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Abstract

This work is concerned with a prototypical model for the spatio-temporal evolution of a forager-
exploiter system, consisting of two species which simultaneously consume a common nutrient, and
which interact through a taxis-type mechanism according to which individuals from the the exploiter
subpopulation move upward density gradients of the forager subgroup.

Specifically, the model

uy = Au — x1V - (uVw),
vy = Av — x2V - (vVu), (%)
wy = dAv — Mu 4+ v)w — pw + r(x, t),

for the population densities v and v of foragers and exploiters, as well as the nutrient concentration
w, is considered in smoothly bounded domains 2 C R™, n > 1.

It is firstly shown that under an explicit condition linking the sizes of the resource production
rate 7 and of the initial nutrient concentration, an associated Neumann-type initial-boundary value
problem admits a global solution within an appropriate generalized concept. The second of the
main results asserts stabilization of these solutions toward spatially homogeneous equilibria in the
large time limit, provided that r satisfies a mild assumption on temporal decay.

To the best of our knowledge, these are the first rigorous analytical results addressing taxis-type
cross-diffusion mechanisms coupled in a cascade-like manner as in ().
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1 Introduction

Social interactions have been known to play an essential role in the dynamics of complex systems in
various experimental contexts, with typical application areas in biology such as in flocking, swarming
or aggregation processes, but also touching a variety of other fields such as economy or crime evolu-
tion ([6], [11], [13], [15], [17], [24]). Here in order to understand fundamental principles and strategies
at a theoretical level, besides relying on simulations of individual-based models ([15]) the theoretical
analysis is more and more built on density-based models using partial differential equations ([10],
[23]). Indeed, as paradigmatically illustrated by the celebrated Keller-Segel model for chemotactic
aggregation, the latter type of approach brings about the advantage of potentially making questions
of collective behavior accessible to methods from qualitative PDE analysis ([18], [30], see also [3]).

Specifically, the interacting dynamics of swarms, when exhibiting collective behavior to search food,
have been the objective of [15] and [17], where following the seminal paper [8] the focus is mainly on
microscopic scales at which both mechanical and social influences are modeled by taking advantage of
general principles of social foraging theory ([13]); beyond this, recent approaches have developed mod-
eling approaches at mesoscopic scales ([6], cf. also [5]), and have shown how the derivation of kinetic
models can be obtained as mean field limits from individual based models ([16]). An example involving
a fully macroscopic final outcome is constituted in [24] which addresses the evolution of criminality
in the search of preys, in a given and usual urban territory; here, namely, the decisive interaction is
eventually modeled at macroscopic scales and hence leads to a parabolic system including an attractive
cross-diffusive term. A more general survey on Fokker-Planck type methods to model social dynamics
can be found in [11], where in accordance with usual features of kinetic theory approaches, the lower
scale is that of individual based interactions. Apart from that, some recent developments in the math-
ematical description of crowd dynamics have taken into account social interactions in the evolution of
crowds by modeling consensus towards a commonly shared emotional state ([28]), or accounting for
stress onset and propagation in crisis situations ([4]).

The particular objective of the present work is a model for resource consumption in populations
consisting of two fractions, where the first of these consists of individuals that directly orient their
movement toward increasing food concentrations, and where in contrast to this, the members of the
second group arrange their search for food by rather moving upward density gradients of the first
subpopulation. In fact, numerical experiments as well as some considerations based on formal analysis
([25]) indicate that the interplay even of such simple mechanisms of ”foraging” and ”scrounging”,
conjectured as relevant e.g. for the formation of certain shearwater flocks through attraction to kit-
tiwake foragers observed in Alaska ([17]), may already lead to considerably more complex dynamical
behavior than the corresponding single-species taxis-consumption model for which rigorous results
have asserted eventual dominance of spatial homogeneity ([26]; cf. also the discussion around (1.2)
below).

Specifically, we shall be concerned with a parabolic problem proposed in [25] for the spatio-temporal
evolution in such forager-scrounger systems, which after non-dimensionalization amounts to studying



the initial-boundary value problem

(wy = Au—x1V - (uVw), reQ, t>0,
v = Av—x2V - (vVu), ze, t>0,
wy = dAv — ANu+v)w — pw + r(z,t), zeN, t>0, (1.1)
%:%:%:0, x e, t>0,
u(z,0) = up(z), v(z,0)=1vo(z), w(z,0)=wy(z), x €,

in a smoothly bounded domain 2 C R™, n > 1, for the unknown population densities v = u(z,t) and
v = v(x,t) of foragers and scroungers, respectively, and the resource concentration w = w(x,t). Here
in line with the above, the standing assumptions that x1, x2 and A\ be positive reflect the modeling
hypotheses that foragers are attracted by food, whereas scroungers follow foragers, with both groups
moreover diffusing randomly and consuming the nutrient upon contact. Apart from that, the food
resources, supposed to be diffusible by the requirement that d > 0, are allowed to spontaneously
decay through the assumption that g > 0, and to be renewed from an external repository at a rate
r=r(z,t) > 0.

In accordance with the numerical experiments from [25], but also from a purely mathematical-technical
perspective, a substantial increase of complexity seems likely to be expected when passing to (1.1)
from the corresponding exploiter-free problem associated with the one-species chemotaxis-consumption
system ([22])

uy = Au—x1V - (uVw), reQ, t>0,

1.2
wy = dAv — A uw — pw + r(z, t), r€eQ, t>0: (12)

While in (1.2) the attractant within the single taxis mechanism is subject to the significantly dissi-
pative process of consumption through individuals, no such relaxation-enhancing effect influences the
evolution of the scrounger population in (1.1). In fact, this partially becomes manifest in some rigorous
analytical findings, according to which the prototypical version of (1.2), as obtained on letting u = 0
and 7 = 0, for all reasonably regular initial data (ug,wg) admits global smooth solutions when n < 2
and global weak solutions when n = 3, with all these solutions at least eventually becoming smooth
and and approaching the homogeneous equilibrium (ﬁ Jo #0,0) in the large time limit ([26]); in quite
drastic contrast to this, systems which such as (1.1) involve sequential taxis mechanisms seem to lack
any rigorous theory yet already at the basic level of questions from mere existence theory.

Main results: Global existence and a qualitative description. Accordingly, the goal of
the present work consists in providing an apparently first step toward a theoretical understanding of
cascade-type taxis interplay in general, and in particular of the specific coupling in the forager-exploiter
model from [25]. Here in order to at least partially exceed the scope of fundamental existence theory,
our objectives as well include the ambition to yield information on qualitative aspects in some cases
of apparent relevance for applications.

In fact, we will firstly derive a result on global existence of certain generalized solutions under an
explicit smallness assumption linking the initial nutrient distribution to the food reproduction rate;
secondly, we shall thereafter see that similar to the behavior in (1.2), the absence of substantially
persistent resource renewal enforces asymptotic homogenization of these solutions. In particular, this
will imply that in the latter case of suitably fast nutrient decay, any phenomena related to pattern



formation must necessarily be restricted to intermediate time scales; after all, in view of the poor
regularity information gathered below for our solutions, it is well conceivable, and thus forming an
interesting open topic for further analysis, that such transient structure formation may occur in the
extreme sense of finite-time blow-up of some solutions.

Thus subsequently concentrating on (1.1), our standing assumptions on the ingredients therein will
be that
r e CHQ x [0,00)) is nonnegative, (1.3)
and that
up € W1°(Q) is nonnegative with ug # 0,
vp € WH™(Q) is nonnegative with vy # 0 and (1.4)
wp € WH*(Q) is nonnegative.

In this setting, the first of our main results indeed asserts global solvability, within a generalized
concept extending that introduced in [32] for a single-species chemotaxis system, provided that wy
and r comply with a fully explicit smallness hypothesis.

Theorem 1.1 Letn > 1 and Q C R™ be a bounded domain with smooth boundary, let d > 0,x1 >
0,x2 > 0,A >0 and u > 0, and let (ug, vy, wo) as well as r be such that apart from (1.3) and (1.4) we
have

t
sup {HonLoo(Q)e_“t +/ e‘“(t—s)Hr(.,s)HLoo(Q)ds} < w", (1.5)
t>0 0
where the positive constant w* is defined by
d71+\/2d?fd+1 ifd < 7+%/ﬁ’
1 - .

w* = ; . Z;i(—dd-i-li Zf 7+%/ﬁ <d < 3+2\/57 (1.6)

Vd if d > 345,

Then there exist nonnegative functions

u € L®((0, 00); L(2)) N L, ([0, 00); WH2(2)),

loc
v € L>®((0,00); L1(£2)) and (1.7)
w € L*(Q x (0,00)) N L2 ([0,00); WH2(Q))

such that

/Qu(-,t):/guo and /qu(.,t)g/ﬂvo for a.e. t >0, (1.8)

and that (u,v,w) forms a global generalized solution of (1.1) in the sense of Definition 2.1 below.

Here the hypotheses (1.5) is formulated in such a way that in both cases p = 0 and p > 0, some
conveniently verifiable criteria on wg and r can be identified as sufficient for the above conclusion:

Proposition 1.2 i) In the case p =0, (1.5) holds if and only if
ol + [ I Ollm(adt < w (19)
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ii) If >0, then (1.5) is valid whenever

*

1 *
and —sup [|7(-, ) || oo ) < W™ (1.10)

wollfeo () < W
llwol oo (02) s

PROOF.  While the statement in i) is obvious, the claim in ii) can be seen by observing that if © > 0
and (1.10) holds, then taking ¢; € (0,w*) such that [[wo|| (o) < c1 and %Hr(',t)HLoo(Q) < ¢; for all
t > 0, we can estimate

t t
lwoll oo e~ +/0 eI r ()| ooy ds < cre™ + cm/o e M™ds =¢c;  forallt>0

and conclude as intended. O

Now if r decays suitably fast in time, then all of these solutions approach spatially homogeneous
profiles in the large time limit, where in view of the low regularity information on v asserted by
Theorem 1.1 it is may not be too surprising that stabilization of this crucial solution component will
be asserted only with regard to some quite coarse topology. Here and below, we use the abbreviation

D= ﬁfﬂp for p € LY(Q).

Theorem 1.3 Suppose that beyond the hypotheses from Theorem 1.1,

| Ity < o (L.11)

Then there exist a null set N C (0,00) and a positive constant v such that
Ju(-t) —@oll 2 — 0 as (0,00) \ N 5t — o0 (1.12)
as well as
Jw (-, )| oo () — 0 as (0,00) \ N >t — oo, (1.13)
and that for each p € (0,1),

t+1
/ / lv(x, s) — Voo [Pdxds — 0O as t — oo. (1.14)
t Q

An interesting question that has to be left open here is whether the number v, in (1.14), beyond
merely known to be positive, can actually be identified with the average ﬁ fQ vp; indeed, due to lacking
information on respective L' compactness of corresponding solution components to the regularized
systems (2.7) below, our analysis will be unable to exclude the case that for some of the obtained
solutions the inequality in (1.8) is strict within a significantly large set of times.

2 Specifying the solution concept and regularizing (1.1)

To begin with, let us specify the solution concept that we plan to pursue throughout the sequel. By
requiring v to simultaneously possess a certain weak supersolution property (see (2.5)) as well as an
upper limitation of its mass functional formally campatible with (1.1) (see (2.6)), with regard to this



crucial second component our concept on the one hand becomes modest enough so as to favorably
cooperate with the poor regularity information to be collected therefor below, but on the other hand
yet remains consistent with that of classical solvability. In moreover involving the strictly monotone
function In(v 4 1) instead of v itself, our notion can be viewed as a far relative of the concept of
renormalized solutions coined by Di Perna and Lions ([9]), and precedents in the literature of simpler
taxis-type systems can be found in [32], [33] and also in [35], for instance.

