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Abstract

We consider the spatially two-dimensional version of the model

ng+u-Vn = An7V~(nS(x,n,c)'Vc), rzeQ, t>0,
et +u-Ve = Ac—nf(e), r e, t>0, (%)
uy = Au+ VP +nVo, V.-u=0, reQ, t>0,

for nutrient taxis processes, possibly interacting with liquid environments. Here the particular
focus is on the situation when the chemotactic sensitivity S is not a scalar function but rather
attains general values in R?*?2, thus accounting for rotational flux components in accordance with
experimental findings and recent modeling approaches.

Reflecting significant new challenges which mainly stem from an apparent loss of energy-like struc-
tures, especially for initial data with large size the knowledge on (%) so far seems essentially re-
stricted to results on global existence of certain generalized solutions with possibly quite poor
boundedness and regularity properties; widely unaddressed seem aspects related to possible effects
of such non-diagnonal taxis mechanisms on the qualitative solution behavior, especially with regard
to the fundamental question whether spatial structures may thereby be supported.

The present work answers the latter in the negative in the following sense: Under the assumptions
that the initial data (ng, co,up) and the parameter functions S, f and ¢ are sufficiently smooth,
and that S is bounded and f is positive on (0, 00) with f(0) = 0, it is shown that any nontrivial of
these solutions eventually becomes smooth and satisfies

n(-t) —>][ ng, c¢(,t) =0 and wu(-,t)—0 as t — 0o,
Q

uniformly with respect to = € 2. By not requiring any smallness condition on the initial data, the
latter seems new even in the corresponding fluid-free version obtained on letting u = 0 in ().
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1 Introduction

Understanding causal nexus leading to the emergence of structures in living systems has provided en-
during motivation for theoretical biologists and applied mathematicians for decades ([33]). Identifying
the respectively responsible mechanisms seems particularly challenging in situations when the consid-
ered system consists of exceptionally primitive individuals. In experimental contexts, a paradigmatic
role in this regard is played by the bacterial species Bacillus subtilis, about which it is known that cells
are well able to actively move toward a present nutrient which they consume upon contact, but that
beyond this their movement occurs essentially at random. Nevertheless, populations of this species
have been observed to form quite complex spatial patterns either on thin agar plates in absence of
further components ([32], [11]), or also when suspended to sessile drops of water ([6], [40]). Phenomena
of structure generation in connection with such nutrient taxis mechanisms have also been found in
various other primitive bacterial species, including Proteus mirabilis and Bacillus cereus ([11], [19]).

In their apparently simplest form, macroscopic models for such processes concentrate on describing

the cell population density n = n(z,t) and the nutrient concentration ¢ = ¢(z,t), e.g. by means of
chemotaxis systems of the form

ng=An—V - (nVe

{ t ( )7 (11)

¢ = Ac — ne,

thus consituting a derivate of the classical Keller-Segel system, differing from (1.1) in its second
equation ¢; = Ac — ¢+ n and thus accounting for signal production through cells, with its well-known
ability to enforce the emergence of structures even in the extreme sense of finite-time singularity
formation ([15], [16], [48]). In comparison to the latter, however, (1.1) has been found to exhibit
a substantially stronger tendency toward supporting spatial homogeneity: Namely, when considered
along with no-flux boundary conditions in smoothly bounded planar domains, then for any reasonably
regular nontrivial initial data (1.1) possesses a bounded global classical solution which asymptotically
becomes spatially constant in the sense that

n(-,t) = ne and c(-,t) =0 in L>(Q) as t — 0o (1.2)

with ne = f, no ([37]). For the three-dimensional analogue, it is known that after all certain global
weak solutions exist, and that these at least after some initial waiting time become smooth and clas-
sical and satisfy (1.2) ([37]).

Similar trends toward homogeneity have been found to dominate the qualitative behavior also in sev-
eral generalizations of (1.1), even in some cases in which an additional buoyancy-induced coupling
to the surrounding fluid, described through its velocity field u = u(x,t) and the associated pressure
P = P(xz,t), is accounted for. Indeed, numerical ([30]) and also recent analytical studies ([20], [21],
[22]) have revealed remarkable effects of fluid interaction on chemotaxis systems, inter alia concerning
prevention of blow-up and efficiency of mixing, at least in cases involving signal production. How-
ever, corresponding Neumann-Neumann-Dirichlet initial-boundary value problems in N-dimensional
domains for the general nutrient taxis(-fluid) system

ne+u-Vn = An—-V- (nS(c)Vc) +g(n,c),
¢ +u-Ve = Ac—nf(c), (1.3)
up+ k(u-Viu = Au+ VP +nVe, V-u=0,



have been found to possess global solutions satisfying (1.2) with some constant n, for various choices
of the nonnegative chemotactic sensitivity function S, under mild assumptions on the gravitational
potential ¢, and in either of the cases k = 0 and x = 1 in which the fluid flow is governed by the Stokes
or the full Navier-Stokes system. When g = 0, for instance, global classical solutions fulfilling (1.2)
with ne, = JCQ ng are known to exist when N = 2, even in the case k = 1, under appropriate structural
assumptions on S, including the prototypical choice S(c) = ¢ ([7], [47], [49], [57], [18]; cf. also [9]). For
the three-dimensional counterpart, global weak solutions have been constructed in [52], and in [53] it
has recently been shown that any such solution becomes eventually smooth and again satisfies (1.2)
with 1., = f¢, no.

Even the inclusion of logistic-type cell proliferation terms of the form g(n,c) = pn — un? in the
latter three-dimensional chemotaxis-Navier-Stokes system does not substantially affect this property
of allowing for eventually smooth global weak solutions which stabilize in the flavor of (1.2) ([26], see
also [41]). Some additional results on further particular versions of (1.3), albeit yet far from creating a
complete picture, indicate that neither purely productive nutrient-supported cell kinetics, as modeled
in the simplest case by the source term g(n,c) = nc, nor singular behavior of S, such as present in
the classical logarithmic sensitivity given by S(c) = X2 with some xo > 0, substantially reduce this
large-time prevalence of spatial flatness ([1]). For related results on global existence and asymptotic
homogenization in variants of (1.3), inter alia accounting for nonlinear cell diffusion mechanisms, the

reader may consult [4], [23], [3], [29], [5], [8], [58] and [38], for instance.

Chemotaxis(-fluid) systems with rotational fluxes. The above results may be viewed as
reflecting a certain dominance of the dissipative signal absorption mechanism in (1.3), together with
diffusion, over any destabilizing action of the cross-diffusion process described therein. Mathematically,
this becomes manifest in certain entropy-like structures which in an appropriate manner supplement
the basic decay properties

/OOO/an(c) §/Qco and /OOO/QWCF < ;/ch (1.4)

formally associated with (1.3) (see also Lemma 2.1 below). When S = 1, f(¢) = ¢ and g = 0, for
instance, inequalities of the form

d 1 [ |Ve]? o 1 / |Vn|? / Vel / 9
— 1 - —. < 1.
dt{/ﬂ nn+2/Q - +a/Q|uy +5 o n +Q 3 +Q|Vu| <C t>0,(1.5)

have been found to hold with some a > 0 and C' > 0, and to thereby provide additional regularity
information sufficient to turn (1.4) into (1.2) even in the full three-dimensional Navier-Stokes version
of (1.3) (53], see also [49]).

Favorable complementary structures of this form are apparently lost when the chemotactic sensitiv-
ity S in (1.3) is no longer assumed to be a scalar function but rather allowed to be matrix-valued.
Indeed, more recent modeling approaches ([56], [55]) suggest to describe chemotactic bacterial mo-
tion near surfaces by means of certain tensor-valued sensitivities S = S(x,n,c) € RV*Y which in
particular involve rotational flux components, in the most prototypical case near boundary points of
two-dimensional domains taking the form

S:a((l) ?)+b<(1] _01), a>0, beR. (1.6)



By impeding the derivation of appropriate a priori estimates e.g. from inequalities of type (1.5), even at
the level of mere existence theory such generalizations bring about significant analytical challenges, and
accordingly very little is known beyond quite basic aspects, unless additional regularizing mechanisms
such as nonlinear diffusion enhancement or saturation of cross-diffusive fluxes at large cell densities
are introduced (see e.g. [2], [43], [42] and [51], but also [44] and [45] for some examples). Without
such changes in the system, only under appropriate smallness assumptions on the initial data global
smooth solutions have been found to exist both in the corresponding fluid-free variant of (1.3) when
N=2,u=0, f(c) =c,g =0and S is suitably smooth and bounded ([27]), as well as in the Stokes
counterpart for N € {2,3} with nontrivial v and £ = 0 ([3]). For initial data of arbitrary size, only
certain generalized solutions have been found to exist globally when either N > 1 and v = 0 ([50]), or
when N = 2 and the nontrivial fluid is governed by the Stokes equations ([54]).

