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Abstract

This work is concerned with the doubly degenerate cross-diffusion system

{ up = (Uvug)y — (UQU%U)&U +uv, (0.1)

V¢ = Ugg — U,

that has been proposed as a model for experimentally observable quite complex pattern formation
phenomena in bacterial populations.

It is shown that for any initial data satisfying adequate regularity and positivity assumptions, a no-flux
initial-boundary value problem for (0.1) in a bounded real interval possesses a global weak solution
which is continuous in its first and essentially smooth in its second component.

This solution is seen to asymptotically stabilize in the sense that
u(-,t) > U and v(-,t) =0 as t — 0o (0.2)

with some nonnegative uo € C°(Q) which can be obtained as the evaluation of a weak solution
z € C°(Q x [0,1]) to a porous medium-type parabolic problem at the finite time 1.

Tt is moreover revealed that for each suitably regular nonnegative function u, on €2, the pair (uy,0),
formally constituting an equilibrium of (0.1), is stable in an appropriate sense. This finally implies a
sufficient criterion for the limit uo in (0.2) to be spatially heterogeneous.

The latter properties are in sharp contrast to known asymptotic features of corresponding nutrient taxis

systems involving linear non-degenerate diffusion, as for which the literature appears to exclusively
provide results on solutions which approach spatially constant states in the large time limit.
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1 Introduction

The tendency to evolve toward equilibrium belongs to the fundamental features naturally inherent to
large classes of parabolic flows. Beyond a virtually inexhaustible multitude of findings concerned with
convergence to steady states in numerous particular cases, the literature in fact provides considerably
comprehensive rigorous evidence for corresponding stabilization properties of bounded solutions in quite
general problem classes ([25], [12], [16], [24]). As a common characteristic, however, most among the sys-
tems well-understood in this regard share the peculiarity that their equilibria are either trivial or reflect an
appropriate balance of diffusion and the action of reaction-type sources; as the richness especially of the
stable among such steady state constellations is usually limited, this goes along with evident confinements
with regard to the ability of adequately describing systems in which significant trends to support large
varieties of structures are to be expected.

One purpose of the present work consists in rigorously confirming that when suitably accounting for possi-
ble subtleties with respect to particle motility, even some quite artless parabolic systems may nevertheless
well be appropriate models also under such circumstances of increased complexity. This will be sub-
stantiated in the context of a two-component reaction-(cross-)diffusion system which has been proposed
to describe bacterial patterning in particular physical frameworks, and a main mathematical feature of
which lies in a certain density-dependent limitation of the incorporated diffusion mechanisms. According
to a correspondingly included degeneracy of parabolicity, this system admits an abundantly rich — and
especially uncountable — set of steady states, and the analysis to be developed in this work will, inter alia,
reveal that each of these equilibria enjoys some stability property, and that any solution to an associated
initial value problem stabilizes toward one among these states.

The challenge of detecting nontrivial asymptotics in nutrient taxis systems. Describing the
emergence and evolution of structures appears to be among the most challenging topics in the analysis of
models for chemotaxis processes. Indeed, in the context of reinforced taxis mechanisms such as addressed
in the classical Keller-Segel system

(1.3)

u = Au+ V- (uVv),
v = Av — v+ u,

and some of its close relatives, the literature of the past years could rigorously detect quite a few among
the colorful dynamical features of such types of interplay which have been predicted by studies based on
either formal analysis or numerical simulations ([5], [28], [31]). Beyond the description of aggregation
phenomena in the mathematically extreme sense of finite-time blow-up in appropriate settings ([14], [27],
[37]) the existence of spatially heterogeneous steady states ([29], [30], [18], [8], [1]) as well as the role
of equilibria in the large time asymptotics ([9], [13]) have been the objectives of numerous contributions
in this direction; recent findings have furthermore revealed certain facets of colorful solution behavior at
intermediate time scales ([20], [39]).

The corresponding state of knowledge is much weaker in situations when instead of signal production
mechanisms as modeled in (1.3), chemotactic migration is directed by a signal substance which is not
produced but rather consumed by cells. At the level of biological experiments, observations in such
nutrient taxis systems witness the formation of quite strongly structured patterns, exhibiting up to fractal-
like complexity, even in very simple settings such as determined by bacteria of the species Bacillus subtilis
grown on the surface of thin agar plates, especially in presence of sparse nutrient ([6], [11], [10], [26]).
However, to the best of our knowledge virtually none of these findings could so far appropriately be
captured by any result from mathematical analysis concerned with models for such processes which are
evidently lacking any external driving force as well as any self-enhancing effect on cell migration such as
described in (1.3) by the signal production term 4w in its second equation: in nutrient taxis systems of



the form

1.4
v = Av — uw, (14)

{ up = Au+ V- (uS(u,v)Vo) + f(u,v),

various choices of the sensitivity and proliferation coefficient functions S and f have been proposed in
the literature, but no nontrivial large time behavior could be discovered in any of the previously studied
cases. When posed along with no-flux boundary conditions in bounded convex domains 2 C R"”, in the
prototypical setting obtained on letting S = 1 and f = 0, for instance, (1.4) apparently enforces asymp-
totics exclusively characterized by spatial homogenization: namely, corresponding initial value problems
involving reasonably regular but arbitrarily large initial data are known to possess global bounded classi-
cal solutions when n = 2, whereas global weak and eventually smooth solutions can be constructed when
n = 3, but in both cases each of these solutions approaches one of the spatially homogeneous equilibria
given by u = a and v = 0 with appropriate a > 0 ([35]); even additionally accounting for nutrient-induced
proliferation by choosing f(u,v) = uv does not essentially change this asymptotic property of (1.4) ([41]).
Together with further results of a similar flavor for the case when S(u,v) = 2 and f = 0 ([4]), or when
even couplings to surrounding liquid media are included ([21], [38], [40]), these findings suggest that in the
context of (1.4), the most colorful large-time dynamics that can at all be expected consists in wave-like
propagation phenomena, which in fact have been found to occur for the latter specific version of (1.4),
but which according to their particular nature eventually lead to spatial homogeneity in each bounded
spatial region ([17]).

Nutrient taxis involving signal-dependent degenerate diffusion. In the present work we shall
see that this situation may become substantially different when unlike in (1.4), cell diffusion nonlinearly
degenerates at small signal densities. Specifically, we shall be concerned with the nutrient taxis system

1.5
v = Av — uv, (1.5)

{ up =V - (wwVu) — xV - (v?oVv) + uv,
for x > 0, which has been proposed in [23], and recently also rigorously been derived by means of parabolic
limits in [32], as a model for the bacterial pattern formation phenomena reported in [11], [10] and [26].
In fact, numerical simulations performed in [23] for the spatially two-dimensional version of (1.5) indicate
that essential experimental observations such as e.g. quite complex forms of structure formation, including
branch-like patterning, are quite precisely reflected in the corresponding behavior of solutions, with the
level of this conformity apparently being significantly higher in (1.5) than in the corresponding taxis-free
simplification thereof obtained on letting x = 0 (cf. the detailed discussion in [23, Sections 4 and 5]).

Main results. The main goal of this work will be to rigorously capture part of these features, and our
results will indicate that in stark contrast to the situation in (1.4) discussed above, already in the spatially
one-dimensional version of (1.5) a considerable dynamical complexity can be observed also at large time
scales, and that due to the signal-dependent diffusion degeneracy this is possible even despite the fact
that each individual trajectory approaches a steady state. Indeed, equilibria (u,v) of (1.5) with u # 0 yet
vanish identically in their second component, as do those of (1.4), but unlike in the latter system there
is virtually unlimited freedom in the first component in the sense that any reasonably regular nontrivial
nonnegative function u at least formally defines a steady state (u,0) of (1.5). Now constituting one of the
probably most striking properties of (1.5), it will turn out that within this large continuum of equilibria,
in fact each individual one is stable in an appropriate sense, thus reflecting the ability of (1.5) to support
a large variety of arbitrarily complex asymptotic profiles.

Our particular analysis will address the initial-boundary value problem for the spatially one-dimensional



normalized version of (1.5) given by

u = (uoug)e — (UPvvg), + uv, reN, t>0,
V= Upp — UV, reQ, t>0, (1.6)
Wty — utvvy =0, vy =0, x eI, t>0, '
U(a?,()) ZUO(x)v U(SL',O) :’Uo(ﬂf), z €,
in a bounded open interval 2 C R, where the initial data in (1.6) will be assumed to be such that
up € CY(Q) for some ¥ € (0,1), with ug > 0 and [, Inug > —oo, and that (L)
vp € WH°(Q) satisfies vg > 0 in Q. '

In this framework, we shall firstly address the basic issue of global solvability. Here due to the degeneracy
of diffusion in (1.6), which can actually be regarded stronger than that in the associated porous medium
equation uy = (uuy),, in view of known results on limitations of smoothness in the latter we cannot expect
the component u to possess regularity properties substantially beyond continuity. We therefore believe
that the following global existence result is essentially optimal in this respect.

Theorem 1.1 Let Q C R be a bounded open interval, and suppose that (1.7) holds. Then there exists at
least one pair of nonnegative functions u and v which form a global weak solution of (1.6) in the sense of
Definition 2.1 below, and which moreover satisfy

loc

u € CY'( x [0,00))N L2 _([0,00); WH2(Q)) and I3
v e COQ x [0,00)) N C2LQ % (0, 00)). (1.8)

Next addressing the asymptotic behavior of these solutions, we first make sure that their second compo-
nents must vanish in the large time limit, and that this decay occurs in quite a regular manner: namely,
besides the quantity v also the corresponding spatial gradient uniformly approaches zero, and moreover

v satisfies the temporally uniform Harnack-type inequality (1.11) which inter alia implies that the corre-
sponding decay rate is spatially uniform in the sense that each of the scaled trajectories (m) .

) o >
forms a set of functions with values in [C, 1] with some C' > 0.

Theorem 1.2 If (1.7) holds, then the global weak solution (u,v) obtained in Theorem 1.1 has the addi-
tional properties that v decays in the sense that

| 1t st < o (1.9)

as well as
v(-t) = 0 in WH(Q) as t — oo. (1.10)

Furthermore, there exists C' > 0 such that

minv(z,t) > C - maxv(x,t) for all t > 0. (1.11)
€2 z€ef)
It may now be considered intriguing that despite these highly uniform decay properties of the chemoat-
tractant, the asymptotics of the respective first solution components are determined by substantially more
subtle mechanisms: namely, we shall see that for each individual solution the corresponding quantity u
also stabilizes toward a continuous limit function u.,, but that this final profile need no longer be trivial
nor even only independent of the choice of the initial data; in fact, it turns out that u., coincides with



the spatial profile of a solution to a scalar parabolic equation, evaluated at some finite time, where this
parabolic equation is essentially of porous medium type, with the degeneracy of the diffusion process
therein thus being of rather well-understood type.

We find it worth underlining here that to the best of our knowledge, the literature only contains very few
precedents detecting such finite-time evaluations as relevant to the final-time asymptotics in parabolic
equations, and in each of these cases the respective phenomenon can only be observed upon an appropriate
rescaling of the solution in amplitude ([3], [36]).

Theorem 1.3 Assume (1.7), and let (u,v) denote the corresponding solution of (1.6) from Theorem 1.1.
Then u is bounded in £ x (0, 00) with

u(-,t) >0 a.e. in Q for allt >0, (1.12)
and there ezists us € C°(Q) such that
u(,t) = use  in L°(Q) as t — oo. (1.13)

Moreover, this limit function satisfies us = 2(-,1), with z € CO(Q x [0,1]) N L2 (]0,1); WH2(Q)) being a

loc
weak solution, in the sense specified in Lemma 10.4 below, of

2; = (a(x,T)zzm> - <b(x,7)z2> + a(z,7)z, re, 7€(0,1),
2z =0, x e d, 7€ (0,1), (1.14)
2(,0) = o), req
where
o(z. 1) o(@, )valz, 1 .
a(x,7):=J —————— and bz, 7):=J ———F————= forxeQ, 7€ (0,1)andt=p (1),
| o= D= ol lame ) ()
(1.15)
with
[ee] 1 t
= [l ad 0= [ oG lods tz0. (116)
are such that there exists C > 0 fulfilling
1
ol <a(z,7) <C and |b(z,7)|<C for all x € Q and T € (0,1). (1.17)

Natural next questions consist in determining which functions from C°(Q) do appear as limits in (1.13),
and more generally, in characterizing stability properties of the functions (u,0), with suitably regular
but otherwise arbitrary nonnegative u,, when considered as a steady state of (1.6). Among the possibly
most striking properties of (1.6), the following result asserts that actually each of these equilibria is stable
in an appropriate sense.