Definition 2.1 A triple of functions

u € L, ([0, 00); WH()),
ve LL.(Qx[0,00)) and (2.1)
w € L(Q x [0,00)) N LY ([0, 00); WH2(2))

loc

such that
Vin(v+1) and uVw belong to LE (2 x [0,00); R™) (2.2)

will be called a global generalized solution of (1.1) if for all ¢ € C§*(Q x [0,00)) the identities

—/OOO/QU%—/QUW(',O):—/OOO/QVU'VSOJer/OOO/QUVUJ'VSO (2.3)

—/ /wgot—/wonp(-,O) = —d/ /Vw-Vgo—)\/ /(u—i—v)wgp
0 Q Q 0 Q 0 Q
—,u/ /wgo—i—/ /rcp (2.4)
0 Q 0 Q
hold, if for each nonnegative ¢ € C§°(Q x [0,00)) the inequality
—/ /ln(v+1)¢t_/ln(vo+1)g0(',0)
0 Q
/ /\Vlnv—i—l / /Vlnv—i—l -V
v

_ V1 1 . 2.
Xz/o /Qv—i—l Vu Vin(v + ))904—)(2/0 /Slv_i_qu Ve (2.5)

18 valid, and if finally

and

/Qv(-,t) g/QuO for a.e. t> 0. (2.6)

Remark. It can be verified by straightforward adaptation of the reasoning in [33] that the above
notion is consistent with that of classical solvability in the sense that if (u,v,w) is a global generalized
solution in the above sense which additionally satisfies (u, v, w) € (C°(Q2x [0,00))NC%H(Q x (0,)))?,
then (u,v,w) already solves (1.1) classically in Q x (0, c0).



In order to construct such a solution by means of a suitable approximation procedure, let us conve-
niently regularize (1.1) by considering the problems

((uer = Auc—x1V - (uVwye), zeN, t>0,
vet = Av. —x2V - (v:Vue), zeN, t>0,
we = dAwe — )\% — pwe + r(x,t), zeN, t>0, (2.7)
%:%:a&g:o’ x eI, t>0,
L ue(2,0) =up(x), wve(x,0)=1v0(x), we(z,0)=wo(z), x €,

for e € (0,1). These are all globally solvable in the classical sense:

Lemma 2.1 Let n > 1 and Q2 C R™ be a bounded domain with smooth boundary, let d > 0,x1 >
0,x2 > 0,A >0 and p > 0, and suppose that (1.4) and (1.3) hold. Then for each ¢ € (0,1) there exist
functions B

e € (s C°([0, 00); WH(Q)) N C1(Q x (0, 00)),

Ve € ﬂq>n CY([0, 00); Wha(2)) N C*L(Q x (0, 00)) and (2.8)

we € Ngzp CO([0,00); WH(Q)) N C*H(Q x (0, 00))

which are such that ue > 0,v. > 0 and we > 0 in Q x (0,00), and that (ue,ve,w:) solves (2.7) in the
classical sense. Moreover,

/Qua(-,t)—/ﬂuo and /Qve(~,t)—/ﬂvo for all t > 0. (2.9)

PrROOF.  Straightforward adaptation of Amann’s theory ([1]) yields local existence of a classical
solution within a regularity class corresponding to that in (2.8), maximally extensible up to some
Tnaz,e € (0,00] which is such that if T4 . < 00, then

tli/HTlsup{Hua('at)Hleq(Q)Jr\Ua(‘af)Hleq(Q)JrHwa(wt)HWl»q(Q)}ZOO forallg>n.  (2.10)

Moreover, successive applications of the strong maximum principle ensure positivity of all solution
components in  x (0, Tynqz.c ), and integrating the first two equations from (2.7) shows that % fQ Ue =
% fQ ve =0 for all t € (0, Taz,c), hence implying the identities in (2.9) throughout (0, Trnaz.c)-

Now if T}42, was finite, then thanks to the boundedness of r in Q X (0, Tynz.) and of [0,00) 2 & —
)\%8& we could apply a well-known parabolic gradient estimate ([19]) as well as standard maximal
Sobolev regularity theory ([12]) to the third equation in (2.7) to see that w. would belong to X, :=
L®((0, Trnaz.); WEH(Q)) N LP((0, Trnaz 2 ); WHP(R2)) for all p € (1,00). By the same token, we could
conclude from the regularity properties of the coefficient functions a(z,t) ;== —x1Vw, and b(x,t) :=
—X1Aw;, in the equation ue; = Au. + a(z,t) - Vue + b(x, t)ue, as thereby implied, that also u. € X,
for each p € (1,00). This enables us to repeat this argument in the second equation from (2.7) so
as to conclude that also v. € X, for any such p, thus contradicting (2.10) and hence showing that

(te, ve, we) actually must be global. O



3 Bounds for u., Vu.,u-Vu. and u.-Vw, implied by smallness of w.

The goal of this section is to reveal some favorable implications of our overall assumption (1.5)-(1.6)
on regularity properties of u. and w.. This will be achieved in Lemma 3.3 and Lemma 3.4 on the
basis of the following essentially immediate consequence of a comparison argument.

Lemma 3.1 Assume (1.5) with some w* > 0. Then

sup sup [[we(+,t)|| g () < w*. (3.1)
£€(0,1) t>0

ProoOF.  We let w(w,t) := y(t) for x € Q and t > 0, where

t
y(8) = [lwoll (e ™ + /0 () | eyds, £ 0.

Then for all € € (0,1),

(us + Us)ws
1+ e(ue + ve)we

Wy — dAW + A - +pw —r(z,t) =y (t) +py(t) —r(z,t)

> y'(t) +py(®) = Ir(- Dl o)
=0 in Q x (0, 00),

so that since clearly g—f]agx(om) = 0, an application of the comparison principle asserts that w > w,
in 2 x (0,00). In particular,

|we ()| oo (@) S Y(t) < 1= supy(t) forallt >0 and € € (0,1),
>0
with ¢; satisfying ¢; < w* according to (1.5). O

As can be seen by relying on a series of preparatory elementary arguments detailed in the appendix,
namely, the latter entails a pointwise estimate that will play a crucial role in our derivation of Lemma
3.3:

Lemma 3.2 Suppose that (1.5) holds with w* > 0 determined through (1.6). Then there exists py > 4
such that for each p € [2,po] one can find k > 0,0 > w*,n € (0,1) and C > 0 such that for alle € (0,1),
2
{ = prld+1)+p(p— 1l —w.)}
Ap(p — 1)n

k(k+1)d — prx1(d —we) — >C in 2 x (0,00). (3.2)
In fact, the above parameter selections enable us to conclude from (1.5)-(1.6) that for any p € [2, po]
a certain expression of the form [, uf(6 —w.)™", as already utilized in various related studies ([21],
[26], [31], [34]), plays the role of a quasi-energy functional also in the present and somewhat more
complex context. Here we state the essence of this observation in such a manner that besides implying
bounds useful for our existence theory through Lemma 3.4, it can later on once more be recalled so as
to provide some basic information on decay of the associated dissipation rate under the assumptions
from Theorem 1.3 (see Lemma 6.2).



Lemma 3.3 Assume (1.5) with w* > 0 as given by (1.6). Then there exists po > 4 such that for all
p € [2,po] it is possible to find k> 0,0 > w* and C > 0 such that whenever ¢ € (0, 1),

d 1 1
— u§(5—w8)”+/uﬁQ\VuAQ—I-/ug]VwaF SCHrHLoo(Q)/ug((s—wa)“ for allt > 0.
dt Jo CJa CJa Q

(3.3)

PROOF.  In accordance with Lemma 3.2, we fix py > 4 with the property that for all p € [2,po] we
can choose k > 0,0 > w*,n € (0,1) and ¢; > 0 fulfilling

{ = pa(d+ 1)+ plp— D16~ )}
p(p — 1)n

k(k+1)d—prx1(6—we)— > in 2x(0,00) forall e € (0,1).

(3.4)

Now given p € [2,po], we take k,0 and 7 as above and use the first and third equations in (2.7) to see
that since k, A and p are nonnegative,

d

7 uP(0 —we)™" = p/ ug_l(d —we) "V - {Vus — XluEVwe}
tJo Q

) (us + Us)ws
1+ e(ue + ve)we

+/{/ uﬁ(&—ws)_”_l . {dAwE—)\ —,uws—l—r}
Q

IN

—p(p—1) /Q P25 — we) T Ve 2 —p/-ﬂ/ﬂug_l(d —w.) "WV, - V.
+p(p - T /Q (S — we) Vs - Vue + prxa /Q WP (5 — we) V2
—pﬁd/§2u§1Vu€ -Vwe — k(k + 1)d/Q ul (8 — w:) "2 V. |2
+/£/ uP (5 —w.) "l
Q
= b= 1) [ — )Vl

- /Q {FJ(H + 1)d — prx1(0 — wa)}ug(d —w.) "2 | Vw2

+/Q { —pr(d+1)4+pp—1)x1(6 — ws)}ufg_l(d —w.) "IV, - V.

+m/ﬂu§(5 —w.) "y forall t > 0. (3.5)
Here employing Young’s inequality we find that
/Q { —pr(d+1)+pp—1)x1(6 — we)}ugfl(é —we) "IV, - V.

< plp-1)n /Q WP2(5 — w.) |V ?

ul (6 — we) "3V, |? for all ¢t > 0,

{ = pe(d+ 1)+ plp— D16 - )}
+/Q 4p(p — 1)n



whence due to (3.4) we infer from (3.5) that

d

— [ ul(§ —we)™" 4+ (1 —n)p(p — 1)/ P26 — we) | Vue* + ¢ / WP (8 — we) "2 Vw, 2
dt Jq Q Q

< n/ uP (6 —wo) " for all t > 0.
Q
We therefore directly obtain (3.3) upon observing that

(1—n)p(p — 1)/ wP=2(5 — we) | Vue> > (1 —n)p(p — 1)5_“/ w7 Vu|*  forallt>0
Q Q

and
cl/ ul (6 — we) Ve |? > 015”‘2/ ul|Vw,|? for all t > 0,
Q Q
and that
C— K —
m/ﬂug(é —w.) e < 5 w*HTHLoo(Q) /ng(d —we) " for all t > 0,
because n < 1 and § > w*. O

Among all possible implications achievable through appropriate integration of the inequality in (3.3),
those of interest for us in the construction of global solutions will be the following.

Lemma 3.4 Assume (1.5) with w* > 0 as given by (1.6). Then there exists po > 4 with the property
that for all T > 0 one can find C(T) > 0 fulfilling

/ ul?(-,t) < C(T) forallt >0 and e € (0,1) (3.6)
Q
and
T
/ / Vu.|? < C(T) for all e € (0,1) (3.7)
0 Q
as well as -
/ / E|Vu 2 < C(T)  foralle € (0,1) (3.9)
0 Ja
and -
/ / w}|Vw.|* < C(T)  for alle € (0,1). (3.9)
0 Q

ProOOF.  We take pg > 4 as provided by Lemma 3.3 and then infer from the latter that for each
p € [2,po] we can pick k = k(p) > 0,0 = d(p) > w*,c1(p) > 0 and c2(p) > 0 such that whenever
g€ (0,1),

d

L 65— w) "+ er(p) / 22|V’ + e1(p) / |V
dt Jo Q Q

< 317l (o /ng(cs Cw) " forallt>0.  (3.10)
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Since for fixed 7' > 0 we may rely on (1.3) in choosing c3(p,T") > 0 fulfilling
2P, )l re@) < es(p,T)  forallt € (0,7),
integrating (3.10) firstly shows that

/ uP(0—w:) " < cu(p,T) = {/ ug(é—wo)_“}-ECB(p’T)T for all t € (0,7) and € € (0,1), (3.11)
) Q

c3(p, T / /Up(S we) "

es(p, T)ea(p, T) - T for all € € (0,1). (3.12)

and, as a consequence thereof, secondly implies that

T T
c p)/ /uﬁ'QVug\Q—i-cl(p)/ /uﬁ’\Vwelz
0o Ja 0o Ja

When restricted to p = pg, (3.11) yields (3.6) due to the fact that (5 —we)™" > 67" in Q x (0,00),
whereas evaluating (3.12) for p = 2 and p = 4, respectively, shows that (3.7) as well as (3.8) and (3.9)
are valid. ]

IN

IN

4 Further integrability properties. Construction of a limit (u,v, w)

4.1 Estimates for Vw,

The following observation, though rather straightforward, will be of importance both in our existence
theory and in our asymptotic analysis later on (see Lemma 6.1).