Main results.  The purpose of the present work consists in examining qualitative properties of the
latter solutions in spatially planar frameworks, with a particular focus on the question how far off-
diagonal flux components such as in (1.6) may affect the tendency toward asymptotic honogenization.
For this purpose, including both the corresponding fluid-free chemotaxis-only system addressed in [50]
as well as the associated chemotaxis-Stokes model studied in [54], we shall subsequently be concerned
with the initial-boundary value problem

n+u-Vn = An—V- (nS(az,n,c)'Vc), xr e, t>0,
¢t +u-Ve = Ac—nf(c), xr e, t>0,
u = Au+ VP +nVo, V-u=0, rze, t>0, (1.7)
Vn-yzn(S(x,n,c)-Vc>-V, Ve-v=0, u=0, €0, t>0,
n(x,0) = no(x), c(z,0)=co(x), wu(x,0)=mup(z), x € Q.

in a bounded convex domain {2 C R?. Here in order to make the existence theory from [54] applicable
we will assume that

f € C[0,00)) is nonnegative with  f(0) = 0, (1.8)
that
¢ € WH(Q), (1.9)

and that S = (Si;); jeq1,2) satisfies
Si; € C*Q x [0,00) x [0,00))  fori,j € {1,2} (1.10)
as well as

|S(x,n,c)| < So(c) for all (x,n,c) € Q x [0,00)? with some nondecreasing Sy : [0,00) — R.
(1.11)
As for the initial data in (1.7), we shall suppose that

ng € C*(Q2) for some ¢ > 0 with ng > 0in Q, that
co € Wh°(Q)  satisfies g > 0in 2, and that (1.12)
up € D(AY)  for some ¥ € (3,1),



where with P : L2(€; R?) — L2(f2) denoting the Helmholtz projection of L?(£2;R?) onto its solenoidal
subspace L2(Q) := {p € L?(;R?) | V- = 0}, A represents the realization of the Stokes operator
—PA in L(Q) with its natural domain given by D(A) := W22(Q; R2) N W, (€ R2) N L2(Q) ([36]).
Indeed, in this setting me may recall the following result on global solvability from [54, Theorem
1.1], referring to a concept of solvability that will explicitly be recalled in Definition 6.1 below for
completeness.

Theorem A. Suppose that f, ¢ and S satisfy (1.8), (1.9), (1.10) and (1.11), and that ng, co and ug
comply with (1.12). Then there exists at least one triple of functions

n € L>=([0,00); LY(Q)),

c€ L>®(Qx (0,00)) N L2 ([0,00); WH2()) and (1.13)
u < LlQOC(Q X [07 OO); R2) N mpe[m) L?oc([07 OO)? W()Lp(Qv R2))7

such that (n, c,u) is a global mass-preserving generalized solution of (1.7) in the sense of [54, Definition
2.1].

The information (1.13) on the regularity properties of the above solution is rather sparse, falling far
short of corresponding knowledge in typical cases of scalar-valued S ([37]). In particular, the inclusions
in (1.13) seem insufficient to warrant uniqueness of the obtained generalized solutions through any of
the approaches used in corresponding previous analysis of chemotaxis-fluid systems (see e.g. [23] or also
[47]). Yet more drastically, even finite-time blow-up e.g. of the first solution component n with respect
to the norm in L*>(2) is by no means ruled out through Theorem A; after all, (1.13) precludes any
collapse of n into an afterwards persisting Dirac-type measure, as known to occur in two-dimensional
parabolic-elliptic Keller-Segel systems ([31], [39]). It remains an interesting open issue to clarify how
far the occurrence of weaker types of blow-up phenomena may be enforced by non-scalar chemotactic
sensitivities.

Anyhow, the first of our main results states that each individual nontrivial solution from Theorem A
will become smooth eventually, provided that f satisfies an additional mild positivity assumption:

Theorem 1.1. Assume (1.8), (1.9), (1.10) and (1.11), and suppose that moreover
f>0 on(0,00). (1.14)

Then whenever ng, co and uy are such that (1.12) holds and ng Z 0, one can find T > 0 such that the
global generalized solution (n,c,u) constructed in Theorem A satisfies

(n, ¢, u) € CPL(Q x [T, 00)) x C2H(§) x [T, 00)) x C*L(Q x [T, 00); R?), (1.15)

and such that there exists P € CYO(Q x [T, o0)) with the property that (n,c,u, P) is a classical solution
of the boundary value problem in (1.7) in Q x [T, 00).

The second among our main results asserts that under the same hypotheses, each of the above solutions
stabilizes toward the unique spatially constant steady state at the respective mass level, similar to the
case of scalar S ([49]).



Theorem 1.2. Let (1.8), (1.9), (1.10), (1.11) and (1.14) hold, and assume that (no, co,uo) satisfies
(1.12) with ng #Z 0. Then the solution (n,c,u) of (1.7) from Theorem A satisfies

n(-,t) — ng in L*(Q) (1.16)
and

c(-,t) —» 0 in L>(Q) (1.17)
as well as

u(-,t) =0 in L*(Q) (1.18)

as t — oo, where ng := JLQno.

In conclusion, even matrix-valued bounded S will not enforce the large-time formation of structures in
the two-dimensional version (1.7) and thus, in particular, neither in its two-dimensional chemotaxis-
only counterpart; however, our results do not exclude the possibility of relevant nontrivial dynamical
effects on intermediate time scales such as, for instance, transient growth or oscillation phenomena as
detected for some particular chemotaxis systems without evident energy structure ([34], [25]).

Main ideas. The challenge of coping with poor regularity information. Due to the su-
perlinear structure of the nonlinearities in (1.7), the proofs of Theorem 1.1 and Theorem 1.2 will be
closely linked to each other. Especially in view of precedent derivations of similar results for simpler
problems, it may already be expected that a key role will be played by the decay property (1.17)
of c¢. Indeed, in cases exclusively involving diagonal fluxes such as in (1.3), this could be achieved
on the basis of some (temporally integral) regularity information on /n in W2(Q2) and on V+/c in
W4(Q), as gained from the dissipation process expressed in inequalities of the form (1.5); inter alia by
essentially relying on the compact embedding of W1#(2) into L>°(Q), through suitable interpolation
this can indeed be used to turn the basic decay information contained in (1.4) into the uniform decay
statement in (1.17) in such cases ([37], [49]).

In stark contrast to this apparently lacking any global property as convenient as (1.5), the present
situation will require to adequately make use of regularity information which, at a first stage, will be
substantially weaker in actually reducing to the poor features described in (1.4). After all, as already
observed in [54], this entails a further dissipative property which is formally expressed in the inequality

Vnl|? 52
/ / 7’”‘1 /Qng+21-/gc§ (1.19)

(Lemma 2.2), and which will serve as a crucial fundament for our analysis. In the present two-
dimensional setting, namely, this can firstly be turned into a basic statement on decay of fQ In(-,t) —
k(t)| with some appropriate () > 0 (Lemma 3.1). Since, secondly, the Moser-Trudinger inequality
allows us to infer from (1.19) a certain integrability property of n involving arbitrary spatial LP norms
(Lemma 2.3), together with (1. 4) and suitable interpolation this can be seen to warrant smallness of
the functional y(t) := [, [Ve(-, 6)[* + [ In(-, ) — (t)[* at some particular but arbitrarily large times
(Lemma 4.2). By means of appropriate testing techniques, in Section 4.2 we shall derive an ODI for
y which ensures that such a smallness property is essentially maintained throughout a time interval
of fixed length (Lemma 4.5). Since this ODI (4.31) additionally contains [, |Ac/* and [, |Vn|* as
absorptive terms, correspondingly obtained bounds for the latter provide sufficient regularity, inter



alia for ¢ in a space now again compactly sitting in L>°(£2), so as to allow for the claimed conclusion
on decay of ¢ in Section 4.3. This knowledge on eventual uniform smallness of ¢ will enable us to
assert suitable prevalence of diffusion in the first two equations in (1.7), which will finally yield both
Theorem 1.1 (Section 4.4) and Theorem 1.2 (Section 5).

2 Preliminary results from existence theory

To begin with, let us recall the particular construction through which the solution (n,c,u) from
Theorem A has been obtained in [54]; indeed, all our results for (n,c,u) will be derived on the basis
of arguments referring to approximate solutions of appropriately regularized problems, upon taking
limits. Following [54, Definition 2.1], for € € (0,1) let us accordingly consider

(et +ue-Vne = An.—V- <n€S€(x,n5,c€)Vce>, reN, t>0,
Cet +us - Vee = Ace —nef(ce), re, t>0,
Uy = Au.+ VP.+n.Vo, V-u. =0, ze, t>0, (2.1)
%zay 0, wu.=0, r e i, t>0,
ne(z,0) =no(z), c(x,0) =co(x), ue(,0)=wuo(z), T €Q,
with
Se(z,n,c) = p(x) - xe(n) - S(z,n,c), (z,n,c) € Q x [0,00)?, (2.2)
where
pe € CP(2) issuchthat 0<p.<1inQ and p. "1inQase\0
and where

Xe € C5°([0,00)) is such that 0<y.<1in[0,00) and x.,”1in [0,00) ase \,0.

According to [54, Lemma 2.2], each of these problems possesses a global classical solution (n., cc, u., P-)
such that

ne € CY(Q x [0,00)) N C*HQ
c- € C°Q x [0,00)) N C%1(Q
u: € CO(Q x [0,00); R?) N C>Y(
P. € CY0(Q x (0,00)),

(0,00)),
(0,00)),
Q x (0,00); R?) and

X
X

and such that n. and c. are nonnegative. Moreover, Lemma 3.5, Lemma 4.2 and Lemma 4.4 in [54]
ensure the existence of (g5)jeny C (0,1) such that €; \, 0 as j — oo, and such that with (n, ¢, u) as in
Theorem A we have

Ne =N in L}, .(Q x [0,00)) and a.e. in  x (0,00),
Ce = ¢ in L7 .([0,00); W12(Q)) and a.e. in Q x (0,00) and (2.3)
Us — U in L2 (9 x [0, 00))

as € = €; ¢ 0. Some basic properties of these approximate solutions, inter alia containing a rigorous
counterpart of (1.4), are immediate from (2.1) (cf. [54, Lemma 2.3]).