Theorem 1.4 Letp > 5,q > -5 and K > 0. Then for all 1) > 0 there exists 0 > 0 with the following
property: if uy € (Wg’q(Q))* is nonnegative and ug and vy are such that beyond (1.7) we have

uollLro) < K and /thw) >—-K (1.18)
and \
[log ™| L2etnery SK (1.19)
whToer ()



as well as
[[uo — “*H(WOQ’Q(Q))* <o and HUOHLl(Q) <9, (1.20)

then the corresponding solution (u,v) of (1.6) from Theorem 1.1 satisfies
lu(-,t) — U*”(Wg,q(ﬂ))* <n and |[[v(,t)|1@) <n for allt > 0. (1.21)

Not surprisingly, the latter can finally be seen to imply an at least partial answer to the question how far
Theorem 1.3 indeed describes pattern formation in the sense of stabilization toward spatially heterogeneous
states:

Corollary 1.5 Letug € Uﬂe(O,l) C?(Q) be nonnegative with JoInug > —co, and suppose that ug # const.
Then for all K > 0 there exists § > 0 such that whenever vg € W1°(Q) is positive in Q with

3
log® N | swengen <K (1.22)
whT e (@)
and
[vollz1 () <6, (1.23)
for the solution (u,v) of (1.6) from Theorem 1.1 we have
u(,t) = uso  in L(Q) and  v(-,t) =0 in Wh°(Q) (1.24)
as t — oo, where
Uso # const. (1.25)

Main ideas.  As a fundamental starting point, our approach will make use of the gradient-like structure
of (1.6) formally expressed in the energy identity

i e [ e [ [t i
— = [ Inu+- [ vy =—[ —up— | ve,— [ wi— [ v. 1.26
dt{ Q 2 Ja Qu Q Q Q (1:26)

A first key step will consist in turning a bound for v in L'(€2 x (0,00)), as resulting from a rigorous
counterpart of (1.26) for solutions to appropriately regularized variants of (1.6) in a rather direct manner,
into an estimate for

Anwwmmwt (1.27)

This will be achieved in Section 3 by using further regularity information implied by (1.26) in the course

2
of an analysis of the time evolution of fQ %”
As a first application, in Section 4 this estimate will be utilized in our derivation of bounds for u in LP ()
with arbitrary p > 2, which at its core will result from a differential inequality of the form

il Lo [oeteath < ol { [ w+1]
dt \ Jo Q Q

with suitably chosen ¢ = ¢(p) > 1 and a = a(p) > 0 (Lemma 4.7). Section 5 will thereafter make use
of this for appropriately large p to derive a pointwise bound for the quantity (Inv),, which will not only
form an essential basis for the decay properties of v from Theorem 1.2, but which together with the
estimate for the expression in (1.27) will moreover serve as a crucial ingredient in our derivation of an
L* bound for u through a newly developed Moser-type iterative procedure in Section 6. By means of
these and some further higher regularity properties documented in Section 7, the Sections 8 and 9 will
assert the statements on global existence and decay of v from Theorem 1.1 and Theorem 1.2, respectively.
Our collection of estimates will moreover turn out to be sufficient to derive the stabilization result from
Theorem 1.3 in Section 10 through the analysis of (1.14) and an approximate counterpart, whereas the
stability property in Theorem 1.4 and its consequence from Corollary 1.5 will be proved in Section 11.



2 Preliminaries. Global classical solutions to regularized problems

2.1 A weak solution concept and a family of approximate problems

In view of the fact that the diffusion mechanism in (1.6) inter alia contains a degeneracy of porous medium
type, our existence theory will be carried out in the framework of the natural generalized solution concept
specified as follows.

Definition 2.1 Let u and v be nonnegative functions defined on  x (0,00) such that

v € L, ([0, 00); WH()) '
and that
UV, wov, and uv belong to L}, .(Q x [0,00)). (2.2)

Then (u,v) will be called a global weak solution of (1.6) if

_/OOO/Q“’%_/Q%@(HO) :—/Ooo/gzuvvxgox—i-/ooo/ﬂu%%cpx—|—/OOO/QM)¢ (2.3)
/OOO/QWML/QUW(.,O):/Ooo/gvx@ﬁ/ooo/guw (2.4)

are valid for all ¢ € C§°(Q x [0,00)).

and

In order to obtain weak solutions in this sense through a convenient regularization process, let us fix an
arbitrary number

9
— 2.
m>4 ( 5)

and consider the approximate variants of (1.6) given by

Ugp = 5((u5 + 1)m_1ugx> + (UeVeley)r — (ugvgvm)x + U Vg, e, t>0,

Vet = Vepp — Uels, ’ reQ, t>0, (2.6)
Ueg = Veg = 0, €N, t>0,

ue(z,0) = up(z), ve(x,0) =vo(x), x € (),

for e € (0,1). Since the diffusion processes in each of these problems are non-degenerate for nonnegative
solutions, standard theory from cross-diffusive parabolic systems, particularly of taxis type, becomes
applicable ([2], [7], [22]) so as to assert local existence of solutions to (2.6):

Lemma 2.1 Assume (1.7). Then for each € € (0,1), there exist Taze € (0,00] and at least one pair
(ue,ve) of functions

{ u: € CO(Q % [0, Trnaz.e)) N C?HQ x (0, Tinaze)),

e € Myt OO0, Tona ) W) 1 C2H(Q X (0, Tonae)), 27)

which are such that u: > 0 in Q X (0, Thnaze) and ve > 0 in Q X [0, Tinaze) and that (ue,v:) solves (2.6)
in the classical sense in Q x (0, Taze), and that

if Trnaz,e < 00, then  limsup {HuE sl e () + llve (-, )||W1,q(Q)} =00 forallg>1. (2.8)
t/Tmaz 5



Without explicit further mentioning, throughout the sequel we shall let (u.,v.) denote the solution of
(2.6) obtained in Lemma 2.1 for £ € (0,1), and we shall consistently make use notation such as u.y, Uezy
and us; when referring to corresponding spatial or temporal derivatives.

Let us first collect some basic properties of these solutions which in our subsequent analysis will play
important roles not only by providing some useful fundamental regularity features, but also by establishing
the first quantitative information (2.12) on large time behavior. Indeed, the latter will turn out to be
crucial in asserting that the solution components v. exhibit a certain decay property which is uniform
with respect to € € (0,1) (Lemma 10.3).

Lemma 2.2 If (1.7) holds, then for all ¢ € (0,1),

/Qu€(~,t) / ot / U —|—/ 0 for all t € (0, Thaz.e) (2.9)

and
/ ue (e, t) > / ue (-, to) for all tg € [0, Tinaz,c) and any t € (to, Tinaz,e) (2.10)
Q Q
as well as
ve(e,t) < / ve (-, to) for all tg € [0, Tinaz,e) and any t € (to, Tmaz,e)- (2.11)
Q Q
Moreover,
/ / UV < / ve(+, to) for all to € [0, Trnaz.c) (2.12)
to Q Q
and

Ve (-, 8) | oo () < [Jve (-5 t0) | oo () for all to € [0, Trnaze) and any t € (to, Tnaz.c)- (2.13)

PROOF.  Since integrating the first two equations in (2.6) shows that

pn / U = / UV for all t € (0, Trnaa,c) (2.14)

and
d

dt
on adding we directly obtain (2.9). By nonnegativity of both u. and v, (2.14) furthermore implies (2.10),

whereas (2.15) entails both (2.11) and (2.12). Finally, (2.13) is a consequence of the maximum principle
applied to the second equation in (2.6). O

Ve = —/ Ug Vg for all t € (0, Tinaz,e), (2.15)
Q

Beyond implying the above local solvability property, the condition (2.5) guarantees that the regularizing
effect of nonlinear diffusion enhancement at large densities is sufficiently effective so as to let these solutions
become globally extensible:

Lemma 2.3 For each € € (0,1), we have Typaqe = 00; that is, the solution (uc,v:) of (2.6) from Lemma
2.1 1s global in time.

Proor.  Let us assume for contradiction that Tjq. < 00. We then firstly observe that since

e )l ey < e ::/Quo—l—/QvO for all ¢ € (0, Tynas.) (2.16)

by (2.9), and since thus, according to (2.13),

’|u€('7t)v€( ) )”L1 < C1C2 for all t € (OaTmax,s)



with ¢g := [[vo]| Lo (), a standard regularity argument applied to the second equation in (2.6) ([15]) shows
that for all ¢ € (1,00) we can find c3(¢) > 0 such that

Hvsw(';t)”LQ(Q) < 03((1) for all ¢ € (Oa Tmaz,s)- (2.17)

Moreover, for arbitrary p > 2 we can integrate by parts in the first equation from (2.6) and neglect the
second among the diffusive contributions therein to see that due to Young’s inequality, the Cauchy-Schwarz
inequality and (2.17), for all t € (0, Tynaq,c) We have

1d _ _ _
= e [y, - o) [ e,
pat Jo Q 9)
+(p—1)/ ugvguaxvm—i—/ ulv,
Q Q
—(p— 1)8/ uP T30 (p — 1)/ ugveuwvw—i-/ugve
Q Q Q

—1)e —1)c2
S _(p 5 ) /u§+m—3u§x+ (p 5 ) 2 / ug—m+3vgw+62/ Ug
Q € Q Q

1
2(p—1 +m—1 2
p—1)e /(u: ’ )§+C4(p,e)-{/u§(p—m+3)} +cQ/uf;, (2.18)
Q Q Q

(p+m—1)>2

IN

where c¢4(p, €) == %. Now writing a := %;;Tnzl_)g&?;n:;)) € (0,1) and noting that

2(p—m+3)a 5 —4m+9

p+m—1 CpF+m—2

according to our restriction m > %, by using the Gagliardo-Nirenberg inequality (2.16) and again Young’s
inequality we obtain positive constants c5(p, ), cs(p, ) and c7(p, ) such that

<0

% ptm—1 72(’::"1"'13)
catpre) - [azom okt e [uS | G
Q L pm=T (Q)
ptm—1 2—m+3)a 4y ) 2e=mA3)(1-a)
< c 75 H P} ‘ p+m—1 ‘ u p+m—1
= il = el g ) LFFT ()
p+m—1 2(p—m+3)
S| ptm—1
e
pem=t o HETRAle
< cg(p, e H U ce(p, €
< a0 T S ale)
2(p—1)e prm=1
p+m—1)2 /Q(ua 2 ) +cer(pe)  forallt e (0, Thase),

so that (2.18) implies that

1d
—Z [P < cg(pre) + 02/ u? for all t € (0, Thhaz,e)-
pdt Q Q 7
Since thus
/ u? < { / ug} cererTmane 4 OPE) € (0, Thnane),
Q Q @

and since p > 2 was arbitrary, we may utilize the outcome of a standard Moser-type iteration ([34]) to
see that actually

”u€('7t)"L°°(Q) < 07(5) for all t € (Omiamﬁ)
with some c7(¢) > 0, which together with (2.17) contradicts (2.8) and thereby completes the proof. [



3 Energy dissipation enforcing integrability of ||v.(-, )|/~ in time

Let us next make sure that the dissipative structure formally expressed in (1.26) indeed possesses a
rigorous counterpart in (2.6) that is essentially unaffected by the additional regularization term therein.
Among several possible natural conclusions, let us focus on formulating the following estimates which,
besides asserting a certain positivity property of the first solution component through (3.3), provide the
further decay information given in (3.4) and (3.5) which will form the basis for our derivation of the
crucial estimate (3.12) for v. in LY((0, 00); L>=(12)).

In order to make our results accessible to both our arguments leading to global existence and stabilization
of solutions to fixed initial data in Theorem 1.1-Theorem 1.3, but also to our analysis of the stability and
heterogeneity properties addressed in Theorem 1.4 and Corollary 1.5, throughout this and the subsequent
section we shall emphasize the respective dependence of the obtained bounds on appropriate quantities
determined by the initial data.

