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Abstract
We consider positive classical solutions of

m—1

v = (v Va)as reR, t>0, (%)

in the super-fast diffusion range m < —1. Our main interest is in smooth positive initial data
vo = v(+,0) which decay as * — 400, but which are possibly unbounded as * — —oo, having in
mind monotonically decreasing data as prototypes.

It is firstly proved that if vy decays sufficiently fast only in one direction by satisfying
vo(z) < cx™P forall z >0 with some 3> ;2

and some ¢ > 0, then the so-called proper solution of (x) vanishes identically in R x (0, 00), and
accordingly no positive classical solution exists in any time interval in this case. Complemented by
some sufficient criteria for solutions to remain positive either locally or globally in time, this con-
dition for instantaneous extinction is shown to be optimal at least with respect to algebraic decay
of the initial data. This partially extends some known nonexistence results for (x) (Daskalopoulos
and Del Pino, Arch. Rat. Mech. Anal. 137 (1997)) in that it does not require any knowledge on
the behavior of v (z) for z < 0.

Next focusing on the phenomenon of extinction in finite time, we show that in this respect a mass
influx from x = —oo can interact with mass loss at * = +oc¢ in a nontrivial manner. Namely, we
shall detect examples of monotone initial data, with critical decay as x — +oo and exponential
growth as * — —oo, that lead to solutions of (x) which become extinct at a finite positive time,
but which have empty extinction sets. This is in sharp contrast to known extinction mechanisms
which are such that the corresponding extinction sets coincide with all of R.
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1 Introduction

In the modeling of nonlinear diffusion processes, an outstanding role is played by the prototypical
equation
v = (V" ), z€R, t>0, (1.1)

and its n-dimensional analogue, where m is a real parameter and the unknown v = v(x, t) is supposed
to be nonnegative. If m = 1, this becomes the usual linear heat equation, whereas choosing m > 1
leads to the porous medium equation that was thoroughly explored in the 1970s and 1980s (see [2]
and, for more recent developments, [13] and [32]). The study of the regime m < 1 began slightly later,
and this range is often referred to as the fast diffusion range, because in this case the diffsusivity v™
in (1.1) increases at small densities and even becomes singular in the limit v \, 0 (cf. [32] and [13] for
comprehensive surveys).

As one particular consequence of sufficiently singular diffusion, it is known that if m < —1 then the
phenomenon of extinction may occur if the initial data decay fast enough as |x| — co. For m < —1, an
instructive example for such an effect is provided by the family (vr)rso of explicitly given functions
defined by

T—t>1lm

. 2(—m — 1))1lm

vp(x,t) ::K( T—m

zeR, te(0,T), vvithK:z( , (1.2)
which classically solve (1.1) in (R\ {0}) x (0,7") and tend to zero everywhere as t ,/ T. Along with

an associated family of slightly less explicit nonsingular relatives sharing the same extinction behavior

(cf. (5.1) below), all these functions decay like ]a:|_ﬁ as |z| — oo for all t € [0,T"). Accordingly,
a straightforward analysis based on comparison arguments shows that for any bounded initial data
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which lie below some multiple of |z|” == for all x € R, the corresponding solution of (1.1) becomes
extinct after a finite time ([32, Chapter 9]). Even more drastically, this extinction time is actually

zero, and thus no resonable solution exists at all, whenever m < —1 and v(z,0) < ¢(1 + ]:10|)7ﬁ7E
holds for all z € R and some ¢ > 0 and € > 0 ([11]).

Let us mention that both these effects can also be found in the higher-dimensional version of (1.1) for
appropriately small m; in fact, in space dimension n > 1 and for respectively subcritical m considerable
knowledge has been gained concerning the set of initial data which either lead to extinction after a
positive time, or to instantaneous extinction, that is, to local nonexistence (see [9], [28], [11], [12], [32,
Chapter 5, Chapter 9] and also [15] for extinction in slightly more general models). Recent studies
have moreover revealed quite a large variety of quantitative results on how the respective extinction
mechanisms depend on the spatial decay of the initial data in fast diffusion equations involving such
subcritical m, with a particularly rich variety of facets appearing for intial data decaying at the critical
rate |ar:|7ﬁ at first order ([14], [6], [7], [21], [17], [18], [19], [20]), but also some non-standard types
of behavior for data with faster spatial decay ([24], [21], [27]).

When looking for explanations for the above phenomena of mass loss, one is led to the interpretation
that if the initial distribution decays rapidly enough in space then the influence of fast diffusion,
present wherever the solution is small, is strong enough to quickly transport as much mass as available
away from each compact region towards infinity. The objective of the present work is to address the
question how this mass transport may be affected when spatial decay of the data is prescribed only



in one direction, say, as * — +oo in the one-dimensional equation (1.1), possibly accompanied by
unboundedness in the other. Thus having in mind as prototypes monotone initial data decreasing to
zero as ¥ — 400, we particularly ask whether one can observe a significant interplay between the
effects of mass loss towards © = +o00 and influx coming from the left.

Main results I: Instantaneous extinction enforced by decay in one direction. Let us
clarify the framework within which we can formulate the first of our main results. We shall assume
throughout that the initial data vy are positive on R and, for simplicity in presentation, belong to
C3(R), and hence subsequently we will consider the Cauchy problem

(1.3)

v = (V" M), zeR, t>0,
v(z,0) = vo(x), x eR.

Since in view of well-known results ([16]) we neither expect uniqueness, nor classical solvability for all
such data, in the present setting we find it adequate to adopt from [22] the notion of a proper solution,
which one may think of as the largest function, defined on R x [0, c0), that can be approximated from
above by a sequence (vy)ren of positive classical solutions of (1.1) with initial data converging to vg
as k — oo (cf. Definition 3.3 for a precise definition of proper solutions). This guarantees that for any
choice of initial data with the mentioned properties, we will always be able to refer to some globally
defined object that deserves being called a solution of (1.3), regardless of any positivity properties of
this function, for instance.

Our first results concern the phenomenon of instantaneous extinction, and in this respect they essen-
tially rediscover criticality ([11]) of the decay in (1.2) even when present only as z — +oo.

Theorem 1.1 Let m < —1, and suppose that vg € C3(R) is positive and such that
vo(x) < cx™ for all x >0 (1.4)

with some 3 > ﬁ and ¢ > 0. Then the proper solution v of (1.3) satisfies v =0 in R x (0,00). In
particular, in this case the problem (1.3) does not possess a positive classical solution in R x (0,T") for
any T > 0.

To underline the optimality of the above condition g > ﬁ, in part i) of the following proposition

we include a corresponding statement on local existence for initial data lying above a multiple of
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|z| " T=m for all large values of |z|. Whereas this is a basically well-known consequence of a comparison
procedure involving separated solutions (cf. Section 4.2), the second part on global existence under a
slightly stronger condition seems to be new in this context.

Proposition 1.2 Let m < —1, and assume that vog € C3(R) is positive.
i) If there exists ¢ > 0 such that

vo(x) > e(1+ |9c])_ﬁ for all z € R,

then there exists T > 0 with the property that the proper solution v is a positive classical solution of
(1.3) in R x (0,T).

ii) In the case when moreover

]w\ﬁvg(x) — 00 as |x| — oo,



the same is true for T = oco.

Theorem 1.1 especially means that if for large positive x, vo(x) lies significantly below all the singular
solutions in (1.2), then even arbitrary growth of vg as x — —oo is not sufficient to prevent instantaneous
extinction: The strong loss of mass due to super-fast diffusion in one spatial direction cannot be
compensated by any diffusion-driven influx. Moreover, since vy can be described at will for x < 0 in
Theorem 1.1, in this case we conclude that even arbitrarily high amounts of mass can immediately
be transported from any bounded region towards x = +o0o. An interesting problem left open here
consists in determining to which extent parallels to this can be found in higher-dimensional nonlinear
diffusion flows. For a related study on issues of global existence and blow-up in dependence on the
asymptotics of initial data in the porous medium equation on Riemannian manifolds, we refer to
[23]; certain integral conditions for the occurrence of instantaneous extinction in nonlinear fractional
diffusion processes have recently been derived in [8].

