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Abstract

The chemotaxis-Stokes system

ng+u-Vn=An—-V-(nVe),
¢t +u-Ve=Ac—nc, (%)
uy = Au+ VP +nVo, V-u=0,

is considered in a bounded domain 2 C R? with smooth boundary. The corresponding solution
theory is quite well-developed in the case when (x) is accompanied by homogeneous boundary
conditions of no-flux type for n and ¢, and of Dirichlet type for u. In such situations, namely,
a quasi-Lyapunov structure provides regularity features sufficient to facilitate not only a basic
existence theory, but also a comprehensive qualitative analysis.

However, if in line with what is suggested by the modeling literature the boundary condition for
the signal is changed so as to become

c(z,t) =cy, x€IN t>0,

with some constant ¢, > 0, then such structures apparently cease to be present at spatially global
levels. The present work reveals that such properties persist at least in a weakened form of suitably
localized variants, and on the basis of accordingly obtained a priori estimates it is shown that for
widely arbitrary initial data an associated initial-boundary value problem for (x) admits a globally
defined generalized solution.
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1 Introduction

Quasi-Lyapunov structures in chemotaxis-fluid systems. This work deals with a mathemat-
ical model for the interaction of bacterial populations with a surrounding fluid in which their nutrient
is dissolved. In fact, experimental studies have revealed partially rather complex facets of the spatio-
temporal behavior in colonies of the aerobic species Bacillus subtilis when suspended in sessile water
drops, and in order to achieve an appropriate description thereof at macroscopic levels, the authors
in [32] proposed the chemotaxis-fluid system

ng+u-Vn = An—V-(nVe), ze, t>0,
¢t +u-Ve = Ac—nc, reN, t>0, (1.1)
u+k(u-Viu = Au+ VP +nVe, V- -u=0, ref, t>0,

as a model for for the unknown (n, ¢, u, P) in the physical domain Q ¢ RY, with given gravitational
potential ¢, and with x € R. When the fluid motion is slow, the Stokes flow (k = 0) is used
rather than the Navier-Stokes one. Here the unknown n = n(x,t) denotes the bacteria density, and
u = u(x,t) and P = P(x,t) represent the velocity field of the incompressible fluid and an associated
pressure, respectively. This model is based on the hypothesis that besides all of these components,
the only further component relevant for such phenomena is the oxygen with concentration denoted by
c=c(x,t).

Since their initial introduction in 2005, chemotaxis-fluid systems of this and related types have inspired
considerable activity in the analytical literature (see [2], [8], [10], [12], [22], [24], [36], [46] for instance).
Particularly, when € is a bounded domain, questions concerning the global well-posedness of (1.1) have
meanwhile been answered to quite a comprehensive extent in the case when the homogeneous boundary
conditions

g—:j:%:(), u=0, ze0dQ (1.2)
are imposed: Indeed, in the two-dimensional case the corresponding full chemotaxis-Navier-Stokes
system is known to admit uniquely determined global smooth solutions for widely arbitrary initial
data ([37]), whereas for the three-dimensional version of (1.1) it is at least possible to construct global
weak solutions ([40]) which eventually become smooth and classical ([41]). Extensions in various
directions are concerned with global classical solvability for small data ([7], [17]), or address modified
systems involving nonlinear cell diffusion of porous medium type ([9], [11], [30], [42], [45]), or also
accounting for saturation effects in chemotactic migration ([23], [33], [34]).

A core characteristic of (1.1) when accompanied by (1.2) seems to consist in a quasi-Lyapunov structure
formally becoming manifest in the inequality

d 1 Vel|? 1 Vnl|? D2¢|?
4 /nlnn+/| d +a/yu\2 += /' L +/| d +/ vul <o, >0, (1.3)
dt [¢) 2 0 C 0 C [e) n 0 C 0

valid for suitably regular solutions to (1.1)-(1.2) in bounded convex domains with certain positive
constants a and C. In fact, a priori estimates implied by (1.3) and appropriately adapted counterparts
have, firstly, constituted crucial ingredients in the development of corresponding existence theories for
(1.1) and several of its close relatives ([3], [19], [35], [30], [40], [45]). A second essential role played




by inequalities of the form in (1.3), apparently yet more important with regard to aspects related
to model validation, is related to the description of qualitative solution properties: In the particular
context of (1.1)-(1.2), for instance, regularity information gained from (1.3) has proved sufficient to
turn the fundamental relaxation features expressed in the two basic inequalities

/Ooo/gnc</gc(-,0) and /OOO/QIVC\2<;/Qc2(-,0), 14

into statements on asymptotic behavior, indeed asserting that both in two- and three-dimensional
frameworks all solutions approach spatially homogeneous equilibria in the large time limit ([38], [41],
[44]; cf. also [39] and [43] for similar conclusions relying on (1.4) also in more general situations).