Lemma 3.1 Let K > 0. Then there exists C(K) > 0 such that whenever uy and vy satisfy (1.7) and are
such that

/ Inug > —K and / up < K (3.1)
Q Q
as well as
/ vo < K and / vi, <K, (3.2)
Q Q
for all e € (0,1) we have
/ Inu(-,t) > —-C(K) forallt >0 (3.3)
Q
and -
v
/ /u 2, < C(K) (3.4)
as well as

/ / (3.5)

ProoOF. By using (2.6) and several integrations by parts, on dropping three nonpositive summands
and making use of a favorable cancellation we obtain

d 1 9 1 9
7 nu.+- [ v,y = — [ — ( (e + )™ Yy + uevotey — uevevm) + UV,
t 0 2 o) o) UE T
+/ Veg * (Uaxx - Uava)x
Q
(ue + )™ Ve 2
= _5/051@%1— Qu—iu5$+ Qvgumvm— Qvg
_/ v?rm _/vausxvsx _/Uavgx
Q Q Q

< —/ Uaugx—/va for all £ > 0. (3.6)
Q Q

Ug

On integration in time, in view of (3.1) and (3.2) this implies that

1
/lnu8 , //%ugw+//vg < —/lnuo—}—/vgx
Q 0 Ja Q 2 Ja

< gK for allt >0 (3.7)

10



and thereby firstly entails (3.3). As the validity of In{ < ¢ for all £ > 0 warrants that

[t < [t < [us [ o<
Q Q Q Q

according to (2.9), (3.1) and (3.2), from (3.7) we moreover infer that

//”52 // ggK for all t > 0

and that thus also (3.4) and (3.5) hold. O

Let us remark here that when aiming at a further development of (3.5) into an estimate for the quantity
Jo~ Noe (-t )dt with some p € (1,00] and ¢ > 1, one might consider interpolating between (3.5) and

an addltlonal bound on fo fQ . that could as well be derived from (3.6). Since the latter integrability
property involves a temporal norm in L? rather than L', however, any effort in this direction seems limited
to certain ¢ > 1, with ¢ = 4p5 1 constituting the apparently smallest choice possible without further
external information. Since for our subsequent analysis it will be crucial to include the exponent ¢ = 1

here, most conveniently combined with the choice p = 0o, independently from the above in Lemma 3.3 we

2
shall additionally analyze the time evolution of the weighted functional fﬂ 1;5: which, unlike the expression
fQ v2, considered in Lemma 3.1, exhibits linear growth, rather than a quadratic one, with respect to the
parameter A > 0 in the scaling v: — Av.. Indeed, the corresponding dissipative contribution will turn

4
out to dominate a multiple of |, ng” which, again due to its essentially linear growth in terms of the
unknown, will enable us to gain the desired L' decay information for ||v.(-,t)|| () by means of suitable
interpolation.

The following basic calculus inequality will firstly allow us to control some ill-signed contributions arising
in Lemma 3.3, and it will secondly turn out to be useful in the course of another testing procedure in
Lemma 4.1 below.

Lemma 3.2 Let ¢ > 0,a > —1 and ¢ € C%(Q) be a positive function satisfying ¢, = 0 on Q. Then

o q + 1 a
[ omonr < ()" [ omolon2ot., (38)
Proor.  We integrate by parts and use the Cauchy-Schwarz inequality to see that
1
—a—2 q+2 _ —a—1 q
[ em21e] — [ @ oo
_ q + 1 —a—1 q
= L [ el
1 1
q+1 / —a-1 +2}2 {/ - —22}2
< : @ x a : @ T q Tx )
< 2 [ [ meloalr2
which yields (3.8). O

We can now make use of the estimate (3.4) to derive the following additional information on decay in the
second solution component.

Lemma 3.3 For all K > 0 there exists C(K) > 0 such that if ug and vy satisfy (1.7) as well as (3.1),
(5.2) and

1)2
/ = < K, (3.9)
Q

Vo

11



then

/ / =2 < C(K foralle € (0,1). (3.10)

ProoF. From the regularity properties of u. and v. asserted by Lemma 2.1, in view of standard
parabolic Schauder theory ([19]) it follows that actually also v., belongs to C*1(Q2 x (0,0)) and satisfies
the accordingly differentiated version of the second equation in (2.6). Thanks to the strict positivity of
ve in Q X (0,00), we may therefore integrate by parts to compute

2 2
i Vex 9 Vex _ Vex
d = Vet 5 Vet
tJo Ve 0 Ve Q Ug
2
Vex Vex
= 2/ » : ('Uz-:acacz — Ugg Ve — usvsx) - / 2 (Uszx Usvs)
Q Ue

2 2
= _2/ UZ$I+2/1; Uamc_2/uaa:vaoc_ /u‘E 2 _/ 6367)59096"‘/ te 2
Q € Q Qv
v? v2, Ue o,
= _2/ Zeaw +/ 5 L Ve — / UegVeg — / for all ¢ > 0. (3.11)
Q Ve O Uz QU

Here another integration by parts shows that

2 4

v 2 v

/ %vem =3 % for all ¢ > 0,
Q Uz Q Uz

and in order to compensate this we invoke Lemma 3.2 to see that

2 4

8

—2/”‘:‘“5— P forall £ > 0.
Q Ve 9 Q Vg

As moreover, by Young’s inequality,

—2/ Ugey Ve _/ te 2 / for all £ > 0,
Q

from (3.11) we obtain that
/ /”‘f 2 forallt >0,
Q Us

which after an integration in time, relying on the W' 2-valued continuity of v. asserted by Lemma 2.1,
and on positivity of v. now throughout © x [0, 00), yields

2
/ Veul 1) / / 3 /UO / /Ue2 forall T >0
Q T Q Ug Qv

and thereby proves (3.10) due to Lemma 3.1 and (3.9). O

By means of a straightforward interpolation, a combination of the latter with (3.5) leads to the main
outcome of this section.

Lemma 3.4 For any K > 0 one can find C(K) > 0 such that whenever (1.7), (3.1), (3.2) and (3.9)
hold, we have

/Oo 0= (- 6) || ooyt < C(K)  for all e € (0,1). (3.12)
0

12



PrOOF.  According to the Gagliardo-Nirenberg inequality, there exists ¢; > 0 such that

1617 (@) < c1lldallza@llolzag) +crllgls)  for all o € WH(Q),

1
which applied to ¢ := v (-, t) for € € (0,1) and t > 0 shows that due to Young’s inequality we have

T T .y
[[ve (- )| Loy dt - = [0 (-5 )| oo (o) A
0 0

T i 1 T i 4
< o [ @] g lod GOt + er [ Ol oyt
T 1 4 T
<af \\(vg*)m(-,t)\m( 2 [ GO
= 256/ /Q —1—201/ /ve for all T' > 0.
Therefore, (3.12) results from Lemma 3.3 and Lemma 3.1. O

4 Deriving L” bounds for u. via further quasi-energy functionals

In deriving appropriate bounds for u. with respect to the norm in LP(2) for large p > 1 on the basis of a
standard testing procedure in the first sub-problem of (2.6), we evidently need to appropriately cope with
the degeneracy of the diffusion mechanism therein with regard to the asymptotically decaying component
ve. In order to nevertheless make appropriate use of the corresponding dissipation mechanism, we will
rather consider the time evolution of a coupled functional additionally containing a weighted L? norm of
the cross-diffusive gradient, thus being concerned with expressions of the form

[zt [ oo (4.1)
Q Q

for conveniently large p > 1 and suitably chosen ¢ > 1 and o > 0. Basic differential inequalities for
two summands herein will first be obtained separately in Section 4.1, whereafter Section 4.2 will provide
appropriate estimates for the respective right-hand sides. In Section 4.3 these will be combined so as to
detect a quasi-energy property of the functional in (4.1) under adequate assumptions on p,q and «, in
particular implying an estimate for u. in L>((0, 00); LP(2)) for arbitrary p > 2 in Lemma 4.8.

4.1 Further testing procedures

Let us first derive a basic information on the time evolution of the second summand in (4.1). We emphasize
that through the use of the precise quantitative form of the inequality from Lemma 3.2, our analysis here
strongly relies on the fact that the spatial setting is one-dimensional, which especially enables us to allow
for values o € (0, ¢q) in (4.2) which are arbitrarily close to the critical value a = ¢ (cf. e.g. the choice of «
in the proof of Lemma 4.7).

Lemma 4.1 Let ¢ > 2 and o € (0,q). Then there exists C > 0 such that for any choice of € € (0,1) we
have

d 1 a2
/%“!%H/v vy \q+2<c/ 200 for allt > 0. (4.2)
dt Jo C Jo Q

13



Proor.  Using the second equation in (2.6) and integrating by parts, we compute

d _ o _ _
@ / Ve a|vax|q = _a/ U ¢ 1|Uax|qvat + Q/ U, a|vsr|q QU&‘IUECL‘t
Q Q Q

— (¢-1Da / o oo |T0et — glg — 1) / 0 0o Tt
Q 9]

= (¢-1)a / 0 Woea|"an — (g — Do / 07 a1
Q Q

—q(q — 1)/ vs_o‘|vm|q_21)gm +q(qg — 1)/ ugvg_a|1}m|q_2v€m forallt > 0. (4.3)
Q Q

Here by means of the Cauchy-Schwarz inequality and Lemma 3.2, we see that

1 1
2 2
O I T <q—1>a-{ / v;a—%ww*?} {||}

+1 _ -
< (¢—1Da- 27_” : /st g |97 202,, for all ¢ > 0,

so that

(¢ — 1)a/ 0 MNvep | Wegr — qlq — 1)/ v Yveg |97 202, < —01/ v Yveg |97 202,, forallt >0, (4.4)
Q Q Q

where

atl_ (g-D(g—a)
a—+1 a—+1

c1:=q(g—1)—(¢—1a

is positive due to our restriction o < ¢q. As Young’s inequality states that the rightmost summand in (4.3)

can be estimated according to

l-o q—2 a - q—2,2 q2(q B 1>2 2, 2—« q—2
q(qg—1) [ uev;” ¥ veg|? “Veza < ) Uz Mg |V 0 + ——— | uiviT Y| vey] for all t > 0,
Q Q Q

201

and that herein with some ¢y > 0 we have

q—2 2 2(g—a)

2 2 2 2 q=2
—1 —1 q
q“(q ) /Ugvz_alvsx’q_z _ 4 (q ) / (U€U;a|v€$’q> Tt e 9
Q Q

2cq 2c1

- 1o L2
(q2)/ usvg_a|’U€x|q + C2/ (S Ug_a for all £ >0,
Q Q

IN

it follows from (4.3) and (4.4) that

d -1 g2
/ vz H|veg |+ Cl/ v;alvm\qdv?m + 7((] o / UV ¥ |veg]? < 02/ ug 2 vi™® for all t > 0.
dt Jo 2 Jo 2 0 0

Since again Lemma 3.2 shows that

c _ _ c a+1\2 —a
1/ Ve OC|U<€3t?|q 2U52zx Z Zl ' ( ) / Ve “ 2|U€$’q+2 for all ¢ > 07
Q Q

4 qg+1

this implies (4.2) upon an evident choice of C.

O

In a corresponding testing procedure associated with the analysis of the first summand in (4.1), the
particular form of the second summand on the right of (4.2) suggests how to estimate v, at a first stage,

thus leading to the following preliminary differential inequality.
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Lemma 4.2 Letp >1,q > 1 and a > 0. Then for alln > 0 one can pick C(n) > 0 such that if e € (0,1),
then

d —1 —1
/ ub + Lp ) / ué’*lvgugm + pi(p ) / uﬁ’“vavip +p(p — 1)5/ u€+m73u§x
(p+1)(g+2) g+2a+6

< pHv€|]Loo(Q)/Qulg—l—n/ﬂfue0‘2|v€gc|q+2—i—C(n)/ﬂu5 T 1 forallt>0. (4.5)

PrOOF.  From the first equation in (2.6) we obtain

1d
o [ e [y - [ e,
p Q Q Q
= (p— 1)/ ULV Uep Veg +/ ubv, for all ¢ > 0, (4.6)
Q Q

where by Young’s inequality,

—1 -1
(p— 1)/ UV Uz Vg < pT ug_lvsugm + ]92/ u§+lv€v§z for all t > 0,
Q Q Q

and where clearly

/ngus < vell oo (o) /Quf;f for all ¢ > 0.
Trivially estimating (ue +1)™ " > ™! in the second summand on the left-hand side therein, from (4.6)
we thus infer that for all ¢ > 0,
1d -1 —1
Lo L P [t e PR [ttt (oo De [ e i,
pdt Jo Q Q Q
< o=1) [tk + ol | o

which already implies (4.5) due to the fact that for each > 0, Young’s inequality provides ¢; = ¢1(n) > 0
fulfilling

1 2 2 2 % 1 T2t
—a— q 2
(p— 1)/ ultoz, = (p— 1)/ (vea Ve |7 ) culty,
Q Q
(p+1)(g+2) g+2a+6
< 77/ Us_a_2|vsx’q+2+cl/ U ve !
Q Q
for all ¢ > 0. O

4.2 Estimating the right-hand sides in (4.2) and (4.5)

We shall next face the yet open challenge how to make appropriate use of the degenerate diffusive action
in the first equation from (2.6), in the form expressed in (4.5). A key observation in this direction consists
in the following functional inequality which may be viewed as a particular Gagliardo-Nirenberg-type
interpolation involving certain products of functions. We underline that for our applications thereof in
Lemma 4.5 and Lemma 4.6 the appearance of the spatial L> norm on the left of (4.7) seems to be of
crucial importance, and that hence also in this part our analysis strongly relies on our resorting to the
the spatially one-dimensional case.
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Lemma 4.3 Let p > 0. Then there exists C' > 0 such that
3 _
w1182, < Cllsl oy I g, {nwn%m(m [ ovet+ [ orivui+lslgt, uwumm} (47)

is valid for arbitrary positive functions ¢ € C*(Q) and ¢ € C*(Q).

