satisﬁed by ¢, we note that
since Ve € L}

1 (Q x (Tp, )) by assumption and (¢/(n_p)p'(¢))nhe,1) C ngc(Q x (Tph,0)) as well as

(V@ (n-n)p'(c)))ne(o,) € Lﬁm(Q x (Tp,0)) by (5.12) and (5.13), for all § € (0,d9) and h € (0, 5y — 9)
we may invoke Lemma 3.2 iii) to use

d(x,t) := Cs(t — h) - Sp[o(n_p)p'(c))(x, 1), x € Q, t>Tp,
as a test function in (3.6). We thereby obtain the identity

f1(5> h) + I2(8,h) + I3(5, h)

t1+6+h

/ c(z,t)Sp[v(n_p)p'(c))(z, t)dzdt

t1+h
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to+h
/t / (2, t)Sp[t(n_p)p'(c))(x, t)dzdt

—0+h

t1+1
/ / Go(t — e, t) - { (. t+ M) (e, t+ 1) — (n_i (o, 0)p (e, 1)) b
t1+1
- / /Q;t— Ve, 1) 51V (wln_p)o'(©))] . Dyt

t1+1
/ / Cs(t — RYF(n(w, 1)) £ (e, £)) Snl(n_ ) (€)] (s, )t
t1+1
/ ’ | ot = 1)@l 1) - Telo0)Sulun)o () )t
=: 14(5, h) + 15(5, h) + 16(57 h) for all § € (0, 50) and h € (0,50 - 5), (5.29)

where evidently
I3(6,h) = —Jy(0,h)  forall § € (0,8) and h € (0,80 — 6). (5.30)

We now use that (5.12) and (5.13) along with Lemma 10.1 guarantee that

20

Sult(n_)p'(e)] = b(n)p(c)  in L2,(Q x (Tp, 00)) (5.31)
and
51|V (4 (@)] = V(@) in L@ x (Th, 00)) (5.32)
as h N\, 0, and that hence
t1+1
1.6, ) / G(t)Ve - (vl (@) (5.33)
and ~ L
I5(6,h) — / 0 Y (n)el(c) (5.34)
as well as L
Is(5,h) / (1) (c)(@ - Ve) (5.35)

as h "\, 0, because Ve e L (Qx (Ty,00)), F(n)f(c) € L}

loc
u-Vee Lllolc(Q x (Tp,00)) according to Definition 3.1 and Lemma 3.2.

Next, on the left of (5.29) we may combine (5.31) with the fact that the family (1(¢, 151, +541))ne(o,1)

(Q x (Ty, 0)) C L11

loc

(Q x (Tp, o)) and also

of indicator functions satisfies 1(y, 1¢, 4-54+h) = L4, t,46) iIn L°(R) as h ™\, 0 to conclude, once more
relying on the boundedness of ¢, that

t1+90 1 to ,
L(6,h) + I(6,h) — /t1 /cw ~3 toa/ﬂczp(n)p (c)
R 10) as h N\, 0. (5.36)
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Collecting (5.30) and (5.33)-(5.36), from (5.27), (5.28) and (5.29) we all in all infer that
o N
liminf Ji(0,h) > liminf {J41(5, h) + Jia (6, h)}
= liin\'{gf Ju1(0, h) + 175 (6)
~ lim \iélf{ A h)} +1%3(6)
= Jim {1(5.1)+ B( h)} + hgl { = 1a6,1) = I5(6.h) = (5, h)} + I55(6)

B /t1+1/<6 Te. /tﬁl/@s )P’ (c)
/tl—H/C{S (@-Ve)  forall § € (0,d).

Consequently, (5.26) implies that

ne / oo " [ vt
TS T P—
/“*1/@ // W>>
[ s [ [amoonsa

for all 6 € (0,09). Here since u is solenoidal, two integrations by parts show that

/t1+1/C6 oo /t1+1/g5 Ve
- / o / GO Vi / o / G(E9e(n)T - Va(e)
= /tlH/ Gs(1) )

= 0 foI‘ all (5 S (07(50)7

whereas clearly

t1+1
/ /Cé )p'(c) <0 forall § € (0,dp).

Therefore, from (5.37) we infer that

" [ stnte - 5 /5 [ vt
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< / / t)Vn - V (c))
+ / / HnF (n)x(c)Ve - V(¥ (n)p(c))
oo
- / / ()| Vn]* /hH/Ca (n)p'(c)Vn - Ve
/ / (t)nF'(n )x(e)p(c)Vn - Vc—i—/tlﬂ/g(; nF'( X (@) (&) Vel
/ / c)Vn - Vc—/t1+1/g5 (c)|Ve|?
[ vt
/tIH/ G (?) ¢) —nF'(n)y’ (n)x(c)p(c)}Vn-vc
/tlH/ G(®) = nF ()¢ (n)x(e)p'(c) } Vel forall 6 € (0,0).  (5.38)
Here we can estimate the second integral on the right by means of Young’s inequality according to
/t1+1/ G (1) ¢) = nF'(n)y’ (n)x(c)p(c)}vn-vc
/tlH/Cs "(n)|Vn|?p(c)
/tlﬂ/ Gs(t) ;ZZ;E):Z;(”)X(C)MC)}Q | Vef? (5.39)

for all § € (0,80). Now since F', ', 9", x, p and p’ are all nonnegative, and since F’> < 1 on [0, c0) by
(3.2) and x?(c) < x3 a.e. in Q x (Tp, o) by (5.6), the hypothesis (5.5) warrants that

[2/(n)y/(€) ~ nF ()" ()x(e)p(e)}

e —{v )" (©) = nF () (n)x(e)p ()}

)o(0)
= -{{4w'2<n>p'2<c>—4nF'<n>w'<n>w"<n>x<c>p<c>p'<c>+nQF'Q<n>w"2<n>x2<c>p2<c>}
_{2w( "

24" (n)p(c)
n)y"(n)p(c)p"(c) + 2nF ’(n)w’(n)¢”(n)x(0)p(0)p'(6)}}

_;' /anzc n2/2n//2n 2020
- e {4¢<>p () + n2F2(n)u" (n) () (0
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—2¢(n)¢"(n)p(c)p”(c) — 2nF '(n)w’(n)w”(n)x(C)p(C)p’(C)}

1 / /. " " //
< s WO G 20 e o))

< 0 a.e. in Q x (Tp, 00).

Inserting (5.39) into (5.38), we thus infer that

t1+5/ w /t1+1/ <6 // )’vn’2

/ P(n for all 6 € (0,do), (5.40)
to—9

where the Lebesgue point properties of ¢y and ¢; ensure that

to t146
" [stnr = [otntamstetan a5 [ [ st [ stntintet

as h \, 0. Again since 9" is nonnegative, using that also {5 > 0 and that {5 =1 in (¢g,¢1) we thereby
obtain from (5.40) that indeed (5.7) is valid. O

6 Estimates implied by Lemma 5.1

Our application of Lemma 5.1 will be prepared by the following statement which partly explains
the particular approximation of [0,00) + sP to be pursued in Lemma 6.2. It may be worthwhile
mentioning here that for given p > 2 it seems impossible to adjust ¢ < p in such a way that for small
d > 0, the alternative and apparently more straightforward choice 15(s) := 1;:% is admissible in
Lemma 5.1. We therefore employ a certain integrated variant thereof, with its precise form and some
of its properties described as follows.