Main results II: Extinction at spatial infinity. = We next investigate in more detail the behavior
of some solutions evolving from initial data decaying critically as * — +00, and we are thereby led
to studying the phenomenon of extinction in a finite but positive time. As to this, (1.2) provides
an example in which decay of the data as both x+ — 400 and * — —oo entails that extinction will
occur at a rate determined by (7' — t)ﬁ, and that it does so at each point x € R. Consequently, the
extinction set

£ = {x eR ‘ (g, tr)keny C R x (0,7) such that
xp — x,ty — T and v(xg, tp) — 0 as k—>oo} (1.5)

of these solutions is the whole line, £ = R, and to the best of our knowledge this is the only possibility
ever detected in comparable situations (see the discussion in [32, Section 7| and in particular [32,
Theorem 7.6], for instance).

In contrast to this, we shall reveal a particular mechanism in which mass transport from x = —oo
interacts with mass transport to x = +oo in a nontrivial manner, and thereby essentially influences the
asymptotics near extinction. Namely, we shall see that whenever m < 0, the problem (1.3) possesses
classical solutions v that are positive on R x (0,7") and become extinct at some finite positive time T,
but which have empty extinction sets:

Theorem 1.3 Let m < —1. Then for each k > 0 and all T > 0 there exists a positive classical
solution v of (1.8) which can be written in the form

vz, t) = (T — t)Tm -Fk<:r k(T — t)), zeR, tel0,T), (1.6)

where Fy, € C*°(R) is a decreasing positive solution of

1
(F™1FY = - kF' onR. (1.7)
—m

The initial data vy := v(+,0) are decreasing on R with an asymptotic behavior described by

1 N S
coe (1—m)k:x S ’U()(x) S cie (I-m)k r fOT’ all © S 0



and

2 2

dor” T-m <wg(z) < djz” T=m  forallz > 1,
and the solution satisfies
v(x,t) > ce” T=mE ® forallz € R and t € (0,7) (1.8)
as well as )
limsupv(z,t) < Ce T-mk™ forallz € R (1.9)

t /T
with some positive constants cy, c1,dg,d1, ¢ and C.
Moreover, v undergoes an extinction at t = T in the sense that for any T > T, there is no positive
classical solution of (1.3) in Rx (0,T) which coincides with v in Rx (0, T). In particular, the extinction
set of v is empty, £ = .

This curious effect, sometimes also referred to as extinction at spatial infinity according to the fact
that in the situation addressed in (1.5) it requires that x; — oo, may be regarded as reflecting the
possibility of a certain compensation of mass loss near x = 400 by an appropriate amount of mass
influx from x = —o0, leading to a rather precise balance of these processes until some time at which
the wave mechanism in (1.6) has established the state characterized by (1.8) and (1.9), and beyond
which no extension will thus be possible due to the exponential decay described in (1.9). It would of
course be interesting to see whether this phenomenon is stable in any sense, and if it can be observed
for other than the above choices of the initial data. Since we do not pursue the issue of uniqueness of
classical solutions of (1.3) here, we do not even know whether all solutions evolving from the initial
data in Theorem 1.3 have empty extinction sets. We also have to leave open whether the solutions
in Theorem 1.3 are maximal and thus coincide with the proper solutions discussed before. Another
natural question not addressed here concerns the precise extinction profile of the solutions found above,
which amounts to studying the asymptotics of the solutions of (1.7) as £ — —oco in more detail.

Consequences implied by the Backlund transform.  We finally remark that by means of the
Backlund transform, from Theorem 1.3 we equivalently obtain a result on finite-time blow-up with
empty blow-up set, that is, on blow-up at spatial infinity, in one-dimensional porous medium equations
for monotone initial data satisfying a critical growth condition: Namely, taking v as in Theorem 1.3
and setting

z(y,t) == where y(z,t) := ¢(t) + /Oxv(ﬁ,t)(ﬁ with ¢(t) = ;/0 (v"™)2(0,s)ds  (1.10)

v(x,t)’

for x € R and t > 0, we see that y(-,t) is a diffeomorphism from R onto itself, and can easily verify
that z satisfies the porous medium equation z; = ﬁ(z'””)yy on R x (0,7) ([31]). Moreover, from the

properties of vy it can be computed that zg := z(+,0) increases on R with

— < z(y) < o for all y < —1

o 1
ly| |y

and

- 2 - 2
doyT™1-1 < 20(y) < dyyml=1 for all y > 1.



The latter growth condition is precisely critical in respect of local existence of solutions for this porous
medium equation ([3], [5]), so that it is not surprising that z blows up in a finite positive time.
However, we are not aware of any result asserting emptyness of a corresponding blow-up set in related
situations.

Let us mention that some of our results also apply to different ranges of m that are not in the main
focus of this paper. In order not to distract from our main purpose, we will not state them here but
rather refer to Remarks 1, 2 and 4 below.

The paper is organized as follows. After introducing a convenient transformation in Section 2, in
Section 3 we shall describe the procedure along which we will construct proper solutions. Sections
4.1 and 4.2 will the be devoted to the proofs of Theorem 1.1 and Proposition 1.2, respectively, while
Theorem 1.3 will be established in Section 5.

2 Transformation to a degenerate parabolic problem

We find it more convenient for our analysis to reformulate (1.3) by introducing the new unknown

u(z,t) = 0" (z,t), reR, t>0, (2.1)

which should satisfy the degenerate parabolic problem

{ Up = uP Uy, reR, t>0, (2.2)
u(z,0) = up(z), r e R,
where p := 1:—7;” satisfies
1<p<2
when m < —1, the borderline case m = —1 corresponding to p = 2. According to our assumptions on

vp, the initial data ug := vj* € C3(R) are positive on R.

One technical advantage in addressing (2.2) rather than (1.3) will consist of the fact that in this new
formulation, minimal solutions can be approximated by solutions of asscociated problems in bounded
intervals with prescribed Dirichlet data zero on the lateral boundary.

All of our results shall be derived in terms of the variable u first, and then be translated to the original
coordinates. As a natural by-product, we thus obtain some statements for (2.2) concerning immediate
blow-up, and on finite-time blow-up with empty blow-up sets.

3 Proper solutions and approximation by bounded solutions

To begin with, we describe one possible approximation procedure by which we will obtain an object
that deserves being called a solution of (2.2) even when the value 400 is allowed to be attained.
Although most parts of the reasoning are standard, we attempt to be as concise as possible here,
because in some of the rigorous arguments in Section 4 we shall essentially rely on some properties of
our approximate solutions, and accordingly we will frequently refer to some particular stages of the
construction process (cf. Lemma 4.2, for instance).



In a first step we attempt to approximate (2.2) by problems having bounded solutions. To this end,
we consider solutions u = uys of

up = UPUy, reR, t>0,
{ ‘ (3.1)

u(z,0) = ugpr(z), z € R,

where M > 0. Here, we choose the initial data upys to be smooth bounded functions satisfying
0 < uopr < M on R and converging to ug as M — oo: To achieve this, we fix a nondecreasing
p € C3([0,00)) such that p(s) = s if s < I, p(s) =1if s > 1 and sp/(s) < p(s) for s > 0, and given
M >0 we let par(s) :== M - p(57), s > 0. Then

uon () == par(uo(x)), z €R, (3.2)

belongs to C3(R) with 0 < ugys < M, and ugys coincides with ug wherever ug(x) < %. Moreover, for
all z € R we have ugp(z) 7 up(x) as M — oo, because sp'(s) < p(s) for s > 0 implies that pps is
nondecreasing with M.