Proor.  We employ the Gagliardo-Nirenberg inequality to find ¢; > 0 fulfilling

p% p+2 _ 2(17p~:_12)
lowmT B2 = o™ k),
p+1 1 2(1717_:32)
< al|@Fvh l0F T, raleT el L L @)
where we note that
p+1
o0t = [ ot < ol 1)

Since by Young’s inequality we can moreover estimate

[ ohn] g = [ {Eare T vte + 3o vhu)
< b2l / R A
< b2l o [ vt g [ orive,

from (4.8) we thus obtain that

3 2
sty < P alolnmlelEe [ @ vet+ Jalolum vl e [ & e

3(p+2)

+2
+e |8l o) 191 5 )

which directly implies (4.7) due to the fact that (p +2) = 1% + 3. O

In light of our basic information from Lemma 2.2, when applied to (¢, ) := (ue,v:) this entails the
following more concrete preparation for Lemma 4.5 and Lemma 4.6.

Lemma 4.4 Let p > 0 and r > 0 be such that

(p+1)(p+2)
p+4

Then for alln > 0 and K > 0 there exists C(n, K) > 0 such that if besides (1.7) we have

<r<p-+2.

/ up < K (4.9)
Q
and
[vollzoe () < K, (4.10)
then
[[ucvz P Izoo () < TI/QUE’_IUEUQ +?7/QUQ’“vev§z + C(n, K)l[vellpoe)  for allt > 0. (4.11)
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PrROOF.  According to (4.9) and (4.10), the inequalities in (2.9) and (2.13) entail that
uell 21 (o) S/qur/voSKJr!Q\-K for all t > 0
Q Q
and
[ve(, )l ooy < K for all £ > 0. (4.12)

In particular, Lemma 4.3 therefore implies the existence of ¢; = ¢1(K) > 0 such that

3(p+2)
) < 01HU€H££(Q) (t) + cl||v5||L§j(1Q) for all t > 0,

[|usvé pH ||p+2(

where we have abbreviated
I(t) := / uloou?, + / uP Tyl for ¢t > 0.
Q Q

For any fixed r € [%,p + 2), this implies that with ¢y = co(K) := (201);? we have
_3r_

3r
[[ueve i 7 () < callvell e §+2>1p+2( ) +eallveljig,  forallt >0, (4.13)

where thanks to the fact that » < p + 2, for each n > 0 we may invoke Young’s inequality to find
c3 = c3(n, K) > 0 such that

3r

CQHUngJEgI;“)IH?( ) < nl(t) + csllve|l /o (p+1)(p+2 R for all ¢ > 0. (4.14)
Here since our assumption r > % warrants that the difference
B 3r =+ +2)
P+Dp+2-r) (p+D(p+2-7)

is nonnegative, again by (4.12) we may estimate

3r
csllvell ooy = esllvell oo lvell o) < caK®vellpoe()  for all £ > 0.

As this hypothesis on r moreover entails that

3r s 3(p+2)_1_2(p+1)

o+l T pt4 D4

is positive, we similarly obtain that

3r

|”+1 @ < cszHvaHLoo(Q) for all t > 0,

C2||ve |
so that combining (4.13) with (4.14) yields (4.11). O
We can thereby estimate the right-hand side in Lemma 4.1 as follows.

Lemma 4.5 Suppose that p > %,q € (1,2(p+2)) and a > 0 satisfy

(2p —1)q

a < m (4.15)
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and

3(p+2)
sS4 (4.16)
as well as 3( 2)
p+
> - e 4.17
*-=4 p+1 ( )

Then for all n > 0 and any K > 0 one can find C(n, K) > 0 such that whenever (1.7), (4.9) and (4.10)
hold, for arbitrary ¢ € (0,1) we have

a2
/ us? v < 77/ ul o, + r]/ uPT 02, 4+ C(n, K)|[vel oo () for allt > 0. (4.18)
) Q Q

Proor. We first estimate

a+2 3\ D@z e)  giy  (p41)(g-a)
/ W e = / (ugvgﬂ) ol 5
Q Q

3 (p+1)(g—a) / q+2 _ (p+D)(g—a)
3

||UEU§)?||L00(§) Qu€2 forallt >0 (4.19)

IN

and note that here

¢+2 (p+Yg-a)  @p—lg—2p+a
2 3 6 =

due to (4.15). Accordingly, (2.9) along with the Holder inequality as well as (4.9) and (4.10) yields
c1 = c¢1(K) > 0 such that

q+2 _ (p+1)(g—a)
/ Ug 2 3 < for all ¢ > 0. (4.20)
Q

Apart from that, on the right of (4.19) we may use (4.16) and (4.17) to estimate

3(p+2)
(p+Dg—0a)  P+D "5  (p+1)p+2)
3 - 3 p+4
and
o +1 _3(p+2)
(p—f—l)?fq a)<(P )3 P _ 4o

Therefore, Lemma 4.4 applies so as to say that given n > 0 we can find ca = ca(n, K) > 0 such that

8 1) L P
1 ||usvd HLoo(é) < n/ng vguex+n/gu§ VeVZ, + Col[vel| Loo () for all t > 0,

which together with (4.19) and (4.20) establishes (4.18). O

In much the same manner, we can derive a similar inequality for the right-hand side appearing in Lemma
4.2.

Lemma 4.6 Let p > %,q > 1 and o > 0 be such that

(2p —1)gq

> ) (4.21)
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and
3p+2)g q+6

~ 2(p+4) 2

(4.22)

as well as
3p+2)g q+6

2(p+1) 2
Then for all n > 0 and K > 0 there exists C(n, K) > 0 with the property that if (1.7), (4.9) and (4.10)
holds, then for any € € (0,1),

(4.23)

(pt1)(a+2) g+20+6
/ ue v T < 17/ ul o ul, + 77/ ulT o2, + C(n, K)||vell oo () for allt>0. (4.24)
Q Q Q

PrROOF.  Proceeding as in Lemma 4.5, on the right-hand side of the inequality

(p+1)(q+2) g+2a+6 3 <P+1>(g+27a+6> 2(p+1)(g—a)
/ ue 4 v ¢ = / (ugvé’“ ) a T
Q Q

3 (pt1)(g+2a+6) / 2(p+1)(g—c)
Q

IN

||UE'U5p+1 HLOO(Q?Q Ug 3 s t >0, (425)

we use (4.21) to see that

(2p—1)q
2+ g—a) A1) (0-SE)
3q - 3q

to conclude from (2.9), (4.9) and (4.10) that
2(p+D(g=a)
/ us < for all ¢t > 0 (4.26)
Q

with some ¢; = ¢;(K) > 0. As furthermore

. C(3(+2)g  g+6
(p+1)(g+20+6) P+ {Q+2 (2<p+4) 2 >+6} C(p+D)p+2)
3q - 3q N p+4

by (4.22) and

3(p+2) +6
(p+1)(q +2a +6) (p+1)'{Q+2'(2(€7+1>q_qT)+6}_
34 < 34 =p+2

due to (4.23), in view of (4.26) we readily infer (4.24) from (4.25) and Lemma 4.4. O

4.3 An LP bound for u,

Fortunately, the conditions on « from Lemma 4.5 and Lemma 4.6, and in particular the inequalities (4.15)
and (4.21), can simultaneously be fulfilled by some a € (0, ¢) if p > 2 and the exponent ¢ is taken from an
appropriate intermediate range determined by p. For such choices, the coupled functional in (4.1) satisfies
a differential inequality which in view of Lemma 3.4 indeed reflects a certain energy-like feature.
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Lemma 4.7 Let p > 2 and q > 4 be such that

2(p+1(p+2)

<q<2p+2).
o <qg<2(p+2)

Then for all K > 0 there exists C(K) > 0 such that if (1.7), (4.9) and (4.10) are satisfied, then

d — BTy q €
@ P 2y, el E [ prme32 ook () 41 / 4 it
dt{ /Qus +/QUE "Ua | } + C(K) /QUE Ugy = C( )HUEHL () { + Qus for a >0

(4.27)
whenever € € (0,1).
Proor. We let 5 1
p J—
Q= —" 4.28
2D ¢ (4.28)
and first invoke Lemma 4.1 to find ¢; > 0 and ¢y > 0 such that
i —a q —a—2 q+2 % q—«
U Moeg|T+ 1 | vo T e |TTE <o | ue? vl for all t > 0, (4.29)
dt Jo Q %
whereupon Lemma 4.2 says that with some ¢z > 0 and ¢4 > 0 we have
d
— [ uf+ 63/ ul™ wu?, + 03/ ul o, + 636/ ul T3y 2,
dt Jo Q Q Q
(p+1)(g+2) g+2a+6
< C4||U5||LOO(Q)/ ul + ¢ / V7 e, 1T + 04/ ue T v for all ¢ > 0. (4.30)
Q Q Q
We next observe that according to (4.28), our assumption p > 2 in particular warrants that
3 2 6 3(p—2
_{ (P+2)g g+ }: (p—2)q L350, (4.31)
2(p+4) 2 20+ 1)(p+4)
while 5 5 6 5 .
_{ (p+2)g g+ }: t+1-9) _, (432)
2(p+1) 2 p+1

thanks to the fact that ¢ > % especially ensures that ¢ > %(p +1) > p+ 1 for any p in the

considered range. The hypothesis ¢ > % moreover entails that
3 2 2 1 2) — 4
a_{q_ (p+ )}:3. P+DP+2) -+ )qgo’ (4.33)
p+4 2p+1D(p+4)
whereas the restriction ¢ < 2(p + 2) guarantees that
3 2 —q+2 2
a_{q_w}:3.w>o‘ (4.34)
p+1 2(p+1)

Now in view of (4.28), (4.31) and (4.32), Lemma 4.6 becomes applicable so as to yield ¢5 = ¢5(K) > 0
fulfilling

(p+1)(g+2) g+2a+6 3 1 9 c3 . 5
64/ u v T < 2/ P veus, + 2/ ul v, + esllve| (o) forall ¢ >0, (4.35)
Q Q Q
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and similarly (4.28), (4.33) and (4.34) enable us to infer from Lemma 4.5 that there exists ¢ = c¢6(K) > 0
such that

at2 c c
C2/ ug? v < 23/ P toou?, + 23/ uP 02, + covell e (o) for all t > 0. (4.36)
Q Q Q

When combined with (4.35) and (4.36), (4.30) and (4.29) thus show that

d _ _
Cﬁ{/ﬂué’—i-/ﬂva"]vm\q}—i—c;;&t/gu?m 3u2,

< C4||v€||Lw(Q)/Qu§+(C5+c6)|yvg||mm for all £ > 0

and thereby establish (4.27). O

A time integration in (4.27) finally in fact leads to an LP bound for the first solution component in the
following form.

Lemma 4.8 Let p > 2. Then for all K > 0 there exists C(K) > 0 such that if ug and vo satisfy (1.7),
(3.1), (3.2) and (3.9) as well as

/ ub < K (4.37)
Q
and
2(1;11) 2(p+p1J)r€lp+2)
< .

/QKUO )x <K, (4.38)
then for any choice of € € (0,1) we have

/ ul(-,t) < C  forallt >0 (4.39)

Q
and .

g/ lua( DIt < O (14 €T)  for allt > 0. (4.40)
0

Proor.  We apply Lemma 4.7 to q := % >4 to find ¢; = ¢1(K) > 0 and ¢p = ¢3(K) > 0 such
that

d ,%.q p+m—1 9
d{/ug—k/vg (P |’U5x|q}+6]_8/(us ? ):ESCQHUEHLoo(Q)'{/Ug"‘l} for all ¢ > 0.
t\Ja Q Q Q

Therefore,

_2p—1 .
yé‘(t) a / ’Uﬁg(-’t) +/ Ve e q('vt)’va('?t)‘q? t >0,
Q Q
and
g:(t) == cla/ﬂ(u5 )2 as well as he(t) == callve (-, )| Lo () t>0,

satisfy
YL(t) + go(t) < he(t)ye(t) for all t > 0, (4.41)

which upon a first integration shows that

Y= (t) < y-(0) - elo he()ds for all ¢t > 0.