Lemma 6.1 Forp>2,q€ (0,p—1) and § € (0,1), we let

R 1
= > 0. .
s (s) p/o 17 509 o, s>0 (6.1)
Then 15 > 0,95 > 0 and ¢§ > 0 on (0,00), and for all s > 0 we have
Vs(s) S sP and  Yf(s) = p(p — 1)sP72 as 6 \ 0. (6.2)
Moreover,
Y (s) p
< or all s >0 6.3
bEEE S p—g-1 03
and 2w//( )
SYs
< -1 or all s > 0, 6.4
a(5) plp—1)  f (6.4)



and for each fized 6 € (0,1) we have

Sfp+q+21/,g(3) — p(p—éq—l) as s —» oQ. (6.5)

Proor. We first note that

51 + 05 -1 s —1
(I+0sNYs(s)=p | ——— 0P "do>p | ol "do=s" for all s >0,
0 1 + 50-(1 0
so that
Sp
Ps(s) > T os0 for all s > 0. (6.6)
Next, computing
/ psp_l " (p— 1)517—2 +(p—q- 1)58p+q—2
_ d =p. 6.7
wé(s) 1 + 58(] an ,l/}(; (8) p (1 + 58(1)2 ( )
for s > 0, using that ¢ < p — 1 we see that 15,1} and v§ indeed are all positive on (0, 00).
Furthermore, combining (6.7) with (6.6) shows that
YEs)  _ Yf(s) 1408
bs(s)ys(s) = 5(s)  oP
sl (14 8s9)2 1+ 654
(146592 p(p—1)sP2 4+ (p—q— 1)6sPTa-2 sP
B 1+ 0s4
P T (p—q—1)s
1405 P
< p- = for all s > 0,
p—q—1+(p—-q-1)s7 p-—q—1
because ¢ > 0, and that similarly
2l(s) 1+ 8"
< 82 /" s) -
Wls) = vs(s) —
s (p—1)sP2 4 (p—q—1)0sPT972 14 §s4
— s“ . .
P (14 0s7)2 sP
o p—1l+(p—g—1)is?
a 1+ 654
p—1+4+(p—1)0s?
< p- T 5e =plp-1) for all s > 0.
Finally, (6.5) and the second statement in (6.2) are evident from (6.7), whereas the first claim in (6.2)
results from Beppo Levi’s theorem. O

Along with the originally intended choice (5.1) of p, making use of these functions in Lemma 5.1
allows us to deduce an entropy-type inequality under a smallness assumption on c. For simplicity in
presentation, we confine ourselves to proving the inequality (6.9) which actually slightly differs from an
inequality indicating genuine decrease of the functional fQ n? in that it involves a factor 2 on its right,
but the boundedness and dissipation properties thereby implied will be sufficient for our purpose.
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Lemma 6.2 For all p > 2 there exists n > 0 with the following property: Whenever Ty > 0, F' satisfies
(3.2) and u € L? ((Tp, 0); W012(Q)) N L2 ((Ty,00); L2(S2)), for any strong solution (n,c) of (5.1) in

loc loc

Q x (Ty, 00) fulfilling
HCHLC’O(QX(TO,oo)) <n (6.8)
there exists a null set N(p) C (Tp,00) such that

-1 t
[+ P2 [ [ <2 [ vt for allto € (To,00)\ NG
Q 2 to Ja Q
and each t € (tg,00) \ N(p). (6.9)
PrROOF.  Given p > 2, we first choose 6 € (0,1) small enough such that

T

1
0+1- (6.10)

and then fix a small number 7 € (0, 1) satisfying

4p(p — 1)xin?
— e K .
6(0+1) = (6:11)

where x1 := [[x||pe((0,1))- With any fixed sequence (J;)jen C (0, 1) satisfying §; N\, 0 as j — oo, we
now let ¢ be as defined in Lemma 6.1 with ¢ :=p — %, that is, we let

s O.pfl
Ps(s) == p/ ——do for s >0,
0 1+00P" 5
and moreover we set .
plo) = @ =) for o € [0,2n). (6.12)
Then 15 > 0,95 > 0 and ¢§ > 0 on (0,00) by Lemma 6.1, whereas computing
0 0(60+1)
(o) = Mo) = R 2 1
p (o) 0 — o) and p"(0) ) — o) or o € [0,2n) (6.13)

we see that also p > 0,p' > 0 and p” > 0 throughout [0, 27).
By means of (6.3) and (6.13), we now estimate
5 o0)

WR(p0) 5
Ys(s)Y5(s)plo)p’ (o)  — 4 plo)p”(o)
92(277 _ 0.)—20—2

= 5 .
P o —0) 7 000+ 1)(21—0) "2
~ 5po
0+1
< 1 for all s > 0 and o € [0,27) (6.14)
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thanks to (6.10), while (6.4) in conjunction with (6.12) and (6.13) shows that
X15 ¢H2(3)PQ(U) — 2. 5277[):5/(5) ) p(o)
¥s(s)5(s)p(o)p" (o) bows(s) (o)

gAY
< xf-p(p—l)-m

47]2
< xiplp—1)- )
< 1 for all s > 0 and o € [0,27) (6.15)

according to (6.11). Since n < 1 entails that x1 > X0 := [[x||z((0,5)), combining (6.14) with (6.15)
ensures that

WP ()97 (0) + 352U (5)p2(0) < 205(s)0(5)p(0)p" () for all s > 0 and & € [0, 21).

As furthermore our choice of g guarantees that lim sup,_, 5%1/)(’5’ (s) = %’ is finite for each 0 € (6;);en,
Lemma 5.1 becomes applicable so as to assert that whenever Ty > 0 and u,n and ¢ have the assumed
properties, for any § € (J;);en we can find a null set N5 C (Tp, 00) such that

/% A/w (&) Vnf? < /w (- t0))p(e(- 1))

for all ¢ty € (Tp,00) \ Ns and ¢ € (tg,00) \ Ns. (6.16)

Here as 0 < ¢ < n a.e. in Q x (Tp, 00), recalling (6.12) we can estimate
1

1
@) < p(e) < o a.e. in  x (Tp, 00),

N5 has measure zero, it follows from (6.16) that with some

so that since the countable union | J 5€(8;)jen

null set N = N(p) C (Tp,00) we have

L 2
W/Qi/la(n(.,t)) 2 @y /to/¢ n)|Vn|* < /1/)5 to))  forall tg € (Tp,00) \ N
and t € (tp,00) \ N

and any § € (J;)jen. Now since from Lemma 6.1 we know that ¢s(s) s and ¢§(s) — p(p — 1)sP—2
as 0 = d; \( 0, we may invoke the monotone convergence theorem and Fatou’s lemma to conclude

that indeed
P 1 ! p—2 2 (217)0 p
)+ pe—1) [ [ arva < S )
Q to JQ n Q

< 2/an(-,t0)

for all t € (Tp,o0) \ N and t € (tg,00) \ N, because 6 < 1 entails that 27 < 2. O

A

34



Indeed, the above lemma entails the following boundedness properties, uniform with respect to func-
tions in Sy, .1, 17, provided that 1 > 0 is small. We note that since this result will be applied to finitely
many p only, the dependence of 1 and the number 7 therein on p will actually be irrelevant in the
sequel.

Lemma 6.3 Let p > 2. Then there exist n > 0 and 7 > 0 with the property that for all m >
0 and L > 0 one can find C(m,L) > 0 such that if Ty > 0, if F' complies with (3.2), if u €

LIQOC((TO, 00); Wol’z(Q)) NLY ((Ty, 00); L?,(Q)), and if (n,c) is a strong solution of (3.1) in Q x (T, c0)
with
||CHL°°(Q><(TO,oo)) <n (6.17)
as well as
To+1 |V7’L’2
[n(C, )l <m  forallt>Ty  and / <, (6.18)
Ty Q n
then
/ nP(-,t) < C(m,L) for a.e.t >Ty+T1 (6.19)
Q
and -
/ /nﬂyvm? < C(m,L). (6.20)
To+1 JQ

PROOF.  We first observe that since W12(Q) < L5(9), (6.18) implies that for some C; > 0 we have

To+1 To+1 1 9
A HM@MWW::/ I D)l 20t
0

To+1 1 ) 1 9
<aof QWmmmmmwmemmmﬁﬁ
0
To+1 2 To+1
e,
4 To Q n To Q
C1

< ZL + Cim.