Lemma 4.1 Assume (1.5) with some w* > 0. Then

Q *
/ / Vwe|? < / ‘ |d / [7(-, )| Loo () At for allT >0 and ¢ € (0,1). (4.1)
0

PROOF.  We test the third equation in (2.7) by w. and use the nonnegativity of A and p as well as
Lemma 3.1 to estimate

1d 9 9 (ue + ve)we / /
—— d| |V = -\
2dt Qw€+ /(2‘ wel / 1+ e(ue +ve) we w + e

< Q] [Jwel Loo @ 17| oo ()
< Q|7 oo ) for all t > 0,
from which (4.1) readily follows by integration. O

Of immediate relevance for the limit procedure in (2.7) will be the following direct implication of the
latter.

Corollary 4.2 Assume (1.5) with some w* > 0. Then for all T > 0 there exists C(T") > 0 such that

/T/ |Vw.|* < C(T) for all e € (0,1). (4.2)
0o Ja

PROOF.  Since r is bounded in € x (0,7) by (1.3), this is obvious from Lemma 4.1. O
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4.2 Bounds for Vo,

In comparison to this, for the crucial second solution component much less regularity information seems
available. Precisely reflecting the additional complexification due to the presence of cascade-type taxis
coupling, namely, the regularity of v. is apparently linked in quite a close manner to that of Vu,, about
which, in turn, our knowledge is limited to the outcome of Lemma 3.4. As in any multi-dimensional
setting the spatio-temporal L? bound therefor provided by the latter seems far from sufficient to
ensure e.g. any time-independent LP bounds for v. through standard testing procedures, however, our
considerations in this direction will essentially be restricted to drawing appropriate conclusions from
the following basic observation. The parameter therein will be specified by setting a = 1 throughout
our existence analysis, whereas further application in the course of our convergence argument will,
inter alia, involve the choice a = 0 (Lemma 6.11).

Lemma 4.3 Assume (1.5) with some w* > 0. Then for any choice of a > 0,

1 2
In(ve +a) > / ( Vel X2 / |V, |? for allt >0 and e € (0,1). (4.3)

dt Jo 2 ve +a)?

PrOOF.  Using the second equation in (2.7) along with Young’s inequality, we see that indeed

d ‘VUEP /
21 _ VPl _ Y
dt Jo D(U€ * a) /Q ('Ue + a)2 o Q (Us + a) VU€ Ve

2 2 2
> 1/ Vel ! X2/ % |Vu.]?
2 Jo (ve +a) 2 Jo (ve +a)
1 Vue|?
> 2/9(1’)€+clt_/wua‘2 for all t > 0 and € € (0,1),
as claimed. ]

When integrated upon letting a = 1, due to (2.9) the latter implies the following inequality which,
beyond preparing a bound favorable for our limit procedure, will also be used in Lemma 6.9 to assert
some spatial homogenization property of the second solution component.

Lemma 4.4 Assume (1.5) with some w* > 0. Then

2
/ / |vv€| <2/vo+2|QI+X2/ /'VUA2 for all T >0 and € € (0,1). (44)

Proor. We apply Lemma 4.3 to a = 1 and integrate the corresponding version of (4.3) to obtain
that for arbitrary T > 0,

/ / Iva|2 /an( () T)—i—l) _/ﬂln(UOJrlHXz%/OT/Qwa‘Q for all € (0,1).

Since 0 < ln(z + 1) < z for all z > 0, and since thus

/an (vg(-,T) + 1) - /an(vo +1) < /Q (vg(-,T) + 1) = /Qvo + Q] for all e € (0,1)

according to (2.9), this clearly yields (4.4). O
Through Lemma 3.4, this especially entails the following quite directly.
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Lemma 4.5 Assume (1.5) with w* > 0 as given by (1.6). Then for all T > 0 there exists C(T) > 0

such that )
V.|
/ / o 12 S c(T) for all e € (0,1). (4.5)
PRrROOF.  In view of (3.7), this is an immediate consequence of Lemma 4.4. U

4.3 Uniform integrability of the nonlinear absorption in (2.7)

A next crucial step toward our solution construction consists in asserting appropriate compactness
properties of the nonlinear absorption term in the third equation from (2.7). This will be achieved on
the basis of a further testing procedure, examining the time evolution of fQ we In(v; + 1) and thereby
following an idea apparently going back to [33], which thanks to the estimates provided by Lemma
3.4, Lemma 4.4 and Corollary 4.2 will yield the following.

Lemma 4.6 Assume (1.5) with w* > 0 as given by (1.6). Then for all T > 0 there exists C(T) > 0

such that
Ue + v )we In(ve + 1)
< (T il 0,1). 4.6
[ et bt oy por e e 0. (4.6

PROOF. By means of the second and third equations from (2.7), we compute

d (ue + ve)we
4 ] 1) = {dA - _ } 1 1
dt Jo, n(ve +1) /Q e T+ e(u +ow. et n(ve +1)

We
—l—/ﬂ - 1V . {Vve — nggVug}

_ 4 Vv V. — )\/ (ue + ve)we) In(ve + 1)
QUe+1 a 1+e(us +vo)we

—,u/ we In(ve + 1) —l—/ rin(ve + 1)
Q Q

Vo, / Ve
— -Vw: + | we——-
QUe+1 : Q E(U€+1)2

Ve VeWe V.
€’ e € " f 1 ¢ . 4.
+X2/QU5+1VU Vw XQ/QUE+1VU p— orallt>0. (4.7)

Here by Young’s inequality,

Ve Vo |V, |? (d+1)2 9
4 V. V. < for all ¢ 4.
e Vw, o1 ng_/g (v £ 1)° + 1 /Q|Vw5] orallt>0 (4.8)

and

A

X2/Q +1VU5 Vw, < XQ/’VU5"|VLUE‘
Ve

/|v 2+ /|Vw€|2 for all ¢ > 0 (4.9)

IN
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as well as

VoWe Vo, |Vve|
— Vu- - < * \V4 .
Xg/maﬂ R R /Q‘ R
2 *\2 2
X5 (w*) V|
< \WTRE for all t > 0 4.10
- A|UJ+ 4 K*%+n2 orallt>0,  (410)

because w. < w* in Q2 x (0,00) by Lemma 3.1. For the same reason,

2 2
/ ws‘vLa‘2 < w*/ LAQ for all ¢ > 0, (4.11)
o (v=+1) o (ve +1)
and clearly
—u/ we In(v: +1) <0 for all ¢t > 0, (4.12)
Q

while moreover

/rln(vg—i-l) < HT||LO<>(Q)/IH(UE+1)
Q Q
< Wlscoy [ (o4 1)
Q
< Hr||Loo(Q).{/vo+|Q|} for all ¢ > 0 (4.13)
Q

due to (2.9) and, again, the validity of In(z + 1) < z for all z > 0.
From (4.7)-(4.13) we therefore obtain after an integration that

//ua—l—vawgln(vg—i—l) < /woln(vo-i-l)
—Ja

1+ e(ue + v )we
T
+2/ /\Vua\z
0
2
+{1+X2 + / / Vel
(ve +1)2
d+1
—i—{( //\VwEP
+{/U0+’Q|} / [7(+, )| oo ()t for all T > 0,
Q 0

which by Lemma 3.4, Lemma 4.4 and Corollary 4.2, and once more by boundedness of r in Q x (0,7,
results in (4.6). O

Now a careful analysis reveals that the above estimate, together with some the superlinear integrability
properties of u. implied Lemma 3.4, is sufficient to ensure equi-integrability of the expressions in
question.
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Lemma 4.7 Assume (1.5) with w* > 0 as given by (1.6), and let T > 0. Then

(uevs)we > . . .
is uniformly integrable over 2 x (0,T). 4.14
<1+8(u€+v€)ws o formly integ (0,7) (4.14)
Proor.  For fixed T" > 0, according to Lemma 4.6 and Lemma 3.4 let us pick ¢; > 0 and ¢c3 > 0
such that
1 1
/ / “5”5 weln(e+1) 0 prance (01), (4.15)
1+ e(ue + ve)we
and that
T
/ / u? < co for all € € (0,1). (4.16)
0 Jo
Given n > 0, we then take M > 0 large enough satisfying
C1 n
— <= 4.17
In(M +1) — 3’ ( )
and thereafter we choose § > 0 suitably small such that
w* M6 < g (4.18)
as well as )
Fw*sh < g (4.19)

Now if £ C Q x (0,7) is an arbitrary measurable set fulfilling |E| < §, we split
// Us + Us We // ue + 'Uz-:)ws
1+ e(ue + ve)we Enfu.>my 1+ e(ue + ve)we
4 // VeWe
Enfve<M} 1 + e(ue + ve)we

U Ws
+ for e € (0,1), 4.20
//E’ﬂ{vg<M} 1+ e(ue +v:)w: (0,1) ( )

where using the monotonicity of 0 < z +— In(z + 1) along with (4.15) and (4.17) we may estimate
// (ue + ve)we - // (ue + ve)we In(v: + 1)
En{ve>M} L +e(us +vo)w. — M + En{ve>M} 1+ e(ue + ve)we
In (M 1) @
< I forallee(0,1). (4.21)

In the second summand on the right of (4.20), we rather rely on (4.18) to see that thanks to Lemma
3.1 and the trivial inequality 1 + e(ue + ve)wes > 1,

VeWe *
< Mw*-|ENn{ve < M
//;ﬂ{U5>M} 1 + 5(U5 + 'UE)U}E - { € }
< Muw*s
< g for all € € (0,1), (4.22)
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while, finally, combining Lemma 3.1 with (4.16) and (4.19) shows that due to the Cauchy-Schwarz

inequality,
UeWe
< U
//EH{UE<M} L+ e(ue +va)we  — // }

1
2
w* - //u} |E|2
0 Q

<
19
< we3oz
< T forallee(0,1). (4.23)

Inserting (4.21)-(4.23) into (4.20) shows that for any such set E we have

// (e + 0c)ue <7y
1+ e(ue +ve)we: ~ 3

and that thus (4.14) follows from the fact that n > 0 was arbitrary. 0

+-=mn foralle e (0,1),

w3
w3

4.4 Regularity of time derivatives

The following implications of our above estimates on regularity of time derivatives in (2.7) can be
obtained in a rather straightforward manner.

Lemma 4.8 Suppose that (1.5) holds with w* > 0 as in (1.6), and let m € N be such that m > 5
Then for all T > 0 there exists C(T) > 0 such that

/0 ! et ) zqyedt < C(T)  for alle € (0,1) (4.24)
and .
/O [or1n (ve(.0) + 1) H(Wm’g(m)*dt <C(T)  foraliec (0,1) (4.25)
as well as -
/0 et (o 8)|maqayedt < O(T)  for all e € (0,1). (4.26)

PROOF.  For fixed t > 0 and ¢ € C°°(2) we obtain from (2.7) and the Cauchy-Schwarz inequality
that

/Qust@,t)w‘ - '—/Qws-vwxl/guewe-w’

1 1
5 3
{{/ |Vu5|2} +x1{ / ug|Vw52} } . vaHLz(Q) for all £ € (0,1),
Q Q

which by Young’s inequality shows that

IN

et (-5 ) | Ew1.2(qyy < 2/Q V| +2X§/Qu§|vw€|2 for all € € (0,1)

16



and thereby implies (4.24) upon integrating and using Lemma 3.4.