To act in bounded intervals rather than on the whole real line, we shall next approximate uy; by

solutions u = ug\gf}% in Br(xg) x (0,00), 29 € R, R > 0, of

ur = uPugy, x € Br(xp), t >0,
u(zo £ R, t) =0, t>0, (3.3)
u(@,0) = ulip(@), @ € Bal),

with data uéﬁ?R constructed in such a way that

u(()ﬁ%)R = u(()ﬁ%h = u((ﬁ&)Rm =0 for v = g + R, (3.4)

and that in addition positivity of ug on R implies positivity of “(()910\2)}2 inside Bg(zo). To this end, we

take a nonincreasing function y € C3([0,1]) such that x = 1 in [0, 3], x > 0 in [0,1), and such that
X(1) = xz(1) = x22(1) = 0. For zp € R and R > 0 we let Xgo)(a:) = X(%), x € Br(zo). Then

(wo)

ug g (@) = uon () -Xgo)(x), x € Br(zo), (3.5)

belongs to C3(Br(z0)) and satisfies “(()?\04)1% S ugmr as R — oo for each zg € R, and it can easily be
checked that our assumptions on x guarantee that (3.4) holds.

We remark here that although for most of our purposes it would be sufficient to fix g = 0 throughout,
in Lemma 4.2 below we shall need to pick different zy in order to prove that spatial monotonicity of
the initial data is inherited by solutions of (3.1).

Finally, following a standard way to achieve a non-degenerate parabolic regularization, for ¢ € (0,1)
we consider solutions u = u{%%)_ of

M Re
up = uPUgy, x € Bg(xg), t >0,
u(zo £ R, t) = ¢, t>0, (3.6)
u(z,0) = uéa]:\(})RE(x), x € Br(xo),
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where

uéﬁo/[)&@) = u(():?\%)]{(x) + €, x € Bg(xp).
en also u, elongs to r(70)) and clearly satisfies u > e and v, U m Br(zo
Then also ufjf belongs to C3(Br(xo)) and clearly satisfies uffy,. > & and u(ii/p. \ uiyp it Br(zo)

as £ \, 0, whereas (3.4) guarantees

uéﬁ(})&(mo +R)=¢ as well as uéﬁ(})&m(xo + R) =0. (3.7)
This will entail convenient regularity properties for solutions of (3.6) that will be useful in Lemma 4.3
below.

The solvability of (3.6) and of (3.3) can be asserted by standard arguments, which we shortly repeat
for the sake of completeness in the following lemma. Here and in the sequel, we shall frequently
apply parabolic comparison arguments to sub- and supersolutions of suitable boundary value problems
associated with (2.2). However, known results on nonuniqueness in (2.2) for p > 2 ([16]) and even
for (weak solutions of) the corresponding Dirichlet problem in bounded domains when p = 1 ([26])
underline the need for being cautious in such reasonings in presence of degenerate diffusion. In [33],
the reader can find a corresponding version of the comparison principle that is adequate for all of our
arguments in this direction.

Lemma 3.1 Suppose that ug € C3(R) satisfies ug > 0 on R. Then for all zg € R, M > 0,R > 0 and

€ (0,1), the problem (5. 6) has a global positive classical solution us\“%s C*Y(Bgr(z0) x [0,00)). As

e\, 0, we have UMR€ N UMR in Rx[0,00) and “5\41%5 — ug\:f[(}% in CP (Br(zo) x [0, ))ﬁC’loC (Br(xo) x

(0,00)), where ug\?}% is the unique positive global classical solution of (3.3).

PrROOF.  For convenience we drop the superscript (zg). In view of the comparison principle we have
the a priori estimates ¢ < uppe < M + ¢ for t > 0 and z € Bp(zo), so that in fact (3.6) is non-
degenerate and hence admits a global classical solution uyre which even belongs to C*!(Bg(zg) x
[0,00)), because (3.7) implies that the compatibility conditions for (3.6) up to first order are fulfilled
([25]). Moreover, using that wug is positive on R and that hence ugpsr is positive inside Br(xg), it
can readily be verified that for any choice of R’ € (0, R) one can find cj;p > 0 such that uoprg(z) >
¢vr'Op (x) holds for all x € Bg/(xg) with Op/(z) = @g,o)(aj) ‘= COS ﬂ(zﬂi}?’o). Since the separated
function

u(z,t) :=y(t)-Op(z),  x€ Brl(w), t >0,

with

0= () ) 20

can readily be seen to satisfy w, < wPu,, in Bgr/(xg) x (0,00), another comparison thus yields the
two-sided e-independent estimate

y(t) - Op(z) < uprge(x,t) < M +1 for all x € Bg/(xp) and ¢t > 0. (3.8)



As R’ € (0,R) was arbitrary here, this allows for invoking parabolic regularity theory to derive

0
uniform estimates for up/p. in C’fof (Br(zg) x [0,00)) and in Cfo’cl(BR(xo) x (0,00)) for some 6 > 0

([25]). Along with the evident ordering property of (unsge)zc(0,1), this implies that as ¢ 0, we have

unre — umg in CP (Br(wo) % [0,00)) N Clzg’cl(BR(xg) x (0,00)) for some nonnegative function uyrr
defined on Bp x [0,00) which is positive and continuous in Br x [0, 00) and satisfies the initial value
problem in (3.3) classically, and which moreover is upper semicontinuous in Bgr(zg) x [0,00). Since
clearly uy; g vanishes on Bg(z¢), this implies that actually upsr belongs to C°(Br(zg) x [0, 00)) with
UMR|9BR(z0) = 0 and that hence upre — upr even in Cp) (Br(zo) x [0,00)) as e \, 0 according to
Dini’s theorem (cf. also [34, Lemma 1.2] for a precedent variant of this argument).

To see its uniqueness along the procedure presented in [33], we only need to make sure that whenever
T > 0, any positive classical solution v of (3.3) in R x (0,7") coincides with the limit u := ug\?[)R that we
have just found upon the particular choice xg := 0. Indeed, since uprr. > v by classical comparison,
we already know that v > v and thus H(u) > H(v), where H(s) := [ 07 Pdo,s > 0. On the other

hand, for any r € (0, R), with ©, = @ﬁo) as introduced above we have

d

0 L (H(u(g;,t))—H(v(x,t))).@T(a;)dx - /BT(O)(UM_UM)'G’”

= / (u — U) : @r:cx
B(0)
— (u(r, t) —v(r, t)) “ Oz (1)
_|_<u<_r’ t) — U(—?“, t)) : erz(_r)

for all t > 0. As ©,4; <0 in B,(0) and £0,,(£r) = —4- < 0, using 0 < v < u we infer that

d

i 5.(0) (H(U(a?,t)) - H(v(x,t))) O, (x)dx <

s
r

-O(r, T) for all t € (0,7),

where 6(r,T') := sup;e (o) u(£r,t) — 0 as v/ R by continuity of u and the fact that u vanishes on
0BRr(0). In view of the fact that H(u(-,0)) — H(v(-,0)) < 0 in Bgr(0), integrating with respect to
t € (0,T) and then taking r R thus yields H(u) < H(v) in Br(0) x (0,7") by Fatou’s lemma. This
implies © < v and hence u = v. U

Another limit process enables us to establish the existence of a minimal solution to (3.1).

Lemma 3.2 Let M > 0. Then (3.1) possesses a minimal positive classical solution upr which is global
in time and satisfies upy < M in R x (0,00). For arbitrary xo € R, this solution can be obtained as

the limit in CP (R x [0,00)) N CZQD’CI(R x (0,00)) of the solutions ug\?}% of (3.3) as R /* oc.
PROOF.  From the properties of (xr)g>0 it is easy to see using the comparison principle that for each
g € R, ug\?}% is nondecreasing with respect to R and hence monotonically approaches some limit uS@O)

from below. Since ug\?}% < M for all R by the maximum principle, parabolic regularity theory ensures

that actually ug\ﬁ(}% — ug\:ffo) takes place in the asserted topology. To see that ug\ﬁo) is minimal, we only

need to observe that any positive classical solution u of (3.1) satisfies @ > ug\?}% in Br(zg) x (0,00)



for all zop € R and R > 0 by another comparison argument, and hence we have o > ug\ﬁo). This entails
that in fact all the ug\?), zo € R, coincide, as desired. ]

Once more thanks to the comparison principle, the family (uas)ar>o of minimal positive classical
solutions of (3.1) is ordered, so that
u(z,t) = lim wup(z,t), reR, t>0, (3.9)
M —o0
provides a well-defined function with values in (0,+o0c]. Without any further investigation of its

particular solution properties in respect of the problem (2.2) directly, we adopt a notion from [22] in
giving the following definition.