In view of a recursive argument, to prove the lemma it is thus sufficient to show that for each p > 2
there exists 7 > 0 such that for any choice of m > 0 and B > 0 we can fix Cy(m, B) > 0 such that
if for some T7 > 0 and some u € L} ((T1,00); W&Z(Q)) N L2 ((Ty,00); L2(2)) we are given a strong

solution (n, c) of (3.1) in Q x (11, 00) fulfilling ||c[| oo (@ x (7},00)) < 7 and

In( D)l <m  forae t>T (6.21)

as well as

Ty+1
[ 1m0l < B (6.22)
T
then
/ nP (-, t) < Cy(m, B) forae. t>T1+1 (6.23)
Q
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and

/ / P2\ Vnf2 < Cy(m, B) (6.24)
T1+1JQ
as well as
t+1
/ ||n(',t)HL3p(Q)dt < CQ(m, B) forall ¢ > Ty + 1. (625)
t

To this end, given any such p we invoke Lemma 6.2 to obtain n > 0 with the properties listed there.
In particular, since (6.22) ensures that essinf, ¢z, 7 11) JonP(-,tg) < BP, applying (6.9) to some
appropriately chosen tg € (11,71 + 1) shows that

4
p(p—1)

As moreover using the Hélder inequality and again the continuity of the embedding W12(Q) — L5()
along with (6.21) provides C5 > 0 such that

t+1 p t+1
( / |n<-,t>||L3p(mdt) < / I )2

P

t+1 )
_ / I )2

[e.e]
/ nP(-,t) < 2BP for a.e. t > tg and / / nP~2|Vn|* < BP. (6.26)
Q to Q

t+1
< C Vnz (-, t)|? 5(-,1)|2 }dt
< o [ {Ivate ot + b
2 t+1
< PG / / nP=2|Vn|? + Cym? for all ¢ > to,
4 i Ja
the inequalities in (6.26) entail (6.23)-(6.25). O

7 Ultimate regularity of eventual energy solutions

We now focus on the asymptotic analysis of a given particular eventual energy solution (n,c,u), thus
aiming at proving Theorem 1.3.

7.1 The inclusion (n,c,id) € Synm,

In order to prepare an appropriate exploitation of the energy inequality (1.12), we first assert that the
dissipation rate appearing therein dominates the energy functional F, in the following sense.

Lemma 7.1 For all m > 0, M > 0 and K > 0 there exists C = C(m,M,k) > 0 such that if
n € LY(Q) and ¢ € L>(Q) are nonnegative with [,,n < m and lellpee(@) < M as well as n: € Wh2(Q)
and c1 € WL4(Q), and if moreover u € W01’2(Q;R3), then

0 2
_HSFN[H’C’U]SC‘/{|VTL| I
0

(& n

\V4 4
| Cg' + yvu|2} 4O (7.1)
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PrOOF.  We first note that our assumptions f(0) = 0, x(0) > 0 and (%)’ > 0 on [0,00) imply

that there exists C; = C1(M) > 0 such that ){8 > (s for all s € [0, M], which in view of Young’s
inequality entails that

(c) \V 2 < /|VC2 /|VC|4 / /|VC!4 M|Q|
f c) - 20 c Q ¢ 16CY2 16C%°

Next, since zIlnz < %zg for all z > 0, using the Gagliardo-Nirenberg inequality we find Co > 0 and
(3 = 03(771) > 0 fulfilling

5 3, 1, 1 1.4 1.3 [Vn|?
| < 3 = — 2| 3 < (%||Vnz 2 2|7 c 207 <C/ Ca
/Qn nn_/Qn 52l TR 2[Vr2 L2 02 172y + Callnz o) < Cs i

because ||n%||%2(9) = [on < m.

As, finally, the Poincaré inequality provides Cy > 0 satisfying [, [ul* < Cy [, [Vu|?, we all in all obtain

Va]* | |V 2|, MIQ|
{ - + 3 + |Vul +16012+03

Frln, c,u] < max{l,C&CLm} /Q

for any such n,c and u. Along with the fact that Fy[n,c,u] > —@, valid due to the inequality

zlnz > —1 for z > 0, this shows (7.1). O

We can thereupon make sure that all the results of the previous sections can actually be applied to
such solutions, because (n, c¢,id) then belongs to Sp, .11, for adequately chosen m, M, L and Tp.

Lemma 7.2 Let (n,c,u) be an eventual energy solution of (1.2). Then there exist m > 0, M > 0,
L > 0 and Ty > 0 such that with F(s) := s,s > 0, the triple (n,c, F) belongs to Sy m,r1,- In
particular,

||C”LOO(Q><(t’Oo)) — 0 as t — oo. (72)

PrROOF.  From Definition 1.1 and Lemma 2.2 it follows that [, n(-,t) = m := [, ng for a.e. t > 0,
and that there exist 7' > 0, kK > 0, K > 0 and C; > 0 such that the regularity properties in (1.10) as
well as (1.12) hold. In particular, we may therefore integrate by parts in the rightmost integrals in
(2.3) and (2.4) for suitably chosen ¢ to see that (n,c) is a strong solution of (3.1) in Q x (T, co) with
To:=T+1, F(s) := s for s > 0 and u := u, which in turn allows us to apply Corollary 3.4 to infer
that [lc(,)[| L) < M = |lc|[ Lo @x(r,r+1)) for ae. t > To.

We next observe that writing y(t) := Fu[n,c,ul(t) and h(t) := fQ{Wm |VC§‘4 + [Vul*} (-, t) for
t > T, by a completion argument we infer from (1.12) that for any nonnegative ¢ € W1°((T, x0))
with compact support in (7', 00) we have

[ee) , 1 [e.e] o0
- [Cvndars & [ nwen <K [ o (7.3

because both y and h belong to L} ((T,0)) due to Definition 1.1 and Lemma 7.1.
In order to make sure that this implies boundedness of y on (7" + 1, 00), we make use of the estimate
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provided by Lemma 7.1 when applied to m := [,ng and M as defined above to infer from (7.3) the
existence of C7 > 0 and Cy > 0 such that

- [Twwswir oy [ Tumew < e [ s
T T T

for any such ¢. Here we take ¢(t) := e“1t¢5(t), t > T, where (s is as introduced in (3.8) for § €
(0,tg — T), with arbitrary Lebesgue points tg € (T,T + 1) and t; > T + 1 of (T,00) > t + e“riy(t).
Since —¢'(t) + C14(t) = —e“14¢(¢) for a.e. t > T, we thereby gain the inequality

1 it 1

5 e“y(t)dt My (t)dt < CZ/ €NGs()dt forall § € (0,10 — T),
t1

5 to—0 T

which on taking 6 N\, 0 shows that

t1
y(tl) < e*ol(hfto)y(to) 4 CQ/ 6701(t17t)dt < efCl(tlftO)y(tO) + g’?
to

As the set of such Lebesgue points complements a null set in (7', c0), this implies that indeed

Cy
t) < (Cy:= inf t —= fora.e. t > T + 1. 7.4
y(t) = Cs tog?%l;lﬂ)y( 0)+ 1 or a.¢ t (7.4)

We next pick any ¢ > T+ 2 and let ¢(t) := (5(t), t > T, where again (s is taken from (3.8), now with
to:=t,t; :=t+1and § := 1. From (7.3) we thus obtain that

¢ 42 t42 {42
_ / y(s)ds + / vo)s+ o [ h(s)o(s)ds <K [ o(s)ds,
t—1 t+1 t—1 t—1

so that since ¢ = 1in (£,¢+ 1) and 0 < ¢ < 1 on (T, 00), using (7.4) and the left inequality in (7.1)

we conclude that with Cy := max{1, M3} we have
1 /t+1/ ’Vn‘Q N |VC‘4
K J, Q n c3

1 t+1 |Vn|2 A
04K/t /Q{ n +|vc|}
1 t
< K/t h(s)ds

+1
Q
u—i—3K for all t > T + 2.
e

IN

< O3+

Therefore, (n, ¢, id) belongs to Sy, a7, with L := C4K - (C3+ ‘%' +3K) and Ty := T + 2, whereupon
(7.2) becomes a consquence of Lemma 4.6. O

7.2 Preliminary statements on decay of Vn and u

Thus knowing that ¢ decays uniformly, invoking Lemma 6.3 we obtain the following.
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Lemma 7.3 For any eventual energy solution (n,c,u) of (1.2), one can find T' > 0 such that

/Too/gwnﬁ < . (7.5)

Moreover, for all p > 2 there exist T(p) > 0 and C(p) > 0 such that

[n( ) lr ) < C(p) for a.e. t > T(p), (7.6)

and we have .
/ n(,8) —nollLe)dt — 0 as t — oo. (7.7)
t
PrROOF. In view of Lemma 7.2, we may apply Lemma 6.3 firstly to p := 2 and F(s) := s, s >0, to
obtain (7.5), whereas (7.6) similarly results on invoking Lemma 6.3 to general p > 2.
Next, given p > 2 we take T'(p) and C(p) as in (7.6) and invoke the Poincaré inequality to find C7 > 0
such that
i Cr [ [Vel?  forall p € WH(Q
- < € ’ .
o= F el < €1 [ 176 torall g e W)

Then two applications of the Holder inequality show that

t+1 t+1 p=2
/t () = 70 ooyt < / I+ 8) — 751 s g e 1) — T ey

p—2 t+1
< (ce)™ [ It - mlig
p=2 tt+1
< (o)™ [ Intt) - ol
p=2 ' t+1
< (ce ))”101/ /|Vn]2 for all ¢ > T(p),
whence (7.7) is implied by (7.5). O

The stabilization property implied by (7.5) can now be turned into a preliminary statement on decay
of u by making use of the energy inequality (1.11).