Similarly, by means of the second equation in (2.7) an Young’s inequality we see that for ¢ > 0 and

P e C(9Q),

‘/Qatln <v5(-,t)+1> .w‘ - Qvﬁlv-{vva—xmvue}
|Voe|? Vv,
q (ve+1)2 ’Ue—i- 1 ¥

VY

_XQ/QUEU-EFA )¢+X2/
< {A%}wwm)

Ve |? 1
o [ v vl

1 Vu.|?
+xz2 - {/ Vue|* + < /Q (1‘15—1—‘1)2} Yl e (@)

+x2 - {/ |Vue|? + } VY] 220 for all € € (0,1).

Since our assumption m > 2 ensures that W™?(2) < L*(12), this entails the existence of ¢; > 0
such that

Vo, |?
H@t In (Ua(‘,t) + 1) H(Wm,Z(Q))* <cy- {/Q‘Vu6|2 + /Q (1|)—|—U’1)2 + 1} forallt >0 and e € (O, 1),
e

so that (4.24) becomes a consequence of Lemma 3.4 and Lemma 4.5.

Finally, combining the third equation in (2.7) with Lemma 3.1, (2.9) and Young’s inequality we find
that for t > 0 and ¢ € C*(Q),

‘/ngt(~,t)-w‘ = ‘—d/Qng-Vw—/\/ 1&8(;5?5:8%1” ,u,/wgw—i-/rw

1
a-{ [ 90l + 1} 190l + 20t { ot [ Wl
Q Q Q

Q™ - [[Yll o) + Q- 7l L) - 1Wlle(@)  forall e € (0,1),

IN

whence again by continuity of the embedding W"2(Q2) < L>(Q) we infer that with some cy > 0 we
have

|wee (5 )| (wm.2())x < 2 { /Q Vw, | + 171l oo () + 1} for all t > 0 and any € € (0, 1),

and that thus (4.26) results from Corollary 4.2 and the local boundedness of 7 in Q x [0, co). O
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4.5 Constructing (u,v,w) by passing to the limit. Solution properties of v and w

An essentially straightforward exploitation of the integrability featues collected so far enables us to
extract appropriately convergent subsequences and a corresponding limit triple (u,v,w) which in its
first and third component can already at this stage be seen to comply with the requirements from
Definition 2.1.

Lemma 4.9 Let (1.5) be satisfied with w* > 0 as given by (1.6). Then there exist (€;)jen C (0,1)
and nonnegative functions u,v and w defined a.e. in Q x (0,00) such that €; \, 0 as j — 0o, that with
some pg > 0 we have

u € L((0,00); L () N LE,.([0, 00); WH2(Q)),

loc
v € L>®((0,00); L'(Q)) and (4.27)
w € L¥(Q x (0,00)) N L, ([0, 00); WH(9)),
that
Vin(w+1) and uVw belong to L} ([0,00); W2(Q)), (4.28)
and that
Us = U in L}.(Q x [0,00)) and a.e. in Q x (0,00), (4.29)
ue(,t) = u(-,t) in L*(Q)  for a.e. t >0, (4.30)
Vu. — Vu  in L} (Q x [0,00)), (4.31)
ueVue = uVu in L7, (9 x [0, 00)), (4.32)
Ve = v a.e. in £ x (0,00), (4.33)
In(ve +1) = In(v+1)  n L3 ([0, 00); WH3(Q)), (4.34)
We — W in L2 .(Q x [0,00)) and a.e. in Q x (0,00), (4.35)
we (-, t) = w(-,t) in L*(Q)  for a.e. t >0, (4.36)
we = w in L(2 x (0, 00)), (4.37)
Vw., = Vw  in L. (Q x [0,00)), (4.38)
(ue + ve)we 1 =
L, (2 d 4.
T+ e+ o) — (u+v)w in Lj,.(Q x [0,00)) an (4.39)
u:Vwe = uVw in L2, .(Q x [0,00)) (4.40)
as € = ej \, 0. Moreover, (2.6) holds as well as
/ u(-,t) = / uo for a.e. t >0, (4.41)
Q Q

and the identities (2.3) and (2.4) in Definition 2.1 are satisfied for all p € C§°(Q2 x [0, 00)).
PROOF.  According to Lemma 3.4 and Lemma 4.8,

(te)ee(0,1) is bounded in L*0,7); W'2(Q)) and (uet)ee(0,1) is bounded in L2((0,T); (WH2(Q)))
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for all 7" > 0, whence employing an Aubin-Lions lemma ([27]) we obtain (¢;)jen C (0,1) and a
nonnegative function u € L2 ([0, 00); W12(€2)) such that £; \, 0 as j — oo and that (4.29), (4.30) and
(4.31) hold. Apart from that, for all 7' > 0 it follows from Lemma 3.4 that (u:Vue).c(o,1) is bounded
in L?(Q x (0,T)), so that (4.32) results upon observing that u.Vu. — uVu in L'(Q x (0,T)) by (4.29)
and (4.31). Due to (3.6) and Fatou’s lemma, it moreover follows that with pg > 4 taken from Lemma
3.4 we have u € L>®((0,00); LP°(£2)), and (4.41) is an abvious consequence of (2.9) when combined

with (4.29).

Likewise, choosing any integer m > 5 we obtain from Lemma 4.5 together with (2.9) and Lemma 4.8
that

<ln(v6 + 1)){56(0 ) is bounded in L%(0,T); W'?(Q)) and

(at In(vs + 1)) o 15 bounded in L2((0,T); (W™2(Q))")  forall T > 0,
ee(0,

so that again an appropriate Aubin-Lions lemma ([27]) applies so as to assert that along a suitable

subsequence we can furthermore achieve (4.33) and (4.34), in particular implying (2.6) through (2.9)

and Fatou’s lemma, and validity of the first claim in (4.28).

Next, Corollary 4.2 in conjunction with Lemma 3.1 and Lemma 4.8 says that
(we)z¢(0,1) is bounded in L*0,T);WH2(Q)) and (Wet)ee(0,1) is bounded in L2((0,T); (W™2(Q))")

for all T > 0, and that thus another application of an Aubin-Lions lemma enables us to establish,
possibly after passing to a further subsequence, (4.35), (4.36) and (4.38), whereupon in view of (3.1),
the Banach-Alaoglu theorem facilitates (4.37).

According to the pointwise convergence features asserted in (4.29), (4.33) and (4.35), thanks to the
Vitali convergence theorem the claim in (4.39) thereafter results from the uniform integrability prop-
erty derived in Lemma 4.7, and (4.40) as well as the second inclusion claimed in (4.28) can be seen
by making use of (3.8), which for all 7" > 0 namely warrants relative compactness of (u:Vw:)ce(o,1) in
L2(2 x (0,T); R™) with respect to the weak topology therein, and thus shows that as & = €5\ 0 we
indeed must have u.Vw, — uVw in L?(2 x (0,T)), for from (4.29) and (4.38) we already know that
u:Vw. — uVw in L'( x (0,7)).

Finally, a verification of (2.3) and (2.4) can be performed on the basis of (4.31), (4.35), (4.38), (4.39)
and (4.40) in a straightforward manner, so that we may omit giving details on this here. O

5 Strong L? convergence of Vw., and Vu. . Solution properties of v

Now for a verification of the weak inequality in (2.5), the weak convergence features in (4.31) and (4.34)
are apparently insufficient for an appropriate limit procedure targeting at the second last summand
therein. Of essential importance for our approach in this direction will thus be a corresponding strong
convergence property of Vu., our derivation of which will, in turn, rely on an associated statement
on strong L? convergence of the signal gradient. Both these results, to be successively achieved in
Lemma 5.1 and Lemma 5.2, will later play useful roles in our asymptotic analysis as well (see Lemma
6.3).
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As a preparation for both Lemma 5.1 and Lemma 5.2, given ¢ty > 0 and ¢ € (0, 1) let us set

1 if + € [0, %),
Gty =) ={ 1- 5 if ¢ € (to,to +6), (5.1)
0 if t >ty +9,

and recall the well-known fact that for 7' > 0, p € [1,00], N > 1 and ¢ € L} (Q xR; RM), the Steklov
averages Sp € LP(Q x (0,T);RN), h € (0,1), given by

t
@%@@Jy:;t%¢@JM& reQ te(0,T), he(01), (5.2)

have the properties that as h N\, 0, Sptp — 9 in LP(Q x (0,T)) if p € [1,00) and Spyp = 4 in
L>*(Q x (0,7)) if p = 0.

Now using these ingredients in constructing appropriate test functions for the weak identity satisfied
by w, inspired by a related procedure performed in [33] we can indeed achieve the following.

Lemma 5.1 Assume (1.5) with w* > 0 taken from (1.6), and let (¢;)jen and w be as in Lemma 4.9.
Then for all T > 0,
Vwe = Vw in L*(Qx (0,T))  ase=¢e; \,0. (5.3)

Proor.  Following [33, Section 8], given 7' > 0 we rely on Lemma 4.9 in choosing ty > T such that
to is a Lebesgue point of 0 < ¢+ [, w?(-,t), and that moreover

/ w2 (-, o) — / w?(-,tp) ase=-¢; \0. (5.4)
Q Q

Apart from that, we take any sequence (wor)reny C C(Q) such that wop — wp in L2(Q) as k — oo,
and for 6 € (0,1), k € Nand h € (0,1) we let

gD(IE,t) = C§(t) ’ (Sh@k)(xat)7 r e, t>0,
where (5 and S}, are as in (5.1) and (5.2), and where

B 1) w(x,t) if € Qandt>0,
Wg(z,t) == .
g wor () ifxeQandt<0.

Then ¢ € L>®(2x(0,00))NL2((0,00); WH2(Q)) with ¢, € L®(Q2x (0,00)) and ¢ = 0 in Q x (tg+1,00),

whence a standard completion argument shows that (2.4) extends so as to remain valid for this
particular choice of ¢, hence resulting in the identity

- /OOO /Q G(Ow (@, ) (Spw) (@, t)dwdt
) /OOO /Q it mn Z}Ak(% t=h) dzdt — /Qw(](flf)'LUOk(x)dZU
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R / h / (Vw0 (@, ) - V(Suie) (z, £)dadt
) / / G0) (1t 1) + v, ) ), 1) Sy o, )l
/ / Cs(tyw(e, O)(Snin) (. t)dedt
+ /0 /Q Cs(t)r(a, £)(Sye) (a, ) dedt

for all 6 € (0,1),k € Nand h € (0,1). (5.5)

Here the first summand on the left as well as each of the integrals on the right-hand side approach
their expected limits as h N\, 0, because the inclusions Vi, € L?(2 x (0,tp + 1);R") and W €
L>®(Q x (0,tp + 1)) ensure that V(Sywg) = Sp(Vwy) — Vi, = Vw in L?(Q x (0,t9 + 1)) and
Sy = Wy = w in L= x (0,10 + 1)) as b \, 0.

Moreover, by Young’s inequality and a linear substitution we obtain that

- / h / Gyl 1) DED LR 4 g
0 Q

— 1 /OO/ C(;(t)ﬁ},%(x,t)dxdt + 1C(;(t)ﬁik(a:,t)@k(nlc,t — h)dzdt

< / /C5 wkxtda:dt—i-/ /C5 Y2 (x,t — h)dxdt

= / / Cols+h) = Gols )w2(x,5)dxds + / wiy, (z)da for all 6 € (0,1),k € Nand h € (0,1),
2Jo Ja h 2 Ja

where by the dominated convergence theorem,

1 oo C5(5+h)—<5(3) 9 1 , )
2/0 /Q 3 w*(x, s)dxds — §C5(s)w (x,s)dxds as h \,0.