Results of the latter flavor, however, seem to reflect experimentally observed behavior, inter alia
involving the emergence of large scale coherence patterns and structure formation especially near in-
terfaces, only to a limited extent. Accordingly, in the recent literature an increasing part attempts to
go beyond the first analytical steps concerned with the mathematically convenient boundary condi-
tions in (1.2) by concentrating in a refined manner on more realistic types of assumptions on interface
behavior. For instance, a family of Robin boundary conditions was first discussed in the context of
a chemotaxis-Navier-Stokes system in [4], and more recently a corresponding global existence state-
ment quite precisely addressing (1.1) has been derived in [6]; a steady-state version of a corresponding
fluid-free variant has been analyzed [5].

Dirichlet conditions for the signal: local persistence of energy structure. Main results.
The purpose of the present work is to consider (1.1) along with a set of boundary conditions which in
[32] were proposed as appropriate especially near liquid-air interfaces. In line with the circumstance
that oxygen diffuses substantially faster in air than in water, namely, both the formal and the numer-
ical study in [32] presupposes a fixed given oxygen concentration on such boundary parts. Despite
their correspondingly considerable potential relevance for the comprehension of the phenomena under
consideration, such Dirichlet-type boundary conditions have so far been understood analytically only
to a rudimentary extent, with the available knowledge apparently being restricted to a single result on
global existence of small-data solutions to a problem related to (1.1) in a particular domain bounded
by two parallel planes, involving given data for ¢ on one of these planes ([25]).

In contrast to this intending to include arbitrary bounded domains and initial data of arbitrary size,
in order to limit complexity we shall here assume for simplicity that the entire fluid is surrounded by
air. Accordingly, we shall be concerned with (1.1) under boundary conditions which differ from those
in (1.2) by requiring ¢ to attain a prescribed value ¢, throughout 0f2, and hence we will subsequently
consider the no-flux-Dirichlet-Dirichlet initial-boundary value problem

(ng+u-Vn = An—V-(nVe), r e, t>0,
¢ +u-Ve = Ac—nc, reQ t>0,
Uy = Au+ VP +nVo, V-u=0, re, t>0, (1.5)
g—ﬁ—n%zo, c=cy, u=0, x €I, t>0,
n(xz,0) = no(x), c(x,0) =co(x), wu(z,0)=ug(z), x €,

in a smoothly bounded domain 2 C R3 , with ¢, > 0 and
b € W>>(Q), (1.6)



and with initial data such that
no € WH°(Q) is nonnegative with ng # 0,
co € WH°(Q) s positive in Q with colpg = cx, and that (1.7)
ug € W2X(Q;R3)  satisfies V - ug = 0 and uo|oq = 0.

A particular objective, potentially of relevance in wider frameworks of chemotaxis-fluid interaction
under more general boundary conditions, consists in the question how far the apparent loss of global
structural properties of the form in (1.3) can be compensated by the persistence of at least certain
spatially localized variants thereof. In this direction, our analysis will reveal that indeed the natural

2
/S]C4nlnn—|—;/gg4’vcc’+a/S)C4|u2 (1.8)

can be shown to play a corresponding role of a functional enjoying certain energy-like features whenever
¢ = ((=) is suitably smooth and compactly supported in €. This observation, forming the core of
our analysis and to be detailed in Section 6, will enable us to supplement some basic regularity
information, to be documented in Section 3, by a crucial strong L' compactness feature for the first
solution component (Corollary 6.10).

candidate

In consequence, we shall see that within an appropriately mild solution concept the problem (1.5)
indeed allows for a fairly comprehensive statement on global existence for widely arbitrary initial
data, as contained in the following main result of this study:

Theorem 1.1 Let Q C R? be a bounded domain with smooth boundary, let ¢ € W>>®(Q) and ¢, > 0,
and assume that (ng, co,uy) is such that (1.7) holds. Then there exist functions

n € L%((0,00); L(92)),

ce L2 (Q % [0,00)) with ¢ — ¢, € L2,.([0,00); Wy *(Q))  and (1.9)

€ Mpep,zy L(0,00); Wy P ()
such that n >0 and ¢ > 0 a.e. in Q x (0,00), that
In(n +1) € L2 ([0, 00); W12(Q)), (1.10)

loc

and that (n,c,u) forms a global generalized solution of (1.5) in the sense of Definition 2.1 below.

2 Approximation and basic estimates

Let us first specify the solution concept which we pursue throughout the sequel, and which by referring
to products of functions simultaneously involving the first two solution components partially parallels
a similar approach designed in [20] for a fluid-free chemotaxis system.