Lemma 2.1. Let e € (0,1). Then

/ ne(x,t)de = / no for allt >0, (2.4)
Q Q
and for each p € [1,00] we have
e ) ei) < e 8)l e (o) for all s > 0 and each t > s. (2.5)
Moreover,
& 1
/ /|Vc€|2 < /cg (2.6)
0o Ja 2 Ja
and -
/ / nef(ce) < / co (2.7)
0 Q Q
as well as

|Se (2, me, ce)| < 51 := So(l[coll e (02)) for allx € Q and t > 0. (2.8)

The following consequence of (2.6) on the spatial gradient of In(n.+1) has already played an important
role in the development of the existence theory in [54]. Since it involves an integral over the whole
infinite time interval (0,00), together with (2.6) and (2.7) it will moreover form the basis for our
derviation of Theorem 1.1 and Theorem 1.2.

Lemma 2.2. With Sy taken from (2.8), we have

|Vne|2 - & foralie € (0,1). (2.9)
| w2,

By means of the Moser-Trudinger inequality, and hence essentially relying on the planarity of the
current setting, the latter can readily be seen to imply the following ([54, Lemma 4.1}).

Lemma 2.3. Let p > 0. Then there exists C = C(p) > 0 such that for all € € (0,1) we have

/T In { ‘é’ / (ns(m,s) n 1)pdx}ds <C-(T+1)  forallT>0. (2.10)

As a last preliminary, let us furthermore recall from [54, Lemma 3.3] a consequence of the mass
conservation property (2.4) on the regularity of wu., emphasizing that this conclusion strongly relies
on the Stokes simplification underlying (1.7); in fact, the main reason for not addressing here the
associated full chemotaxis-Navier-Stokes system, as e.g. corresponding to the choice kK = 1 in (1.3),
consists in an apparent lack of any appropriate similar regularity feature in the latter.

Lemma 2.4. Let p € (1,00). Then there exists C = C(p) > 0 such that whenever € € (0,1),

Jue(-, )|l o) < C forallt > 0. (2.11)



3 Further basic estimates

3.1 Weak decay properties

An important consequence of Lemma 2.2 is a first quantitative information, albeit yet quite weak, on
asymptotic homogenization of n..

Lemma 3.1. Given ¢ € (0,1), we let

:][ Vne(z,t) +1dx  and  rke(t) == w?(t) — 1 fort>0. (3.1)
Q

Then
ke(t) <mg  forallt >0 and each € € (0,1), (3.2)

and there exists C' > 0 such that
/ </ |ne(x,t) )|dx> at < C for all e € (0,1). (3.3)
PrROOF.  In order to verify (3.2), we only need to apply the Cauchy-Schwarz inequality in estimating
1 2
ke(t) = \Q]/ Vne(z,t) + 1da:> -1
|Q/ ne(z,t) + dx—l for all ¢ > 0 and each € € (0, 1),

and observe that here the right-hand side indeed coincides with mg thanks to (2.4).
To prove (3.3), according to Lemma 2.2 we first pick C; > 0 fulfilling

\V 5!2
5 dzdt <y for all e € (0,1). (3.4)

In order to make appropriate use of this, we again invoke the Cauchy-Schwarz inequality and (2.4) to
estimate

1
/|vm\:/\v“e
Q Q

2 ne + 1

< (L) (o)
_ 02</Qm>% for all £ > 0 (3.5)

with C5 := 34/ [ n0 + [©|. Now thanks to the continuity of the embedding W!(Q) < L(12) in the
present two-dimensional setting, by the corresponding Poincaré-Sobolev inequality we can fix C'5 > 0

such that
9 2
/ ‘gp(x) ][ go} dx < Cg(/ |V<p(x)\dx> for all o € Wh(Q).
Q Q Q

9



Therefore, (3.5) and (3.4) show that

/ooo /Q |Vnel, )+ 1= we(t) ‘2dxdt

IN

|Vn5\2
¢ C2/ / ng—l—l

C1C3Cy for all e € (0,1). (3.6)

IN

Again due to the Cauchy-Schwarz inequality,

[ty + 0 —ufas = [ [V =1 w.)]- [Vacle ) +1+ we(o)|ds
([ [VrteT-mm[a)
><(/Q‘\/m—l-wg(t)rdav>é for all ¢t > 0,

where by the same token and (2.4) we have

2
/Q(\/Wwa(t)‘ dr < 2/{2(ng(x,t)+l+w§(t)>dx

o, /Q no + 210 + 202(H)]Q)
= 2/Qn0+zym+m|</¢de>
< 2/Qno+2|9|+2</Q(ne(:p,t)ﬂ)dx)

= Cy ::4/n0+4\Q| for all ¢ > 0.
Q

IN

From (3.6) we thus infer that

v

and conclude. O

2
ne(x,t) +1— w?(t)‘dac) dt < C1C3C3Cy for all € € (0,1)

We next derive from Lemma 3.1 a decay property of u. in some integral sense, involving certain
fractional powers of the Stokes operator A as introduced in the context of (1.12) above.

Lemma 3.2. Let a > 0. Then there exists C' > 0 such that for any ¢ € (0,1) we have

/ / | A2~ u (, 8)[*dadt < C. (3.7)
0 Q

PrROOF.  Upon applying the Helmholtz projection, from the third equation in (2.1) we obtain that
uet + Aue = P[nV¢] in Q x (0, 00), so that according to the projection property of P, taking k. from
(3.1) we can herein decompose

P[ne(‘at)v¢] = P[(ne(‘at) - He(t))V(ﬁ} + /‘Ge(t),})[v‘b] =P (ns('vt) - He(t))vﬁb] in Q

10



for all t > 0, whence actually
Uet + Aue = P[(na(-,t) - mg(t))Vqﬁ} in 2 x (0,00).

Given a > 0, we multiply this by A7?%u, and integrate over {2 to see using the symmetry of the
operators A8 B >0, that

A— 2

u5|2 = /A_zo‘ug-uet +/ A2, - Au,
Q Q
= /QA_QO‘UE -P [(ns(-, t) — ke(t)) Vo

= / A7 (ne(-t) — Ke(t)) Vo for all t > 0, (3.8)
Q

again because of the fact that P is a projector.

Now if we let B denote the realization of —A in L?(2) under homogeneous Dirichlet boundary con-
ditions on €, then it is well-known that for the respective domains we have D(A%) = D(B?) N L2(Q)
for all g > 0 ([12]). Correspondingly, in the presently considered two-dimensional case we have
D(AP) < L>(Q;R?) whenever § > l ([14]), so that in particular we can fix C; > 0 satisfying

).

Applying this to ¢ := A72%u_(-,t), we can estimate the integral on the right of (3.8) according to

/ A%, - (ng(-,t) — ke (1)) Vo
Q

1+20¢ +2o¢

el @) < CillAT2 ¢l 12 (@) for all o € D(A ™2

IN

A7 (-, )| oo ) I (-, 8) = e ()] 22 () I V@l 0w )

< (O

ue (- 1) || 200 [Ine (5 1) — Ke(t) || L1 (o) for all ¢ > 0
with Cy := C1||V¢|| (). By means of Young’s inequality, (3.8) thus implies that

— 2« 2 2
2dt/A e |2 4 /Q|Al;u5|2 22</|nE 1) — ke( )) for all t > 0,

which upon integration yields

/]A xt]dx+//]A2u€xs)\dmds
2
/]A ]dac—i—C’Q/ /\ns(x,s)—/fe(s)\da;> ds for allt >0
Q

and thereby implies (3.7) in view of Lemma 3.1. O

3.2 A further boundedness property of Ve,

Let us next interpret the second equation in (2.1) as an inhomogeneous heat equation ¢, = Ac. +
he(z,t), and turn the regularity information on n. and wu. collected so far into an estimate for Ve..
With (2.4) apparently being the only relevant information for n. that is currently available, the range
[1,2) admissible for ¢ in the following lemma seems natural in the two-dimensional context. The fact
that here h. = —n.f(c.) — ue - Ve itself contains Ve, gives rise to an argument more involved than
in related cases without such a dependence on the estimated quantity (see e.g. [17, Lemma 4.1]).
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Lemma 3.3. Let q € [1,2). Then there exists C' > 0 such that for all € € (0,1) we have
[Vee(-, )]l Lo < C for allt > 0. (3.9)
Proor. We may assume that ¢ > 1, and we represent c. according to
ce(t) = ca(r,t) + cea(ts 1) + ces(, 1), t>0,

where

ca (1) i= e,

t
coa(s1) 1= — /0 =92 () f(ca(5))ds  and

t
ces(rt) = / 92 (4 T ) (-, 5)ds
0

for t > 0, with (eTA)Tzo denoting the Neumann heat semigroup over 2. We moreover fix any u €
(0, A1), where A1 denotes the first nonzero eigenvalue of the Neumann Laplacian in . Then it is
known ([14]) that the realization B, of the operator —A + y under homogeneous Neumann boundary
conditions in {2 is sectorial in L%(2), and that the domains of the associated fractional powers satisfy
Lr 1 1 1
D(B]) < W>"(Q) whenever » > 1 and v > gto - (3.10)
q
In particular, applying this to r := ¢ shows that in order to prove (3.9) it is sufficient to pick a € (2, %)
and then verify the existence of C; > 0 such that

ché‘l('vt)HLq(Q) < Cl, ch&Q('7t)HLq(Q) < Cl and HB;Cag(‘,t)HLq(Q) < Cl for all ¢ > 0.