21



Now since (3.1), (3.2), (3.9) and (1.7) hold, we may invoke Lemma 3.4 to find ¢z = ¢3(K) > 0 such that

t
/ he(s)ds < c3 for allt > 0 and € € (0,1), (4.42)
0

2(p+1)(p+2)

which implies that writing ¢4 = c4(K) := K + ( (pH)) p+4 K we have

2 1
/ P+ / T 10 < et forall £ > 0, (4.43)

because

2<p+ 1 2(p+1l(4p+2) - 2(p+1_‘)_(4p+2)
0) = up4-< P ]/‘ @+> v
yE( ) /Q 0 3

due to our definition of q.
Having thereby particularly established (4.39) in order to derive (4.40) we go back to (4.41) to see that a
second integration thereof entails that due to (4.43) and again (4.42), we have

T T
/ ge(t)dt < y:(0) +/ he(8)ye(s)ds < cq + c4e for all T >0
0 0

and hence .
p+m—1 €3
g/ (e 2 )2 <oy =es(K) = AEAT Al T > 0. (4.44)
0 Ja 1
As the Gagliardo-Nirenberg inequality provides cg > 0 such that
2(2p+m—1) 9 2p 2(2p+m—1) 19
lell 2oy < collealizllell™ ™ +esllell 57 for all o € W3(9),
TI(Q) m(ﬂ)

from (4.43) and (4.44) we infer that

T T _ 2(2ptm—1)
[ hetonte = e [ Jul ) 2
) S — € )

0 : L= @) 0 L= ()

T ptm—1 2 ptm—1 7p+f£71
< cge Hu2 't‘ ‘uz -t 2 dt
< e [ 0] g 0 0T

T ptm—1 2(2p+m—1)

—_— Ffm—1
+c65/ ’ug (L) T dt
0 Lrtm=1(Q)
2p+m—1

< cqcseee® + (™) r eT forall T > 0

and thus conclude that also (4.40) holds. O

5 Uniform boundedness of (Inv.),

Again in view of the v-dependent degeneracy of diffusion in (1.6), deriving L* bounds from the previously
gained LP estimates seems to require additional efforts when compared with well-established approaches
from the theory of quasilinear parabolic equations and systems. In fact, it seems that any straightforward
application of the standard Moser-type approach to e.g. the differential inequality from Lemma 4.7 leads
to bounds for u. in LP(2) which unfavorably depend on p due to the nature of our above methods of
estimating the respective cross-diffusive contributions in (2.6).
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In order to nevertheless develop a modified Moser-type approach toward corresponding L estimates in
the next section, we shall now make use of the information from Lemma 4.8 for suitably large but fixed p
to firstly obtain uniform pointwise bounds for the quantity (Inwv.),. In particular, these will enable us to
estimate, wherever convenient, the gradient |v.,| by some multiple of the expression v. which we already
know to decay conveniently fast e.g. in the sense specified in Lemma 3.4. Moreover, as a by-product this
will lead to the Harnack-type property (1.11) which, at the level of approximate solutions (Corollary 5.3),
will also ensure a certain uniformity of the decay property from Lemma 3.4 with respect to the parameter
¢ (Lemma 10.3).

As our analysis in this direction will not be referred to in Theorem 1.4 and Corollary 1.5, we do no longer
pursue nor stress the quantitative dependence of the subsequently obtained estimates on the initial data,
hence assuming ug and vg to be fixed functions satisfying (1.7).

For convenience in notation during this section, for e € (0, 1) let us introduce the function w. given by
we(z,t) := Inv:(z,1), €N, t>0, (5.1)

which according to the regularity and positivity properties of v. asserted by Lemma 2.1 is a classical
solution of

Wet = Wegz + W2, — U, reQ, t>0,
Wey = 0, xed, t>0, (5.2)
we(x,0) = Inwvg(x), x €,

Then once again due to the one-dimensional structure of our problem, the spatial gradients of these
solutions enjoy a further family of energy-like properties which entail the following boundedness feature.

<C for allt > 0. (5.3)

Lemma 5.1 Suppose that (1.7) holds, and let ¢ > 2. Then there exists C > 0 such that for all € € (0,1),
Usm('v t) ‘q

s

PROOF.  As 2 is bounded, in view of the Holder inequality we may assume without loss of generality
that ¢ > 2 is an even integer. We moreover note that again thanks to parabolic Schauder theory, we,
lies in C%1(Q x (0,00)) and solves the differentiated version of (5.2) classically, so that upon testing the
resulting identity by the quantity w; 1, well-defined since ¢ — 1 is a positive integer, we obtain that

1d _
T ng = / ng L. (ws:m:a: + 2Wep Wegn — Usz)
qdi Q

= —(¢— 1)/qu 22, + 2/Qw€ww5m - /ﬂugxngl for all ¢ > 0. (5.4)

Once more due to the boundary condition, the second last summand herein satisfies

2
2/ Wiwegy = —— (wqﬂ)x =0 for all t > 0,
Q q+1

while in the last we again integrate by parts and useYoung’s inequality to see that

—1 —2
/ wwdt = (g—1) / w2
Q Q

q—l 2 9 q_l 2 -2
S 2/qu w6$$+T Quéwgl’
-1
< ‘JT qu 202, + e[ weg |92 ) forallt>0, (5.5)
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where thanks to Lemma 4.8,

—1
cl = a—=. sup sup/ ul(-,t)
2 ce01) >0 Ja

is finite. We now make use of the fact that in the considered one-dimensional setting we have
|@llze(@) < c2lldallizg) — for all ¢ € Wy*(Q) (5.6)

q
with e.g. ¢ 1= \Q]%, which when applied to ¢ := wZ; shows that due to Young’s inequality,

_9 q 2(q—2)
Cl||w£quLoo(Q) = 01Hw§x||Lo<‘3(Q)
2g-2) g g 20a=2
< q 2 q
> (16 (wsz)x L2(9)
q—1 201
= 2 H(w”)z‘ 2o
-1
= 9 ), wi2w?,, + c3 for allt >0 (5.7)

~2. As once more by (5.6) we can estimate

q
/Q wly <100 JwdiBe
2

IN

q
9 - cal| (w).

L2(Q)

2|0
= Q|4|02/ wi 2w?,, for all ¢t > 0,
Q

from (5.4), (5.5) and (5.7) we thus infer that writing ¢4 := ﬁ we have

Ld

th/ngijC;l/g;ngSCg for all t > 0

and hence, thanks to the inclusion we, € C9(]0,00); L(9)) guaranteed by (2.7) in conjunction with the
positivity of v. on 2 x [0, 00),

q

/nggmax{ UO;,CA‘} for all t > 0,
Q Q Yy €3

which precisely yields (5.3). O

In particular, together with Lemma 4.8 this allows us to view the inhomogeneity h. := ng — ue in (5.2)
as a perturbation uniformly bounded with respect to the norm in LP(Q2) for arbitrary p > 1. Therefore,
applying straightforward regularity arguments to the heat equation w.; = weys + he(x, t) yields the desired
pointwise estimate for w,,,.

Lemma 5.2 Assume (1.7). Then there exists C > 0 such that for all € € (0, 1),

|Vee (2, )| < Cue(z,t) for all x € Q and t > 0. (5.8)

24



PROOF. We fix any p > 1 and then obtain from Lemma 5.1 and Lemma 4.8 that there exists ¢; > 0
such that for all € € (0, 1),

/Q ]wax|2p <e¢; and /ng <c for all ¢ > 0. (5.9)

Letting (e *4V);50 and (e7#4P),5( denote the heat semigroups over { under homogeneous Neumann and
Dirichlet boundary conditions, respectively, by means of a Duhamel formula associated with (5.2) and a
known smoothing property of (e *A¥);~q we can find ¢z > 0 such that

t
||ng(',7f)||Loo(Q) — Haxe—mln{l,t}ANwE(.’(t_1)+)_|_/(t ! 8xe(t_5)AN{w§x(-,s)—ug(-,s)}ds o
—1)4+ L2 (Q
< ||ore mint AN ¢ 1)+)HL00(Q>
t 1 1
+c / t—s) 2 2 wa - 8) —ue(, s ‘ ds for all ¢t > 0, 5.10
) A I T CORECE] N (5.10)
where thanks to (5.9),
1
[12e8) el ) < e 8) ey + el vy < 26 for all 5> 0,
so that )
t 11 20502
c t—s) 2 2 wzx‘,s —u -,s‘ ds < — = 5.11
[ ) o) " (5.11)

due to our restriction p > 1.
We now note that in the considered one-dimensional framework the identity

dpe™ "W = e 0 g,

can readily be verified to hold in Q for all ¢ > 0 and any ¢ € C'(Q) fulfilling ¢, = 0 on 9Q. Therefore,
by means of the comparison principle we find that for small ¢,
—min{1,t}A . _ _ —tA .
|oue Swe(, (=] L = e AP0, 0) ey
< stz('»O)HLOO(Q)
Yoz
Vo

L) for all ¢t € (0,1], (5.12)

whereas for larger times a known regularization feature of (e *AP);~q provides c3 > 0 fulfilling

et -]y = )

L (Q) Lo ()

es3llwea (-t — 1)l L2r ()
1

< 0?03 forallt > 1

IN

according to (5.9). Together with (5.12) and (5.11) inserted into (5.10), this establishes (5.8). O
The approximate counterpart of (1.11) is now obvious.

Corollary 5.3 Suppose that (1.7) holds. Then there exists C' > 0 such that whenever € € (0, 1),

Ve(2,t) = Cllve (-, 1) | Lo (@) for all x € Q and t > 0. (5.13)
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PrOOF.  According to Lemma 5.2, we can find ¢; > 0 such that
[Vex (2, t)| < crve(z,t) forallz € Q,¢t>0and e € (0,1). (5.14)

Then for fixed € € (0,1) and ¢ > 0 we may choose z¢ € Q such that v.(zo,t) = [[ve(-,)|| f(0), and use
(5.14) to estimate

T

Inv.(z,t) = lnfug(xo,t)—i—/ (Inw:).(y, t)dy

o

> Inwv.(zo,t) — c1]Q] for all z € Q,

which clearly implies (5.13) with C := e~ O

6 Uniform boundedness of u,

We are now prepared to perform an iterative argument of Moser type in order to derive an L bound for
ue independent of both € and t. Our procedure will particularly involve a recursive inequality of the form
(6.1) which, beyond a quadratic nonlinearity of standard type, contains a certain inhomogeneity with fast
but yet digestible growth with respect to the sequence index. Since we could not find a precise reference
treating such inequalities in the literature, for completeness we include a short proof of the following
elementary statement.

Lemma 6.1 Leta>1,b>1, My >1 and (My)gen C [0,00) be such that

My <af M2, +b2  forallk > 1. (6.1)
Then )
lim inf M2* < bMoe®, (6.2)
k—o00
where
o In2+jlna
j:

PrOOF.  For convenience in notation, we introduce M _1 := 0 and then observe that the set
S = {k >0 ’ b2 > M,f_l}

is not empty with 0 € S, and that inside this set we can trivially estimate
w7
MET < ()T = forallkes. (6.4)

In particular, this directly entails (6.2) in the case when S contains inifinitely many elements, because
My > 1 and C is positive by (6.3) and our assumption a > 1.
Thus left with the case when S is finite and hence kg := max S well-defined, using that then

B < ME, <d*MZ2 ., forall k> ko,
we obtain from (6.1) that

My, < 2aFME , for all k> ko,
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1
which is equivalent to saying that for zj := In M ,fk , k>0, we have

2 < % + 2h_1 for all k& > kg.
Therefore,
" 2 +jlna
2 < 2k + Z ngko—kC for all & > kg
j=ko+1
and thus )
MP* < et .Y forall k > ko. (6.5)

Now in the exceptional case ky = 0 we have
e*ko = 0 = MQ < bMQ,

while if kg > 0 then its definition along with (6.4) warrants that

1
e%ko — M,go’“ﬂf < b < bM.
In consequence, (6.5) hence ensures that (6.2) also holds when S is finite. O

We can now proceed to the verification of the announced boundedness result. As usual in the context of
Moser-type iterations, our starting point will consist in a testing procedure of the form in Lemma 4.2, but

in contrast to the latter we will now interpret the dissipative expression fQ ug_lveugz appearing therein,
p=1 1
up to multiplicative constants, as part of the full Dirichlet integral of the coupled quantity u.? vZ (see

(6.10)), and estimate both the respective error thereby made, as well as the corresponding cross-diffusive
contribution, by making use of the pointwise inequality from Lemma 5.2 (cf. (6.12) and (6.15)). In each
of the quantities to be estimated from above, this will enable us to retain the quantity [[ve(-, )|z () as
a factor which decays in the sense of Lemma 3.4 and can thus be estimated after an integration in time
(see (6.16) and (6.17)). By means of Lemma 6.1 this will entail the following.