Definition 2.1 Assume that ¢, > 0, that ng € LY(Q) and ¢y € LY(Q) are nonnegative, and that
up € L'(;R?). Then a triple of functions

n € L=((0,00); L1(2)),

ce L2 (9 x [0,00)) with ¢ — ¢, € L2([0,00); Wy 2())  and (2.1)

ue L ([0,00); (Wy'(Q)); R?)

loc
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will be called a global generalized solution of (1.5) if n >0 and ¢ > 0 a.e. in Q x (0,00) and V-u =10
a.e. in  x (0,00), if for any p € C3°(2 x [0,00)) the equality

/OOO/QC%—F/QCOQD(-,O):/OOO/QVC-V(p—i—/()oo/S)ncw—/()oo/S)c(u.V(p) (2.2)

holds, if for each ¢ € C§°(Q x [0,00); R3) with V - ¢ = 0 the identity

[ [ [worsto= [ [ v [ [nvas 23

is satisfied, if there exist positive functions ¢ € C%([0,00)) and p € C%([0,00)) fulfilling ¢’ < 0 on
[0,00) and p'(ci) = 0 such that

VI (n)|Vn, ¢ (n)Vn, nd” (n)Vn and ny'(n)Ve belong to LE,(Q x [0,00); R?), (2.4)

and that the inequality

Y(n)p(c)pr — | (no)p(co)e(-,0)
- / /
<[ / ¥ (m)p(c) [V

+ [ [ {2000 + i mipte) (vn - Ty
OOO Q
+/0 /Q n)p"(c) + n¢'(n)p'(c)}|vc|2¢

3

[T westen-ver [T [ {atmoe) - v} e v
<[ /Q @V = [ [ nwmesene 05

is valid for all nonnegative p € C§°(Q x [0,00)), and if moreover

EO

/Qn(~,t) < /Qno for a.e. t > 0. (2.6)

Remark. i) It can readily be verified that the hypotheses in (2.1) and (2.4) are sufficient to warrant
that all expressions in (2.2), (2.3) and (2.5) are indeed well-defined.

ii) By straightforward adaptation of the reasoning in e.g. [20, Lemma 2.5], it can be seen that whenever
(n,c,u) is a global generalized solution in the above sense which has the additional properties that n
and ¢ belong to C?(Q2x [0, 00))NC%1(Qx (0,0)), and that u € C°(Q2x [0, 00); R3)NC*L(Q2x (0, 00); R?),
then (n,c,u), along with some associated pressure P € C1%(Q x (0,00)) constructed in a standard
manner ([28]), actually forms a global classical solution of (1.5).



In order to construct such solutions via suitable approximation, for € € (0,1) we consider

(net +ue - Vn. = An.— V- (n.F/(n.)Vc.), reQ, t>0,
Cet +ue - Vee = Ace — Fo(ne)ee, e, t>0,
Uet = Au.+VP.+ F.(n.)Vo, V- u.=0, zeN, t>0, (2.7)
e —nFl(no)9E =0, cc=cy, =0, 2 ed, >0,
ne(z,0) =no(x), co(x,0) =co(z), u(x,0)=uo(x), x €,
where s
F. = > 2
()= 520 (2.)
satisfies
1
0<F.(s)<s and 0<F.(s)= T res) <1 for all s > 0 and € € (0,1) (2.9)
and
F.(s) /s and F.(s) /1 for all s > 0 as € N\, 0. (2.10)

Similar regularizations have been underlying several previous works on problems of type (1.1)-(1.2) (cf.
[37] or [40], for instance); a slight difference to most precedents consists in the artificial e-dependent
dampening expressed in the source term F(n.)V¢ entering the Stokes subsystem of (2.7).

Now by means of a suitably arranged additional approximation procedure, it can be seen that indeed
each of these problems admits a global classical solution enjoying some basic regularity and bounded-
ness features. In comparison to well-established reasonings in the literature e.g. on (1.1)-(1.2), some
nontrivial adaptations seem in order here in order to appropriately cope with the no-flux boundary
condition for the first solution component, which in the framework of (2.7) apparently cannot be
reduced to a requirement solely referring to n. in a trivial manner.

Lemma 2.2 Let ¢ € (0,1). Then there exist functions

ne € CO([2 x [0,00)) N C%H(Q x (0, 00)),

62 € Mysr ([0, 00); WH9()) 1 C24( x (0, 00)),

ue € C%(Q x [0,00); R3) N C%H(Q x (0,00); R3) and
P. € CY9(Q x (0, 00))

(2.11)

such that n. > 0 in Q x (0,00) and c. > 0 in Q x (0,00), and that (ne,ce,ue, P-) solves (2.7) in the
classical sense. Moreover,

/ ne(-,t) = / no forallt >0 (2.12)
Q Q

and
e (s t) [ peq) < M = max{||c0||mm , c*} for all t > 0. (2.13)



PrOOF.  Following [39], we fix (x5)se(0,1) C C5°(£2) such that 0 < x5 < 1in Q and x5 /1 in Q as
d (0, and rewriting (2.7) in the equivalent form