(3.11)
To achieve this, let us choose p € (g,2) close enough to ¢ such that
1 1 1
S-S <a, 3.12
5t (3.12)
and thereupon fix g > 0 such that
1 1 1
—4+-——<fB<a 3.13
5 7 (3.13)
Then from (3.10) and (3.13) we infer that there exists Cy > 0 satisfying
Vol < CgHBgcpHLq(Q) for all ¢ € C?(Q2) such that g—f =0 on 012, (3.14)

and since o > 3, by interpolation ([10]) we can find C3 > 0 such that

B a—B _
1B ¢llLa) < CsllBg¢luqy - 19l 5q)  for all p € C2(Q) such that 2 =0 on 9. (3.15)

Moreover, in view of the fact that p < A1, known smoothing estimates for the Neumann heat semigroup
([10], [35], [46]) provide positive constants d, Cy and Cy such that for all ¢ > 0 we have

||Bg‘etAg0||Lq(Q) < C’4t_ae_5t||g0||Lq(Q) for all ¢ € L1(Q) fulfilling / =0 (3.16)
Q
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and
Vel Lo < Cst 2 ae gl for all ¢ € LY(Q). (3.17)

Since p < 2, we can now use the Hélder inequality and our assumption that co € WH2(Q) implied by
(1.12) to find Cg > 0 and C7 > 0 such that

IVea ()| ooy < Csl Ve eoll 2y < CslVeoll 2y < Cr forall t > 0, (3.18)

because it is clear that < % Ja |Vet2pl? < 0 for all t > 0 and each p € W'2(Q). As p > ¢, (3.18) in
particular entails the ﬁrst inequality in (3.11).

Similarly, a sharper variant of the second estimate in (3.11) can be obtained using (3.17), (2.4) and
(2.5), which show that

[Veea (- )|l (o)

IN

/ V™20, 5)f(ce(cs )l ds
< /O(t—S) 3+ % —o(t— 8)||n( s) f(ce(- 8))llpr(yds

VAN

t
> C5||nOHL1(Q) ’ ||f||Loo((0,||CO||LOO(Q))) . /0 O’_§+ 5Jd0‘ for all t > 0,

and that hence for some Cg > 0 we have
HVCEQ(', t)HLp(Q) < Cyg for all ¢t > 0, (3.19)

because —% + % > —1 thanks to our hypothesis ¢ < 2.
Having thereby also proved the second inequality in (3.11), we again make use of (3.18) and (3.19) in
verifying the third: Namely, for each € € (0, 1) let us set

M(T) == sup ||Bjces(v,t)|naa), T > 0.
te(0,T)

Then given any 7" > 0 and ¢ € (0,7") we can substitute c. = c¢1 + ¢e2 + ce3 in the definition of c¢.3 to
estimate

3
1B eas (o llpay < Y

=1
3 t
Z/ (t — 5)~e=0=9)
=170

for all £ > 0 by means of (3.16), noting that fQ ue - Veg; = 0 thanks to the solenoidality of u.. Here in
view of the fact that Cg := sup.¢(g 1) Hu5|| pg_ is finite due to Lemma 2.4, upon applying

*((0,00);L P74 ()
the Holder inequality we find that

‘ ue(+, 8) - Veeil, s)‘

t
B?/O elt=9)A (u€(~,s) : Vcﬂ-(',s)>ds

La(©)

IN

ua(-,s)-Vc&-(-,s)‘

2
L@ (3.20)

IN

o), g [Tl
CollVeeil-s 8)|l v (o)
for all s > 0 and i € {1,2,3}, (3.21)

La(Q)

IN

13



where in the case i = 3 we recall (3.14) and interpolate on the basis of (3.15) to see that according to
(2.5)

IVees (5 9) o)y < Call BYces(- 9)llpa(e)
< CaClIBEess(+9)l ey leca s ) ey
< CullByeat 9 ey
< CloMsg(T) for all s € (0,7)

a=p
with Cqg := CQCgHCoHLf;(Q).
Therefore, (3.20) and (3.21) combined with (3.18) and (3.19) yield

B t
1Bg ces (- )| Laqa) < Co - <C7 + Cs + CioMe (T)) : / o % do  forallt € (0,T).
0
Since « < 1, this shows that with some C1; > 0 we have
B
M.(T) < Chy - (1 +Me (T)) for all 7 > 0 and ¢ € (0, 1).

As 8 < « ensures that g < 1, from this we obtain C72 > 0 such that
M. (T) < Cho for all T > 0 and € € (0, 1),

which implies the third inequality in (3.11) and hence completes the proof. O

4 Eventual smoothness. Proof of Theorem 1.1

We shall now turn our attention to the regularity and convergence properties of (n,c,u) claimed in
Theorem 1.1 and Theorem 1.2. Accordingly, we shall tacitly assume that the additional hypotheses
made therein are satisfied; that is, throughout the sequel we shall require that

f>0 on (0,00) and nog # 0,

noting that this will actually be necessary only from Section 4.3 on.

4.1 Basic decay properties of n —ng, ¢ and u

Let us list some essentially direct consequences of the spatio-temporal integrability properties in
Lemma 2.1, Lemma 3.1 and Lemma 3.2, which may be viewed as providing some first asymptotic
properties of the limit (n,c,u). The estimates (4.2) and (4.3) will be used in Lemma 4.7 to prove de-
cay of ¢, whereas (4.4) and (4.5) will imply the claimed convergence properties of n and u in Theorem
1.2.
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Lemma 4.1. Let

w(t) ::]{2 Vn(z,t)+ 1dx  and w(t) :=w?(t) — 1 fort > 0. (4.1)

| [ve <o (4.2
/O h /Q nf(c) < oo, (4.3)
[T ([ e —stofae) < 4
/OOO/Q uf? < . (4.5)

PRrOOF.  Since thanks to (2.3) we know that as ¢ = ¢; N\, 0 we have n. — n, f(c.) = f(c) and
Vee = Veaee. in Q% (0,00), (4.2) and (4.3) are immediate from Lemma 2.1 in view of Fatou’s lemma.

Moreover, the strong convergence n. — n in L} (Q x [0,00)) entails that for a.e. t > 0 we have

ne(-,t) = n(-,t) in L'(Q) and hence clearly also [, /ne(x,t) + 1dz — [, \/n(z,t) + 1ldz as e = \

0. Accordingly, with w. and k. as defined in Lemma 3.1 we see that w.(t) — w(t) and k.(t) — k(t)
for a.e.t > 0 ase =¢; \(0, so that (4.4) again becomes a consequence of Fatou’s lemma when applied
to (3.3).

Finally, invoking Lemma 3.2 with a := 2 we obtain C; > 0 fulfilling

Then
and

and moreover we have

as well as

(e}
/ / e (z,t)|2dzdt < Cy for all € € (0,1),
0 Q

which allows us to pick another subsequence of (¢;);en along which u. — 2z in L*(Q x (0,00)) with
some z € L%(Q x (0,00); R?) which due to (2.3) clearly must coincide with u. By lower semicontinuity
of the norm in L?(2 x (0, 00); R?) with respect to weak convergence, this entails (4.5). O

4.2 Eventual smallness of Vn, and Ac.

The purpose of this section will be to prove that both g-(t) := [, |Vne(-,t)|? and ho(t) == [ [Ace(-,t)[?
eventually become small in the sense that for some suitably large T" > 0, given any ¢ty > 1 one can
pick t. € (to,to + T') such that LEE+T(g5(t) + he(t))dt lies below the arbitrarily prescribed number 1.

This result, to be established in Lemma 4.5, will be prepared by three lemmata, the first of which
encounters the challenge of turning the inequalities (4.8) and (4.9) gained from Lemma 2.1 and Lemma
3.1 into some quantitative decay information which is essentially independent of ¢ € (¢;);jen. Here in
order to achieve an estimate involving n. in the space L?(Q), rather than merely in L'(€2) as suggested
by (3.3), we make use of the inequality (4.10) implied by Lemma 2.3.
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Lemma 4.2. Let 6 > 0. Then there exists T > 1 with the property that for all to > 0 and each

€ € (gj)jen one can find t. € (to,to + 1) fulfilling

5
/ Ve (2, 1) 2z < 2
Q 2

and

2 0
d z
x<2,

J

PrOOF.  According to Lemma 2.1, writing C := %fQ c2 we know that

ne(z,te) — ke(te)

where ke is as defined in (3.1).