Definition 3.3 Let ug € C3(R) be positive. Then the function u defined through (3.9) will be called
the proper solution of (2.2).
Given a positive vy € C3(R), the proper solution v of (1.3) is defined as the %-th power of the proper

solution u of (2.2) with data ug := vi*, v := wwm , where we set v(x,t) :==0 if u(x,t) = +oo.

Repeating the comparison argument from Lemma 3.2, we immediately obtain the following extremality
feature of proper solutions.

Corollary 3.4 Let ug € C3(R) be positive. Assume that T > 0, and that @ is a positive classical
solution of (2.2) in R x (0,T) with initial data ug. Then the proper solution u of (2.2) satisfies u < @
in R x (0,7T).

Correspondingly, if v is a positive classical solution of (1.3) in R x (0,T) then © < v holds in R x (0,T)
with the proper solution v of (1.3).

4 Occurrence vs. absence of immediate blow-up in the transformed
problem

In this part our goal is to prove Theorem 1.1. In view of (2.1, this amounts to providing respective
conditions on the growth of ug(x) as © — 400 that either enforce or rule out immediate blow-up of
1—

the proper solution u of (2.2). Here we observe that since p = -=7*, the decay claimed to be critical

2
in Theorem 1.1 corresponds to a growth rate of ug(z) as © — 400 determined by x».

4.1 Immediate blow-up for data with supercritical growth as * — +oco. Proof of
Theorem 1.1

Let us first address Theorem 1.1, that is, we wish to assert immediate blow-up for w if ug(x) > cax®
for all z > 0 with some a > % and ¢ > 0. The main difficulty to be overcome here stems from the fact
that we claim to require no information about the behavior of ug for x < 0 other than just positivity.
An essential preliminary step towards the desired result consists of giving a first a priori bound from
below for solutions on the half-line emanating from initial data with supercritical growth as  — —+oc.

Lemma 4.1 Suppose that p € (0,2), and that ug € C3(R) is positive and such that

uo(x) > cox® for allx >0 (4.1)

10



with some cog > 0 and o > %. Then there exists ¢ > 0 with the property that for the proper solution u
of (2.2) we have
u(z,t) > cx® forallz >0 and t > 0. (4.2)

ProOoOF. For 0 >0 and R > 0, we let wsgr be the solution of

{ —WsRpa = (5w§§p, x € Bg(0), (4.3)
wsr(£R) = 0.
Then by a first integral procedure we obtain
yubnle) = o (A3 —ul @), @€ Bal0) (4.4)
where Asp := wsr(0). Upon another integration, we find that
/1 do \/T'Ag x|, € Br(0)
wptn VT2 \[2—p for ’
which evaluated at © = R allows us to determine Asr according to
25 2
Asp = < QI_pR> " with  Ti= /01 1?‘702_]0. (4.5)
Given xg > 0, our goal is to compare uy; for suitably large M > 0 to
us(z,t) == ys(t) - wsry (x — x0 — Rs), xo <z <xo+2Rs, t >0,
for 6 > 0 and some appropriate Rs > 0, where
{ vi(t) = —ayt TN (t),  t>0, (46)
ys(0) =1,

that is, ys(t) := (1 +p5t)_%. From (4.3) and (4.6) we see that for any choice of § and Rs,
Usp — Usts, = (Y5 + 5y§+1) ~wsps =0 for all z € (zo,x0 + 2Rs) and t > 0.

Since us = 0 for x = z¢ and for = = z¢ + 2Rs, the comparison principle will tell us that uys > us in
(0,20 + 2Rs) x (0,00) whenever § and Rj are such that ups > us holds initially. In view of (4.1),
however, this is true if

wsps (€ — xo — Rs) < cox® for all x € (zg, o + 2Rs), (4.7)

and if moreover

M
= = o (z0+2Ry)", (4.8)
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because then according to our construction of ugys and the monotonicity of the function pys appearing
therein,

uons () = par(uo(x)) > par(cox®™) = copz® for all = € (zo, o + 2Rs)

due to the fact that then coz® < & for any such z by (4.8).
We now claim that (4.7) holds if, given § > 0, we let

p(a—1)

Rs := cufﬁ sz TP (4.9)
with

2— 2% —M __1 __a -
Cl = (Tp) p.[.c2 2-p , CQ::(OZ a—1 — ¢y afl).coo‘fl’

where we observe that ¢y > 0 because o > % entails o > 1.
To see that (4.9) implies (4.7), we note that by (4.4),

wsry(x — 20 — Rs) < wor,(—Rs) + wsrse(—Rs) - (x — xo)

= ﬂAE}E? < (z — x0) for all x € (xg,z9 + 2Rs),

so that (4.7) holds if

o(z) == cpx® — B - (z — x9), x > x,

is nonnegative on (xg, 00), where we have set B := \/%Agéf. Computing ¢'(z) = acz® ! — B for
B 1

T > xg, we see that unless ¢ is strictly increasing, ¢ attains its minimum at x,, = (aTO)E with
B\ B \a7
inf  p(x)=9¢(rn) = c (—) = B(—) ' + By
zE€(x0,00) (o764} QcCp

= —CQBﬁ + Buxyg.

We therefore obtain ¢ > 0 on (xg, c0) provided that Bzg > ;BT that is, if B < (‘5—3)0‘_1. Rewritten
in terms of Asp, and thus, via (4.5), of Rs, this becomes

2—0p 2—p [xo\20—1) 355
s T 22 ()
0= 20 20 Co

and is thus asserted by (4.9).

Consequently, for such Rs by comparison we conclude that for any M > 0 fulfilling (4.8) we have
up > ug in (2o, zo + 2Rs) % (0,00) and thus, since u > wuyy,

u(x,t) > (1 +p5t)_% - wsg, (r — o — Rys) for all € (zg,z0 + 2Rs) and ¢ > 0. (4.10)
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In order to derive (4.2) from this, let us make sure that there exist ¢3 > 0 independent of zy and
do(zo) > 0 such that

wsr, (xo — Rs) > c3xg whenever ¢ € (0, dp(zg)). (4.11)
Indeed, let
do(xo) := c?_pxga_2, xo > 0.

Then for § < dp(zp) we have

1 1_17(‘1*1)
o _ i.gﬂ.xo 2-p
R5 C1
9 _pla—1)
pa— 2—p
< c1) - T

and hence xo — Rs < 0. Since wsp, increases on (—Rs,0), by (4.4) this means that if wsgr,(zo — Rs) <
%A(;Ré then

20 _
Wpse(T) > 5o (- 2r=2) . AP forall w € (—Rs,x0 — Ry).
- P

Expressing Asr, via (4.5) and (4.9) according to

1
A5R5 =40 2P - g o
with ¢4 depending on p and « only, in this case we obtain
-1
WsRsz = C5T( on (—Rs, w0 — Rs)

for some c5 > 0 and therefore upon integration
. 1
W§Rs (xo — Rs) > csz if wsry (xo — Rs) < §A5R5. (4.12)
On the other hand, if wsg, (zo — Rs) > %AéR(; then we directly find

1
wsrs (w0 — Rs) > §A535

1 2(a—1)
= Cﬁg—ﬂ . 2-p
2

—2 2(a—1)
¢y 5= -
> —x R ‘xoz P
2cq
Cq

1
= Aaejf —Rs)>-A
5,701 wsrs(zo — Rs) > 5 Asr,
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when ¢ < do(zp), which together with (4.12) proves (4.11). Hence, (4.10) tells us that

u(2xo,t) > c3(1 +p(5t)_%a:8‘ forallt >0

whenever § < dgp(zp), which upon letting 6 ~, 0 yields (4.2) in view of the fact that o > 0 was
arbitrary. O

Another preparation addresses the question whether spatial monotonicity of ug is inherited by the
solutions of (3.1), and thus of (2.2). This issue appears to be obvious at first glance, but since we do
not see how to apply a corresponding comparison argument to the Cauchy problem (3.1) directly, it

seems that a rigorous argument should rather refer to the boundary value problems (3.3). However,

since in the latter we prescribe zero Dirichlet data, none of the approximations ug\z‘)}% of ups can be

(zo) _

nondecreasing in space (unless u,,p = 0). Fortunately, their limit will nevertheless have this property
whenever ug is nondereasing, and the proof of this implication is the only place in this work where we
substantially need the freedom to choose the point x in the approximations (3.3) and (3.6) arbitrarily
in R.