Net +Us - V. = An. — V- (n.Fl(n:)Vee), €N, t>0,

Cet +us-Ve. = Ac. — Fe(ne)c. — Fo(ng)cy, reN, t>0,

Ugt = Au.+VP.+F.(n:)Vo, V-u.=0, z e, t>0, (2.14)
%—neFé(ne)%%: , =0, wu.=0, €0, t>0,

ne(x,0) =no(x), c(z,0) =co(x) —cx, u(z,0)=wup(x), x €}

by substituting c¢. = ¢ + ¢4, we consider the approximation thereof given by

Nest + Ues - Vg = Ang — V- (Xé(x)naéFel(nsé)v/C\aé)a x e, t>0,
Cost +Ues - Vs = ACes — Fs(naé)/c\aé - Fs(naé)c*> r e, t>0,
Uesy = Aug+ VP54 Fe(ns)Vo, V-us=0, x e, t>0, (2.15)
et =0, Cos=0, uss=0, z €00, t>0,
[ nes(x,0) =no(z), C5(z,0) =co(x) —ch,  ues(x,0) = up(x), r €

for 6 € (0,1). Here thanks to the homogeneity of all boundary conditions, (2.15) becomes accessible to
standard parabolic and Stokes semigroup estimates, which enable us to perform standard arguments
in suitable fixed point frameworks (e.g. in the style of the reasonings detailed in [37]) to infer the
existence of T.5 € (0,00] and a classical solution (ngs, ces, ues, P-s) of (2.15) in Q x (0,7.5), with
components belonging to the corresponding analogues of the spaces in (2.11), such that

if T < oo, then  Timsup { nes(c 1) ey + s (o D)lwtaey + 14%mes( 1) 12y | = o0
ed

3
for all ¢ > 3 and any 8 > T (2.16)

where A denotes the L? realization of the Stokes operator under homogeneous Dirichlet boundary
conditions. Moreover, three applications of the maximum principle show that n.s > 0 in Q x (0, T.s)
and that

0<Cs+c <M in Q x (0,7T.5) (2.17)

for all e € (0,1) and § € (0,1), and using that x5 = 0 on 92, upon integrating the first equation in
(2.15) we see that

/ Nes (-, t) = / no for all t € (0,7.s), each € € (0,1) and any 6 € (0,1). (2.18)
Q Q

Now since
0 < F.s) <

m | =

for all s > 0 and each fixed € € (0,1) (2.19)

by (2.8), invoking well-known smoothing estimates for the Stokes semigroup ([14]) we see that for all
B € (0,1) and any 7" > 0 we can find C;(e,5,T) > 0 such that

HABUE(S(',t)”LQ(Q) < Ci(e,B,T) for all ¢ € (0,7%5) and any & € (0,1), (2.20)



where here and below we abbreviate ﬁ:(g := min{7.s, T} for T > 0. Thereupon, known LP — L9
estimates for the Dirichlet heat semigroup on €2 ([27]) can be applied to the second equation from
(2.15) to show that again thanks to (2.19), for all ¢ > 1 and each 7" > 0 there exists Ca(e,q,T) > 0
fulfilling R

[Ces (5 )llwragay < Cale,q,T) for all t € (0,T.5) and § € (0,1). (2.21)

In view of (2.15) and corresponding smoothing properties of the Neumann heat semigroup over (2
([13]), together with the fact that

1
% for all s >0 (2.22)
by (2.8), this in turn implies that for all 7" > 0 one can choose C3(e,T") > 0 such that

[15(-+ 1) || ooy < C3(e,T)  for all t € (0,Ts5) and § € (0,1). (2.23)

In light of (2.16), the estimates in (2.20), (2.21) and (2.23) particularly warrant that actually 7.5 = co
for all e € (0,1) and ¢ € (0,1), and apart from that they can be used in suitably passing to the limit
d \¢ 0 in (2.15): Namely, combining (2.21) with (2.20) and the fact that 0 < x5 < 1, we readily
obtain boundedness of (a.s)se(,1) in L>((0,7); L4(2)) for all T" > 0 and ¢ > 1, where as(v,t) =
Xo(2)FL(nes)Vees + ues, € € (0,1), 6 € (0,1). As nose = Angs — V- (azs(x, t)nes) in © x (0,00) due to
(2.15), by means of a standard testing procedure this firstly implies the uniform bound

T T
/ / |VTL55‘2 / n% +/ / |a56n66|2
0 Q Q 0 Q

/ nd + C3(e, T)T sup ”a€6”%m((07T);L2(Q)) for all 6 € (0,1), (2.24)
Q 4€(0,1)

IN

IN

and secondly, through known results on Holder regularity in scalar parabolic equations ([26]), this
boundedness property of a.s ensures that for all 7' > 0 there exist 1 = 01(,T) € (0,1) and Cy(e,T) >
0 such that

Ines| < Cy(e,T) for all 0 € (0,1). (2.25)

0.0
C71 2 (Qx[0,17)

By the same token, (2.20), (2.21) and (2.23) imply that for all 7" > 0 one can find 0 = 62(e,T") € (0,1)
and C5(e,T') > 0 satisfying

25| < Cs(e,T) for all § € (0,1), (2.26)

0o __
c2:F @x[0,T))

while merely relying on (2.23), (1.7) and maximal Sobolev regularity theory for the Stokes evolution
system ([15]) we see that to each T" > 0 there corresponds some Cg(e,p,T") > 0 fulfilling