/ / Ve (x,t)|2dedt < Cy for all € € (0,1),
0 Q

and Lemma 3.1 provides C's > 0 such that

v

whereas from Lemma 2.3 we obtain C5 > 0 satisfying

2
ne(z,t) — Klg(t)‘dl) dt < Cy for all € € (0,1),

t+1 1 3
/ In {/ (na(x,t) + 1) da:}dt <(Cy  forallee (0,1) and each ¢ > 0.
t Q

il

We thereupon abbreviate

[S])

Cy = <e% Q5 + 715 ymé)
with 7ig := fg, no, choose [ € N such that

8C, 64C,C
l Z T and l Z 54 s

and we shall see that the desired conclusion holds if we let

T:=2]+2.
To this end, given ty > 0 we fix ky € N such that
to < ko <tp+1

and introduce the numbers

k+1
aj e ::/ /|V05(3:,t)]2dxdt
k Q

k+1
bk,a ::/ </
k Q

and

ne(z,t) — /@E(t)‘cm) 2dt
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for € € (¢j)jen and nonnegative integers k, where again «. has been taken from (3.1).
We then claim that

for all € € (g);jen there exists ke € {ko, ..., ko + 21} such that
4

0
aks7€ < = and bk€7€ < @

g (4.15)

Indeed, if this was false then there would exist some € € (¢j);en such that for each k € {ko, ..., ko + 2{}

we would either have ay . > % or by, > Since the index set I := {ko, ..., ko + 2{} has more than

= 6404
2l elements, this would mean that either

Ia::{keI’ak,Ezg}

or

Ib::{kel‘bk,gz&f;f}

would contain more than [ elements. In the former case, this would contradict (4.8), because by
definition of I, and the left inequality in (4.12) we then would have

1)
/ /‘VCSI—ZakEZZakE_S ‘I’>*Z>Cl

kel,

Likewise, if || > [ then by (4.9) and the right inequality in (4.12),

= [ (e

which again is absurd.

o
4

Having thereby proved (4.15), we introduce the sets

Q. = {t € (ke ke +1) ' / \Vee(z,t)|2de < g}
Q

and

R, := {te (ke ke +1) ‘ </Q
In { ‘(1” / (na(a:,t) + 1>3da:} < 403}

17

ne(x,t) — /@E(t)‘daz> < 16(3’4}
4

as well as

Se 1= {t € (keyke+1)




for € € (¢j)jen. Then the first inequality in (4.15) implies that

from which we conclude that

>

Y]

Y

Q. e

ke+1
/ / \Vee(z, t)2dadt
ke Q

/ / Ve (w, ) Pdwdt
(ke ke+1)\Qe /O

ek + 1\ 2

(1= 1Qd),

3
|Qa| > Z

NS N>

Likewise, from the second inequality in (4.15) we obtain that

54

64C4

that is,

Finally, (4.10) ensures that

C3

Y

>

v

Y

bkg £

Y

ne(x,t) — Kke(t) ‘dm) 2dt

2
/ (/ ng(a;,t)—/ig(t)‘dx> dt
(keoke+1)\Re \JQ
0 ‘(k ke + 1)\ R
160;11 gy Ive €
64
o " (1= 1))
3
|R:| > T

/:EH In {‘51”/9 (na(x,t) + 1>3dm}dt

/ ln{l/ <n (x,t) + 1>3dx}dt
Goorins.  LIQ[ S V5

4Cs -

(keyke + 1)\ Se

105+ (1-15.))
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and hence also 3

St > 2 (4.18)
Combining (4.16)-(4.18), we see that |Q. N R N S| > 1, so that for each € € (¢;)jen We can find at
least one t. belonging to Q. N R. N S..

Thereupon, (4.6) is an evident consequence of the inclusion . € Q. and the definition of Q.. In order
to show that also (4.7) holds, we first invoke the Hélder inequality to estimate

J

2

3 1
ne(z,te) — ke(te)| dz < [Ine(te) — “a(tE)HZS(Q) Ine (s, te) — K’E(ta)Hzl(Q)

< (et + et -0 ([ dx)é.

Thus, using that x.(t) < 7g for all £ > 0 and € € (0,1) by (3.2), from the fact that t. € R. N S. and
the definition of Cy we infer that indeed

2 4C3 1 o 1 % (54 %
/Q%(x,m—na(te) dr < (& jls - (903 '(qu
) )

= Giga Ty

Finally, from the construction of k., (4.14) and the fact that t. € (k, k. + 1) it follows that

A

ne(x,te) — Ke(te)

te > ke > ko > to
and, by (4.13), that moreover
o<kt 1<ko+20+1<to+20+2=1ty+T,
so that in fact t. € (tg,to +T), as claimed. O

Our goal will be to use the above inequalities (4.6) and (4.7) to control, for a certain p > 0, the initial
size of Y. (t) := [, [Vez|*+ [, [ne—p|? when considered as a function for ¢ > ¢.. Indeed, in Lemma 4.5 we
shall see that an appropriately small initial bound on y. will remain essentially unchanged throughout
some time interval with small but e-independent size. This will be accomplished in Lemma 4.5 on
the basis of a suitable ODI for y. which will be prepared by separately tracking the time evolution of
the two summands making up y.. Let us begin by deriving an inequality for the time derivative of
Jq [Vce|* by means of a standard testing procedure.

Lemma 4.3. There exists C > 0 such that for all € € (0,1) we have

d 1
/ \V05|2—|—/ |Ac.|* < / \Vng\%rc/ Ve forallt > 1. (4.19)
dt Jo Q 2 Ja Q

PrROOF.  We multiply the second equation in (2.1) by —Ac. to see upon integrating by parts that

1d
th/ \VCE|2—|—/ |Ace|2 = /7’L505Ac€—i—/(u5-VCE)ACE
Q Q Q Q

= / nEch|2/CEVnS-VCEJr/(uE'VCE)AcE (4.20)
Q Q Q
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for all ¢ > 0. Here by Young’s inequality and (2.5) we obtain

1
—/ c:Vne Ve, < / |Vne|® + / 2|Ve|?
Q0 4 Ja Q
1
< / |Vn|? + |yco|y%oo(m/ Ve[ forall t > 0. (4.21)

4 Ja Q

Moreover, using the Holder inequality we find that

/ (e - Ve ) Ac. < / el / Ve.l!) / AcP)’ forallt>0, (4.22)
Q

where an application of the Gagliardo-Nirenberg inequality along with standard elliptic regularity
theory provides C > 0 fulfilling

/ |ch| < Cq / \Acg| / |Vc€| for all t > 0. (4.23)

The integral involving u. can be controlled using Lemma 2.4, which yields C > 0 such that

ue(, D)l La) < Ca for all t > 0, (4.24)
so that combining this with (4.22) and (4.23), once more by Young’s inequality we obtain Cs > 0
satisfying
/(ue -Vee)Ace: < C102 / ]Aca\ / |V05]
Q
< / |Ac.|? +C’3/ Ve |? for all t > 1.
2 Ja 0

Inserting this together with (4.21) into (4.20), upon dropping a nonpositive term we readily arrive at
(4.19). O

The first integral on the right of (4.19), precluding the latter to become an autonomous ODI itself, can
fortunately be compensated by adding the result of a suitable testing procedure in the first equation
n (2.1). The appearance of the norm of n. — p in L?(Q2) in the following lemma a posteriori explains
our choice of the norm in (4.7).

Lemma 4.4. Let g > 0. Then there exists C > 0 such that whenever p € (0, po] and € € (0,1), we

have

qa
dt

n5 u’ /VnE]Q <C’/ Ve +C

+c< ne( ) — >-</ﬂmc5\2> - </Q\V05]2> forallt>0.  (4.25)

Q
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PrRoOOF.  Testing the first equation in (2.1) against n. — p and using Young’s inequality and (2.8)

yields
2 _ . .
th/ ‘ne M’ +/ |Vn€| = /Qnsvns (Se(xansacs) Vce)

= /( w)Vne - (Ss(x,ng,cg) . VC5>
-l—u/ Vna- (z,me,cc) - ch>
8/9 ’V?’L5|2 +Cy /Q |n€ - M|2 : |V65|2

1
+/ |Vn.|* + Cg/ |Vee|? for all t >0 (4.26)
8 Ja Q0

IA

with positive constants C7 and Cy possibly depending on po and the number S; in (2.8). By means
of the Holder inequality and a Gagliardo-Nirenberg interpolation, again involving standard elliptic
regularity theory, we can further estimate

1
ca/w%—nﬁwv@ﬁ a./W%—w|2 /va
Q
) :
Ca [ =) ([ 1acR)" - ([1vef)t @)
0

for all ¢ > 0 with some C5 > 0, and once more invoking the Gagliardo-Nirenberg inequality and (2.4)
we find C4 > 0 and C5 > 0 fulfilling

([ ne—al?)’

IN
w\H

IN

Ine = gl Za gy
< CullVnellpaq) - Ine = pllr2 () + Callne = ull71q)
< C4||V7”LE||L2(Q) |ne — /LHLQ + Cs for all t > 0.

Inserted into (4.27), in view of Young’s inequality this shows that there exists Cs > 0 such that

Cl/Q|n5—,u|2-‘ch|2§ i/ﬂng|2+06+c6(/ﬂ|ng_u|2> . (/Q|Ac€|2> . (/Q|ch|2>

for all t > 0. Along with (4.26), this proves (4.25). O

Now combining the previous two lemmata, we can indeed derive a favorable differential inequality
for the coupled functional y. discussed above. According to (4.19) and (4.25), this inequality will in
addition contain some dissipated quantity, and the bound correspondingly obtained for the latter will
precisely yield (4.28) as the main outcome of this section.