Lemma 4.2 Suppose that ug, > 0 on R. Then for all M > 0 we have
Uprz > 0 in R x (0, 00).
Proor. We fix zg € R and claim that for all £ > 0 we have
upr(xo + hyt) > ups(zo — hyt) for all h > 0, (4.13)

which evidently will imply was.(zo,t) > 0 for all ¢ > 0. To see (4.13), for arbitrary R > h and € € (0,1)
we let

2(y,t) = ul (x0 + 9. t) — SR (wo —y,0),  ye[0,R], t >0,

and observe that
2(0,t) =0 and 2(R,t) =0 for all ¢ > 0. (4.14)

Moreover, from the assumption ug, > 0 it immediately follows that ugar, > 0, which shows that
_ (Y (o (M _
z(y,0) = (x R ~uop (o +y) +€ X\ p ~uop (o — ) +€

= X<‘é|> : (UOM(% +y) — uon (w0 — y))

> 0 for all y € [0, R]. (4.15)

Next, a straightforward computation reveals that
2zt = a(y,t)zyy + b(y,t)z, ye (0,R), t>0, (4.16)
holds with

. p
a(y,t) == (ug\/[(}%s(xo + y,t)) and

1 p—1
by, t) = Uy e (W0 — 1) - /0 p-{s-ulin w0+ y, )+ (1= s) -l (@o—y,0) ) ds.
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Since € < ug\?}%g < M and ug\f,(}%g belongs to C*'(Bg(xg) x [0, 00)), for each fixed e the functions a and
b are continuous on Br(wg) x [0,00) with a > eP. Therefore the comparison principle can be applied
to guarantee that as a consequence of (4.14)-(4.16) we have z > 0 in (0, R) x (0,00). Taking € \, 0
and then R — oo now easily yields (4.13). O

As a last preliminary, we recall the following well-known semi-convexity estimate (cf. also [32], [1]).
Lemma 4.3 Let p > 0. Then for all M > 0 we have

1
UMES _~ iR x (0, 00). (4.17)
UN pt

(0)
Proor. For R>0ande € (0,1), we let z := %. Then it follows from the regularity properties
UM Re
of USS,)RS that z is continuous in Br(0) x [0,00) and solves
2t = a(x,t) 2ge + b(x, )2, + p2? in Br(0) x (0,00)

with a := (ug\g)RE)p and b := 2(“5\9[)3&)[)71 : ug\?[)Rm. Hence, by comparison we find that z lies above

z(z,t) = —ﬁ in Br(0) x (0, 00) for all sufficiently small 7 > 0, because 2z, — az,, — bz, — pz*> =0,
Z(£R,t) <0 = 2z(£R,t) for t > 0 and z(x,0) = —p% < z(z,0) for all z € Br(0) if 7 is small enough.
Taking 7\, 0, then £ \, 0 and finally R — oo shows that (4.17) is true. O

We are now in the position to prove immediate blow-up of the proper solution of (2.2) under the
assumption of supercritical growth of ug as * — +o0o. Our proof will be based on a contradictory
argument, combining comparison techniques with an analysis of certain weighted integral norms of
inverse powers of the solution.

Lemma 4.4 Let p € (0,2) and assume that ug € C3(R) is positive on R and fulfills

uo(z) > ca® for all z >0 (4.18)

with some ¢ > 0 and o > I%. Then the proper solution u of (2.2) satisfies
u(z,t) = +oo forallz e R and t > 0. (4.19)

In particular, in this case the problem (2.2) does not possess a positive classical solution in R x (0,7T)
for any T > 0.

PROOF.  Since ug.(x) := % ming>, uo(y), € R, defines a continuous nondecreasing positive function
on R fulfillig up, < up on R, on performing a straightforward mollifying procedure to the latter it is
possible to find up € C3(R) fulfilling (4.18) such that 0 < uy < ug as well as (ugp), > 0 on R. Applying
a comparison argument to the approximate problems (3.6), we may therefore assume that ug, > 0 on
R and hence obtain from Lemma 4.2 that up;, > 0 in R x (0, 00) for all M > 0. Supposing (4.19) to

be false, we could then find zy € R,#y > 0 and ¢; > 0 such that uys(zo, o) < ¢; and hence

upr(z,to) < 1 for all z € (—o0, 0]
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and each M > 0. Integrating the inequality (Inups): > (In f%)t asserted by Lemma 4.3 shows that

1

up(x,t) < upg(z,to) - (%)5 for all z € (—o0, zg] and ¢ € (0, to]

and thus ) ;
upr(x,t) < eg:=2rcy for all z € (—o0,zp] and ¢ € [Eo,to}. (4.20)
On the other hand, our assumptions on uy guarantee that
uo(x) > cg - (x —x9 + 3)° for all x > z9 — 2
holds with some c¢3 > 0, whence an application of Lemma 4.1 yields
u(z,t) >cq- (x— 20+ 3)* = w(z,t) forall z > z9 —3 and t > 0 (4.21)

with a certain ¢4 > 0. In view of the monotone convergence up; * w, Dini’s theorem applied to
(upsr — u)4 enables us to find M > 0 and ¢5 > 0 such that whenever M > M, we have

up(z,t) > cs for all € [xg — 2, 0] and t € [0, to]. (4.22)

According to (4.20) and (4.22), parabolic regularity theory ([25]) ensures that for some c¢g > 0 and
any such M we have

t
upr(zo — 1,t) < ¢ for all ¢ € [Eo,to}. (4.23)

In order to show that actually (4.20) is absurd, we note that since p € (0,2) it is possible to pick a
positive number 3 satisfying
p—l<ﬁ<§ (4.24)

and then let

2
/{::1——5>0.

p

With A := 2 — zp, multiplying (3.1) by (A + z)~" - u]T/['B_l and integrating by parts with respect to
x € (xg — 1,a) for a > xp + 1 then yields

1d [ _ a _g—
ﬁdt/ (A—I—:C)_“-uMB(:L‘,t)d:v = —/ (A+z) ™" -uﬁé,ﬁ Yuprppde
xro—1 T

o—1
a

— _(B-p+ 1)/ (At W2, dn
To—

a
—/{/ (A+ a:)_”_l -uz]’\/fﬂfluMmd:r
xro—1

—(A+a)" b P a,t) - unra(a, )
+ub P o — 1,8) - upga (w0 — 1, 1)

= L+IL+I3+ 14 (4.25)
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for t € (%, o). Here, I; < 0 by (4.24) and I3 < 0 due to the fact that upr, > 0. Moreover, (4.22) and
(4.23) ensure that

Iy < cr

with a constant ¢; depending on xg but not on M. As to Is, we once more integrate by parts to see

that
_ K ¢ A —Kk—1 p—p d
I, = _p—ﬁ 1( + ) '(UM )adx
To—

k(s +1) /a k=2, p—B
= —— A+2) "2 b Pde

p_/B 3,‘0—1( ) M
K

p—B
L_F

p—p

=: Iy + Izo + I23.