Lemma 7.4 Let (n,c,u) be an eventual energy solution of (1.2). Then there exists T > 0 such that

/TOO/Q Vul? < oo. (7.8)

In particular, for all p € [1,6] we have

t+1
/ lu O)llpoaydt 0 as t - oo, (7.9)
t
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PRrOOF.  We combine Lemma 7.3 with Definition 1.1 to find Ty > 0 such that Cy := [ [, [Vn[* is
finite, and such that

1 t 1 t
2/ |u(-,t)|2—|—/ /|vuy2g 2/ |u(-,t0)|2+/ /nu-w for ae. to > Ty and all ¢ > fo.
Q to JQ Q to JQ

Since V - u = 0, and since with some C > 0 we have [, [u[* < C3 [, |Vul® for a.e. t > T| by the
Poincaré inequality, integrating by parts in the rightmost integral and using Young’s inequality we see
that for any such ¢y and t we have

t 1 t
//\Vu]Q < 2/\u(~,t0)\2—/ /Cbu-Vn
to JQ Q to
|®|7
3 | o) + 5 /!\2 “‘“//WF
to to

IN

IN

This implies that

Vul* < ess inf [ fu(-,to)|* + C1C|| @[ for all £ > Ty + 1
Jro Jie < gt ot - crcutelieg |

and hence establishes (7.8), from which in turn one can readily derive (7.9), once again because
Wh2(Q) — LP(Q) for p < 6. O

The latter implies smallness of u(-, t,) at some conveniently large , > 0 in some of the spaces L37¢((),
€ > 0, which are supercritical with respect to the current knowledge on the global existence of smooth
small-data solutions to the unforced three-dimensional Navier-Stokes system ([34]). Thanks to the
decay property of n — mg formulated in (7.7), this actually entails a certain eventual regularity and
decay of u also in the present situation. More precisely, by means of a contraction mapping argument
we can achieve the following.

Lemma 7.5 Let (n,c,u) be an eventual energy solution of (1.2). Then for all p > 3 we have
llull oo ((t,00);0(02)) = O as t — oo. (7.10)

PROOF. First, since p > 3 We can pick any py € (3,p) such that py < 6 to achieve that then

= g(i _ 5) satisfies v < 2 whence in particular

PO 22? ’

1 13
1 ::/ (1—0) 2 220 “Vdo
0

is finite. We next recall known facts on the regularizing action of the Stokes semigroup ([12]) to fix
positive constants Cs, C's and Cy satisfying

lle” <pHLp < Cot™ |||l pro () for all o € C(Q)NL2(Q) and t € (0,2) (7.11)
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and
e M APV - || ooy < Cst ™23 Il g —forall pe CRE@NLAQ) andte (0,2) (7.12)
as well as

He_tAp[gp _][ ¢] H <Cillple@ —forallp e CRANLIE(Q) andte (0,2),  (7.13)
Q Lr(Q)

where (7.12) in particular implies that for each ¢ € (0,2) the operator e “*“AP[V-()] admits a continuous
P

extension to all of LZ () with norm controlled according to (7.12).
We finally invoke the Cauchy-Schwarz inequality to fix Cs > 0 such that

@6l 5 g < Csllelli@ el forall g and ¢ belonging to € L(@).  (T.14)

We now take any positive § < §p := {3 - 2%7%77 . C’1C305}_1 and let §; := 3‘%2 and 0y := > —, and

3:27Cy
note that as a consequence of Lemma 7.4 and Lemma 7.3, for any such § we can pick T'(§) > 2 such
that

t+1
/ [u(-, ) 700 (yds <07 for all ¢t > T(5) — 2 (7.15)
¢
and
t+2
HV<I>||L00(Q) . / In(-,s) — TTOHLp(Q)ds < 99 for all t > T(9) — 2. (7.16)
t
To see that these choices ensure that
Ju(- to)llpy <6 for all to > T(6), (7.17)

we fix any such ¢y and then infer from (7.15) that there exists t, € (top — 2,tp — 1) such that
u(- to)l|Lro)y < 61. We now follow a standard reasoning to construct, independently of wu, an-
other weak solution @ of the initial value problem associated with the Navier-Stokes system u; + Au =
—P[V - (u®0)] + P[nV®P] in Q x (ts,tx + 2) with u(-,t,) = u(-,t,) and some favorable additional
properties, finally implying by a uniqueness argument that actually v = @ and that hence u itself has
these properties. To this end, in the Banach space

X = {p € CO(t, 1+ 0I5 | Ipllx = s (=t e ) o) < 3
E(lx,tx

we consider the mapping ¥ defined by

t
(W(1) = () = [P (o5 @ o, ds
tx
t
+/ DA (. VBlds, L€ (e ty+ 2],
te
for ¢ belonging to the closed subset

si={peX | lplx <4}
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of X. Then for ¢ € S we can use (7.11)-(7.13) and (7.16) to estimate

EEYE I t _1_3
I2R)(,Ollm@ < Calt = )72 50 flu t)ll () + C / (=) 2 ol ) @ o)y s

3,1 1

IN
32
(e
—
—~
~
|
~
*
~—
N
'S
[=}
i

t 13
+C4C / (t— )3 5|l 8) 2oy ds
ty

t
1+ OV e / (-, 5) — Tll oy ds
ty

3(E-1) e —1-3
o p’ + (3050 (t—s) 2 2p g V(s

tx

IN
S
(e
[y
—~
~
|
~
*
S—
|
|
—

tet2
OV e / (-, ) — 5l oy ds
t

*

1

-3(X-1) e —1-3
Cle(t—t*) 2tp0 2/ + (C3C50 /(t—s) 27 2p 57 7ds
ty

IN

+Cydo for all t € (¢, tx + 2],

so that according to our choice of v we obtain

IN

— 1) (W) (- by + CoCsd(t — 1.3 %241 11 3 0240 4 Cubolt — 1)
(t = t)[(Ye) (D) e (o) 201 + C3C50°(t — ) (1-o0) 0 Vdo + Cyba(t — t,)
0

— o1+ C1CsC502(t — £,)7 % T 4 Cubo(t — 1)

< (91 + 2%_%_701030552 + 27C4 09
6 6 6
S §+§+§:6 foralltE(t*,t*-i—Q],

from which it readily follows that US C S. Likewise, for ¢ € S and ¥ € S we can use (7.12) and
(7.14) to find that

|owe — w0

[ etmp -9 fot @l - vt}

@ |

IN
&2
?\s‘*
=
|
=

[
|
e
—N—
S}
&
&
S
—~
\.CID
N—
|
<
&

+[iets) = vt @ w9

L’z’(Q)}ds
t _1_3

< 055 [ 6=l )iy + I Mo}
ty
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x[lo(-8) = ¥(- )l ey ds
t
< 0305/ (t—s) 272 20577 - sl —||xds  for all t € (&, + 2],
Ly

implying that

(t — t*)”H(\Ifcp - W)("”Hm(m <2.237 % 0105050 — dllx  for all £ € (¢, + 2.

1 3
As 2-227 2% 7C103C50 < % < 1, this proves that ® acts as a contraction on S and hence possesses a
unique fixed point u. By standard arguments (]26]), it follows that u in fact is a weak solution of the

Navier-Stokes subsystem of (1.2) in © X (4, s + 2) subject to the initial condition u(-,t,) = u(-, t4).

Since furthermore our choice of v ensures that with ¢ := psz:s we have ¢y < ¢q - (% — 3 =1, it follows

2p
from the inclusion u € S that
te+2 ti+2
/t (-, )75 0y dt < 6‘1/t (t —to)"7dt < o0.