Lemma 4.5. There ezist T' > 0 and 7 € (0,1) with the following property: For each ty > 1 and all
€ € (gj)jen one can find t. € (to,to + 1) fulfilling

te+7 te+T
/ / |Vne(x t)]2d1:dt+/ / |Ace (z,t)|2dxdt < 1. (4.28)
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PRrooOF. We invoke Lemma 4.3 and apply Lemma 4.4 to pug := ng := f@n() to find C7 > 0 and
Cy > 0 such that for each € € (0,1),

/ |Vee| + / |Ac.|* < / Vn5]2+C'1/ Ve |? for all ¢ > 1, (4.29)
Q Q

and such that if moreover u € [0,7g] then

4
dt

[fnect) = + [ 1vnit <y [ vep+cy

+02</Q ne(-,t) — p )-(/chﬁ) : </Q|vcs|2) for all ¢ > 0. (4.30)

Adding both these inequalities we see that for any such u,

d 2 1
il [t [fnto-sbs [1acpg [
Q Q Q

< (01+02)/ Veo? +
Q

+Cy- (/Q ne (1) —uf) - (/ﬂmcg\?) - (/Q\V%]Q) forall t>1.  (431)

We now apply Lemma 4.2 to § := min {ﬁ, 1} and thereby obtain 7" > 0 such that for any choice
of to > 1 and € € (¢j)en we can find t. € (to,to + T') such that the function y. defined by

:/ \Vcs(x,t)lzdx+/
Q Q

with k. as in (3.1), satisfies

2
dx, t >0,

ne(x,t) — Kke(te)

4]
Ye(te) < - (4.32)
We shall see that then the conclusion of the lemma is valid if we fix any 7 € (0, 1) satisfying
o
(4.33)

4{(C1+ C2)5 + Co}

To verify this, we note that due to (4.32),
Te := Sup {7:5 € [0,7] ’ ye(t) < ¢ for all t € [t.,t. + ﬁ;)}

is a well-defined element of [0, 7], and we first claim that that actually 7. = 7 for any ¢ € (¢j) en.
Indeed, by definition of 7. and continuity of y. we have

Ye <0 on [te,te + 7). (4.34)
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Along with our choice of 4, this implies that writing u := k(t:) we have

Coe ([ freotr=u ) ([ 1) ([ 1ver)

IN

Co?(t) - [ |8l
Q
< 097 / |Ac.|?
Q
1
< / |Ace|? for all t € [t.,t- + 72|
2 Ja
Since p < mg according to (3.2), we can thus invoke (4.31) to derive, again using (4.34), that

1 1
)+ 5 [ 18ef g [ P
Q Q

(C1+Cy) - / Ve |2 + Cy
Q

(C1 4 Cy) - ye(t) + Co
(C14Cy) -0+ Cs for all t € [t.,t. + 7]

IN N IA

An integration using (4.32) thus implies that

/t / |Ace|* + /t / Vne|* < yelte) + {(C’l - 02)5+02} St —t.)
+ {(Cl + C2)6 + CQ} - Te

< +{(C1+02)(5+C2}-T

NS xS

= for all ¢ € [t.,t. + 7). (4.35)

In particular, assuming for contradiction that 7. < 7 for some € € (&) en, from (4.35) we could derive
the inequality y.(t: + 72) < g which is incompatible with the continuity of y., the latter in this case
implying that necessarily y.(t- + 7-) = 9.

Hence knowing that in fact 7. = 7, from (4.35) and the fact that 6 < 1 we easily obtain (4.28), because
Ye 1s nonnegative. ]

4.3 Doubly uniform decay of c.

We shall next make sure that under the extra assumptions f > 0 on (0,00) and ng #Z 0, as made in
both Theorem 1.1 and Theorem 1.2, we have c.(-,t) — 0 as t — oo, and it will be of crucial importance
for our proof of eventual smoothness that this convergence is not only uniform with respect to z € €Q,
but in addition also uniform with respect to sufficiently small € € (&) en.

To this end, in Lemma 4.7 we shall first prove a decay statement in a weaker topology for the single
limit function ¢ by combining the finiteness of the integrals in (4.2) and (4.3) with the following
additional regularity property implied by Lemma 4.5.

Corollary 4.6. Let 7 € (0,1) be as given by Lemma 4.5. Then there exists (tx)gen C (1,00) such
that

tp+7
/ / \Vn(z,t)|?dedt <1 for all k € N. (4.36)
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Proor. This is an immediate consequence of Lemma 4.5. ([l

Indeed, we can thereby show the following statement on temporal decay of c.

Lemma 4.7. Let 7 € (0,1) and (tx)ren be as given by Lemma 4.5 and Corollary 4.6, respectively.
Then

t+7
/ ()l @ydt — 0 as k — oo. (4.37)

tg

PROOF.  Let us define
ng(z,s) =n(z,tp+s) and cx(x,s) = c(z,tr + ) for (z,s) € 2 x (0,7) and k € N

as well as

AE) 1= { [y ez, t)dz if ¢(-,t) € LY(Q), (438)

0 else,

and
Ak(8) = Ntg + s) for s € (0,7) and k € N,

Then since [0,00) 3 t = [[cc(+,?)||11(q) in nonincreasing by Lemma 2.1, we know that fti’“JrT A(t)dt is
nonincreasing with respect to k£ and thus

tk+T
/ A(t)dt \ Ao as k — oo (4.39)

tg

with some some constant Ao, > 0. In order to show that actually Ao = 0, we first use the Poincaré
inequality to find C7 > 0 such that

T t+T1
[ lats) = Meaoyds = [ et = A0

tr

IN

te+T
Cl/ ||Vc(-,t)||%2(mdt for all k € N,
2%

whence recalling that tj, — co as k — oo and that [ [, |[V¢|? < oo by Lemma 4.1 we obtain
! 2
/0 k(s 8) = M(s) [2agonds — 0 as & — oo. (4.40)

Since moreover A(t) < Cy := [, co(x)dx for all t > 0, (4.39) entails that

tp+7 .
/tk /Q‘)\(t) —AooPdzdt = |Q]- ()\(t) + )\OO) ) ()\(t) _ )\oo)dt

ty

t+71
< 202\91-{/ /\(t)dt—/\oo~7}

tg

— 0 as k — oo.
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Combined with (4.40), this shows that

T 2
/ /‘ck(m,s)— da:ds < 2/ /‘ck x,8) — Mi(s dxd8—|—2/ /‘Ak —Aoo‘ dxds
0 Q

as k — oo;
that is, we have
ek — Ao in L2(Q x (0,7)) as k — oo, (4.41)
which clearly implies that also
fler) = f(hs) in L*(Q2x (0,7))  as k — oo, (4.42)

because ||k || Lo (x(0,7)) < [lcoll () thanks to (2.5) and (2.3). Now according to our choice of (t)ren;,
Corollary 4.6 says that

T tp+T
/ / |V (z, s)|2deds = / / \Vn(z,t)2dzdt < 1 for all k € N,
0 Ja

which combined with (6.3) entails that (n)xen is bounded in L?(€2 x (0,7)). Passing to a subsequence
if necessary we may thus assume that for some ny, € L?(2 x (0, 7)) we have

nE — Neo  in L*( x (0,7)) as k — oo. (4.43)

In particular, again using (6.3) we obtain that with m := fQ ng we have

mT—//nkxsd:vds%//noowsdxds as k — oo,

and that hence
/ /noo(a:,s)dmds = mr.
0 JQ

Therefore, (4.43) along with (4.42) implies that

//nkxs (ci)(z, s)dxds — /nooxs f(Aoo)dzds

f(Aso) - mT as k — oo. (4.44)

On the other hand, from Lemma 4.1 we also know that [;° [, nf(c) < oo, which entails that

/()T/an(x,s)f(aq(m, s))dzds = /:JFT/Qn(x,t)f(c(:c,t))dxdt 50  ask— oo,

Combined with (4.44), this shows that f(Ax)-m7 = 0, which in light of our assumptions that ng # 0
and that f > 0 on (0,00) means that in fact we must have A\oc = 0. By definition (4.38) of A, using
that c(-,t) € LY(Q) for a.e. t > 0 we thus infer that (4.37) holds. O

Now in view of the convergence properties of (05)86(071) as € = ¢; \ 0, we can combine the above
decay statement with the e-independent bound on Ac. guaranteed by Lemma 4.5 to obtain by means
of an interpolation argument the main result of this section.
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Lemma 4.8. For each 6 > 0 one can find Ts > 0 and €, € (0,1) such that whenever ¢ € (£;)jen
satisfies € < ey, then
lee(s )l poory <6 for all t > Ty. (4.45)

PRrROOF.  In order to prepare our choice of Ty, let us first apply the Gagliardo-Nirenberg inequality
and elliptic estimates to find Cy > 0 satisfying

2 1
Il < CulA@l a0l + Cillolliay  for all o € C2(S) such that 4 = 0 on 692,
(4.46)
and take T'> 0 and 7 € (0,1) as provided by Lemma 4.5. Then given § > 0, we can fix n > 0 small
enough such that

(2777')% -Ch 4 2nCy < 6, (4.47)

and thereupon invoke Lemma 4.7 to obtain some ¢y € N fulfilling

to+T1
[ el < (4.48)

to

We claim that then (4.45) holds for all sufficiently small € € (&) en if we let
Ts:=to+ T+ . (4.49)

To verify this, we first note that as a consequence of the strong convergence statement concerning c
in (2.3) we know that c. — ¢ in LY(Q x (to,to + 7)), whence (4.48) entails that if we fix e, € (0,1)
suitably small, then

to+1
/ e () | ydt < 21 for all € € (gj)jen with € < e,. (4.50)
to

Next, an application of Lemma 4.5 yields some t. € (to,to + T') such that
te+T
/ HAca(-,t)H%Q(Q)dt <1 for all € € (&) jen- (4.51)
te

Now since (4.46) combined with the Hélder inequality shows that

te+T te+T 2 1

A e e A Oy | O IR A
te te
te+T1
+Cl/ HCg(,t)HLl(Q)dt
le

tetr ) 3 tetr 1

te+T
+Cl/ ”CE(-,t)||L1(Q)dt for all ¢ € (5j)j€Na
te

IN
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from (4.50), (4.51) and (4.47) we obtain that

=

te+T 1
/ ||Ca(',t)HLoo(Q)dt <Cp-1-(2n)s-73+C-2n <41

te
for all € € (gj)jen such that € < e,. By the mean value theorem, for any such e this entails the
existence of some t. € (t.,t: + 7) satisfying

llee (- te)l | pooqoy < 6

and hence, by the downward monotonicity of (0,00) >t + [lcz(+,%)[|Loo(q) asserted by Lemma 2.1,
shows that

Hce('at)”Loo(Q) <4 for all t > ..
As the inclusions Z, € (t,t. +7) and t. € (to, 1o+ T) imply that
fo<te+r<to+T+T,

recalling (4.49) we see that indeed (4.45) holds for all € € (g;);en fulfilling € < &,. O

4.4 Proof of Theorem 1.1

Now knowing that c. is conveniently small beyond some waiting time which is independent of suitably
small ¢ € (g/)jen, we see that proving Theorem 1.1 essentially reduces to deriving suitable higher-
order estimates for solutions of (2.1) emanating from initial data which are small in their second
component. To achieve this, we follow a strategy similar to that pursued in [27], where corresponding
estimates for such small-data solutions have been established for the associated chemotaxis-only model
with 4 # 0. In particular, at the core of our analysis in this direction we will study the evolution
of the functional [,n? + [, |Vc|? for arbitrarily large p > 2, making essential use of the following
interpolation inequality which has been proved in [27].