(A+a) " P a,t)

-uﬁ/f’g(azo —1,t)

Since (4.24) entails that p — f > 0, we clearly have Iss < 0 and, by (4.20),
Iyz < cg

whenever ¢ € (£2,19), with cs > 0 independent of M. Altogether, (4.25) leads to the inequality

1d [ . N e .
zo—1 - zo—1

for all ¢ € (¢, t9). Now by the Hélder inequality, choosing ¢ := ﬁ > 1 we find

a 1 a . B % K B
/:polA‘Ffde = /9301((A+x) -uM’B> (A+z)a l-uj@da:

< (/IZI(A—F;U)N . U&'Bdﬂf)é . (/“ (A_’_x)(%fl)-q%l 'u]‘{}dx>;

zo—1
(/x:l(A +xz) " qudx)

Q=

IN

. (/zzl(A—l-a:)”Q-uZ;\;ﬂda:)ql,

which gives

/xa (A+2) 2l Pdo > 1n<A+a)>% ' </_

0_1 o 1

p—B

(A4x)™"- u]_\fd:v) o
Accordingly, (4.26) shows that y(t) := [* (A4 z)™"- ’LL]T/[ﬁ(.%,t)d.%, t € [%0,tg], satisfies

xo—1

t
Y (t) < —co - K(a) - y~°(t) + c1o for all t € (50, to) (4.27)
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with K(a) := (In(A + a))%, 0= % and positive constants cg and c1g possibly depending on ¢y and
o but neither on M nor on a.
to

In order to control the value of y at ¢ = %, we recall (4.21) in estimating

a

/ (A+x)*“-u*f8<x, %))dl' < cgﬁ/ (A+z)7" - (x— 20+ 3)"*Pdz
ro—1 xo—1

[o@)

< 045/ (A—|—x)_”_aﬁdx
xo—1

=: (11

and observe that cq7 is finite, because o > % implies
2 2
/1+046:1——/8+a6:1+6- <a—7> > 1.
p p
Consequently, for all a > x¢g — 1 we can pick some M, > M such that whenever M > M, we have

t
y(;o) < 2c11. (4.28)
Now since K (a) — +00 as a — 00, we can choose some a large enough fulfilling

9 (2 ) 4-(2 o+1
K(a) > G0 L) (2e1n) and K(a) > 7( c11)
C9 ((5 -+ 1)Cgt0

and thus easily obtain that for any M > M,,

t 1 t
—cgK (a) -y_5<§0) +c1p < 7509K(a) . y_‘s(EO) < 0. (4.29)

Thus, a standard ODE argument ensures that for such a and M, y decreases on [%0, to] and moreover
satisfies

1 t
y'(t) < —5091((0,) (1) for all t € (Eo,tg),

so that an explicit integration yields

YOt < y6+1<%0) — MQCQK@ : (t — %) for all t € [%O,to]

Using the second inequality in (4.29), from (4.28) we arrive at the absurd conclusion
y(to) <0

and thereby infer that our assumption that u(zg,tp) be bounded must have been impossible. This
establishes (4.19) and thereby completes the proof in view of Corollary 3.4. O

The above statement precisely establishes the statement in Theorem 1.1:
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PrROOF of Theorem 1.1.  In view of (2.1), this part is an immediate consequence of Lemma 4.4
applied to p = 1:—;’; € (1,2). O

Remark 1. We note that Lemma 4.4 actually addresses the full range p € (0,2), and so one may
consider its respective conclusions in the cases p € (0,1) and p = 1 not referred to in Theorem 1.1.

i) Since p < 1 if and only if m = 1—11, > 1, Lemma 4.4 says that for any m > 1 the corresponding
proper solution v of the porous medium equation (1.1) satisfies v = 400 in R x (0, c0) whenever the

initial data wvg satisfy vo(z) > c\x]%ﬂs for all x > 0 and some ¢ > 0 and 6 > 0. However, this
is essentially no novelty, because it is known ([10]) that any continuous weak solution v of (1.1) in
R x (0,7), T > 0, must satisfy v(x,t) < C(t)(1 + \x|)% for all x € R and ¢t € (0,7") with some
C(t) > 0.

ii) Accordingly, in the borderline case p = 1 Lemma 4.4 says that in the equation v; = (e"v;),, the
proper solution evolving from vy will immediately blow up everywhere if vg(z) > (2 + ) Inx — C for
x > 0 with positive § and C.

4.2 Local and global finiteness for slowly growing data

In contrast to the above situation, when ug grows at most as fast as a multiple of x% as x — 400, we
will be able to compare our solution from above by certain — accordingly transformed — relatives of
(1.2) which are regular in the sense that they are everywhere positive. By quite an elementary ODE
analysis, it can be seen that these exhibit a similar growth:

Lemma 4.5 Let p € (0,2), and let h denote the solution of the initial value problem

B = hl-P, >0,
{ Y (4.30)

h(0) =1, R(0)=0.
Then h exists globally with h' > 0 on (0,00), and there exist positive constants ko and ki such that
ko(1 + y)% < h(y) <ki(1+ y)% for all y > 0. (4.31)

PROOF.  Since p > 0, it can easily be checked that h exists in the whole interval (0, 00) and satisfies
h" > 0 and A’ > 0 throughout (0,00). Thus, a multiplication of h” = h!~P by A’ upon integration

yields
2
h' = DR Vh2 P —1, y > 0. (4.32)
—p

On the one hand, this shows that A’ < ,/ﬁhz% on (0,00), whence the right inequality in (4.31)

results from another integration.
To prove the left one, we let yo := sup{y > 0 | h(y) < 2} and observe that yo must be finite since
evidently h cannot be bounded. For y > yo, however, (4.32) entails that

2 h\ 2— _
h/ZUQ_p'\/h2p—<2) p:CIhQTp> Y > Yo,
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with ¢1 := 4 /ﬁ -v/1—2P=2 > (. Accordingly,

ASEIN)

h(y) = (25 + %(y - yo)) for all y = o,
which in view of the monotonicity of h completes the proof of (4.31). O

Now a straightforward comparison allows us to derive boundedness of u(z,t) for each fixed z € R and

2
small ¢t > 0, provided that ug does not grow faster than a multiple of |z|r as © — +oo.

Lemma 4.6 Let p € (0,2), and suppose that ug € C3(R) is positive and such that

uo(x) < c(1+ |x\)% forallz € R (4.33)
with some ¢ > 0. Then there exists T > 0 such that the proper solution of (2.2) satisfies
u(z,t) <oo  forallz eR andt e (0,T), (4.34)
and u is a classical solution of (2.2) in R x (0,T).
Proor.  With ¢ as in (4.33) and ko taken from Lemma 4.5, we let y = y(¢) denote the solution of
y =yt >0,
{ y(0) = 7,

that is, we set

kg
where T := Pk Then

u(x,t) :==y(t) - h(|z]), z€eR, te[0,T),
with h as in Lemma 4.5, satisfies

a(z,0) = kio (|z]) > kio k(L4 |z))? > up(z) forallz € R

by (4.31), which means that @(-,0) > u(()%R on Br(0) for all M > 0 and R > 0, because ug])\)/m < g
in Br(0) by (3.5) and (3.2). Since moreover

Uy — WUy =y - h(la]) =P RP(J2]) - R (J2) = (v = ") - h(l2]) =0 iR x (0,T),
we may invoke the comparison principle to obtain that

W <u in Bp(0) x (0,T) (4.35)

for all M > 0 and R > 0. Upon taking R — oo and then M — oo, this easily yields u < in R x (0, c0)
and thereby proves (4.34). According to parabolic regularity theory, (4.35) in conjunction with the
monotonicity properties of (US&)R) Rr>0 and (ug\(/)[) )ar>0 also implies that u indeed classically solves (2.2)

in R x (0, 7). 0

Under a slightly stronger growth restriction we obtain finiteness of u globally rather than locally in
time.
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Lemma 4.7 Suppose that p € (0,2), and that ug € C3(R) is a positive function fulfilling
]m\_% cup(z) =0 as |x| — oo. (4.36)
Then the proper solution u of (2.2) satisfies
u(z,t) < oo for allxz € R and t > 0, (4.37)

and w is a classical solution of (2.2) in R x (0, 00).