T
/0 {lues ) By gy + s )y bt < Coleap. T for all 6 € (0.1). (2.27)

Apart from that, estimates local in time and excluding the temporal origin can be achieved by succes-
sively employing Schauder theories for the Stokes equations ([29]) and for scalar parabolic equations



([18]) to see that thanks to (2.25), for all 7 > 0 and T" > 7 there exist 03 = 603(¢,7,T) € (0,1),
0y = 04(e,7,T) € (0,1), C7(e,7,T) > 0 and Cg(e,7,T) > 0 such that
ltesll oy,00% xS Cy(e,7,T)  forall 6 € (0,1) (2.28)

and
< Cs(e,7,T) for all § € (0,1). (2.29)

“656”02+94,1+974 (Qx[7,T])

Now using that due to a well-known embedding result ([1]) the validity of (2.27) for suitably large

p > 1 in particular warrants that for each 7' > 0, (uzs)s5¢(0,1) is bounded in % (2 x [0, 7)) for some
05 = 05(e,T) € (0,1), in view of (2.24), (2.25), (2.26), (2.28) and (2.29) we may extract a subsequence
(0 )ken C (0,1) such that d; \ 0 as k — oo, and that

nes — ne in L2 (Q x [0, 00)),
Vnes — Vne in L2 (Q x [0, 00)),

s — G in L2 (% [0,00)) N CEHQ x (0,00))  and
Ues — ue in L2 (2 x [0,00)) N C2HQ x (0, 00))

loc loc

(2.30)

as d = 0y \, 0, with some limit triple (n, ¢, ue) which, along with a corresponding associated pressure
P. € C*0(Q x (0,00)) constructed via a standard argument ([28]), satisfies the second and third sub-
problem of (2.14) in the classical sense in 2 x (0, 00), and which solves the first evolution problem in
(2.14) in the natural weak sense specified e.g. in [18]. According to the smoothness properties of n., u.
and ¢ asserted by (2.30), (2.25), (2.28) and (2.29), however, upon application of well-known regularity
theory for generalized solutions of scalar parabolic equations ([21], [18]) it can, finally, a posteriori be
shown that actually n. also belongs to C*(€2 x (0,00)) and satisfies its respective initial-boundary
value problem in (2.14) in the classical sense (cf. also [7] for a detailed reasoning in a closely related
situation).

Transforming back via defining c¢. := ¢ + ¢, we readily infer that indeed (n.,ce,uc, P-) enjoys the
regularity features in (2.11) and solves (2.7) classically. According to (2.17) and (2.30), this solution
moreover satisfies (2.13), while (2.12) is a consequence of (2.18) and (2.30), and the claimed strict
positivity features result from (1.7) and the strong maximum principle. O

3 Basic regularity features of Vc. and Vn,

A basic but crucial regularity information on the taxis gradient can be obtained through quite a
standard testing procedure:

Lemma 3.1 Let T' > 0. Then there exists C(T') > 0 such that

/T/ Vel < C(T)  foralle € (0,1). (3.1)
0 Q

PrOOF.  Using that ¢ — ¢, = 0 on 99 x (0,00) and that V - u, = 0, from the second equation in
(2.7), (2.9), (2.12) and (2.13) we obtain that

d (1
{/cg—c*/cg}+/ Ve|? = —/Fe(ns)cg—l—c*/Fe(ng)c6
dt (2 Jo 0 0 Q Q



< C*M/ no for all ¢ > 0,
Q

from which (3.1) directly results upon a time integration. O

As a consequence, we obtain an estimate for Vn, if a suitably strong n.-dependent weight is included:

Lemma 3.2 For all T > 0 there exists C(T) > 0 such that

2
/ / njj—gll 5 <C(T)  foralle e (0,1). (3.2)

PROOF.  According to the first equation in (2.7) and Young’s inequality,

(et 1) = /(Wna‘Q —/"EF( >Vn6 Ve.

dt q (ne +1)2 (ne +1)2
1 \V4 2 1 2F/2
> / el 2—/("5)|V ce|?
2 Jg (ne+1) 2 (ne +1)2
1 |Vne|? / 9
> - — = for all ¢
> 2/ (e 1+ 172 [Vee| orall t > 0,

again because V-u. = 0 and 0 < F/ < 1. Since 0 < [In(n. +1) < [qne = [4no for all ¢ > 0 by
(2.12), an integration thereof shows that (3.2) is a consequence of Lemma 3.1. O

4 Regularity of velocity and pressure in the Stokes system with
sources in L!

This purpose of this preparatory section is to provide some regularity information on solutions to the
incompressible Stokes evolution equations driven by forcing terms for which bounds are known only
with respect to spatial L' norms. Whereas regularity features of the corresponding velocity field can
be obtained in quite a straightforward manner, deriving appropriate estimates for the pressure, as
playing a crucial role in the course of our subsequent localization procedure (see Lemma 6.9), seems
to require some additional efforts.