Since ¢§ = —3% in (to,to + 6) and ¢§ = 0 in (0,%) U (o + 6,00), in the limit h \, 0 from (5.5) we
therefore obtain the inequality

to+0
2—16 / (x,t) dwdt—i—;/gwgk(xd:v—/wo( Ywok (x)dx
> —d/ /Cg(t)|Vw(a:,t)|2da:dt— / /g; u(z, t) + v(z, t)) 2(g, t)dzdt
/ / Cs(t)w?(z, t)dxdt —i—/ / Cs(t)r(z, t)w(x, t)dxdt for all 6 € (0,1) and k € N,
Q

which on taking k — oo implies that since wor — wo in L?(£2),

d/OOO/QQ;(t)\Vw(:c,t)\Qdmdt > L tm/ (2, O)dwdt + - / 2(2)de
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/ /C& u(x,t) +v(z, t)) 2z, t)dxdt
/ / Cs(H)w” (x, t)dxdt

+/0 /QC(;(t)r(x,t)w(:L",t)dxdt for all § € (0,1).

Here the Lebesgue point property of ty enters so as to warrant, when combined with several applications
of the dominated convergence theorem, that

o 2 1 2 1 2
d Vw|* > —= [ w (-, to) + = [ wj
0o Ja 2 Ja 2 Ja
to to lo
—)\/ /(u+v)w2—,u/ /w2+/ /rw. (5.6)
0 Jo 0o Jao o Ja
Now since (5.4) along with (4.39), (4.37) and (4.35) implies that
1 1 to to to
—/wQ(-,to)—l—/wg—)\/ /(u—I—v)wQ—u/ /w2+/ /rw
2 Ja 2 Ja
1 to Ue + Ve )w to to
_ 1; L 2/ + € e )We )
52'1{40{ 2/;271)5(;0) /wo / /1+5ua+vaw£ / /w +/ /Twa
to
lim {d/ /|Vw5|2}
e=¢;\0 0o Ja

according to (2.7), from (5.6) we infer that fgo Jo IVw]? > liminf._. \ o f(fo Jo [Vwe|* and that thus,
by (4.38), Vw. — Vw in L*(Q x (0,%9)) as € = £; \, 0, which entails (5.3) due to our restriction that
to>1T. ]

Building on the latter, through a procedure of a similar flavor we can moreover assert the desired
strong convergence property of the forager gradient.

Lemma 5.2 Suppose that (1.5) holds with w* > 0 as given by (1.6), and let (¢;)jen and u be as
provided by Lemma 4.9. Then for all T > 0,

Vu. = Vu in L*(Qx (0,T))  ase=¢; \,0. (5.7)

PROOF. In order to prepare a procedure similar to that from Lemma 5.1, according to Lemma 4.9
let us fix, given T' > 0, a number ty > T such that ¢y is a Lebesgue point of 0 < ¢ — fQ u?(-,t), and

that furthermore
/ ul(-,to) — / u? (-, to) as e =¢; \(0. (5.8)
Q Q

Then choosing (ugr)ren C CH(Q) such that ugp — ug as k — oo, for § € (0,1),k € N and h € (0,1)
we apply (2.3) to

So(x’t) = C(S(t) ’ (Shak)(xat)7 (Sﬂ,t) € x (0,00),
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where

(1) = u(x,t) if (z,t) € Q x (0,00),
R uok () if (z,t) € Q x (—00,0),

which can readily be seen to be admissible by a completion argument based on the observation that
© € L>((0,00); WE2(Q)) with ¢; € L?(2 x (0,00)). We thereby see that

-/ " [ Goute 0800 dode
o0 T, t) — T, t — h)
7 [ Gouen- : dadt =~ [ wo(w)uon (@)
_ / / GOVl ) - V(Syiin) (. t)dadt
0 Q

o /0°° /Q Co(Oulz, ) Vw(z,t) - V(Sptix) (x, t)dzdt

for all § € (0,1), each k € N and any h € (0,1),

where based on the fact that both Vu and uVw belong to L?(€ x (0,tg + 1); R") by Lemma 4.9, and
again on an argument relying on Young’s inequality to estimate the second summand on the left, we
may conclude on letting A \ 0 and then k — oo that

1 to+o

ee 1
/ /Cg(t)|Vu(a:,t)\2d:cdt > —— u2($,t)d$dt+/ug(w)d$
o Jo 20 J, 2 Ja

+Xx1 /OOO/QC(s(t)u(:U,t)Vu(x,t) -Vw(zx, t)dzdt for all 6 € (0,1).

Here as § \, 0, using that |Vu|? and uVu - Vw lie in L'(Q x (0,9 + 1)) due to Lemma 4.9 we can
employ the dominated convergence theorem to infer that

fo 2 1 2 1 2 fo
/ /|Vu| > —/u (-,t0)+/u0+xl/ /uVu~Vw (5.9)
o Jo 2 Jo 2 Jo o Jo

thanks to the Lebesgue point feature of .
In order to derive (5.7) from this, we now make substantial use of the strong convergence property
asserted by Lemma 5.1, which together with (4.32), namely, ensures that

to to
Xl/ /uEVuE-VwE—U(l/ /uVu-Vw as e =¢; \,0.
0 Q 0 Q

Therefore, relying on (5.8) as well as on (2.7) we can turn (5.9) into the inequality

to 1 1 to
/ / |Vu\2 >  lim — / ug(',to) + / u% + Xl/ u:Vu, - Vw,
0o Jo e=¢; \0 2 Ja 2 Ja 0

to
= lim / |V |*
e=e; \0 0 o)
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and hence conclude as intended, because Vu. — Vu in L*(Q x (0,%)) as € = &; \, 0 by Lemma 4.9,
and because tg > T. O

With this preparation at hand, we can finalize our verification of the requirements from Definition
2.1).

Lemma 5.3 Assume (1.5) with w* > 0 taken from (1.6), and let v and v be as in Lemma 4.9. Then
(2.5) holds for all nonnegative p € C§°(Q x [0,00)).

PrROOF.  For fixed nonnegative ¢ € C5°(Q x [0,00)), integrating by parts in the second equation
from (2.7) shows that

/ /|V1n ve + 1) / /ln Ve + /an(vo+1)<p(-,0)
+/0 /va(va—i-l)'Vgo
o /Ooo/ﬂvfjl(we-vm(vﬁl))(p

00
Ve
— Vu, -V f 11ee (0,1 5.10
X2/0 /Q’Ug"i_l Ue 2 or all € (7)7 ( )

where by (4.34), taking (¢;)jen C (0,1) from Lemma 4.9 we have

—/Ooo/ﬂln(vg—l—l)got% —/(]Oo/ﬂln(vjtl)got ase=c¢; \(0 (5.11)

and
oo [e.e]
/ /Vln(vg—l—l)-ch—)/ /Vln(v—i—l)-Vgo ase =-¢; \(0, (5.12)
0 Q 0 Q
and where since %5 — ;77 in L (2 x [0,00)) as € = &; N\, 0 by e.g. (4.33) and the dominated
convergence theorem, the weak convergence property in (4.31) is sufficient to ensure that
/Oo/ Y V. Ve /Oo/ Y Vu.-v ) (5.13)
— Ug - — - as € =¢; . .
X2 ] 0o 1 e ¥ X2 ) U+l ¥ J

Now in the second last surnrnand in (5. 10) we rather rely on the statement on strong L? convergence

v
v+1
a.e. in Q x (0, oo) as € = ¢ \, 0, guarantees tha Vu in L? (2x[0,00)) as e = ej N O

([33, Lemma 10.4]) and hence

v+1

oo o0
i Jor | / i ) -
Vu.-V1 1 — Vu-V1 1 =¢c; \ 0 (5.14
o [ (Ve vnean)e s [ S (VeVhnen)e  ase=g 0 (514)
due to (4.34). By lower semicontinuity of the norm in L?(£2 x (0,00); R") with respect to weak
convergence, in view of (4.31) we readily infer the validity of (2.5) from (5.10)-(5.14). O
Our main existence result thereby becomes complete.

PROOF of Theorem 1.1.  All statements have already been verified in Lemma 4.9 and Lemma 5.3.
O
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6 Stabilization. Proof of Theorem 1.3

6.1 Two basic homogenization features

Let us launch our qualitative analysis by stating two quite straightforward consequences of the decay
assumption (1.11) when combined with our previously gained estimates. The first of these concludes
the following from Lemma 4.1.

Lemma 6.1 In addition to the assumptions from Theorem 1.1, suppose that (1.11) holds. Then there
exists C' > 0 such that

/ / |Vw,|* < C for all e € (0,1). (6.1)
0 Jo

/ /\Vw|2 < .
0 Q

PROOF. Since from Lemma 4.1 we know that

Q
/ /|Vw6\2 / | liw /0 I )l eq@ydt for all e € (0,1) and T > 0,

in view of Lemma 4.9 both claims immediately follow. O

In particular,

By going back to Lemma 3.3, we can derive a similar property of the first solution components.

Lemma 6.2 Suppose that the assumptions from Theorem 1.1 as well as (1.11) hold. Then there exists
C > 0 such that

o
/ / |Vu|* <C  foralle € (0,1), (6.2)
0 Q

/ / Vul? < .
0 Q

PROOF.  An application of Lemma 3.3 to p := 2 provides § > w*, k > 0,¢; > 0 and ¢y > 0 such that
for all € € (0,1),

d
— [ W26 —w) "+ 61/ V. |* < cz\rHLoo(Q)/ u(6 — w.) " for all ¢ > 0, (6.3)
dt Jo Q Q

which upon a comparison argument firstly implies that

/u?(d—wa)‘” < {/u%(d—wo)_”}. c2 Jy Ir(9)ll Loo oy ds
Q Q

< c3i= { /9“3((s - wo)_”} e Jo IrCslliee@ds for all ¢ > 0

whence in particular

with ¢z being finite according to (1.11). Direct integration of (6.3) thereafter shows that

cl/ /]Vu5] <0203/ 7+, 8)l| oo () ds for all t > 0,

which by again using (1.11) implies (6.2) on taking ¢ /* co and then relying on Lemma 4.9 in letting
e=1¢; \(0. O
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6.2 Stabilization of u

Along with the strong convergence features asserted by Lemma 5.1 and Lemma 5.2, the previous
two lemmata entail sufficient decay of the nutrient taxis mechanism so as to allow for the following
conclusion on stabilization of u, though yet in a sense weaker than that claimed in Theorem 1.3.

Lemma 6.3 Beyond assuming the hypotheses from Theorem 1.1, assume (1.11). Then there exists a
null set N C (0,00) such that

/u(-,t) D o s (0,000 \ N 3t oo, (6.4)
Q

PrROOF.  Thanks to (2.9), on testing the first equation in (2.7) by the smooth function Inu. we see
that due to Young’s inequality,

2
d/uslnug-i-/ Vel = Xl/vua‘vwa
dt Jo U Q Ue Q

2
< he(t) ::/ |Vu5|2+Xl/ |Vw,|? for all t > 0,
Q 4 Jo

where according to a logarithmic Sobolev inequality ([2], [14]) we can find ¢; > 0 such that for all
e € (0,1) we have

2
/ |Vue| > 61/ u. In & for all ¢ > 0.
Q0  Ue Q

Uuo

Therefore,

d
/uslnu‘e—l—cl/uslnuaghs(t) forallt >0 and e € (0,1),
dt Q () O ug

which after an integration shows that

ug

€ '7t — ¢ _ _
/ ue (-, 1) lnw < cpe —|—/ e =) (s)ds forallt >0 and ¢ € (0,1) (6.5)
Q 0

with e := [ ugln §2 > 0 by (1.4).