Lemma 6.2 Assume (1.7). Then there exists C > 0 with the property that for all € € (0,1) we have

e (- )|y < C for all t > 0. (6.6)
Proor.  Writing
pe =28 + 1, k>0, (6.7)
we observe that in view of Lemma 4.8, for each ¢ € (0,1) any of the numbers
My, . := max {1, Sup/ ugk(~,t)}, k € N, (6.8)
t>0 JQ

is finite. To estimate M} . for £ > 1 and ¢ € (0,1), fixing any such k we abbreviate p := pj and once
more use the first equation in (2.6) to see on employing Young’s inequality that

1d

I R O R R R
pdt Jo Q

Q

= (p—l)/ngvgumvm+/Qu§v5

-1 -1
< p/ ul oo, + p/ ul Ty w2, +/ ulv for all t > 0,
2 Ja 2 Ja Q
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so that since § < p-l < £ due to the fact that p > py = 2, we obtain

d 2 2
/ u? + p/ ul ol < p/ ul 02, +p/ ulu, for all t > 0. (6.9)
dt Jo 4 Jo 2 Ja Q

In order to take appropriate advantage of the second summand on the left-hand side herein, we again use
Young’s inequality along with the fact that p + 1 < 2p to find that

ptl 1 +1 et 1 1 pt1 _1 2
=5 2 p
/(u62 1}52)96 = /{ Ue? VEUsy + —Ue? Ve zvem}
Q Q

2 2

(p+1) 1.2 1 1,.-1,2
< T QUIE) U5u6x+§ ngJr Ve Vgg

1
< 2p2/ uPlou?, + / uP o 12, forallt >0
Q 2 Jo
and that hence
2
1 bt 1 1
p/ uPlou?, > = / (us? v2)2 — / ult oy 12, for all t > 0. (6.10)
4 Jo 8 Ja 16 Jq

Here the rightmost summand can be controlled by using Lemma 5.2, which namely provides ¢; > 0 such
that
v (x,t) < c1v2(z,t) forall z € Q,t > 0 and € € (0,1), (6.11)

Ex

so that invoking the Gagliardo-Nirenberg inequality and Young’s inequality we infer that with some ¢y > 0
and c3 > 0 we have

1 C
p+1 1,2 1 p+1
— Uz V.U < —= Uz
].6 / g g ET — ].6 / £ £

= EH%Q Uf”%%m

ptl 1 13 ptl 1 4 pHl 1o
< oof e v, It vl + el i)
1 ptl 1 Pl L
< EH(UEQ UED L) +esllue® v2 71 for all t > 0. (6.12)
As (6.7) warrants that % = p’“QH = pr—1 and hence
pH1 pt1) 2 )
[Jue® U52HL1(Q) < vell oo (o) - { /QU82 } < vellpoe(a) - Mi—1 ¢ for all £ >0 (6.13)

according to (6.8), this means that

1 1 prl 1
/ ué’“v;lvgx < — | (ug? v )326 + 03Hv5\|Loo(Q)M,§,L€ for all t > 0,
16 Jq, 16 /g,

whence combining (6.9) with (6.10) shows that

d 1 et 2

1
el (ue” 02)) <

/ uPt ol —i—p/ uPue + 03HUEHLoo(Q)M]?71 - for all ¢t > 0. (6.14)
dt 9 16 9 QO e ’
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Here the first summand on the right can be treated by arguments quite similar to those used in (6.12)
and (6.13): indeed, using (6.11), (2.13), the Gagliardo-Nirenberg inequality and Young’s inequality we
can find positive constants c4, c5 and cg such that

2
c1
ubo?, < ar ul T3
Q 2 Ja

P

2

2

because p > 1.
Finally, in the second last term in (6.14) we again invoke the Gagliardo-Nirenberg inequality, Young’s
inequality and (6.13) to find ¢7 > 0 and ¢g > 0 fulfilling

p / ulv.
Q

< ap’ /Q ul o,
oll, BEL L3 ptl 1 4
< e b}, o a0 + e ol s
1 p+l 1 p+l 1 p+l 1
< gy 02k, g +eopPue® 02 1) + st 0 By
1 B 342
< | (ue? v2)2 4 (e + co)p? vl Lo (0 Mk 1e forallt >0, (6.15)

p+tl 1 2p %
p [ (e vZ)el ol
Q

1 p+1 1 2p

< pllv p-:ol U v2||Ptl
ol e o417,
L prlo1o 3 e 1 204D - pfl 12
< el f | (e v2). o lue® w2 | )+ enpllvel| 72 g llue® v2 (12,
=5 |? Bl +2> T sy pil 1
< ol b L2(9)+c8p2<p+2>\\ve\\ 2 ue? o2 || iy + enpllve| T2 gy lus® v |,
1 S x +2) 2%171;) e
< o [ b ot R {n M
1
+C7p||UEHLoo(Q {Hva|lz§(Q)le+ia}
Lo b e 2
= 3 (ug? '1)52)33+68p2(p+2)”’UQHLOO(Q)M]CP_L&.+C7pH’U€”Loo(Q)Ml:_17€ for all t > 0.
Since evidently 2E ; < 3, 2p+1 <2 and 7 < 2, we may use the inequalities p > 1 and My_1 . > 1 here
to obtain
1 AT 3 2
p/ ulve < o | (ue? v2)5 + (c7 + c8)p”||vell oo () Mi—1 for all ¢t > 0,
0

which in conjunction with (6.15) and (6.14) shows that

pn up < cop H'UgHLOO(Q M? c for allt >0 (6.16)

with cg := ¢3 + ¢5 + ¢cg + ¢7 + cs.
We now rely on the fact that Lemma 3.4 yields ¢1g > 0 satisfying

| IOl < foraile € 0.1,
0
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as a consequence of which we infer upon an integration in (6.16) that
3772 !
[ < [t emtdst o, [ ots)lods
Q Q 0
< /ﬂug’“ + coeroppMi_y . forall t > 0. (6.17)

Writing ¢17 := max{l,cgci0}, after maximizing over t € (0,00) we thus obtain that in both cases

l[te || oo ((0,00); 7% (@) < 1 and [[uel| Loo ((0,00):27k () = 1
Mpe < / ub® + cuipp M ..
Q

By means of the obvious estimates
Cllp% = C11 * (Qk -+ 1)3 § C11 (2 . 2k)3 = 8611 . 8]C S ak

with a := 64¢1; > 1 and
k
L <100 ol = (191 Twolse) -l o

2k
k
< {max{l,\Q!-HUoHLoo(m}} NuollZe (o)

p2"

IN

with
b:.= max{l, max{l, |Q‘ . HUOHLoo(Q)} : HUOHLoo(Q)} > 1,

this entails that
My <d*ME . +b*  forallk>1ande e (0,1),

whence Lemma 6.1 applies so as to show that with some c12 > 0 we have

1
lign inf M2 < c1o for all € € (0,1).
—00 ?

As My . > 1 and py, > 2% this implies that also

. 1
h]gng,i’; < h]?_l)lorolfMéE < 1o for all € € (0,1),

which by (6.8) entails that

1
c12 > liminf { / ug’“(-,t)}pk = [Juec (-, )|l Lo () for all t > 0 and any € € (0,1)
Q

k—o00

and thereby proves the lemma. O
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7 Further temporally local estimates

The uniform boundedness property of u. obtained in Lemma 6.2 has some straightforward consequences
on further regularity properties of both solution components. Once more due to the structure of the
diffusion degeneracy in (1.6), these will substantially depend on appropriate positivity features of v, and
thereby essentially remain local in time by relying on the following immediate by-product of Lemma 6.2.

Lemma 7.1 There exist k > 0 and C > 0 such that for all € € (0,1),
ve(w,t) > C - e for all x € Q and t > 0. (7.1)
PROOF.  Since Lemma 6.2 yields ¢; > 0 such that u. < ¢; in ©Q x (0, 00) and hence
Vgt > Vegg — C1Us in Q x (0, 00),

the inequality in (7.1) with x := ¢ and C' := min 5 vo(x) > 0 immediately results from a straightforward
comparison argument. O

We can thereby extract from our previously gained weighted estimates for u., a corresponding local-in-
time integral bound which no longer involves any weight function.

Lemma 7.2 There exists C > 0 such that for any ¢ € (0,1),

T
/ / u?, < CeT for all T > 0, (7.2)
0 Q

where kK > 0 is as in Lemma 7.1.

ProOOF.  According to Lemma 3.1, we can find ¢; > 0 such that

oo
| [E<a ranee (73)

Ue
whereas Lemma 6.2 and Lemma 7.1 provide positive constants cp and c3 such that whenever € € (0, 1),
ue(x,t) < co forall z € Q and t > 0
and
ve(,t) > cze” for all x € Q and each t > 0.

Therefore, (7.3) implies that

—kT
o > / / Ve gx > acse / / u?, forall T'> 0 and € € (0,1)

and thereby entails (7.2). O

Independently from the preceding, the degeneracy control provided by Lemma 7.1 allows us to invoke
standard regularity theory for porous medium type scalar parabolic equations ([33]) in order to obtain
Holder estimates for both solution components.

Lemma 7.3 Let T > 0.Then there exist 6 = 0(T) € (0,1) and C(T') > 0 with the property that
c(T) for all e € (0,1) (7.4)

il ot @ouory <

and

||ve ] c(T) for all e € (0,1). (7.5)

%% @x[0,1]) =
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PrROOF.  We write the first equation in (2.6) in the form

Uet = OpAc(x, b, U, Uey) + Be(x, t, ue), x e, t>0,
with
Aoz, t,2,6) = e(z + 1)™ L + vo(z, 1) 26 — ve(z, t)vep (2, 1) 22, (x,t,2,&) € 2 x (0,00) X [0,00) x R
and

B.(x,t,2) = ve(x, 1)z, (x,t,2) € Q x (0,00) x [0, 00).
Here using that Lemma 7.1,(2.13) and Lemma 5.2 provide ¢; = ¢1(T"),c2 > 0 and ¢3 > 0 such that

1 < ve(x,t) <co and  |vep(z,t)] < e forallz € Q,t >0 and e € (0,1),
we may use Young’s inequality to estimate
At 2n6) € > 26— vuns
1

2.2
> 561252 - %z?’ for all (z,t,2,£) € Q2 x (0,00) x [0,00) X R,

whereas evidently
Az, 2,6)| < {(z F1yml g cQz} €]+ eacsz®  for all (z,,2,€) € Q@ x (0,00) x [0,00) x R
and
|Be(z,t,2)| < coz for all (x,t,2z) €  x (0,00) x [0, 00).

As (ug)ee(0,1y is bounded in L>(Q x (0,00)) by Lemma 6.2 and ug is Holder continuous in Q according to
(1.7), the estimate in (7.4) therefore becomes a consequence of a well-known result on Hélder regularity
in quasilinear degenerate parabolic equations ([33, Theorem 1.3, Remark 1.4]). Likewise, (7.5) can be
derived e.g. from the boundedness of (—ucv:)c(0,1) in L*(€2 x (0,00)) and the Holder continuity of vg
implied by (1.7). O

Based on the latter, the second solution component can be seen to actually possess the following higher-
order smoothness feature, due to possibly lacking regularity of vy naturally restricted to time intervals
away from ¢ = 0.

Lemma 7.4 Let T >0 and 7 € (0,T). Then there exist 0 = 0(1,T) € (0,1) and C(1,T) > 0 such that

HvEHC“"*“%(ﬁx[r,T}) <C(r,T) for all e € (0,1).

PROOF.  As (—uecve)ee(o,1) is bounded in 0917971(5 x [0,T]) with some 6; = 61(T) € (0,1) according to
Lemma 7.3, this is an immediate consequence of standard parabolic Schauder estimates ([19]). O

8 Passing to the limit. Proof of Theorem 1.1

Our construction of a weak solution to (1.6) through an appropriate extraction procedure is now rather
straightforward.
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Lemma 8.1 There exist (¢;)jen C (0,1) and nonnegative functions

u € CO(Q x [0,00)) N L>®(Q x (0,00)) and (8.1)
v e C%Q x [0,00)) NCHLQ x (0,00)) N L>®(2 x (0,00)) '
satisfying B
uy € L2 (9 x [0,00)) (8.2)
and
vy € L(Q x (0,00)) (8.3)

which are such that €; 0 as j — oo and

Us = U in CP.( x [0,00)), (8.4)
Uey — Uy in L2,.(Q x [0,00)), (8.5)
Ve =V in CP.( x [0,00)) N C'fo’cl(ﬁ x (0,00)) and (8.6)
Vew = Uy in L=(Q x (0, 00)) (8.7)

as € = €5 \, 0, and that (u,v) is a global weak solution of (1.6) in the sense of Definition 2.1.
PrROOF.  According to Lemma 6.2 and Lemma 7.2,

(ue)ee0,1) 18 bounded in L>(€ x (0,00))
and

(Uex)ee(o,1) 1s bounded in L2 (2 x [0,00)),
whereas due to (2.13) and Lemma 5.2,

(Ve)ec(0,1) and (Vex)ee(o,1)  are bounded in L>(Q x (0, 00)).
Moreover, Lemma 7.3 and Lemma 7.4 in conjunction with the Arzela-Ascoli theorem ensure that
(ue)ec(o0,1) s relatively compact in CP (2 x [0,00))

and that

(Ve)ee(o,1) s relatively compact in CY (1 x 0,00)) N C21Q x (0,00)).

loc

By means of a standard extraction procedure we thus infer the existence of (¢;)jen C (0,1) such that
gj Ny 0 as j — oo and that (8.4)-(8.7) hold as ¢ = ¢; \, 0 with some nonnegative functions v and v
fulfilling (8.1)-(8.3). The latter properties evidently entail the regularity requirements in (2.1) and (2.2)
in Definition 2.1, while the identities (2.3) and (2.4) result from (8.4)-(8.7) in quite a straigtforward
manner: given ¢ € C5°(Q x [0,00)), using (2.6) we see that

o oo o0
_/ /ua@t_/uo()o('a0> = _5/ /(us""l)m_luew@;t_/ /Usvaufw(ﬂw
0 Q Q 0 Q 0 Q
o o
+/ /ugvsvm(pm—i—/ /usvgcp (8.8)
0 Q 0 Q

for all € € (0,1). Here since supp ¢ is bounded, (8.4) and (8.5) apply to show that

[ee] o0
[ s [ [
0 Q 0 Q

33



as well as

/ /(u8 + 1" umgox — — / / u+1)" uxcpx
0
o
—5/ /(uE + 1)m_1u€x<px -0

as € = £ \, 0, while combining (8.4) with (8.5), (8.6) and (8.7) yields

/ /’U,EU(SU&«;EQOI% / /uvuzgox
o0 o0
[ oo [ o
0 Q 0 Q
o0 o0
/ /ugvggo—>/ /uvgp
0 Q 0 Q

as € = g5 \, 0. Therefore, (8.8) implies (2.3), and (2.4) can be verified similarly.

and hence

as well as

and

Inter alia, this establishes our main result on global existence in (1.6).