Our first step toward this consists in an essentially well-known observation on regularity of velocities.
Lemma 4.1 Let p € (1, %) Then there exists C(p) > 0 with the property that whenever T > 0,

v € CO(LR3) N L2(Q), v € COQ x [0,T];R3) N L2((0,T); Wy 2 (4 R3)) N C2HQ x (0,T); R?) and
f€C%Q x [0,T);R?) are such that V-v =0 in Q x (0,T) and

v+ Av ="Pf in Q x (0,7), (41)
v(+,0) = vy in Q, '
we have
oDl < C®) - { ol + sup D@} foralte©T)  (42)

s€(0,T)

10



and

ooy < O {lolwiz + e 176} Soraltte @1). (43

s€(0,T
PROOF.  Assolutions in the indicated class admit a representation in terms of an associated Duhamel

formula ([28, Theorem IV 2.4.1]), this can be seen in a standard manner using well-known smoothing
properties of the Stokes semigroup (cf. e.g. [39, Corollary 3.4)). O

By suitably combining this with the comprehensive theory on pressure regularity contained in [28], we
obtain the following consequence which in Section 6 will turn out to be an indispensible cornerstone
for our approach.

Lemma 4.2 Let T > 0, and let r > 1 and p € (1, %) Then there exists C(p,r,T) > 0 such that if
v € CO(LR3) N L2(Q), v € COQ x [0,T);R3) N L2((0,T); W2 (4 R3)) N C2HQ x (0,T); R?) and
feC'(x[0,T);R3) satisfy V-v =0 in Q x (0,T) and are such that (4.1) holds, then there exists a
UNIQUE

P e L*((0,T); LP(Q)) such that / P(-,t)=0 for a.e. t € (0,7), (4.4)
Q
that
vy =Av+VP+ f in D'(Q x (0,T)), (4.5)
and that
T
I < . , .
| IPC Nt < O D) - (el + sw GOl ) (4.6)

PROOF. In view of the assumed regularity properties of vy, v and f, the statement on existence and
unigeness of a function P fulfilling (4.4) and (4.5) follows from standard theory on the Stokes system

([28, Lemma IT 2.1.1, Lemma II 2.2.2, Theorem IV 2.6.3]), so that it remains to verify (4.6). To this

3(g—1)
2q

that both o > ( D and o < 2, and then observe that the former inequality warrants the existence
of C1 >0 fulﬁlhng

end, given p € (1,3) we fix ¢ € (p,3) and use that then < 3, to choose some number « such

1A= PellLaq) < Cillellni)  forall p € LY R) (4.7)

(see e.g. [39, Lemma 3.3]), and that the second restriction on « ensures that Wl’ﬁ(Q;R?’) —
D(A%, ), and that thus
q—1

CgHgoH for all ¢ € D(A% ) (4.8)

LTT(Q) ~ 7T (0) 1

A%l

with some Cy > 0 ([16]). We furthermore note that our hypothesis p < 5 guarantees that >3
and hence WIP%(Q) — L>(£2), so that we can pick C5 > 0 such that

_p
Il < Csllolyn e, ) forall p € WHPT (QRY). (4.9)

11



Now on the basis of (4.5), for arbitrary ¢ € C§°(Q x (0,7);R?) fulfilling V - ¢ = 0 we can integrate
by parts and use (4.8) and (4.9) to estimate

L] = [ o e [
—%t.Aaw/O /Qw.w_/:/gf.@’

T
/ A= Dl a@ 1A% ) oy dt
0

Q)

IN

T
+ / 190Gl [V D)

p_dt
LT (Q)

T
4 /0 17Oz (D) ey dt

IN

T
C, /0 1A ) Lol Ol v o dt

w1 (Q)

T
+ [ Il e o

Lo dt
whr=T1(Q)

T
e /0 GOl

IN

—« 1
{02||A vl (o,m):La()) + T [[oll oo (0.0)wre ()

1
+C3T7 || fll Lo (0,1):2.1( } loll, = T (07w T (@)

Therefore, a well-known result on pressure regularity in the Stokes system ([28, Lemma IV 1.4.1],
cf. also [28, Lemma II 2.1.1 and Lemma II 2.2.2]) says that with some Cy = Cy(p,r,T) > 0 we have

1P r((0,m);r(0)) < Ca - {”AiathLT((O,T);Lq(Q)) + [[v]l Loo (0,7) w10 () + HfHLOO((QT);Ll(Q))}' (4.10)

Here recalling Lemma 4.1, we obtain C5 = C5(p) > 0 such that

vl oo 0,1y w 1w (02)) < Cs - {HUOHWL?(Q) + HfHLOO((O,T);Ll(Q))}: (4.11)

whereas observing that (4.1) implies that ;A= + A(A"%) = AP f in Q x (0,7T) allows us to
invoke a standard result on maximal Sobolev regularity in the Stokes evolution equation ([15]) to fix
Cs = Cs(p,r,T) > 0 satisfying

A0t Lr((0,7):29(02)) < C6 - {HA_%OHWM(Q) + HA_anHLT((o,T);Lq(Q))}~ (4.12)

Since clearly [|A™%volly2.9(q) < C7lvol| with some C7 = C7(p) > 0, and since

w23 ()
|AT*P fll - 0,1);L9(2)

IN

1 _
T+ [[A™P fl oo ((0,1);0(02))

1
< OiT [ fllpee 0,121 ()

A
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according to (4.7), inserting (4.11) and (4.12) into (4.10) yields (4.6). O

Let us explicitly extract two immediate conclusions from Lemma 4.1 and Lemma 4.2 in a form in
which they will be referred to below.