We now go back to Lemma 4.9 and use that |z1lnz| < %z% + % for all z > 0 to infer that there exist
a null set V C (0,00), as well as a subsequence (g5, )ren of the sequence (¢;),en provided by Lemma
4.9, such that

Jactom® s [uom™) foraiic 00\ N ase=gN00 (60
Q Q

ug Uuo

Since furthermore Lemma 5.1 together with Lemma 5.2 asserts that
2
he — h = / |Vul|? + 41/ |Vwl|? in Lj,.([0,00)) ase=¢; \,0,
Q Q
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on letting € = ¢, \, 0 we infer from (6.5) that

. t
/ (1) 1n“(u’t) < epeart 1 / e~ (=p(s)ds  for all £ € (0,00) \ N. (6.7)
Q 0 0

But as a combination of Lemma 6.1 with Lemma 6.2 shows that c3 := [ h(s)ds is finite, given > 0
we can fix o > 0 large enough fulfilling

cqt oo
et < 1 636_% <7 and / h(s)ds < U for all t > to,
3 3 t 3
whence for any t > t( fulfilling ¢y ¢ N we infer from (6.7) that
U('7 t) t !
/ u(+,t) In — < A / s)ds —|—/ h(s)ds
Q Uuo 0 %
77 77 n
< 142y
= 33Ty
Since from (4.41) and (6.6) we know that [, u(-,¢)In* ( D >0forallte (0,00) \ N, this entails (6.4)
due to the fact that n > 0 was arbitrary. O

By means of a Csiszar-Kullback inequality and appropriate interpolation, however, the above can
readily be turned into a convergence statement of the intended flavor.

Lemma 6.4 In addition to the assumptions from Theorem 1.1, suppose that (1.11) holds. Then one
can find a null set N C (0,00) with the property that

u(-,t) — ol 2y — 0 as (0,00) \ N 3t — oc. (6.8)
PROOF.  According to (4.41) and a Csiszar-Kullback inequality ([7]), there exists ¢; > 0 such that

u(-,t)

U

for a.e. t > 0,

so that Lemma 6.3 entails the existence of a null set N; C (0, 00) such that
u(-,t) — ol L1) — 0 as (0,00) \ N1 3t — 0. (6.9)

As furthermore with pg > 4 taken from Lemma 4.9 we can use the Holder inequality to interpolate

a8 ~Tollza@ < lluCst) = Tollgrogayllut,£) — Toll e,
1ya
< LIt Dl + Tl b -l t) = Tlliil,  forall >0
with a = 4(5(7;31) € (0,1), the claim therefore results upon combining (6.8) with the inclusion u €
L*>((0,00); LPo(€2)) asserted by Lemma 4.9. O
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6.3 Decay of w

Next addressing the claimed temporal asymptotics of w, we again build our argument in this direction
on a first fundamental though yet quite weak decay information:

Lemma 6.5 Assume the hypotheses from Theorem 1.1, and suppose that (1.11) holds. Then

t+1
/ / uw — 0 as t — oo. (6.10)
t Q

PROOF. By integrating the third equation in (2.7), we see that since p is nonnegative,

(Ua + Us)wa
A
dt ng + / 1+ e(ue + ve)we

so that

ue+ve We ‘Q’/OO
<ec = . o () d for all £ > 0 and 0,1
//1+€ (ue 4 ve)we =a A Jo lr(:, $) | o= () ds orall £ >0 and e € (0,1),

= —u/ We +/ r < Q|- 7l e o) forallt >0 and € € (0,1),
Q Q

where ¢; < oo by (1.11). Thanks to Lemma 4.9 and Fatou’s lemma, this implies that with (¢;) en as
in Lemma 4.9 we have

//u+vw<hm1nf// u€+v€w5 <c for all t > 0,
e=e,; \0 1+ e(ue + ve)we

which in particular shows that [~ [, uw < oo and hence entails (6.10). O

Already knowing that w stabilizes at the nontrivial constant level g, we can indeed turn the latter
into a statement on decay of w itself.

Lemma 6.6 Suppose that apart from the assumptions from Theorem 1.1, the condition (1.11) is

satisfied. Then
t+1
/ /w—>0 ast — oo. (6.11)
t Q

Proor. We fix n > 0 and then can employ Lemma 6.4 to readily find ¢; > 0 such that

t+1 —
/ / (- s) —To| < =21 for all t > . (6.12)
t Q

2w*
Since, apart from that, Lemma 6.5 provides to > 0 fulfilling

t+1
/ /uw< for all t > to,

by combining this with (6.12) and relying on Lemma 3.1 we can estimate

t+1 t+1 t+1
w o= / uw — — / u — TUp)w
t
t+1 t+1
/uw / lu —

n for all t > max{ty,t2},

o)

IN

IN

+5
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so that (6.11) follows. O

Finally, the topological setup herein can be adjusted in the desired manner by applying appropriate
parabolic smoothing arguments to the third equation in (2.7).

Lemma 6.7 In addition to the requirements from Theorem 1.1, assume that (1.11) holds. Then there
exists a null set N C (0,00) satisfying

lw(-, )| Loy — 0 as (0,00) \ N 3t — oc. (6.13)

PROOF.  Due to well-known smoothing properties of the Neumann heat semigroup (e"A)UZO on ()
([29, Lemma 1.4]), we can choose ¢; > 0 such that

||ed"Ag0HLoo(Q) < Cla._%H(pHLl(Q) for all o € (0,1) and each p € C°(Q). (6.14)

With this value of ¢; fixed, given n > 0 we employ Lemma 6.6 to pick ¢; > 1 large enough satisfying

t—1
2301/ ’ w(-, s)l[L1@yds < for all t > ¢y, (6.15)
t—1

03

while according to (1.11) we may take t5 > 1 suitably large such that

t
[ 1) s <
t—1

Furthermore relying on Lemma 4.9 in selecting a null set N C (0, c0) such that with (£;);en C (0, 00)
as introduced there we have

for all t > to. (6.16)

N3

we(-,t) » w(-,t) ae. inQ forallte (0,00)\ N as e =-¢; \(0, (6.17)

for arbitrary ¢ > to := max{t;, to} filfilling tnot € N we may once more invoke Lemma 4.9 to see that
in light of (6.15) we can find e, = £,(t) € (0, 1) such that

t—=
2301/ 12 |we (-, )l L1 () ds < < for all € € (g5)jen such that € < e,
t—

W

which for any such e entails the existence of t, = t.(t,e) € (t — 1,t — ) fulfilling

22 ¢yf|we (-, 1)l pr ) < (6.18)

1\9\3

Now since due to the comparison principle we have

() = GdU—tIA L, gy ted(tfs)A (ue(-,8) +ve(, 8))we (-, 5) w51 L
e(:?) el t) /t* {)\1+€(u€(-75)+v5(.’s))w5(.7s) + e )}d

t
—I—/ =)0 (. 5)ds

< B (1) /| $)lLo(yds  in Q,
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by combining (6.14) with (6.18) and using (6.16) we infer that

sl < alt—t) Husttle + | Il
< 2%61Hw€('7t*)”L1 + ||7“( 8)Loo (@ ds
te
no.n_ i
< 3ty =1 for all € € (&) jen fulfilling € < &,

which in view of (6.17) and Fatou’s lemma implies that
(Ol <1 for all £ € (t9,00) \ N

and thus establishes (6.13). O

6.4 Stabilization of v

In view of the poor regularity information available for v, it may seem not very suprising that our
argument toward convergence in this component requires somewhat more subtle efforts; in fact, as we
particularly only know (2.6) instead of a genuine mass conservation property, already identifying an
appropriate limit for the corresponding total mass functional appears to be nontrivial. After all, once
more resorting to Lemma 4.3 enables us to identify a certain stabilization property of the functional
fQ In(v + 1) that can, in a later step, be favorably related to spatio-temporal L? norms of VJ:’I, as
having formed the core of virtually all our previous access to regularity of v.

Lemma 6.8 Let the conditions from Theorem 1.1 be fulfilled, and assume (1.11). Then there exist a
null set N C (0,00) and b > 0 such that

|(12\/an (U(-,t)+1> —b as (0,00) \ N 3t — oc. (6.19)

PrROOF. Fore € (0,1), we let

2t
ye(t) == / In <v€(x,t) + 1>dx + XQ/ / |V (z,s)>dzds, t>0,
Q 2 Jo Ja

and first observe that thanks to (2.6), Lemma 4.9 and Lemma 5.2 we can fix a null set N C (0, 00)
such that

/ v(+,t) < / vo for all t € (0,00) \ NV, (6.20)
Q Q

that
ve(+,t) — v(-,t) ae. inQ forallt e (0,00)\ N as e =¢; \(0, (6.21)

and that

2t
ye () = y(t) == / In (v(:x,t)+1)dw+><21/ / |Vu(z, s)|?dzds  for all t € (0,00)\N ase=¢; \(0,
Q 0 Ja
(6.22)

30



where (gj)en is as given by Lemma 4.9.
Now when applied to a := 1, Lemma 4.3 in particular says that for each ¢ € (0,1) we have

d L[ Vol 2
"(t In( 1) / 2> / >0 forallt>0
y(t) = dt/ n(v. + |Vue|* > B (v + 172 or all t > 0,

and that thus
Ye(t) > ye(to) for all tg > 0 and any t > to.
In view of (6.22), on letting € = £; \, 0 this implies that
y(t) > y(to) for all tg € (0,00) \ N and each t € (tp,00) \ N, (6.23)

and that, correspondingly, y is nondecreasing on (0,00) \ N. Since, on the other hand, ¢; :=
2
% fooo Jo |Vul|? is finite by Lemma 6.2, and since thus

y(t) < / (U(-,t) n 1) e < / wt|Q+er forallte (0,00)\ N,
Q Q
from (6.23) we infer the existence of a finite number ca > 0 such that
y(t) e as (0,00) \ N 3t — oc.

But by definition of y, this means that

2 t
/ In <v(x,t) + 1>da: =y(t) — X;/ / \Vu(z, s)|>dzds — ¢y — ¢1 as (0,00) \ N 3t — o0,
Q 0 JQ

which directly yields (6.19) with b := 02@61 necessarily being nonnegative due to the fact that In(v(-, )+

1) > 0 a.e. in § for each t € (0,00) \ NV by (6.21). O

Indeed, through the logarithmic gradient estimate from Lemma 4.4 the latter entails the following,
still quite weak, spatial homogenization feature of In(v + 1).

Lemma 6.9 In addition to the hypotheses from Theorem 1.1, assume that (1.11) holds. Then taking
b >0 as in Lemma 6.8, we have

t+1
/ / ‘ In (v(x, s)+ 1) - b‘dwds —0 as t — 00. (6.24)
t Q

ProOoOF.  Going back to Lemma 4.4, we recall that for each T' > 0,

T T
/ /]Vln(vs—l—l)Q§2/v0+2|9|+x%/ /Vu5|2 for all € € (0,1),
0 Q Q 0 Q

which in light of Lemma 4.9 and the strong convergence statement from Lemma 5.2 implies that

T T
/ /|V1n(v—|—1)|2 §2/U0—|—2|Q|—|—X%/ /|Vu]2.
0o Jo Q 0o Jo
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Thanks to Lemma 6.2, we therefore know that

/Ooo HVIn (v(-,s) + 1) H;(Q)ds < 00,

whence choosing ¢; > 0 such that in accordance with a Poincaré inequality we have
llo — @”%1(9) < CIHV#?H%Z(Q) for all € W?(Q),

by means of a Cauchy-Schwarz inequality we see that

/t+1
t

ds
LY(Q)

In (v(-, s) + 1) —In (v(-, s) + 1)

1
2 2
ds}
L2(Q)

In (v(-, s) + 1) —1In (U(-, s)+ 1)

. {/t+1
< clé : { /:H HV]n (v(-,s) + 1)‘

— 0 as t — oo.