PROOF of Theorem 1.1.  The statement actually is a by-product of Lemma 8.1.

9 Asymptotics of v. Proof of Theorem 1.2

The above preparations also immediately entail the claimed qualitative properties of v:

PROOF of Theorem 1.2. From Lemma 3.4 and Lemma 5.2 we know that
[oe)
/ V(- )| Loo () dt < 1 for all e € (0,1)
0
and
|Veq (2, t)| < cove(z,t) for all z € Q,¢ >0 and € € (0,1)

and that thus also -
/ [Vea (+, E) || oo () At < c1c2 for all € € (0,1).
0

(9.1)

(9.2)

(9.3)

In view of (8.6) and Fatou’s lemma, combining (9.1) with (9.3) establishes (1.9) and thereby also entails

(1.10), because (2.13) and (8.6) imply that
”'U(',t)”Loo(Q) < H’U(',to)HLoo(Q) for all tg > 0 and t > tg
and hence

t
10C, D) ey < / T lmpds 0 a1t
tf

by (1.9), and because thus (9.2) and again (8.6) imply that also

[0z(, )| Loe ) < callo(sB)l[Le@) =0 ast — oo

Finally, once more thanks to (8.6) the Harnack-type inequality (1.11) is a direct consequence of Corollary

5.3.
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10 Convergence of u. Proof of Theorem 1.3

Next concerned with the asymptotic properties of u, to achieve a first observation in this respect let us
perform a substitution of the time variable in the style of that in Theorem 1.3 but yet at the stage of
the solutions to the approximate problems (2.6). Here of crucial importance will be the observation that
thanks to the Harnack-type inequality (1.11), unlike in (1.6) the degeneracy of the diffusion mechanism
in the accordingly transformed problem is, up to a bounded and uniformly positive (z,t)-dependent
coefficient and a correction vanishing as € \, 0, essentially of porous medium type.

Lemma 10.1 Suppose that (1.7) holds, and for e € (0,1) let

te i = —1In— 10.1
€ - n - ( )
and .
Toi= [l eyt (10.2)
as well as B
ze(x,7) 1= us(x, po L (1)), x e Q, Tel0,1], (10.3)
where
1 t
polt)i= 5+ [ oeles)lompds,  te it (10.4)
e Jo

where k > 0 is as provided by Lemma 7.1, and where (u.,v:) denotes the solution of (2.6) from Lemma
2.1. Then

Zer = (as(x,T)zm) + (as(x,T)zszm) - <b5($,7')23) + as(z, 7)z2e, xeQ, 7e(0,1),
2er = 0, x e d, 7€ (0,1),
Zg(w,O) - U()(.CL'), x € €,
(10.5)
with
ac(e, )= e (ug(x,t) + 1)m_1 (10.6)
[[ve (s )l Lo ()
as well as (1) (. ) 0ms (2. )
Ve, Vel U) Ve T,
as(x,7) =Jo —— and be(x,7) = Jo + —F— (10.7)
: : [V (-5 t) | Loo () : : [ve(+st) | oo (02)
forx € Q, 7€(0,1) and t := pZ1 (7). Moreover, there exists C > 0 such that for all ¢ € (0,1),
0<a.(z,7)<C forallx € Q and 7 € (0,1) (10.8)
and )
ol <ag(zr,7) <C forallx € Q and T € (0,1) (10.9)
as well as
|be(z,T)| < C for allx € Q and T € (0,1). (10.10)

PRrROOF. Observing that z. indeed is well-defined due to the fact that p. is strictly increasing with
p:(0) = 0 and p.(t.) = 1, from the regularity properties of u. and v. it is clear that z. belongs to
C*1(Q x (0,1)) with

NS S
pL(p="(7))

. JE
[0 (-, p= (7)) | o< ()

Zer (2, 7) = uer(w, PE_I(T)) = ust(x’pe_l(T))
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for all z € Q and 7 € (0,1). Therefore, (10.5) readily results upon multiplying the first equation in (2.6)
by m and making use of the definitions in (10.6) and (10.7).

Next, to derive (10.8), (10.9) and (10.10) we recall that Lemma 3.4 and Lemma 7.1 provide ¢; > 0 and
co > 0 such that

J: <1 for all € € (0,1) (10.11)

and
ve(z,t) > coe™ for all z € Q,¢>0and e € (0,1), (10.12)

and that Corollary 5.3, Lemma 5.2 and Lemma 6.2 in conjunction with (2.13) yield positive constants cs,
¢4 and c5 fulfilling

ve(2,t) > csllve(, )|l Lo () forallz € Q,¢t>0and e € (0,1) (10.13)
and
|Vez(z,t)| < ¢4 forall z € Q,¢>0and e € (0,1) (10.14)
as well as
ue(z,t) < ¢ forall z € Q,¢>0and e € (0,1). (10.15)

Therefore, namely, thanks to (10.11) we immediately obtain that for all ¢ € (0, 1),
as(z,7) < J. <1 for all z € Q and 7 € (0,1),

whereas combining (10.13) with (10.12) shows that for all € € (0,1) we have

te te
a(z,7) > cal. _63/ Hvs(-,t)HLoo(Q)dtZCQC;;/ et
0 0

= 928 (1 st :%.( _E)>%
- (1 —e ") - 1 5) 2 5 for all z € Q and 7 € (0,1).

Since furthermore
|be(z, 7)| = ac(x, 7) - ]vm(:n,pgl(T)ﬂ < cqac(w,T) forall z € Q, 7€ (0,1) and € € (0, 1),

and since the definition of ¢, along with (10.11), (10.12) and (10.15) guarantees that

€

Sbelnt) < e o e
€ -1
< Cl'm'(%‘i‘l)m
92 1 m—1
_ e s E DT e, e (0,1) and £ € (0,1),
C2

we thus conclude that indeed (10.8), (10.9) and (10.10) are valid if we let C' := max{cg, ¢1, 5., , c1ca},
for instance. O

As a consequence of the inequalities in (10.8), (10.9) and (10.10), these rescaled solutions are uniformly
Holder continuous, again due to standard regularity theory for porous medium type equations.

Lemma 10.2 Assume (1.7). Then there exist 0 € (0,1) and C > 0 such that

<C for alle € (0,1). (10.16)

Hz‘sucgvg(ﬁx[o,l}) -
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PROOF.  According to (10.3) and Lemma 6.2, (2c).¢(o,1) is bounded in L>°(€2 x (0,7)). In view of the
upper bounds in (10.8), (10.9) and (10.10), the nonnegativity of a. and the uniform lower estimate for
a. in (10.9), and due to the Holder continuity of wy asserted by (1.7), the claimed estimate can be seen
by straightforward application of Holder regularity theory for the quasilinear parabolic problem (10.5) in
quite a similar fashion as demonstrated in Lemma 7.3. O

Now an important preparation for an appropriate passage to the limit in (10.5) addresses the corresponding
limit behavior in the expressions J. from (10.2). In our verification of the expected behavior we shall
essentially rely on the integrability property from (2.12) which can be used to provide some e-independent
control of the tail integrals ftzo Ve (-, ) || oo () dt for large to > 0 by means of the positivity feature of u.
from Lemma 3.1 and, again, the Harnack inequality (1.11).

Lemma 10.3 Assume (1.7), and let (¢)jen C (0,1) and t. > 0 be as in Lemma 8.1 and (10.1), respec-
tively. Then

te o]
| 1Ol > [Tl ase=e; 0 (10.17)

PROOF.  In order to appropriately estimate the difference of the expressions in (10.17), we first apply
Corollary 5.3 and Lemma 3.1 to fix ¢; > 0 and ¢ > 0 such that for all € € (0,1),

ve(2,t) > crllve (5 )| oo () forallz € Q and t > 0 (10.18)

and

/ Inuc(-,t) > —co for all ¢ > 0.
Q

Here the latter implies that for all € € (0,1) and ¢ > 0 we have

1 1 202 1 202
co > In > / In > —— . ' In > — ’
? /g Ue (1) T S S22y ue(t) T Q] { us(+,t) \Q!}

ue () 7 1@l
2c
and hence H In us(l_ > ‘2%}‘ < @, meaning that if we abbreviate c3 := e_ﬁ, then
1 262 |Q|
() > :{1 gf}_f for all ¢ d ). 10.1
‘{u( ) 03}‘ ‘ nus(',t) 0] 5 or all t > 0 and any € € (0,1) (10.19)

Now given 1 > 0 we make use of Theorem 1.2 in finding g > 0 such that

c1c3|Qn

b <
o to) oy < 22N,
which in view of the approximation property (8.6) warrants the existence of £, > 0 fulfilling

Q
||U€('7t0)HL1(Q) < 61038|77 for all € € (5j)j€N with € < &,. (10.20)

Here again due to (8.6), and due to the fact that t. — oo as € \, 0 by (10.1), diminishing e, if necessary
we can achieve that moreover

[ve(z,t) — v(z, t)| < I for all x € Q and t € (0,ty) and each ¢ € (g;)jen with € < &, (10.21)

2to

and that
te > to for all € < ¢,. (10.22)
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Now according to Lemma 2.2, (10.20) entails that

o Q
/ / UV < / ve(+,t0) < 6163§l|77 for all € € (gj)jen with € < ey, (10.23)
to Q Q

where we firstly make use of (10.18) in estimating

Ue (- T)ve (-, T > Ue (-, )V (-, T
/Q (-, E)e( ) /{%(Ht»%} (s E)ue ()

> e / 0 (1)
{ue(-t)>c3}

cresllve ()| oo (o ’{ue(',t) > sl forall ¢ > 0 and any e € (0, 1),

Y

so that thanks to (10.19) we obtain

2
V() || ooy < ———= [ ue(-, t)ve(-,t forallt > 0and e € (0,1).
o =@ < e [ weCot)ue(e 0.1)

Therefore, (10.23) implies that

/ [v(-, )| oo (ydt < cics|Qn

n )
: T forall £ € (g)jen with & <
to c1c3)9 8 4 or all € € (¢j)jen With e < &,

and thus clearly also

/ [v(- )| Loy dt <

to

>3

by Lemma 8.1 and Fatou’s lemma, whence invoking (10.21) and making use of (10.22) we infer that

te 00
\ [ lestllmenae - [ ||v<-,t>||Loo<Q>dt‘
to 00 [e'e)
/0 [0e(-1) — 0y 8)| o eyt + / e (- )| oo syt + / 10 )l ey

to to
NN
<ty 2L =
= g Ta T

As 1 > 0 was arbitrary, this establishes (10.17). O

IN

for all € € (gj)jen with € < e,.

This enables us to take € \, 0 along the sequence from Lemma 8.1, and thus to achieve the following.

Lemma 10.4 Suppose that (1.7) holds, and let (¢)jen C (0, 1) be as in Lemma 8.1. Then with (2¢)-c(0,1) C
CY(Q2 x [0,1]) as defined in (10.3), we have

ze =z mC'Qx[0,1]) ase=¢; 0 (10.24)
with some z € C°(Q x [0,1]) satisfying
2(z,7) =u(z,p (1), z€Q, T€[0,1), (10.25)

where p is as determined by (1.16) and w is taken from Lemma 8.1. Moreover, z is a solution of (1.14),
with a and b as defined in (1.15) and fulfilling (1.17), in the sense that z, € L} (2 x [0,1)) and that

_/(]1/92@_/9“0(;5(.70) :_/Ol/ga(x,f)zzm+/01/Qb(g;,7)z2¢z+/Ol/ﬂa(a;,f)z (10.26)

is valid for all ¢ € C§ (2 x [0,1)).