Using that p and ¢ satisfy the Serrin condition % + % = 1, a well-known uniqueness property of the
Navier-Stokes equations ([26]) entails that @ must coincide with w in € X (t4,t, + 2). In particular,
since tg € (tx + 1,t, + 2), this implies that

[[u(-s to) | o () = [[u(-s to)lLr(@) < 6(to —84)77 <0

and thereby establishes (7.17), which in turn proves (7.10), because § € (0, o] was arbitrary. O

7.3 Eventual Holder regularity of v and Vu

We next plan to derive some higher order regularity properties of a given eventual energy solution.
Here we first combine the boundedness feature of u implied by Lemma 7.5 with the integrability
properties of the forcing term nV® in the Navier-Stokes equations in (1.2), as obtained from Lemma
7.3, to achieve spatio-temporal LP bounds for u, Vu, D?*u and w; for any p > 1 by means of a bootstrap
argument based on maximal Sobolev regularity in the Stokes evolution system.

For use in this and also the following sections, we fix a function {, € C*°(R) such that
0<&<1inR, &=0 in(—o00,i] and & =1 in[1,00), (7.18)

and for g > 1, we introduce
&to(t) ==&t —to),  tER (7.19)

Lemma 7.6 Let (n,c,u) be an eventual energy solution of (1.2). Then for all p > 1 there exist T > 0
and C > 0 such that

HUHLP((t,t—l-l);W?vP(Q)) + HutHLP(QX(t,tJrl)) <C Jor allt >T. (7.20)
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Proor. We first claim that there exist 77 > 0 and C; > 0 such that
||uHLQ((tmtOJrl);WQ,Q(Q)) < Cl for all t > Tl. (7.21)

To see this, let us apply Lemma 7.3, Lemma 7.5 and Lemma 7.4 to fix T} > 1 and positive constants
Cy,C3 and C4 such that

||n||L2((t,t+2);L2(Q)) < Oy forallt >1T) —1 (7.22)

and
HuHLoo((t,t_;'_Q);[A(Q)) < C4 forallt >1T; —1 (7.23)

and
Hvu||L2((t,t+2);L2(Q)) < Cy forall t > T — 1. (724)

Then (7.24) in particular implies that for any choice of ¢y > 77 we can find ¢, € (t9 — 1,%p) fulfilling
[Vu(, ti)ll2() < Cs, and upon an interpolation using the Hélder inequality and the Gagliardo-
Nirenberg inequality, (7.24) combined with (7.23) shows that with some C5 > 0 and Cg > 0 we
have

tet2 2 bet2
Pllu-V)u)(- 1) < Cs V(e )| 15 )17 0t
: L2(@) : @ @
* ) ’ 142 ,
< / V(s 8) 24t
t*“l‘*Q 8 2
< Cﬁ/t ||U(',t)H%/Q,z(Q)Hu('?t)Hz4(Q)dt
<

) tat2 s
CiCa [ ) oyt
tx

As moreover

te+2
/t* Hp[n(.,t)wp]\

tx+2
dt < VOl / (e

C3 V(7o)

2
L2(2)

IN

by (7.22), it follows from a well-known maximal Sobolev regularity property of the Stokes evolution
equation ([13]) and a corresponding uniqueness argument ([26]) that there exist C7 > 0 and Cs > 0

satisfying
2
dt}
L2(Q)

IN

07-{/Q|Vu<-,t*)y2+/:*+2H ~ Pl(w- V)l ) + Pln(- ) V|

t*+2 §
Csg - {1 +/ Hu(.7t)||év272(mdt}.
t

Since % < 2, Young’s inequality becomes applicable here to warrant that (7.21) indeed holds if we let
C1 > 0 be apporopriately large, because by construction we have (to,to + 1) C (ts, tx + 2).

tx+2 5
/t (e, £) 22yt

IN
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In order to prove the lemma, upon a recursive argument it is hence sufficient to show that whenever
p > 2 is such that

Hu‘|Lp((t’t+2);W2,p(Q)) S Cg for all ¢ > T2 (7.25)
with certain 75 > 1 and C9 > 0, there exist T3 > 1 and Cy¢ > 0 fulfilling
lul| s + |l s < Cyp for all t > T3. (7.26)

¥ ((to,to+1);W? ¥ () ¥ (2 (to,to+1))

To see that this implication actually holds, under the assumption therein we invoke Lemma 7.5 and
7.3 to fix T3 > Ty, C1; > 0 and Ci2 > 0 such that with ¢ := max{6p, %} we have

p < .
In || (t=1041); LY Py = Ci1 for all t > T3 (7.27)

and

HUHLOO((t_Lt_i_l);Lq(Q)) < Cho for all t > T3, (7.28)
and given to > T3 we let &, be as defined in (7.19). Then the function v : Q x (tg —1,00) — R? defined
by v(z,t) = &, (tu(z,t), (z,t) € Q x (tg — 1,00), is a weak solution in Lo ([to — 1,00); LZ(2)) N
L7, ([to — 1, 00); W™ () N W2(2)) of

vy + Av = h(x,t) := & (H)P[—(u- V)u+nVe] + & (Hu in Q x (tg — 1,00) (7.29)

with v(-,tg — 1) = 0. To estimate the inhomogeneity h herein, we first note that the boundedness

of the Helmholtz projection in L%p(Q), (7.27) and (7.28) imply that there exist positive constants
Ch3,C14 and Cq5 such that

to+1 37;) to+1 3p
P, 1)V it < C OV 2, dt
/to—l H&f’( JPInC OV 2 13/750—1 InC OVl %y o
t()—‘rl 3l
. 2
< Cl3||V<I>”Loo(Q)/ 1 ||n(7t)\|L37p(Q)dt
< Cu (7.30)
and
to+1 3p
| luwutol %, dr<cn. (7.1
to—1 LT(Q)

Moreover, by means of another interpolation on the basis of the Holder inequality and the Gagliardo-
Nirenberg inequality we may use (7.27) and then (7.25) to find positive constants Cig, C17,Cig and
Chg such that

to+1 371’ to+1 3p 3p
| ew@Ptee wpaen] )y g de < oo [ 19U O el Ol oyt
.

R o1

to+1 3p
< Cur [ VUGl it
to—1
to+1 » p
< C / u(-,t u(-,t)]|? dt
S B I A >HL%(9)
to+1
< Cuo [ el Ol
to—1
< Cy9C5. (7.32)
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As a consequence of (7.30), (7.31) and (7.32), once more by maximal Sobolev regularity estimates,
now applied to (7.29), we obtain Cyy > 0 and Ca; > 0 satisfying

to+1 3p to+1 3p
/ lu(, O %, 5, dt+ / lueC- Ol %y
to w=

2 (Q) to L2 (Q)

to+1 3p to+1 3p
< )] 2 dt )] 2 dt
< [T meonE, g des [ el

0—1

to+1 3p
< Cu / In( 0| %, dt
to—1 LT(Q)

< Co.

This establishes (7.26) and thereby completes the proof. O

Since the exponent p in Lemma 7.6 can be chosen arbitrarily large, an immediate consequence is the
following.

Corollary 7.7 Suppose that (n,c,u) is an eventual energy solution of (1.2). Then one can find
a€ (0,1), T >0 and C >0 such that

||u||C'1+ﬁ‘aa(Q><[t,t+1]) <C forallt >T.

PROOF. According to a well-known embedding result ([2]), for any o > 0 and 8 > 0 fulfilling
a + 28 < 2 there exists p > 1 such that for each bounded interval J C R, the space of functions
¢ on Q x (0,7) having finite norm || o sm20()) + 1€t Lr (7,00 () is continuously embedded into
CB(Q x J). Therefore, the claim is an immediate consequence of Lemma 7.6 when applied to
conveniently large p > 2. O
7.4 Eventual L regularity of ¢, Vc and D?c. Holder regularity of ¢ and Ve

By pursuing a similar overall strategy, we can derive the counterpart of the statement in Lemma
7.6 for the second component c¢. As compared to the situation in the previous section, however, the
different structure of the inhomogeneity h(z,t) = —nf(c) —u- Ve in ¢, — Ac = h(z,t), and especially
its dependence on ¢, require modifications in the argument.