2 3
ds}
L1(Q)

But Lemma 6.8 provides a null set N C (0, 00) such that
ln<v(-,s)+1)—>b as (0,00) \ N 3 s — o0,

which clearly implies that

/t+1
t

In conjunction with (6.25), this establishes (6.24).

ds — 0 as t — oo.
LY(Q)

In (v(-, s)+ 1) —b

(6.25)

O

By means of a contradictory argument, this can be turned into a statement on convergence of v itself,
which with regard to its topological framework is already precisely of the form claimed in Theorem

1.3.

Lemma 6.10 Suppose that the requirements from Theorem 1.1 are met, and that (1.11) is valid.

Then with b > 0 taken from Lemma 6.8, for any choice of p € (0,1) we have

t+1
/ / lv(z, s) — (e® — 1)|Pdads — 0 as t — oo.
t Q

(6.26)

PROOF.  Assuming (6.26) to be false for some p € (0, 1), we could find (tx)ren C (0,00) and ¢; > 0

such that ¢, — oo as k — oo and

tr+1
/ lv(z, s) — (e® — 1)[Pdxds > ¢ for all k € N.

tr
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On the other hand, from Lemma 6.8 we know that
te+1
/ / ‘ln (v(:c,s)—i—l) —b)da:ds—>0 as k — oo,

which, on letting zx(x,s) == v(z,t; + s) for z € Q s € (0,1) and k € N, becomes equivalent to saying
that

/Ol/Q‘ln(zk(:v,s)—l-l)—b‘dwds—)O as k — oo.
We could therefore extract a suitable subsequence (zy,)icn along which
In(zp, +1) —b—0 a.e. in 2 x (0,1) as | — oo,
that is, for which we would have
’Zk, — (b — 1)’1? — 0 a.e. in Qx(0,1) as | — oo. (6.28)
Now as a consequence of (2.6), using the Holder inequality we can estimate

I

1

e //\zk\+2pe—1)my

< 2» /UO—I—ZP(e - 1) for all k € N,
Q

A

)zk — (¥ — 1)‘

which thanks to the fact that 1 > 1 warrants uniform integrability of (|2 — (€’ —1)[P)ren over Qx (0,1).
When combined with (6.28), through an application of the Vitali convergence theorem this implies

that we would have
1 P
//‘zkl—(eb—l) —0 as [ — oo,
0 Q

which is incompatible with (6.27) and thus proves that actually (6.26) must have been true. O

Thus left with the verification that the constant e® — 1 in (6.26), and hence b itself, is positive, one
last time we go back to Lemma 4.3. In fact, on applying the latter to a = 0 now we can make sure
that the singular value v = 0 thus appearing therein cannot be attained, nor be approximated, within
sets of positive measure, as resulting from the following estimate.

Lemma 6.11 In addition to the assumptions from Theorem 1.1, suppose that (1.11) holds. Then
there exist a null set N C (0,00) and C > 0 such that

1
_— < . .
/an+ o) dx < C for allt € (0,00) \ N (6.29)
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PrROOF.  We once more apply Lemma 4.3, but this time to a := 0, to see that for all € € (0, 1),

d 1 Vo2 | x3 5
1 <= [Veel Xz/ Vu|? < X2/ Ve |* for all t > 0,
dt Ve 2 Q ’Ug 2 Q 2 Q

1
/ln /1 n—+ == //\Vug\ for all ¢ > 0.
Q UE(‘ﬂt)

Since due to the fact that Inz < z for all z > 0 we can again use (2.9) to see that

so that

1 1
In = /ln +/ Inwv. (-t
/Q T 1) o ve(1) Sy &:8)
1
< In +/vs ot
fsrg Lo
= /ln L +/vo for all £ > 0,
o ve(nt)  Ja
this shows that
1
/ln+ < he(t —01+/ / |Vu,|? for all t > 0, (6.30)
Q UE('at)

where ¢; := [, In % + Jq vo-

We now return to Lemma 4.9 to pick a null set N C (0,00) such that with (¢;);en as given there we
have v.(-,t) = v(-,t) a.e. in Q for all t € (0,00) \ N as € = ¢; N\, 0. Since furthermore Lemma 5.2
implies that for all £ > 0,

he(t) — h(t) —cl+//|Vu\2 as e =¢; \(0,

we readily infer from Fatou’s lemma that (6.30) entails the inequality

1
/an+ oD < h(t) for all t € (0,00) \ N.

As Lemma 6.2 warrants boundedness of h throughout (0, c0), this already yields (6.29). O

Indeed, the latter entails positivity of the constant approached by v in the large time limit:

Lemma 6.12 Let the hypotheses from Theorem 1.1 be satisfied, and assume (1.11). Then the number
b from Lemma 6.8 satisfies b > 0.

PrROOF.  In line with Lemma 6.11, we fix a null set N C (0, 00) and a positive constant ¢; such that

1
/ Ing —— <¢ for all t € (0,00) \ N. (6.31)
Q U('7t)
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Then since Lemma 6.10 inter alia says that

kE+1 1
i :_/ /(v(x,t)—(eb—n dzdt, k€N,
k Q

satisfies n, — 0 as k — 0o, we can find ()ren C (0,00) \ N such that t, € (k,k+1) and [, [v(-, tp —

(e — 1)|% < . for all k € N, whence in particular |v(-,#;,) — (e — 1)]%t00 in L1(Q) as k — co. For a

suitably chosen subsequence (tg,)ien of (t)ren, we can thus achieve that v(-, ¢y, — (e —1) = 0 ae. in
1

Q2 and hence, by [0, co]-valued continuity of 0 < z — In; %, that Iny T Ing ﬁ € [0,00] a.e. in
R

Q as | — oo. In light of (6.31), however, due to Fatou’s lemma this implies that

/l L < limi f/l L <
n 11m 1n n C
o =17 e Joo Tu(ity) T

and thereby shows that indeed e’ — 1 must be positive. O

6.5 Proof of Theorem 1.3

Summarizing the above, we obtain the claimed results on stabilization in all three solution components:

PROOF of Theorem 1.3.  The statements on convergence of v and w have precisely been established
in Lemma 6.4 and Lemma 6.7. To verify the coresponding stabilization property of v, we take the
constant b as provided by Lemma 6.8, and let vy := €” — 1 to indeed obtain (1.14) as a direct
consequence of Lemma 6.10, whereas positivity of b, and hence of v, is asserted by Lemma 6.12. [J

7 Appendix: Details in preparing Lemma 3.2

Mainly in order to enlighten the origin of our assumption (1.5)-(1.6), and especially the particular
value of w* appearing therein, let us finally provide some technical but exclusively elementary details
necessary for our derivation of the fundamental Lemma 3.3, as having become manifest in Lemma
3.2. Our first three observations in this direction are concerned with expressions resembling that from
(3.2), but in place of the yet free parameter k involving a number 6 € [0, 1] which will be subject to
an optimization procedure below.

Lemma 7.1 Ford >0 andp > 1, let

do(1 — )

§F=¢,00):=(d—-1)0+2 — 6 < 0,1]. (7.1)
Then for fized d > 0,p > 1 and 6 € (0,1),
Lipo(€) == p&® —2p(d — 1)0¢ + [p(d — 1)* + 4d)0? — 4d0, 0 € R, (7.2)
satisfies
Iipe(§) <0 if and only if &€ (€7,¢M). (7.3)
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PROOF.  As simple computation shows that £~ and ' precisely coincide with the two zeros of Iy,
this is evident from (7.2). O

Lemma 7.2 Let d > 0,p > 1 and 6 € [0,1]. Then the number &, () from (7.1) satisfies

B , ' d<1, p>1andf€[0,1], or
§d7p(0) <0 if and only if { 451, p>1andf e, 9;@]7 (7.4)
where for d > 1,
N 4d
d = Dd—12 1 id €(0,1). (7.5)
PRrROOF.  This can be verified by elementary calculation. O

Lemma 7.3 Let x1 > 0,d > 0,p > 1 and 6 € [0,1], and suppose that s* >0 and 6 > s*. Then
Japa(s) == pxi(d — 5)? —2p(d — 1)0x1(5 — 5) + [p(d — 1)* + 4d]6* — 44, s €10, s"], (7.6)

defines a function which is negative throughout [0, s*| if and only if with fdi@ taken from (7.1) we have

- +
oq 5 @) (7.7)
X1 X1
Proor.  For s € [0, s*] abbreviating £ = £(s) := x1 - (0 — 5), we see that the inequality Jg,0(s) <0
is precisely equivalent to saying that the expression defined in (7.2) satisfies I3, ¢(§) < 0. Therefore,
(7.7) implies negativity of Jg, ¢ throughout [0, s*], because the right inequality therein warrants that
E=x1-(0—9)<&o< f;fp(G), and because according to the first condition implied by (7.7) we then
know that > x1 - (0 — s*) > &, (0). The necessity of (7.7) for negativity of maxse(o s+ Jap,0(s) can
be seen similarly. O

Indeed, the need for a maximization process is indicated by the following.

Lemma 7.4 Ford >0 anp>1, let

de(1 -6
pﬁlf;(e) =([d-1)0+2 (p)’ 6 € [0,1], (7.8)
and
dg(1—0
as well as
p((i;))(ﬁ) if either d <1 and 6 € [0, 1],
pap(0) = ord>1and0€[0,0; ], (7.10)
P0) ifd>1 and 0 € (05,,1],

with 07, taken from (7.5). Then given s* > 0, one can find 6 > s* and 6 € [0,1] fulfilling (7.7) if and
only if

1
s < — - max pg,(8). (7.11)
X1 0€[0,1]
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PROOF.  Since by (7.1) we have

PO =5 0) and pP)(0) =€ ,(0) —€&,(0)  ford>1,p>1andbe0,1],

we only need to observe that if @;}p(@) > 0, and hence equivalently d > 1 and 6 > 9;, 4 by Lemma 7.2,
then in (7.7) we have

_ _ 2
&1,(0) = L0y L0 -0 . o8O )
—_— S + } = — S = = — — 8
X1 X1 X1 X1 X1
by (7.10), whereas in §;’p(0) < 0, then, similarly,

+ (1)
fd,p(e) _ = pd,p(a) = pd,p(e) _&*
X1 X1 X1
according to Lemma 7.2 and (7.10). In both these cases, namely, choosing § > s* such that (7.7) holds

with some 6 € [0, 1] is thus equivalent to finding 6 € [0, 1] such that %1(9) —s* >0, as claimed. [
(1) (2)

We next separately address the corresponding maximization problems for p,’ and p

d,p dp’
Lemma 7.5 Letd > 0 and p > 1. Then with
1 d—1
0F ==+ €(0,1), (7.12)
T2 9 Jd-1)2+ 4
P
pt(ig is increasing on (0, Gzp) and decreasing on (6;_,17’ ), and
d—14/(d—1)2+ %
Wgy — D+ y — P
e Pap(0) = pap(0y,) = 5 - (7.13)
PrROOF. By differentiation in (7.8), we see that
d (1) d
— 0)=d—-1 — (1 —-20 0 (0,1
depd’p( ) + p9(1—0) ( )’ G( ) )7
vanishes precisely for 0 = 93—,;7' Computing
d—1 d—1)2+ 4
(1)(9+ ) = A ©+ p
Pap\Ydp) = 92
we thereby obtain (7.13), whereupon the claimed monotonicity properties become evident. O
Lemma 7.6 Letd >0 andp > 1, and let 0 , € (0,1) and pg])) be as in (7.5) and (7.8). Then
d—14,/(d—1)2+%d
(1) 0) = (2 ) . pr(d_ 1)2 < %da 14
ponax Pap0) =9 gy , . (7.14)
d,p m pr(d - 1) > ?
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Proor. With 9:{p taken from (7.12), we note that

p(d—=1)y/(d—1)2+ 2 —dd + p(d — 1)?
p(d—1)?+4d

2(9;@ —ap) =

is nonpositive if and only if z := p(d — 1)? satisfies z < 4d and pz - {(d — 1)? + %l} < (4d — 2)?, that
is, if and only if

2% +4dz < 16d% — 8dz + 22,

which is precisely equivalent to the inequality p(d — 1)? < %. For any such d and p, we thus have
ij <0, so that (7.14) then results from Lemma 7.5.