38



ProoOr.  From Lemma 8.1 we know that with p. as in (10.4), for all ¢ > 0 we have p.(t) — p(t) as
e = ¢j \( 0, while Lemma 10.3 asserts that the numbers from (10.2) satisfy J. — J as € =¢; \,0. It is
therefore clear from (8.4), (8.6) and Lemma 7.1 that z.(z,7) — z(z,7),a:(x,7) — 0,a:(x,7) = a(z, 1)
and b.(x,7) — b(x,7) for all z € Q and 7 € (0,1) as € = £; \( 0, so that (10.24) and (1.17) become a
consequence of Lemma 10.2 and the Arzela-Ascoli theorem. The claimed regularity property of z, as well
as the validity of (10.26) can thereafter readily be verified on the basis of (8.2) and (2.3). O

As z trivially possesses a limit as 7 " 1, however, the latter means that u must stabilize in the large time
limit.

Lemma 10.5 Assume (1.7). Then
u(-,t) = z(, 1) in L(Q) as t — oo, (10.27)
where z € C°(Q x [0,1]) is as obtained in Lemma 10.4.

PrROOF.  In view of the identity (10.25), the claim is an immediate consequence of the continuity of z
in Q x {1}. O

We can thus pass to our main result on qualitative behavior in the first solution component.

PROOF of Theorem 1.3. The convergence property (1.13) as well as the characterization of us, and the
claimed upper and lower bounds in (1.17) have precisely been asserted by Lemma 10.5 and Lemma 10.4,
whereupon the boundedness of u becomes an evident consequence. To verify (1.12), we note that from
Lemma 3.1 and Lemma 6.2 it follows that with some ¢; > 0 we have

1
In —— = /]_nus '7t +/ h’lUE "t
/Q< u€(~,t))+ Q G {ue(-t)>1} 0

—/anug(-,t) + Q] - 1In HUEHLOO(QX(O,OO))

< for all ¢ > 0 and each € € (0, 1),

IN

so that (8.4) together with Fatou’s lemma ensures that

1
<
/52(11116("t)>+ <e¢ forallt>0

and that thus indeed (1.12) is valid. O

11 Stability of arbitrary steady states. Convergence to nonconstant
equilibria. Proofs of Theorem 1.4 and Corollary 1.5

We finally turn our attention to the statements on stability and nontrivial stabilization from Theorem
1.4 and Corollary 1.5. Our analysis in this direction is based on the following observation which at its
core consists in appropriately controlling the time derivative us; in suitable dual spaces by means of the
previously gained estimates.

Lemma 11.1 Let p > §,q > -2 and K > 0. Then there ezist y(p,q) € (0,1) and C(p,q, K) > 0 such

p—2
that whenever uy and vy are such that (1.7), (1.18) and (1.19) hold, for all € € (0,1) we have

) — 7(p,9) 1
i+ 8) = woll 2+ < Coaa. BNl 58 for atit e (0,2): (11.1)
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Proor.  We multiply the first equation in (2.6) by an arbitrary ¢ € C5°(§2) to see on several integrations
by parts that

/u@ﬂ/}’ = '_E/(u8+€)m1U5x¢x_/uavauaxwx+/ ugvavewwx‘i‘/ Uavaq/}’
Q Q Q Q Q
€ 1 1
= /(’U«e‘i‘l)mwmr‘i‘/ ugvex¢z+ / Ugvs¢xaj+/ugvsvs'¢x+/uavew
m Jo 2 Ja 2 Ja Q Q
€
< 2 [ w0l
m.Jjq
2 (1 1 2
[ 2 (54 0) vl Wl + 5 [ wRvelnal + [ wodly] forallt>o0.  (112)
Q Q Q
In order to appropriately estimate the expressions on the right-hand side herein, we observe that since
_s
p > %, the number ~; := Zfi satisfies 41 € (0, 1), whereas the inequality ¢ > ﬁ warrants that also
g 1= P4=P=24 Yyelongs to (0,1). Now by means of the Holder inequality, we obtain that

(p—1)q

2 (1 1 Vi \1 o 8
Qua : (5 +”8> Nveal - Y] = 0 <§ +U€> ) <ﬁ) Fugve - [

£

! || f ) 11.3
(5+telimo) - { [ 5} { [udoe} Il 1)

8
371

for all ¢ > 0, and that thanks to the fact that = =D

3 3
8 4 8 4
3 3N 1—
{ / U53 /UE} = { / ug . UE Y1, (UEUE)’YI}
Q Q

IN

o 205 sy e
< {/Us 1} '||UE||LOOLEQ) : /Usvs}
Q Q
3(1—~1) 3(1—v1) %
< ¢t o HUaHLoo‘fQ) : {/ ugvg} for all ¢t > 0, (11.4)
Q

where

€1 = sup sup/ug(-,t)
£€(0,1) t>0 JQ

is a finite number indeed depending on K only thanks to Lemma 4.8 and our assumptions (1.18) and (1.19).
2(p+1)(p+2)

Since, by continuity of the embedding W™ »+1 () < L(), (2.13) along with (1.19) warrants the
existence of co = co(K) > 0 such that

[ve (- )l oo (@) < llvollzoe) < c2 for allt > 0 and € € (0,1), (11.5)
from (11.3) and (11.4) we thus infer that

9 1 3(1—71) 1 3(1—v1) ng
/QUE' (54‘@5) "UE.I‘ : |¢LE| < Cq 4 . <§ +02> . HUEHL“’%Q) : { /Q Ug}

1 371

{ / u} el (116)
Q
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for all ¢ > 0. Similarly, observing that our definition of 5 ensures that 2_’% + v2 + é = 1, by means of
the Holder inequality we find that the second last summand in (11.2) satisfies

1 1 _ _
2/ngvs|wwz| = 2/9“? ks "U; 0z (usvs)w : |¢zx|

—2

2 1
1 D _ Y2 q
< - / ug . ||Ua||}/oo’y(29) . / Ue Ve . / |w1‘x|q
2 Q Q Q
1 2—79 1— Y2
< 5¢1 v ||v5||LOQAY(QQ) . { /ngvg} Nzl Lo for all ¢ > 0. (11.7)

Since finally

and

/uev€|¢| < {/uv} Néllmgy  forallé>0
Q Q
13

m € m
& [ 0"l < Sl Uy [ e

mel "
—c - {uellie) + 1} - Wnollir  forall ¢ >0,

A

<

and since also the embeddings Wg’q(Q) — WH(Q) and WOQ’q(Q) — W?21(Q) are continuous, from (11.2),
(11.6) and (11.7) we obtain that there exists c¢3 = ¢3(p, ¢, K) > 0 such that

371

3(1—vq) U4 i 4
ol Ollzoye < e loclmiey { [ 25} { [ e}
) 72
+03-||vg||i;’y(2m . {/ugvg} +03/ UgVs
Q Q

+egelte| T ) + c3e

for all t > 0. On integrating this with respect to t € (0, 00) and once more employing the Holder inequality
several times, we see that thus for all € € (0,1),

T 0o 3(1271) e 4 % e %
v
. < . ) . . Ve | ©
| hattlgzaaedt < e [Trototear) {7 5L
o) 1=72 00 V2
+03'{/ |UE('at)HL°°(Q)dt} {/ /UEUE}
0 0 Q
+03/ /ugv8
0 Q
T
+63€/ [[ue (-, )| 7o ()t + c3eT for all T' > 0. (11.8)
0

Here from Lemma 3.4 and Lemma 3.3 we know that with some ¢4 = ¢4(K) > 0 and ¢5 = ¢5(K) > 0 we
have

/ Ve (-, )| oo ()t < 4 for all € € (0,1),
0
and

0o 7)4
/ / = <c for all e € (0,1)
0 Q Ve
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where we note that our hypothesis (1.19), when viewed together with (11.5), can be seen to guarantee

that
/02<c and /vgxgw
Q Q

with some ¢ = cg(p, K) > 0 and ¢7 = ¢7(p, K) > 0 due to the fact that the exponents in (1.19) satisfy
3 and (p+1)(4p+2)
P+

) = > 2. Furthermore, Lemma 2.2 allows us to estimate
p+1) 2
o
/ / u:v: < [[voll 1 () for all € € (0,1),
0 Ja
and Lemma 4.8 yields cg = ¢g(p, K) > 0 such that

T
E/O Jue(-,t )H2p+m Ydt < cg- (1+€T) for all € € (0,1) and each 7" > 0,

so that by Young’s inequality,

T T
035/ [ue(, )| 7o ()t + c36T < 035/ ||u5(-,t)|]i€j$)_ldt—l—2035T
0 0

cses - (L+eT) + 2¢3eT

A

1
< 2c3c8 + 2c3 foralle € (0,1) and T € (0, 7>,
5

as clearly 2p +m — 1 > m. From (11.8) we therefore conclude that for all £ € (0,1) and any ¢ € (0, 2),

t
Hug(-,t)—uoH(Woz,q(Q))* < /0||Ust(‘at)||(wg’q(9))*dt

oo
< [ Tt Dl

3(1—v1) 1 SA 1772
< aeyp toegllvoll gy +eses P llvoll gy + esllvollni ) + 2eses + 2cs,

which already establishes (11.1) with v(p, q) := min{%,fm} € (0,1), because according to (11.5) we have
lvollz2 () < llvoll7q) - Q8¢S for arbitrary 8 > ~. O

This firstly implies that indeed arbitrary equilibria of (1.6) have the stability property described in The-
orem 1.4:

PROOF of Theorem 1.4.  Given p > 3, q> 5= ~£5 and K > 0, we apply Lemma 11.1 to find v € (0,1) and
c1 > 0 such that whenever (1.7), (1.18) and (1.19) hold, for all € € (0,1) we have

1
luo-+8) = woll gz < erllvollfygy — forall te (0,2). (11.9)
Now for fixed n > 0 we choose § > 0 small enough fulfilling

o<

N3

and 107 < g (11.10)

and suppose that u, € (WO’Q(Q))*, up and vg are such that (1.7) as well as (1.18)-(1.20) are satisfied.
Then using that (8.4) clearly implies that u. (-, t) — u(-,¢) in (W 2(Q))* as e = £j \¢ 0 for all £ > 0, from
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(11.9), (1.20) and (11.10) we infer that

Ju(-,t) — U*H(WOM(Q))* < u(-t) — UOH(WOQ’q(Q))* + [Juo — U*H(ng‘Z(Q))*
< ClHUOH,[Y/l(Q) + ||u0 - U*H(Wg‘q(Q))*
< qd"+6
< g+g:7y for all ¢ > 0,

whereas (1.20) and (11.10) in view of Lemma 2.2 and (8.6) trivially entail that
vl ) < llvollpr) <0 <mn for all ¢ > 0,

as claimed. O

Beyond the latter, Lemma 11.1 secondly entails that stabilization toward spatially heterogeneous steady
states in fact occurs within considerably large sets of initial data.

Proor of Corollary 1.5. Since wug is nonconstant and continuous, we can pick ¢; > 0 and an open
subinterval Qg of € such that

1
UQ(:L‘) +c1 <7y := |Q‘/ Up for all z € Qy, (11.11)
Q
and thereafter fix some nonnegative 1) € C§°(€2) such that suppy C Qg and [, ¢ = 1.
Moreover, given K > 0 we apply Theorem 1.4 to any conveniently chosen p > ¥ and ¢ > 1% and to

= W and u, := ug and thereby obtain § > 0 with the property that whenever vg € WH%°(Q) is
w24 ()

positive in €2 and such that both (1.22) and (1.23) are valid, for the corresponding solution (u,v) of (1.6)
from Theorem 1.1 we have

C1

u(-t) —u ' "= A lwray
1) = woll y2a () 2([¢llw2.a(q))+

for all ¢ > 0. (11.12)

Now fixing any such vy, since we already know from Theorem 1.2 and Theorem 1.3 that (1.24) holds with
some U, € CY(Q), verifying the claimed inhomogeneity property amounts to showing that the hypothesis
that

Uso = o in ) for some ¢y > 0 (11.13)

is absurd. To achieve this, assuming (11.13) to be valid we firstly use (1.24) to see that

/u(‘,t)w%/uoowz@/w:@ as t — 00, (11.14)
Q Q Q
whereas combining (1.24) with (11.12) shows that
C1
”Uoo - UOH(WOZLI(Q))* S 5
and hence, in particular,
€1
[ ot = [ o < e = w0l - Il < - (11.15)

Here we note that according to our choice of ¢ and (11.11),

/QUOT,Z):/QOUO?lJS(Uo—Cl)/Q%ZJ:Uo—Ch
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so that (11.14) and (11.15) yield
C1 _ C1 _
CQS/U0¢+S(UO—C1)+:UO—. (11.16)
Q 2 2

But from Lemma 2.2 we know that

/ Ue(+,t) > / ug for all t > 0 and any € € (0,1),
Q Q

/uOOZ/UO
Q Q

co > Uyg.

which clearly implies that

and that thus, again by (11.14),

This contradiction falsifies (11.13), so that in consequence indeed (1.25) must be true. O
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