Lemma 4.9. Letr >0, p>1 and s > 2(p+1). Then there exists C > 0 such that the inequality

5—2

e 196l | 1ol (452)

96l < C{ I i0%

holds for all o € C%(Q) satisfying g—f =0 on 0.
This enables us to prove the following regularity statement.

Lemma 4.10. Let p > 2. Then there exist § = 6(p) > 0 and C = C(p) > 0 with the property that
whenever tg > 1 and € € (0,1) are such that

l[e= (- to)l| Lo (@) < 6, (4.53)

we have

/ nk(z,t)dz +/ Ve (z,t)|*Pdx < C forallt >ty + 1. (4.54)
Q Q
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Proor.  With 6 > 0 to be specified below, let us assume that (4.53) holds for some ¢ € (0,1) and
to > 1. We then observe that according to Lemma 2.1,

et poe() <0 for all t > tg, (4.55)

and that, moreover, testing the fist equation in (2.1) against n~! and using (2.8) yields

1d

-2 P _ p—2 2 _ _ p—1 . .
bl QnE—i—(p 1)/9”5 |Vn.| (p 1)/971E Vne (Se(a:,na,ca) ch)

—1
< p/n§_2|Vn€|2+
2 Ja

—1
Sy - / nP|Ve.|? for all ¢ > 0. (4.56)
Q

Here by Holder’s and Young’s inequalities, the Gagliardo-Nirenberg inequality, Lemma 4.9 and (4.55),
we can find C7 > 0 and Cy > 0 such that

1 -1 b 1
Sy - / n§|Vc€]2 < p251</ n;g—&—l) p+1 (/ |VC€’2(13+1)>17+1
Q Q Q

p—1 z
= Stl|né |’2Lz(p+1> @ : ||Vcs”i2(p+1)(g)

2

—= D
< o (oI T rindiEy )¢
Lp( LP(Q)
2 2
_ 1 =5
«(iwepiote7r 19y ) - el
< Cyoir. </ =2V, |2 +/ Ve |22 D22 + 1) (4.57)
Q Q
P 2
for all ¢ > to, because ||n2 (-,t)[|”, = [y noforallt > 0by (2.4) and sup.¢ g 1 [[Veell Lo (0,002 () <
Lp(ﬂ) b b 3

oo by Lemma 3.3.
Likewise, from the Gagliardo-Nirenberg inequality and (2.4) we obtain C5 > 0 and Cy > 0 fulfilling

P 9 2(p—1) 2 )
L= b < Colndlay 17y cundizy
» p;l
< ¢y (HVng 12200 + 1) " forallt>0
and hence ,
o1
/ nP=2|Vn.|? > 05(/ ng> 1 forallt>0 (4.58)
Q Q
with some Cs > 0. Combining (4.56)-(4.58) and assuming that
2 -1
O34T < pT, (4.59)
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we thus find Cg > 0 and C7 > 0 such that

p
d np—i—C /np 2]V?’L5|2—I—C’6</ )p 1
dt o

< Cpoii . / Ve |72 |D%c.|* + C; for all t > t. (4.60)
Q

We next multiply the differentiated version of the second equation in (2.1), that is, the identity
O|Vee|? = AlVee|? = 2|D%c.|> — 2Ve. - V(nof(c.)) — 2Vee - (ue - Vee), xeQ, t>0,
by ]VCE\QP*Q to see that
2
/ Vel + (- 1) [ Ve TIve | +2 [ Ve ro2ntef
pdt Q Q
< _2/ ‘Vca|2p72vca - V(nef(c:))
Q
—2/ \Vcslzp_QVcs - V(ue - Vee) for all t > 0. (4.61)
Q
Here we note that the corresponding boundary integral is nonpositive, because due to the con-
2
vexity of €, the boundary condition %Clj = 0 on 99 implies that (()lvailcfl < 0 on 09 ([28]). Since

SUP.¢ (0,1 [ f(ce)l Lo (@x(0,00)) 1 finite thanks to (1.8) and (2.5), integrating by parts and using the
pointwise inequality |Ac.| < v/2|D?c.| we obtain Cg > 0 such that

-2 [ Ve Ve, Vinefle)) = 2 [ nafle)Ver2ac,
Fa(p— 1) /Q nef(co)|VeeP4Ve. - (D, - Ve.)
< Cg/QnE]VcE|2p2|DZCE]2
< le/Q\Vc€|2p_p\D2c&-]2—i—C'g/Qng]ch\Qp_2 (4.62)

for all t > tg. Here we again interpolate using Holder’s and Young’s inequalities, the Gagliardo-
Nirenberg inequality and Lemma 4.9 as well as (2.4), (4.55) and Lemma 3.3 to find positive constants
Cy and Cg satisfying

4
D 1
G [ mAVel < Gy IVl
Q L 7 (Q
4
< (HWSH”“ AP + b, )
LP(Q) LP(Q)
(P_Hl) 2p(p 1) 2(p—1)
(H\v%,p Dl|| 0+ Vel i) ) leell 22y
2(p—1)
< Choo ) -(/n§_2|Vn5|2+/ \ch|2p_2|D205\2+1) (4.63)
Q Q
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for all t > tp. In the last integral in (4.61), we once more integrate by parts and proceed in a way
similar to that in (4.62) to obtain C1; > 0 such that

2/ Ve |#72Ve. - V(ue - Ve.) = 2/ (ue - Vo) |Vee P72 Ace
Q Q
+4(p—1) / (us - Veo)|Ve:|#~4Ve, - (D?%c. - Ve.)
Q
1
1 /Q Ve |72 |D?%c.|? + C1y /Q luc|*| Ve P for all t > 0,

where since ¢g > 1, and since Lemma 2.4 entails that sup.e(g,1) [|te|l oo ((1,00); 12041 (1) 1 finite, again
by means of the Holder inequality, Lemma 4.9, Lemma 3.3 and (4.55) we can find C12 > 0 and C13 > 0

such that
Cll/ |u€|2]Vc€|2p < Cll(/ |’LL |2(P+1)> </ |VC |2p+1>
Q
2p
< u-(Herep-lD% n +HVCEHZT19)) leclFay
2
< O30T - </ |VC€|2p_2|DQC€|2—|—1> for all t > tg. (4.64)
Q

As moreover the Gagliardo-Nirenberg inequality and Lemma 3.3 provide positive constants Cy4, C15
and C'1g such that

2 2p—1 1 9
/ |Vcs|2p = H|Vcs|p < 014HV|VCEIP ! -H|Vcs|p "y +C’14H|ch|p 1
Q L2() L2(Q) LP(Q) LP(Q)
2p—1
2 2p
< Ci5- </ )V|Vc€|p) +1>
Q
2p—1
2 2p
< O </ |Vc€|2p_4‘V|Vc€\2‘ + 1) for all £ > 0,
Q

and since thus

2p

2 2p—1
/|V052p_4’V|Vc5|2’ 2017</|vc5|2p> 1 forallt>0
Q Q

with some C17 > 0, the inequalities (4.61), (4.62), (4.63) and (4.64) ensure that under the assumptions

2(p—1) 1 1
=3 5 and Cl35p+l < 5 (465)

C1p0 »H1

we can find Cig > 0 and Cig > 0 fulfilling

2p
d _ 2p—
d/ yvc€|2p+018/ Ve 22| D2, + Crs - (/ ]Vc€|2p)
tJo Q Q

< Cp6*PYp41. / P72\ Vn|?> + Cyg for all t > tg.
Q
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Adding this to (4.60), we infer that if furthermore

075% < (i3 and 0195 P+1 < O,

then

P 2p
d o1 T
—_ / n]; —|—/ |v05|2p + 06 . / TLp + 018 / |VCE|2p S 07 + 019
dt ( Ja Q Q
for all t > to, which implies that y(t) := [ n(-,t) + [ Ve, t)|?P, t > to, satisfies

y'(t) + Coo - y)‘(t) < (91 for all t > tg

with certain positive constants Coy and C; and A\ := min {p%l , %} = 2p 1 > 1. A straightforward

ODE comparison shows that therefore

2021 1 (/\— 1)020 *ﬁ _%
y(t)ﬁmax{(cm))\, (f) (t—tg) *1 for all t > o,

which immediately yields (4.54). O

Now higher regularity properties beyond an adequately large time can be obtained by standard argu-
ments.