If, conversely, p(d — 1)? > %, then sz > 07, and hence the upward monotonicity of pé{; on (0, Gip),
as asserted by Lemma 7.5, upon a straightforward computation implies that
8d(d —1)

masc 0, (0) = AiylBin) = o114

ocfo.6;,]" P dp
in this case. O

Lemma 7.7 Letd >0 andp > 1, and let 0 ) € (0,1) and ,0(2) be as defined in (7.5) and (7.9). Then

d,p
8d(d—1) ‘
) () — J Pld-1*+4d if p(d —1)* < 4d,
max p,; () = (7.15)
€07 1] P 2\/% if p(d — 1)2 > 4d.

(2)
d.,p

1

PROOF. It can readily be verified that p, is increasing on (0, 3) and decreasing on (3, 1) with

1 d
max pf;(e) = pg;(f) =24/-.

0€[0,1] 2 P
Since 07, < % if and only if again writing z := p(d — 1)? we have f‘id < %, that is, if and only if
. 2 d(d— . . .
z > 4d, by computing p&;(ﬁlp) = M we immediately obtain (7.15). O

In summary, we can precisely identify the maximum of pg, as follows.

Lemma 7.8 Letd >0 and p > 1. Then

d—14,/(d—1)2+4d )
2 = pr(d_l)?{- < 4*7

3
—_ o 8d(d—1 - 4d
2\@ if4d < p(d—1)2 > .
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ProOOF.  In view of (7.10), this directly results on combining Lemma 7.5 with Lemma 7.6) and
Lemma 7.7. O]

In order to allow for a definition of w* which is independent of our particular choice of p € [2,po]
in Lemma 3.3, let us finally state a rather immediate monotonicity property of the above maximizer
with respect to p.

Lemma 7.9 The function P defined through (7.16) belongs to W/llo’coo(((),oo) X (1,00)) and satisfies
%—1; <0 a.e. in (0,00) x (1, 00).

PROOF. By direct computation on the basis of (7.16), it can easily be verified that P is continuous
in (0,00) x (1,00) and hence, according to its evident smoothness properties outside the regions
{p(d —1)2 = %} and {p(d — 1) = 4d}, indeed is locally Lipschitz continuous in (0, 00) x (1,00).
Nonpositivity of %—1; thereafter immediately follows from (7.16). O

We can thereby verify the main outcome of this appendix, as already referred to in the main body of
our above analysis:

PrROOF of Lemma 3.2.  According to (1.5) and Lemma 3.1, we can find s* € (0, w*) such that

we(x,t) < s* for all z € Q,¢t > 0 and € € (0,1), (7.17)
and using that with P as in (7.16) we have w* = P(;l"l), by continuity of P(d,-) we can fix pg > 4 such
that still

P(d
Pld,po) > 5.

X1

Then given any p € [2,pg], according to the monotonicity property of P from Lemma 7.9 we know
that

P(d7p) > P(d,po) > s*
X1 X ’

whence by definition (7.16) of P(d,p) we can find 6 € [0,1] such that pg, defined in (7.10) satisfies

pap(0) _ Pldp) _
X1 X1

Now as a consequence of Lemma 7.4 and Lemma 7.3, this in turn enables us to pick § > s* and ¢; > 0
such that

P2 (6 — 5)% — 2p(d — 1)0x1(6 — 5) + [p(d — 1)* + 4d]6? — 4dh < —c; for all [0, s*].

By means of a simple argument based on continuous dependence, this guarantees that with some
n € (0,1) suitably close to 1 we have

P36 — 8)2 = 2p(d+ 1 — 21)0x1(0 — s) + [p(d + 1)* — 4(p — 1)dn)6? — 4dnh < —%1 for all [0, s*].
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Upon multiplication by (p — 1)?, due to (7.17) this shows if we let

K= (p - 1)97

then for all € € (0,1),

p(p— 1)°X3(6 —we)? = 2p(p — 1)(d+ 1 — 2n)0x1(6 — wz) + [p(d + 1)> — 4(p — 1)dn]x® — 4(p — 1)dnk

Calp—1)°

< 5 in Q x (0, 00),

which can readily be seen to be equivalent to (3.2) with some suitably some C' > 0. O

Acknowledgement.  The author acknowledges support of the Deutsche Forschungsgemeinschaft
in the context of the project Analysis of chemotactic cross-diffusion in complex frameworks.

References

1]

AMANN, H.: Nonhomogeneous linear and quasilinear elliptic and parabolic boundary value prob-
lems. In: Schmeisser, H., Triebel, H. eds. Function Spaces, Differential Operators and Nonlinear
Analysis, Teubner-Texte Math., Vol.133, 9-126 (1993)

ARNOLD, A., MARKOWICH, P., TOoSCANI, G., UNTERREITER, A.: On convex Sobolev inequal-
ities and the rate of convergence to equilibrium for Fokker-Planck type equations. Comm. Partial
Differential Equations 26, 43-100 (2001)

BELLOMO, N., BELLOUQUID, A., TAO, Y., WINKLER, M.: Toward a mathematical theory of
Keller-Segel models of pattern formation in biological tissues. Math. Mod. Meth. Appl. Sci. 25,
1663-1763 (2015)

BELLOMO, N., GIBELLI, L., OUTADA, N.: On the interplay between behavioral dynamics and
social interactions in human crowds. Kinetic and Related Models, to appear

BELLOMO, N., HA, S.-Y.: A quest toward a mathematical theory of the dynamics of swarms.
Math. Mod. Meth. Appl. Sci. 27, 745-770 (2017)

BELLOMO, N., SOLER, J.: On the mathematical theory of the dynamics of swarms viewed as
complex systems. Math. Mod. Meth. Appl. Sci. 22 (suppl.), Art. No. 1440006

CsISZAR, 1.: Information-type measures of difference of probability distributions. Stud. Sc. Math.
Hung. 2, 299-318 (1967)

CUCKER, F., SMALE, S.: Emergent behavior in flocks. IEEE Transactions on Automatic Control
52, 852-862 (2007)

D1 PerNnA, R.-J., Lions, P.-L.: On the Cauchy problem for Boltzmann equations: Global
existence and weak stability. Ann. Math. 130, 321-366 (1989)

40



[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

ErTiMmIE, R., DE VRIES, G., LEWIS, M.A.: Complez spatial group patterns result from different
animal communication mechanisms. Proc. Nat. Acad. Sci. USA 104, 6974-6980 (2007)

Furior1, G., PULVIRENTI, A., TERRANEO, E., TOSCANI, G.: Fokker-Planck equations in the
modeling of socio-economic phenomena. Math. Mod. Meth. Appl. Sci. 27, 115-158 (2017)

GIGA, Y., SOHR, H.: Abstract LP Estimates for the Cauchy Problem with Applications to the
Navier-Stokes Equations in Exterior Domains. J. Functional Anal. 102, 72-94 (1991)

GIRALDEAU, L.A., CArRACO, T.: Social Foraging Theory. Princeton Univ Press, Princeton, 1999
GRoss, L.: Logarithmic Sobolev inequalities. Am. J. Math. 97, 1061-1083 (1975)

GurTAL, V., CouzIN, 1.D.: Social interactions, information use, and the evolution of collective
migration. Proc. Nat. Acad. Sci. USA 107, 16172-16177 (2010)

Ha, S.-Y., TaDMOR, E.: From particle to kinetic and hydrodynamic description of flocking.
Kinetic Relat. Models 1, 415-435 (2008)

HorrMaN, W., HEINEMANN, D., WIENS, J.A.: The ecology of seabird feeding flocks in Alaska.
Auk 98, 437-456 (1981)

HERRERO, M. A., VELAzZQUEzZ, J. J. L.: A blow-up mechanism for a chemotaxis model.
Ann. Scuola Normale Superiore Pisa Cl. Sci. 24, 633-683 (1997)

HORSTMANN, D., WINKLER, M.: Boundedness vs. blow-up in a chemotazis system. J. Differen-
tial Eq. 215 (1), 52-107 (2005)

KELLER, E.F., SEGEL, L.A.: Initiation of slime mold aggregation viewed as an instability. J.
Theor. Biol. 26, 399-415 (1970)

LANKEIT, J.:  Long-term behaviour in a chemotazis-fluid system with logistic source.
Math. Mod. Meth. Appl. Sci. 26, 2071-2109 (2016)

Leg, J.M., HiLLEN, T., LEwis, M.A.: Pattern formation in prey-taxis systems. J. Biol. Dyn.
3, 551-573 (2009)

PAINTER, K.J.: Mathematical models for chemotaxis and their applications in self-organisation
phenomena. J. Theor. Biol., to appear

SHORT, M.B., D’0OrsocaNa, M.R., Pasour, V.B., Tita, G.E., BRANTINGHAM,
P.J., Brerrozzi, A.L., CHAYES, L.B.: A statistical model of criminal behavior. Math.
Mod. Meth. Appl. Sci. 18 (suppl.), 1249-1267 (2008)

TANIA, N., VANDERLEIL, B., HEATH, J.P., EDELSTEIN-KESHET, L.: Role of social interactions

in dynamic patterns of resource patches and forager aggregation. Proc. Nat. Acad. Sci. USA 109,
11228-11233 (2012)

41



[26]

Tao, Y., WINKLER, M.: FEventual smoothness and stabilization of large-data solutions in a

three-dimensional chemotazis system with consumption of chemoattractant. J. Differential Eq.
252, 2520-2543 (2012)

TEMAM, R.: NavierStokes Equations. Theory and Numerical Analysis. Stud. Math. Appl., Vol.
2. North-Holland, Amsterdam, 1977

Wanga, L., SHORT, M.B., BERTOZZI, A.L.: Efficient numerical methods for multiscale crowd
dynamics with emotional contagion. Math. Mod. Meth. Appl. Sci. 27, 205-230 (2017)

WINKLER, M.: Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel
model. J. Differential Eq. 248, 2889-2905 (2010)

WINKLER, M.: Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-Segel
system. J. Math. Pures Appl. 100, 748-767 (2013), arXiv:1112.4156v1

WINKLER, M.: Stabilization in a two-dimensional chemotazis-Navier-Stokes system.
Arch. Rat. Mech. Anal. 211 (2), 455-487 (2014)

WINKLER, M.: The two-dimensional Keller-Segel system with singular sensitivity and signal ab-
sorption: global large-data solutions and their relaxzation properties. Math. Mod. Meth. Appl. Sci.
26, 987-1024 (2016)

WINKLER, M.: Large-data global generalized solutions in a chemotazis system with tensor-valued
sensitivities. STAM J. Math. Anal. 47, 3092-3115 (2015)

WINKLER, M.. How far do chemotaxis-driven forces influence regularity in the Navier-Stokes
system? Trans. Amer. Math. Soc. 369, 3067-3125 (2017)

WINKLER, M.: Global mass-preserving solutions in a two-dimensional chemotaxis-Stokes system
with rotational fluz components. J. Evol. Eq. 18, 1267-1289 (2018)

42