Proor. We fix T' > 0 and pick § < 0 small such that
1

i< (4.38)
According to (4.36), it is then possible to fix Ry > 0 large such that
wo(z) < kod? - |z|7  for all z € R\ Bp,(0) (4.39)
holds with kg as in Lemma 4.5. We finally choose A > 0 large fulfilling
up(z) < A for all = € Bg,(0) (4.40)
and define
u(x,t) == y(t) - w(z), reR, te|0,T],
where
y() == (L-pdt) #,  te0.T)
and

w(z) ::A-h(ééfl_g . ]:U|), z €R,

with h as provided by Lemma 4.5. Here we observe that indeed y is well-defined and bounded on
[0, T] because of (4.38), and it can easily be checked that y' = dyP™! on (0, 7). Since moreover

wee(x) = AP h"((s%A—g - le)
= AP plor (5%A—% : yx\)

= Sw'™P(x) forall zx € R
by (4.30), we obtain that W = @PUy, in R x (0,7"). Furthermore, at t = 0, for large |z| we have
u(x,0) = w(x)
2
> A k0(1 +o3A7E |x|)f'
1 2
kodr - |x|»
uo(x) for all x € R\ Bg,(0)
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thanks to (4.31) and (4.39), whereas near the origin we use (4.40) in estimating
u(x,0) > A > up(x) for all Bgr,(0),

because the monotonicity of h ensures that h > 1 on (0, 00). Having thereby asserted that @ dominates
ug at t = 0, by comparison we infer that w > UE\Z)R in Bg x (0,T) for all R > 0 and M > 0. This
yields 7 > u in R x (0,7) and thus proves (4.37), because T' > 0 was arbitrary. The pointwise solution
properties of u follow as in Lemma 4.6. O

Remark 2. In the next section (cf. (5.1) and Theorem 5.2) we shall see several examples which
indicate that in presence of critical growth of ug, blow-up in a finite but positive time may occur. This
will justify the separate consideration of Lemma 4.6 and Lemma 4.7.

An open problem is to classify the set of initial data leading to finite-time blow-up in (2.2) in the
above sense. We conjecture, but cannot prove here, that in fact u(-,7') = +oo holds for some 7' > 0

2
whenever x~ rug(x) = L > 0asz — +oo for some L > 0 and up(z) does not decay too fast as z — —oo.

We proceed to prove Proposition 1.2.

PROOF of Proposition 1.2. The assertion on local-in-time positivity is provided by Lemma 4.6,
whereas translating Lemma 4.7 to the original variables yields the statement on global positivity. U

Remark 3. i) Again, in the porous medium case p € (0,1), the results given in Lemma 4.6 and
Lemma 4.7 are well-known ([5]).

ii) When p = 1, Lemma 4.6 guarantees local existence of a classical solution for v; = (€"v;), provided
that the data satisfy vo(z) < 2In(1 + |z|) + C for some C' > 0 and all = € R, while Lemma 4.7 asserts
global solvability under the additional requirement that vo(z) — 21In |z| - —o0 as |z| — oc.

5 Accelerating waves blowing up at spatial inifinity. Proof of The-
orem 1.3

Our goal in this section is to investigate how mass transport occurs when the initial data ug in (2.2)
exhibit critical growth as © — 4o00. One rather explicit example can be constructed by separation of
variables, which leads to the family (uq7)q>07>0 of solutions of (2.2) given by

war(z,t) = (pa®) 7 (T — 1) rz(az), zeR,tel0,T), (5.1)
where
=27, yeR with 2y(0) =0 and 2(0) =1,

that is, z(y) is implicitly defined by

2(y) ds D) R
— =[]y, eR.
/1 ] \/2_p|y| y
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In order to establish a link to previous material, let us observe that setting v = wm yields a corre-
sponding family of separated smooth solutions of (1.1), and in the limit a — oo we rediscover the fully
explicit example in (1.2).

Clearly, uq,r blows up everywhere in R at time ¢t = T, with its blow-up set B(ugr) = {x €
R | I(xg, tk)ken € R x (0,T) such that xp, — z,tp — T and uer(zk, ty) — +o00 as k — oo} coin-
ciding with all of R.

We shall see that the latter need no longer be true when critical growth of the initial data is merely
prescribed as x — 400, possibly complemented by boundedness, or even some decay, as * — —o0.
We shall obtain some examples of solutions u emanating from such initial data, and one particular
conclusion will be that the solution still may blow up, but with empty blow-up set B(u) = ). In fact,
in Theorem 5.2 below for any v > 0 we shall find some u blowing up at time ¢ = T but satisfying an
estimate of the form u(x,t) < ce?® for all x € R and t € (0,7) and some ¢ > 0.

Our approach will be based on wave-like solutions of the form
w(a,t) = (T — 1) - f(x k- In(T — t)), z€R, te0,T), (5.2)

having their speed increasing with time and blowing up at time 7', where £ > 0 is a parameter. In
fact, for p > 2 such solutions have been found to exist and to be extensible to all of R x R so as
to become a homclinic orbit of (2.2) connecting the trivial equilibrium to itself ([35]). Inserting this
ansatz into (2.2) suggests to solve
1
P = ];f(f) —kf'(§), E€R, (5.3)

and we shall see that this problem has positive classical solutions actually for any value of k > 0 and
p > 0.

Lemma 5.1 Letp > 0. Then for all k > 0, (5.3) possesses a positive solution f = f, € C*°(R). This
solution increases on R and satisfies

coeE < F(€) < e for all € <0, (5.4)
and ) )
do&? < f(§) < di&v  for all € > 2 ifp <2,
do§Ing < f(§) <&V for all & > 2 ifp=2, (5.5)
do& < f(§) S i for all € > 2 ifp>2

with certain positive constants cy, c1, do and dy.

PrROOF.  We normalize (5.3) by setting

1 1
O =wke-g(-0o€). €< (5.6)
and are thereby lead to studying
9’(0)g"(0) = glo) —g'(c), oc€R (5.7)



In order to solve the latter first on (—oo,0], we will rely on a comparison argument anticipating a
gl/ 0.)
9(o)
[35, Lemma 2.1] that for ay :=1,a_ := %,s; = % and all sufficiently small s_ € (0, s;), the solutions

of the Bernoulli-type problem

{ 9(0) = go(0) —asgi(0), o <0,

behavior of the form described in (5.4), suggesting that ~ 1 as ¢ — —o0. Indeed, we recall from

(5.8)

can be seen to satisfy g_ < g4 on (—o0,0] and

—d"q" —g +9-<0<—-g0g\ —g\+9+  on(—o0,0].
Using standard elliptic existence results ([30]), we thus infer that on the left half-line, (5.7) admits
a solution g; € C*°((—o00,0]) which fulfills g < g1 < g4+ on (—00,0]. Since (5.8) can explicitly be
solved, we can therefore easily verify that with certain constants co > 0 and c3 > 0,

c2e? < g1(0) < cze? for all o € (—o0,0] (5.9)

holds for this solution, and that accordingly g > 0 on (—o0,0], because at each point where ¢ is
positive and g; = 0 we must have ¢g] > 0 by (5.7).
In order to extend g; to a solution of (5.7) on all of R, we let A := ¢1(0) > 0 and B := ¢{(0) > 0 and
consider the solution g of the initial-value problem

{ g°(0)g"(0) = g(o) —g'(0), o€,

g(0)=A, 4(0)=B, (5.10)

defined on its maximal existence interval J C R such that 0 € J. Then clearly, by a uniqueness
argument, (—o0,0] C J and g = g1 on (—o0,0]. Moreover, the fact that B > 0 ensures that ¢’ > 0 on
J and hence g > A on J N (0,00). Thus, —A P¢’ < ¢" < A Pg on J N (0,00), which implies that in
fact J = R.