Lemma 7.8 Let (n,c,u) be an eventual energy solution of (1.2). Then for all p > 1 there exist T > 0
and C > 0 such that

HCHLP((t,t-i-l);W?vP(Q)) + ||CtHLP(Q><(t,t+1)) <C for allt >T. (7.33)
PRrROOF. Let us first make sure that with some 77 > 0 and C; > 0 we have
||CHL“((to,to—i-l);WQ"‘(Q)) <C for all t > T. (734)

To this end, we observe that in view of Lemma 7.3, Definition 1.1, (3.16) and Corollary 7.7 there exist
T1 > 1 and positive constants Csy, C'3 and Cy such that

‘|nHL4(Q><(t—1,t+1)) < (s for all t > T3 (735)
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and
HcHL‘*((t—l,t—l—l);WlA(Q)) S 03 fOY all ¢ > T1 (736)

as well as
||uHLoo(QX(t_17t+1)) < Cy for all t > T7. (7.37)

Now for fixed tg > 11 we let &, be as given by (7.19) and consider the problem
2t — Az = h(x,t) == =&, (t) - {nf(c) +u-Ve} + &, (t)c, reQ, t>tg—1,

92 =0, €0 t>ty+]1, (7.38)
z(z,to — 1) =0, x € Q.

Here using (7.35)-(7.37) and (3.16) we see that for some C5 > 0 we have

to+1 4
L oot st v veen} |, o
fot1 4 4 4
< 05 [ {InC Ol + I Ol o) 9l Do o
< Cs-(Cf+Cics) (7.39)
and
fo 4 /14 4
L 16O Dt < 1601y - O (7.40)
~

According to well-known results on maximal Sobolev regularity properties of the Neumann heat semi-
group ([13]), we thus infer from (7.39) and (7.40) that (7.38) possesses a unique strong solution
z € L(tg — 1,tg + 1); W24(Q)) with 2z € L*(Q x (to — 1,tp + 1)) which satisfies

to+1 4 to+1 4 to+1 A
|l O+ [ Ol <Ca [ IOl qde <G (14D
to—1 to—1 to—1
with some Cg > 0 and C7 > 0. Since clearly both z and the function Q x (tg — 1,9+ 1) 3 (x,t) —
&1, (t)e(z,t) are weak solutions of (7.38) in the class of functions from L2((tg — 1,to + 1); WH2(Q)), it
follows from a corresponding uniqueness property that z(x,t) = &, (t)c(z,t) for a.e. (z,t) € Q x (tg —
1,t9 4+ 1), whereupon (7.41) implies (7.34), because &, = 1 in (to,t0 + 1).
Let us next verify that if
||C||Lp((t’t+1);w2,p(ﬂ)) < Cyg for all ¢t > Tb (7.42)
with some p > %, Ty > 1 and Cg > 0, then there exist T3 > T and Cy > 0 such that
el L2n (10 ,t0+ 1) w220 () + et e (@x (to,t04+1)) < Co for all & > Ts. (7.43)

Indeed, assuming (7.42) we once again invoke Lemma 7.3 to obtain 73 > 75 and C19 > 0 such that
T3 > T7 and
Hn”L2p(QX(t0_17tO+1)) < Cho for all ¢t > Ts. (7.44)
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Then given tg > T3 we define z in the same manner as before and the see that in (7.38) we can use
(7.44), (7.37) and (3.16) to find C1; > 0 fulfilling

2p
dt
L2 (Q)

[ st ntenstete ) + - et}

o—1

to+1 9
< Cu [ IO+ 00 I el 02 o

to—1
2 2 fo+l 2
< 015011+C'4p011/t 1 ||Vc(',t)||L€p(Q)dt,
o

where combining the Gagliardo-Nirenberg inequality with (7.42) and (3.16) provides Ci2 > 0 and
C'13 > 0 such that

to+1 to+1
| IOyt < G [ e Ol Ol

o—1 o—1

< Cis.

Since again from (3.16) we obtain Cj4 > 0 such that
to+1 2
!/ !
/t . ”gto(t) ( )HL2P(Q dt < 2”50” HCHLOO(QX (to—1,t0+1)) = 0147
0

we may argue as above to conclude from maximal Sobolev regularity estimates that there exist C15 > 0
and C'g > 0 such that

to+1 to+1 to+1
/ 1o )0 ﬁ+/ H%(Wm)ﬁ<0m/ 1R )12 0 < C.
t to—1 to—1

o—1

Again since z = ¢ a.e. in Q X (tg,to + 1) by definition of &, this shows (7.43) and thereby completes
the proof of (7.33) upon iteration. O

Again, this implies Holder estimates as follows.

Corollary 7.9 Let (n,c,u) be an eventual energy solution of (1.2). Then there exist o € (0,1),T >0
and C > 0 such that

‘|CHCl+axO¢(Q><[t,t+1]) <C forallt >T.

PROOF.  In precisely the same manner as Corollary 7.7 was derived from Lemma 7.6, this follows
from Lemma 7.8 by application of a standard embedding result ([2]). O
7.5 Eventual L? regularity of n, Vn and D?n. Hélder regularity of n and Vn

The above estimates, inter alia asserting a uniform pointwise bound for V¢ and a space-time bound
for Acin any LP norm for p < 0o, now provide sufficient information for the derivation of the following
analogue of Lemma 7.8 for n.
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Lemma 7.10 Given an eventual energy solution (n,c,u) of (1.2), for each p > 1 one can find T > 0
and C > 0 such that

Il o (1) w2 (@)) T el Loax sy < C for allt >T. (7.45)

PrOOF.  The proof is quite similar to that of Lemma 7.8, so that we may confine ourselves with
outlining the main steps only. We first show that there exist 77 > 0 and C7 > 0 such that

||n||L2((t07t0+1);W2,2(Q)) < (C for all tg > T7. (7.46)

To see this, we recall Lemma 7.3, Corollary 7.9, Lemma 7.8 and Corollary 7.7 to fix 177 > 1 and C > 0
such that

170l 2 (t=104 1) w12 )) + 12l 2@ =1,041)) + Vel Lo @x t=1,041)) + Al Lagx t=1,641))
+HUHLOO(Q><(t_17t+1)) < Cl for all t > Tl. (747)

Then given to > T1, with &, taken from (7.19) we see that the source term h in

wy — Aw = h(x,t) := =&, (t) - {Vn -Ve+nAc+u- Vn} + &, (t)n, x€eQ, t>t)—1,

gu =, e d, t>ty—1,

w(z,tg— 1) =0, x € 09,
(7.48)

satisfies

to+1 5 9 to+1 9
/t 1R( D72 dt < HVCHLOO(QX(tol,tOJrl))/t X V(e t)[72q)dt
.

o—1
to+1 , 3 to+1 , 2
([ e 0Rw) ([ 18Ol
to—1 to—1

to+1 5
Hlul e @iy | IV e
~

2 to+l 2

/

€2y / ey )2
to—1

< Oy

for some Cy > 0, where we have used the Cauchy-Schwarz inequality. Therefore, (7.46) is a consequence
of a maximal Sobolev regularity inequality along with a uniqueness argument applied to (7.48).
Next, assuming that with some p > 1,75 > 1 and C5 > 0 we have

Hn”Lp((t_Lt_;'_l);W?,p(Q)) S CS fOI‘ a].l t > T27 (749)
we can infer the existence of T3 > 0 and Cy > 0 fulfilling

9 + ||nt|| : < (Cy for all ty > T5;. (750)

”n”L%P(( LJTP(Qx(to,to-H)) a

3
to,to—i—l);Wz’Tp(Q
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Indeed, thanks to Lemma 7.3 and Lemma 7.8 we may pick T3 > max{73,7»} and C5 > 0 such that

7l zsr @ (t—=1,041)) + [l Loo (=104 1):23(02)) T+ 1A L3p(x (t=1,041)) < C5 for all ¢ > T3,
whence by (7.49) and the Gagliardo-Nirenberg inequality we obtain Cg > 0 satisfying

t+1 3p t+1 » »
/t_l Hn(-,s)Hvva%(Q)ds < GCs /t_l (s ) 2oy InCo 8) 75 qyds < C6CEC3 for all t > T,

Accordingly, if tgp > T3 and &, is as in (7.19), then in (7.48) we can once more use (7.47) and the
Cauchy-Schwarz inequality to estimate

- w to+1 3p
/ Il dt < 19l g mm/ Vol g )

g

1

(o) [ o)

P

3p to+1 3p
lul e o a1y / CIvnc Ol d
N

w

e [ e on®

+11&0 |l 2o / n(-,t)] 2 dt
0ll Lo (R) to—1 L%P(Q)
< Cr

with some C7 > 0. Another application of maximal Sobolev regularity theory thus yields (7.50) and
hence proves (7.45), because p > 1 was arbitrary. O

Once more, this entails a certain Holder regularity.