Lemma 4.3 Let p € (1,3). Then there exists C(p) > 0 such that for each € (0,1),

Jue (5 )l L2v () + Ve, )l ey < C(p)  for allt > 0. (4.13)
PrROOF.  In view of (2.12), (1.7), this is actually a by-product of Lemma 4.1. O
Lemma 4.4 Letr > 1 and p € (1, %) Then for all T > 0 there exists C(p,r,T) > 0 such that

/THP( pydt < Clp,r,T) for alle € (0,1). (4.14)
0

PrOOF.  This follows directly from Lemma 4.2, (1.7) and (2.12). O

5 Estimates for time derivatives. Construction of a limit (n,c, u)

Before proceeding to the main part of our analysis, let us utilize the estimates for n., c. and u. from
Lemma 2.2, Lemma 3.1, Lemma 3.2 and Lemma 4.3 to construct a candidate (n,c,u) for a solution
to (1.5) via an appropriate subsequence extraction. A last preparation therefor is provided by the
following statement on regularity with respect to the time variable.

Lemma 5.1 For all T > 0 there exists C(T') > 0 such that

T
/0 |10 (me(c.) +1) H(ng(g))*dt <C(T)  foralize (0,1) (5.1)
and

/T el .t < CT)  for alle € (0,1). (5.2)
0

PROOF.  Proceeding in a standard manner, for fixed ¢ € C§°(€2) and ¢t > 0 we integrate by parts in
(2.7) and use the Cauchy-Schwarz inequality and again the identity V - u. = 0 to obtain that

|Vne|? Vn.
l 1 = _rEl o,
/atnn€+ ‘ Q(ne+1)2<p Qne+1 Ve
nF' (ng nEF’
— /Q m;_i_(l))(Vne -Vee )y / ch Vo

+/ In(n: + 1) (ue - ch)‘

Vn.|? Un[? )2
{ 9(7‘15:’1 }.HQOHLOO(Q)JF{/QM} AIVellzz e
1 1 5
Vn 2 2 :
[l A ] we} el +{ [ 96} - 19610
a ( Q ¢
1
A

IN

+

3
m+n}wmm@wwmm for all = € (0,1).

ZO
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As W22(Q) — WH5(Q) — L>(Q), this entails the existence of C; > 0 such that due to Young’s
inequality, for all € € (0,1) and ¢ > 0 we have

1
|Vne|? / |Vne|? ) ?
Hatln(neJrl)H(W”(Q))* G /Qn,erlzJr o (ne +1)2
0
|vn€|2 % v 2 % \v4 2 %
Uy L) s ey
1
3
+ {/ang‘(ns—i-l)} HugﬂLQ(Q)}
\W? )y g
G2 ) e Vel 03 (ne+1) ¢ Juell 2 + 1
()

which in view of Lemma 3.2, Lemma 3.1, Lemma 4.3 and (2.12) entails (5.1) upon a time integration,
because In?(s + 1) < %(s +1) for all s > 0.

IN

IA

Likewise, for ¢ € C§°(€2), t > 0 and € € (0,1) we can estimate

’/ﬂcaﬂp - ’ /ch Vg — / (n)eap — /Q(ug.vcg)gp‘

{ / erEF} 1Vl 22 + Ine s el lell e

1

2
T ez - { / |v«:€|2} Mol

and use that WH4(Q) — L>(Q) and W4(Q) — W12(Q) to find Cy > 0 such that consequently

IN

HCEtH?W(}A(Q))* <Cy- {/Q|V05|2 Fnel 7 oy llee 7o @y + uell7z /Q |VCs|2}
for all e € (0,1) and ¢ > 0, hence implying (5.2) through Lemma 3.1, (2.12), (2.13) and Lemma 4.3.
U

The following conclusion thereby becomes rather straightforward:

Lemma 5.2 There exist functions n,c and u such that (1.9) holds, thatn >0, ¢>0 and V-u =10
a.e. in 2% (0,00), that (1.10) and (2.6) are satisfied, and such that with some (g;)jen C (0,1) fulfilling
€j \«0 as j — oo we have