Lemma 4.11. There exist T'> 0, 6 € (0,1) and C > 0 such that

<C forallt >T. (4.66)

‘|n‘|02+9’1+g(§2x[t,t+1]) + HCHCHQ’H%(QX[t,t+1]) + HUHCQJFG’H%(QX[t,tJrl}) S

Proor.  We fix any p > 2 and apply Lemma 4.10 to find § > 0 with the property stated therein.
Then Lemma 4.8 provides Ty > 0 and e, € (0,1) such that [|cc(-,T0)|| ) < ¢ for all & € (&) en
such that € < e,. Then writing T} := Ty + 1, from Lemma 4.10 we obtain C’l > 0 such that whenever
€ € (gj)jen is such that € < e,, we have

||n5(',t)||Lp(Q) < C1 for all ¢ > T1 (467)

and
”VCE(‘,t)HLZp(Q) < (4 for all t > T7. (4.68)

In particular, using that p > 1, from the variation-of-constants representation

t
us (-, t) = e_(t_Tl)Aug(-,Tl) +/ 6_(t_S)A77[nE(-, s)Volds, t>1T,
T

and standard regularity arguments involving well-known smoothing properties of the Stokes semigroup
([13, p.201]) one can readily derive the existence of 6; € (0,1) and Cy > 0 such that for any such e,

[lue] < Yy forall t > Ty := T3 + 1. (4.69)
o (Qx[t,t+1])
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Along with (4.67) and (4.68), this provides a bound in L*°((1%,00); LP(2)) for the inhomogeneity
he := nef(ce) — ue - Vee in the equation ¢.p = Ace + he, whence standard LP — L9 estimates for the
Neumann heat semigroup (e™),>0 (see e.g. [46] for versions covering the present situation) allow for
using the identity

t
Ve (1) = Ve8¢ (1) + [ Vell=8h (-, 5)ds, t> Ty,
Ts

to gain 03 € (0,1) and C3 > 0 such that

”VCE(',t)H < (s forallt > T3 :=T5 +1 (470)

05,92 =
C72 73 (Qx[t,t+1])

for all € € (g5);jen such that € < e,.
We may now use that V - (n.u.) = ue - Vn, thanks to the fact that V - u. = 0, and that hence

t
ne(-,t) = e(t*TS)AnE(-,Tg) - / =92y . {na (Sg(a:,ng,cg) . ch) + ngue}(-,s)ds, t>Tj,
Ts

to obtain from (4.67), (4.70) and (4.69) that for some 63 € (0,1) and Cy > 0 we have
< Cy forall t > Ty :=T5+ 1. (4.71)

HneHCes,%” (Q@x[t,t+1)

Together with (4.69), (4.70) and standard parabolic Schauder theory ([24]), this now guarantees a
bound for ¢, in CQ+94’1+674(Q X [t,t 4+ 1]) with some 04 € (0,1) and all ¢ > T5 := Ty + 1, whereupon
by the same token we obtain an estimate for n. in 02+95’1+675(Q X [t,t 4+ 1]) for t > Ty :=T5 + 1 and
some 65 € (0,1). Finally, the regularizing effect of the Stokes semigroup thereafter implies a bound
for u. in CQ+96’1+076(Q x [t,t + 1];R?) for t > T7 := Ts + 1 and some 0 € (0,1). Taking € = &; \, 0,
we easily arrive at the desired conclusion. O

Our main result on eventual smoothness thereby becomes immediate.

PROOF of Theorem 1.1. By means of (4.66) and an application of the Arzela-Ascoli theorem, we
infer that the pointwise convergence processes in (2.3) actually take place in the respective spaces
indicated in (1.15). Along with a standard construction of an associated pressure function, this also
implies the claimed solution properties. O

5 Stabilization. Proof of Theorem 1.2

In light of the regularity estimates asserted by Lemma 4.11, the weak decay properties indicated by
the inequalities (4.4) and (4.5) in Lemma 4.1 can now easily be turned into uniform stabilization of n
and u toward the claimed constant limit functions in the large time limit:

PROOF of Theorem 1.2.  In view of (2.3), the statement (1.17) is an immediate consequence of
Lemma 4.8.

To prove (1.18), let us assume on the contrary that there exist C7 > 0 and (¢x)ken C (0, 00) such that
tr — 00 as k — oo and

lu(- te)ll oo () = Ch for all k € N,
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where we clearly may assume that t,1 > tx + 1 for all £ € N. Then Lemma 4.11 combined with
the Arzela-Ascoli theorem allows us to pick a nontrivial us, € CY(Q) and a subsequence of (¢)ren,
again denoted by (t;)ken for notational convenience, along which we have wu(-,tx) — us in L(N)
and hence also in L%(Q2). Writing Cy := oo |l £2(q2), We thus obtain that |[u(-, k)| z2(q) > % for all
sufficiently large k € N. Now using the temporal Holder estimate contained in (4.66) we easily inter
the existence of 7 € (0,1) and ko € N such that

u( Ol z2e0) > % for all t € [tg,t; + 7] and each k > ko,

which in particular implies that for any k; > kg we have

o0 9 tk1+1 9
lu D320y dt = e £) 22yt
0 0
k

1 ti+7 5
=2 Sl A IO
k=ko ¥ tk
a3
> 2.7 (kg — ko). .
= 16 7 (k1= ko) (5.1)

Taking ki — oo yields a contradiction to the inclusion u € L*(Q x (0, 00); R?) asserted by Lemma 4.1
and thereby shows that actually (1.18) must be valid.

Similarly, (1.16) can be proved on combining Lemma 4.11 with the integrability property (4.4) in
Lemma 4.1: Indeed, if (1.16) was false then there would exist C3 > 0 and a sequence (f)ren such
that 41 > & + 1 for all K € N and

In(-, k) = Tioll () > C3 for all k € N. (5:2)

By means of Lemma 4.11 we may extract a subsequence of ({)ren, again denoted by (f)ren, such
that
n(-,tr) = neo in L(Q) as k — 0o (5.3)

with some nonnegative no, € C°(Q). Here the uniformity of the convergence in (5.3) warrants that
firstly, with s(t) = (fo, v/n(-,t) + 1)* — 1 as in (4.1) we have
. 2
K(tk) = Koo i= (][ Voo + 1) -1 as k — oo, (5.4)
Q

and that secondly

][ Noo = lim + n(-, 1) = 7o (5.5)
Q k—o0 J
because of (6.3). Let us next make sure that

In( k) = &(te) | L2 = 0 as k — oo. (5.6)

In fact, if this was false then for some C4 > 0 we could assume on passing to a further subsequence if
necessary that

Hn(,fk) - “(Ek)HLl(Q) > Oy for all £k € N.
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Relying on the temporal Holder estimate for n implied by (4.66), we could then find 7 € (0,1) and
ko € N such that

[n(,t) — @) L1 @) > % for all t € [tg,tx + 7] and any k > ko,

which, by an argument similar to that in (5.1), would entail that

7 ot = ) eyt = o0

and thereby contradict the outcome of Lemma 4.1.

Having thereby verified (5.6), we may combine this with (5.3) and (5.4) to conclude that
Too = Koo in .

In light of (5.5), this identifies the constant ko, according to

"ioo_][no_n()v
Q

and thereby shows that n., = 7, which is evidently incompatible with (5.2) and (5.3). The proof of
(1.16) is thus complete. O

6 Appendix: The underlying solution concept

Although nowhere explicitly referred to in our analysis, for completeness let us recall from [54, Definition 2.1]
the precise generalized solution concept underlying Theorem A, and hence also Theorem 1.1 and Theorem 1.2).
Definition 6.1. Suppose that

n € L=((0,00); L'(2)),

¢ € Lige(Q % [0,00)) N Lioe([0,00); WH2(Q))  and

u € Lio([0,00); (Wy ™ (2))°) (6.1)
are such that n >0 and ¢ > 0 a.e. in Q x (0,00) and
In(n 4 1) € L{,.([0,00); WH3(Q)), (6.2)
that
/Qn(x,t)dx = /Qno(x) for a.e. t >0, (6.3)

and that V-u =0 a.e. in Q x (0,00). Then the triple (n,c,u) will be called a global mass-preserving generalized
solution of (1.7) if the inequality

—/OOO/an(n—Fl)got /1n(no+1 / /lnn+1 Acp+/oo/Q|V1n(n+1)l2w
/ ) - (S(:c, n,c) - Vc)<p
—|—/O /Qn-&-l S(z,n,c)-Vc)-Vgo
+/Ooo/gzln(n+1)(u-V<p) (6.4)
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holds for each nonnegative p € C§°(Q x [0,00)) with g—f =0 on 09 x (0,00), if moreover

/OOO/Qc%-i-/QCOCP(-ﬂ)=/OOO/QVC-ch—i—/ooo/ﬂnf(c)ap—/ooo/ﬂc(u.vsp) (6.5)

for any ¢ € L>=(Qx(0,00))NL%((0, 00); W2(Q)) having compact support in Qx [0, 00) with p; € L*(2x(0,00)),

and if finally
—/ /u-gpt—/uo~<p(~,0):—/ Vu-V<p+/ /nV¢>-<p (6.6)
o Ja Q 0o Ja 0o Ja

for all ¢ € C§°(Q x [0,00); R?) with V - ¢ = 0.
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