Corollary 7.11 Let (n,c,u) be an eventual energy solution of (1.2). Then there exist € (0,1),T > 0
and C > 0 such that

Hn\|cl+a,a((gx[t7t+1}) <C forallt >T.

PROOF.  In precisely the same manner as Corollary 7.7 was derived from Lemma 7.6, this follows
from Lemma 7.10 by application of a standard embedding result ([2]). O

7.6 Estimates in O2t1+3

Straightforward applications of standard Schauder estimates for the Stokes evolution equation and the
heat equation, respectively, finally yield eventual smoothness of the solution components u as well as
n and c, respectively.

Lemma 7.12 For any eventual energy solution (n,c,u) (1.2) one can find o € (0,1),T > 0 and
C > 0 such that

||u||02+a,1+%@x[t’t+1]) <C forallt >T. (7.51)
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PrROOF.  According to Corollary 7.11 and Corollary 7.7, it is possible to fix o/ € (0,1), T3 > 0 and
C5 > 0 such that
< for all t > T (7.52)

Il ¢
(Qx[t,t+1])
and
HUHCI_,,_Q/,Q/(QX[LHF”) < CQ for all ¢t > Tl. (753)
We next set T := T + 1 and let 9 > T" be given. Then with &, taken from (7.19), we again use that
v(-,t) =&, (t)u(-,t), t > tog — 1, is a solution of
{ ve + Av = h(z,t) := & ()P[(u- V)u+nVE] 4 & (t)u, x e t>t)—1,

7.54
v(z,ty) =0, x € Q, (7.54)

which hence, in particular, satisfies the associated first-order compatibility condition at ¢ = ty — 1

([27]).
Now from (7.52), (7.53) and the smoothness of £y we readily obtain « € (0,1) and C3 > 0 fulfilling

1Bll o (@ ro—1,0+1) < C35

so that regularity estimates from Schauder theory for the Stokes evolution equation ([27]) ensure that
(7.54) possesses a classical solution & € C?T*M2(Q x [ty — 1, + 1]) satisfying

19l p2+a1+8 (@10 —1.20417) = Ca

with some Cy > 0 which is independent of ty. As clearly v = v by an evident uniqueness property of
(7.54), this proves (7.51). O

Lemma 7.13 Assume that (n,c,u) be an eventual energy solution of (1.2). Then there exist o €
(0,1), 7 >0 and C > 0 such that

HTLHCQ+Q71+%(QXB¢+1]) + HCHC2+Q’1+%(QX[t,t+1]) S C fO?" all t >T. (755)

ProOOF.  We first combine Corollary 7.9 with Corollary 7.11 and Corollary 7.7 to infer the existence
of o € (0,1), T1 > 0 and C; > 0 such that

In.f(c)

Standard parabolic Schauder estimates applied to the second equation in (1.2) ([22]) thus provide
Csy > 0 fulfilling

<y for all t > T7.

ol : v o
HC“"TI(QX[t,t—i-l]) + [l CHCO‘/’TI(Qx[t,H-l})

HCHC”“"”%/(Qx[t,t+1]) <Oy for all t > Ty + 1. (7.56)

Again in view of Corollary 7.11 and Corollary 7.7, this in turn warrants that for some o’ € (0,1), 72 > 0
and C3 > 0 we have

IV - (Vo) o tlluVnll o <Oy forallt > T,

HC"‘”*T(QX[t,t—i—I]) Qx[tt+1])

whereupon Schauder theory says that

voall <C f 11t>T: 1.
CHH I S (Qx[tt+1]) — ! ora 2

Along with (7.56), this proves (7.55) with o := min{¢/, "}, T := max{T3, T5} and some suitably large
C>0. O

Il
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8 Stabilization of n and . Proof of Theorem 1.3

On the basis of the eventual uniform continuity properties implied by the estimates in the previous
section, we can now turn the weak stabilization properties of n and v from Lemma 7.3 and Lemma
7.5 into convergence with regard to the norm in L>°(Q2). In the proofs of our results in Lemma 8.2
and Lemma 8.3 in this direction we shall make use of the following statement, the elementary proof
of which may be omitted here.

Lemma 8.1 Let T' € R, and assume that h : (T, 00) — [0,00) is uniformly continuous and such that
fttﬂ h(s)ds — 0 and t — co. Then h(t) — 0 as t — oo.

A first application thereof shows that Corollary 7.9 and Lemma 7.3 entail the following.

Lemma 8.2 Assume that (n,c,u) be an eventual energy solution of (1.2). Then with ng := 4 ng > 0,
we have
(-, t) — Mol o) — O as t — 00. (8.1)

PrOOF. By means of Corollary 7.9 and the Arzela-Ascoli theorem, we can fix 77 > 0 such that
(n(-,t))¢s1, is relatively compact in C°(Q), (8.2)

and that the function ¢ : (71,00) — R defined by h(t) := ||n(-,t) — 7TO||%2(Q), t > Tj, is uniformly
continuous. Moreover, from Lemma 7.3 we know that with some 75 > T} we have f;; Jo |Vn|? < oo,
so that since the Poincaré inequality combined with (2.6) provides C; > 0 such that

t+1 t+1
/t I, 8) = 7] 2 gy ds < Cl/t /Q\vm? for all £ > T,

we obtain that fttﬂ h(s)ds — 0 as t — oo. In view of Lemma 8.1, this asserts that h(t) — 0 and

hence n(-,t) — ng in L?(2) as t — co. Along with (8.2), this proves (8.1). O
Next, combining Corollary 7.7 with Lemma 7.3 yields decay of u in L>°(Q).

Lemma 8.3 If (n,c,u) is an eventual energy solution of (1.2), then
lu(, )| oo () — 0 as t — oo. (8.3)

ProOOF.  We first observe that as a consequence of Lemma 7.4,

t+1
/ / ul> -0  ast— oo, (8.4)
t Q

meaning that if with some conveniently large T3 > 0 we let h(t) := [[u(-,t)||r2(q), t > T1, then

tt+1 h(s)ds — 0 as t — oo. We now follow the reasoning from Lemma 8.2 and invoke Corollary 7.7 in

choosing 15 > T7 such that

(u(-,t))¢>1, is relatively compact in CY(Q) and h is uniformly continuous for ¢ > Ty, (8.5)
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where the latter along with (8.4) entails that h(t) — 0 as ¢ — oo according to Lemma 8.1. Thus
knowing that u(-,#) — 0 in L?(f2) as t — oo, using the compactness property stated in (8.5) we
readily end up with (8.3). O

Proving our final result on large time behavior of arbitrary eventual energy solutions now reduces to
collecting the above convergence and regularity properties.

PrROOF of Theorem 1.3  The regularity properties in (1.13) are immediate consequences of Lemma
7.13 and Lemma 7.12. In order to verify (1.14), we note that on choosing @ := u and F(s) := s for
s > 0 we obtain from Definition 1.1, (2.6) and (3.16) that (n,c,F) € Spam,rm with m = [ no,

M = ||co| peo(o) and some L > 0 and Typ > 0. Therefore, Lemma 4.6 in particular implies that
c(+,t) = 0in L>®() as t — oo. Combined with the results of Lemma 8.2 and Lemma 8.3, this proves
the claimed stabilization properties. O

9 Existence of an eventual energy solution. Proof of Theorem 1.2

Following [39], we regularize the original problem (1.2) by fixing families of approximate initial data
Noe, coe and upe, € € (0, 1), with the properties that

noe € C5°(2), noe >0 in Q and fQ noe = fQ ng foralle € (0,1) and 0.1)
noe — ng in Llog L(2) as e \,0, '
that

coe > 0 in Q is such that \/co- € C§°(2)  and  |[coel| () < [lcoll o) for all e € (0,1) and
V€ = y/co a.e.in Q and in Wh2(Q) as € \( 0,

(9.2)
and that
Uge € CSO(Q> N Lg(Q) with HUOEHLQ(Q) = HUOHL2(Q) for all € € (0, 1) and (9 3)
uge — ug in L2(Q) as € \, 0. '
Then for € € (0, 1), we consider
(et +us - Vne = An. — V- (nFl(n:)x(c:)Vee), zeQ, t>0,
C€t+u€'vca = ACE_FE(nE)f(CE)v '1769, t>0>
uet = Aue —VP.+ (Yeue - V)us +n:-Vo, z e, t>0, (9.4)
V-u = 0, reQ, t>0, '
gne = 9 =0, w. =0, z €N, t>0,
[ ne(2,0) = noe(x), c(,0) = coe(), ue(z,0) = upe(x), x € Q,
where .
F.(s) := - In(1 + es) for s > 0, (9.5)
and where
Yov = (14+eA) M for v € L2(Q). (9.6)
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The following lemma summarizes some of the results for (9.4) obtained in [39, Lemma 2.2, Lemma
2.3, Lemma 3.9, Lemma 3.6].