Now in the case p < 2, multiplying the inequality ¢’ = ¢' P — ¢ P¢' < g'™? by ¢’ > 0 shows that

1 1., 1

59’2(0) - §B < ﬂ(g2_p(a) — A%P) for all o > 0,
and hence we have
2
d (o) < \/2921”(0) + B? < ¢4/ g*7P(0) forall o >0 (5.11)
-p
with ¢4 := 4/ ﬁ + AP—2B2. Upon another integration, this gives
2
g(o) < <%U - Ag) v for all o > 0. (5.12)

In particular, the latter entails that for some large op > 0 we must have g(og) > ¢'(00), because the
contrary assumption that ¢’ > g be valid throughout (0, 00) would evidently contradict (5.12). Since
1 1= g — ¢’ satisfies
_ 1
d},:g/_u:g_w_£>_(1+7>w On(O’o,OO),
gr g?

gp
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by comparison we conclude that ¢» > 0 and hence g” > 0 on [0, 00). Using that ¢'(o¢) > 0, we thus

obtain that g(o) — 400 as 0 — +00, so that for some o; > 0 we have

04g*g(a) < % for all o > oy.
Consequently, by (5.11) and (5.10) we see that
P (7) 2 9(0) - (1- 197 5(0)) 2 39(0)  forallo 201,
which upon multiplication by ;’;((Z)) yields
19,2(0') - 19/2(0'1) > b (92_p(0) - g2_p(0’1)) for all o > o4
2 2 2_p

and therefore

2
g (o) > \/2 (gQ*P(J) — gQ*p(al)) > c50/g°P(0) forallo >0 +1
- P

is valid with c¢5 := \/2310 (1 . %) > (. Integrating this, we obtain

2
g(o) > (%(0—01—1)—1—9%(014—1))” for all 0 > oy + 1.

(5.13)

We finally define f via (5.6) and collect (5.9), (5.12) and (5.13) to easily end up with (5.4) and (5.5)

in the case p < 2.

If p = 2 we proceed similarly and instead of (5.11) now obtain

g (o) <cs lngEZ) forall o >0

(5.14)

with some ¢g > 0. In order to convert this into an estimate from above for g, we fix any o9 > 1 and

then pick c¢7 > c¢g large enough fulfilling

croa/Inoy > g(o2)

and
Cr

2
A+%6Inlna for all o > os.

(2 —c2)Ilno > ciln
Then
(o) := czovIno, o> o9,
satisfies (o) > g(o2) by (5.15), and since §'(0) > ¢;vIno > 0, we have

_ [, g(o)\? 7 &
9/2(0')*<CG 1117) > c%lnafcglnzfcglnafglnlna

> 0 for all o > o9

V
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in view of (5.16). Thus, by comparison we obtain g < g in [02,00) and thereby verify the right
inequality in (5.5). As before, this entails that ¢”(c) > 0 for all suitably large o, so that with some
cs € (0,1) we have

g(o) > cso for all o > 0. (5.17)

In particular, this again implies that g(o) — +o0o0 as ¢ — 400, whence using (5.14) we infer that
9%(0)g" (o) = g(o) — ¢'(0) > 39(0) for all large 0. By integration, we therefore derive the inequality

g (o) >4/In gg) for all o > o3

with some o3 > 0 and A := g(o3). Let us now fix a large number o4 > o3 fulfilling

5
oy4>e and (1-cHlnoy > — lncﬁ + Zc2 (5.18)

168
g(o) == cgo lne—a, o> oy.
9 Vo,

Then g(04) = cso4 < g(04) thanks to (5.17), and (5.18) implies that In = < 0. As clearly Inln £ >0
for all o > 04, we accordingly obtain that

and set

2
g9(o) e 1 1
gl2(o’)—< ln*A ) = c§<11f1c7+11aa4—|—1+41m§i)—11[1121—11[10—211&111121

IN

—(1—c§)lna+c§+§—lnc—§
4 A

< 0 for all o > o4

by the second requirement in (5.18), so that by comparison we conclude that g > g in [0y, 00), from
which the left inequality in (5.5) easily follows in the case p = 2.

Finally, in the case p > 2 the statement of the lemma is precisely covered by [35, Lemma 2.1, Lemma
2.2]. O

As an immediate consequence for (2.2), we obtain the following.

Theorem 5.2 Let p > 0. Then for each k > 0 and all T > 0 there exists a positive classical solution
u € C®(R x [0,7)) of (2.2) of the form (5.2), where f = fr € C®(R) is the increasing positive
solution of (5.3) provided by Lemma 5.1.

In particular, for the initial data ug := u(-,0) we have ug,; >0 on R,

coepikx < wg(x) < 0161%’@:” forallz <0 (5.19)
and ) )
doxr <wup(x) < djzr forallz > 2 if p <2,
doxvVInz < ug(z) < dixvVinz  for all x > 2 if p=2, (5.20)
dor < wup(x) < dyz for all x > 2 if p> 2,
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and the solution satisfies

u(z,t) < Cert® forallz € R and t € (0,T) (5.21)
as well as )
liminf u(z,t) > cerr” for all x € R. (5.22)
t T

with some positive constants ¢y, c1,dg,d1,c and C.

Moreover, if p < 2 then u blows up at t = T in the sense that for any T > T, there is no positive
classical solution of (2.2) in R x (0,T) which coincides with u in R x (0,T).

On the other hand, if p > 2 then u can be continued for all times so as to exist as a classical solution
of (2.2) in R x [0, 00).

PROOF.  The solution properties of v and the estimates (5.19) and (5.20) are immediate consequences
of the properties of f;. Furthermore, the right inequalities in (5.4) and (5.5) imply that actually

fe(§) < Cer*¢ holds for all ¢ € R with some C > 0, so that (5.2) shows that
-1 L (z4-kIn(T—t)) Ly
u(z,t) < (T —t) »-Cevk = CerF forallz € R and ¢t € (0,7).

Similarly, since for each fixed € R we have x + k- In(T —t) < 0 for all t € (to(x),T) with some to(z)
sufficiently close to T, from the left inequality in (5.4) we obtain that

u(,t) > (T — 1) 7 - cqere T HHIT=0)
holds for all ¢ € (to(z),T) and some ¢ > 0, which yields (5.22).
Let us now assume that p < 2, and that there exist 7' > T and a positive classical solution @ of (2.2)
on R x (0,7) fulfilling @ = w in R x (0,7"). Since @ is continuous, by (5.22) we then would have

1
(z,T) > cerk” for all z € R, and hence an application of Corollary 3.4 along with Lemma 4.4 would

assert that @(z,t) = +oo for all z € R and ¢ € (T, T), which is absurd. Therefore, u indeed ceases to
exist at time 7.

Finally, if p > 2 then due to (5.21), (5.22) and parabolic regularity theory, for each x € R the limit
u(x,T) := limy ~p u(x,t) exists and defines a smooth positive function on R which is dominated by

1
= coepkx

1
some multiple of e?** throughout R. According to known results ([29], [35]), (2.2) therefore possesses
a classical solution @ in R x [T, 00) with u(-,T") = u(-,T"), which glued together with u evidently yields
a global extension of u, as desired. O

PROOF of Theorem 1.3.  We only need to consider p € (1,2) in the above theorem and transform
(5.2) and (5.3) to the original variables. O

Remark 4. Theorem 5.2 again goes slightly beyond our original purpose in that it applies to any
p > 0. Via (2.1), as a by-product this provides examples of mass transport for the porous medium
equation (1.1) when p € (0,1), for the equation v; = (e"v;), when p = 1 and for the super-fast
diffusion equations (1.1) in the intermediate regime m € [—1,0) when p > 2.
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