Lemma 9.1 For each e € (0,1), there exist uniquely determined functions
ne € C*1(Q x[0,00)), ¢ €C*(QAx[0,00)) and u. € C*H(Q x [0,00);R?) (9.7)

which are such that ne > 0 and ¢ > 0 in Q x (0, Thaz,e), and such that with some P. € CI’O(Q X
(0, Thmaz,e)), the quadruple (ne,ce,us, P.) solves (9.4) classically in € x (0, Tinaz.e)-
These solutions satisfy

/ ne(-,t) = / no forallt >0 (9.8)
Q Q

as well as
lee( )| oo () < llcoll o) for allt >0, (9.9)
and there exist Kk > 0 an K > 0 such that

d 1 Vn.|? Vet
(ﬁfn[ns,ce,us](t)—i-K{/s]' n:‘ + Q‘ c§€| +/Q|w€|2} < K forallt>D0. (9.10)

Furthermore, Theorem 1.1 in [39] asserts that these solutions approach a global weak solution of (1.2)
in the following sense.

Lemma 9.2 There exist (¢;)jen C (0,1) and a global weak solution (n,c,u) of (1.2) such that e; 0
as j — 00 and (ne, cz,us) = (n,c,u) a.e. in Qx (0,00) as € =¢; \,0. For this solution, we moreover
have

ne Lo((0,00); L Q) with n2 € L2 ([0, 00); W-2(Q)),

loc
ce€ L*®(Q x(0,00)) with i€ L ([0, 00); WH4(Q)), and
u € LES([0,00); L2(2)) N L3,.([0, 00); Wy (), (9.11)

and there exist k > 0 and K > 0 such that (1.11) and (1.12) hold with T := 0.

It remains to verify that the component n of this limit function has the additional regularity properties
Vn € L2 (Q x (T,00)) and n € L} (Q x (T,00)) required in Definition 1.1. Thanks to all our

loc loc
previous analysis, without substantial further efforts these will result from the fact that for each of the

approximate solutions (ne, c., uc), the triple (ne,c., F.) lies in Sy, 7,10 with suitable m > 0, M > 0
and L > 0:

Lemma 9.3 There exist T > 0 and C > 0 such that for all € € (0,1), the solution of (9.4) satisfies
/ /|vn€|2 <C (9.12)
T Jo

T+T - ~
/ / nd<C-(T+1) for all T > 0. (9.13)
T Q

and
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PROOF.  In order to prepare an application of Lemma 6.3, we recall that [, n.(-,t) = m = [, no
and [|ce(+, )| oo () < M = ||eo| oo () for all £ > 0 and e € (0, 1) according to (9.8) and (9.9). Next,
Lemma 9.1 combined with Lemma 7.1 says that there exist positive constants C7 and Cy, independent
of £ € (0,1), such that with x > 0 as given there, the function y defined by y(t) := Fi[ne, ce, ue|(t),
t > 0, satisfies y/(t) + Chy(t) < Cy for all ¢ > 0, which shows that |y(t)| < C5 for all ¢ > 0 with some
C3 > 0 independent of . Therefore, integrating (9.10) in time yields

t+1 2
/ / { VSE’ + ]Vc€|4} < Kmax{l,M?}- (K 4+2C3) forallt>0ande € (0,1), (9.14)
t Q €

from which we infer that (ne, cc, Fz) € Sy, foralle € (0,1) if we let L := K max{1, M3}-(K+2Cs).
Therefore, Lemma 4.6 applies so as to assert the doubly uniform decay property

sup HCE('vt)HLOO(Qx(TO,oo)) —0 as Tp — oo. (9.15)
e€(0,1)

In particular, if we let 7 > 0 and 7 > 0 denote the numbers obtained from Lemma 6.3 upon the
specific choice p := 2, we can fix Ty > 0 such that

lee ()| Lo (@x(Th,00) < foralle € (0,1).

Combining this with (9.14) and using the outcome of Lemma 6.3, we thus infer that
[e.e]
Hng(.,t)HLs(Q) <(C; forallt>T and / / Vn|> < ¢ (9.16)
T Q

with T := Ty + 7 and some C7 > 0 possibly depending on m and L but not on € € (0,1). Since using
the Gagliardo-Nirenberg inequality we obtain Cy > 0 such that for each T' > 0 we have

T+T . T+T ) ) .
/T (-, 8) [ a0yt < /T {CallVne(s )32y Ine (-, )23 + Callne (- Dl gy s
both (9.12) and (9.13) result from (9.16). O
We thereby immediately obtain our final result on global existence of an eventual energy solution.

PROOF of Theorem 1.2. We let (n,c,u) denote the limit function gained in Lemma 9.2. Then as a
consequence of Lemma 9.3 we know that there exist 7' > 0 and C7 > 0 such that

/ /|Vn|2<oo
T Q

and
T+T ~ ~
/ /n4§C'1-(T+1) for all ' > 0.
T Q

In conjunction with (9.11), this shows that (n,c,u) enjoys all the regularity properties required in
Definition 1.1 and therefore implies that (n, ¢, u) indeed is an eventual energy solution of (1.2). O

55



10 Appendix

For convenience, let us include a short proof of a stability property of Steklov averages which is
essential to our arguments in both Lemma 5.1 and also Lemma 3.3.

Lemma 10.1 Let —oo < Ty < 11 < o0, and for h € (0,1) define
1 t+h
Sule)(z,t) = h/ o(x, s)ds, xeQ, te (Ty,T1), (10.1)
t
for o € LY x (To, Ty)).
i) If o € LP(Q2 x (Tp, 11 + 1)) for some p € [1,00), then

ISulelll Le@x (o,1m)) < Nlellr@@xmom+ny) — for all h € (0,1). (10.2)

i) Suppose that for some p € [1,00), (on)ne(o,1) C LP(Q x (To, T1 + 1)) and ¢ € LP(2 x (Tp, T1 + 1))
are such that
lon — @llrx(mritn)) — 0 as h 0. (10.3)

Then
Sulen] = ¢ in LP(Q x (To,T1)) as h ™\ 0. (10.4)

Proor. We may assume that Tp = 0 and write 1" := T7.
i) Using the Holder inequality and the Fubini theorem, we directly see that

/ /‘Sh (z, t d:ndt
t+h
< // / o(z, s)[Pdsdtdz
T+h
= / {/ / lo(z, s |pdtd8—|—/ / lo(x, s |pdtd8—|—/ / oz, s |pdtds}dx
hiJoUJn Js—n
1 T T+h
= 3 [ [ [ stetw s+ [ (T + 1= 9o, Pds b
h Jo h 0 T
1 T h T+h
i [An [Ceordsen [Clwspasen [ ot sgpas s
hiJa U Jn 0 T
T+h
= [ [letzorass
0 Q

for all h € (0,1).
ii) By linearity of Sj, and i), we have

t+h P
dtdx

(x,s)ds

IN

1Sn[en] — SDHLP(QX(QT)) = |Shlen — @] + (Sale] - SD)HLP(Qx(O,T))
< Shlen = @lllrx o,y + I15kle] = @ll o @x 0,1
< llen = ellr@xor+ny) + 11Sele] = @l raxory — forall h € (0,1).
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Since Sp[p] — ¢ in LP(Q x (0,T)) by a well-known result (see e.g. [5, Lemma 1.3.2]), (10.3) therefore
entails (10.4). 0

We also separately state the following interpolation lemma which is used in several places.

Lemma 10.2 There exists C > 0 such that whenever J C R is an interval, the following holds.
i) Any function n € L>(J; L' () N L2(J; Wol’Q(Q)) belongs to L3 (2 x J) and satisfies

8 2
J Rl T Y] A (10.5)

i) If ue L®(J; L2 R3)) N LA(J; W (4 R3)), then uw € L3 (Q x J; R3) with

10 4
[ [ ¥ < v lelieg sy (10.6)
PROOF.  Both statements can be obtained upon straightforward interpolation using the Gagliardo-
Nirenberg inequality. O
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