Ne =N a.e. in 2 x (0,00), (5.3)
In(n. +1) = In(n+1) in L7, (Q x [0, 00)), (5.4)
Vin(ne +1) = Vin(n+1)  in L}.(Q x [0,00)), (5.5)
Ce = ¢ in L? (Q x [0,00)) and a.e. in 2 x (0, 00), (5.6)
PORaNyY in Lis.(Q x [0, 00)), (5.7)

14



Ve. = Ve  in L .(Q x [0,00)), (5.8)
u: > u in L((0,00); LP(2)) for allp € (1,3) as well as
* 3
Vu. = Vu in L((0,00); LP(2)) for allp € (1, 5) (5.10)
PROOF. All statements can readily be seen by means of a straightforward extraction procedure

based on the estimates provided by (2.12), (2.13), Lemma 3.1, Lemma 3.2, Lemma 4.3 and the relative
compactness of ((In(ne +1))ec(0,1) and (ce)zc(0,1) in L7, (2 x [0,00)), as thereby implied through an

loc

Aubin-Lions type lemma ([31]). O

6 Local energy. Precompactness of (n.).c1) in Lj,.(Q x [0,00))

6.1 Collecting prospective constituents for a local energy inequality

Next approaching the core of our analysis, we prepare our study of a suitably localized variant of (1.3)
by collecting some basic evolution properties of respectively localized versions of the integrals making
up the quasi-energy functional therein. Our first observation in this regard concerns the corresponding
logarithmic entropy.

Lemma 6.1 Let x € C§°(Q2) and € € (0,1). Then

d |Vn.|?
— [ xn:Inn.+ | x——
dt 0 Q Ne

= / XFL(ne)Vne - Vee — / (Inne +1)Vn. - Vx
Q Q

_ /Q Ce - {(lnnE + 2)F.(n:) + n(lnn. + 1)F€”(7”L5)}VnE -Vx — /Qng_;(lmnE + 1)Fl(ne)ceAx

+/ ne Inne(ue - Vy) for all t > 0. (6.1)
Q

PrOOF.  We integrate by parts in (2.7) to see that

d
dt/ Xnelnn. = / x(lnn. +1)V- {Vn€ — ngFE’(ng)ch} — / X(Inne + 1) (ue - Vn,)
Q Q Q

= _/Q {va + (Inne + 1)Vx} - {Vng - nsFé(ns)VCs}

Ne

- /Q v{ue - (n.1nn,) )

2
= _/X‘vna‘ +/XF5/(ns)vn€'VCs
Q Q

Ne

—/ (Inn: +1)Vn. - Vx + / ne(Inn. +1)F/(n:)Vee - Vx
Q Q

—i—/ ne Inng(ue - Vy) for all ¢ > 0,
Q

15



because V - u. = 0. As herein another integration by parts shows that

/ ne(Inn. + 1)F.(n:)Vee - Vyx = —/ C<EV{ng(lnn(E + 1)Fé(n€)} -Vyx — / ne(lnne + 1)F.(n:)c-Ax
Q Q Q

for all t > 0, computing

di{s(lns + 1)F&f(s)} = (Ins+2)F.(s) + s(lns + 1)F(s), 5> 0,

s
we immediately obtain (6.1) from this. O

Next, the evolution of a localized version of the Fisher information functional in (1.3) can be described
as follows.

Lemma 6.2 If x € C5°(Q2), then for any € € (0,1),

1d Ve |? 9 9
—— D=1
i " e

, 1 Ve |? 1
= - XFE(ns)Vn6 Ve — 5 XF-(n) — | x—Vece - (Vue - Vee)
Q c Q Ce

€

1 2
_/ c ( CE VCE) Vx + / |v E| v VX)
Q Ce

Ve |?

(ue -Vx)  forallt>0. (6.2)

PROOF.  Using the pointwise identities V. - VAc. = 2A|Ve. > —|D?c.|* and V|Ve.|? = 2D?%c. - Ve,
on the basis of (2.7) and several integrations by parts we compute

1d |Ve.|? _(/ Ve
2dt QX Ce

Vee|?
Aca - (ne)ca Ue - VC&} - 5 /Q X| 2 ’ {Aca - (na)ca Ue - Vcs}
5

D?c.|? Ve |?
— 2/X AV 5\2 /X|€|—/XFa'(ne)Vns-Vce—/xFE(ns)’ el
9) c Q Q

3 Ce

1 1
—/ x—VcE - (Vug - Vee) — / x— (ue - V|Vee %)
0 Ce 2 O Ce

Ve 1 Ve |?
—i—/x Vce-(D Ce - ch)—/X, C;| —i—/’ C;' Ve - Vx
Q (&= 2 o ¢

Ve |? Ve |?
/ R TR R

€

1 D2 2
= / X—2ch . (DQCE -Vee) —/ —(D?c. - Ve.) - Vx — / Xﬂ
Q € Q Q ¢

c Ce €

1 Ve|? 1
—/ XFL(n:)Vne - Ve, — / XFg(ng)‘ cE| —/QXCVC6 - (Vug - Ver)

€

|VC€’2 ’vc€|2
QAXCQ e VX)

€
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1 Vet 1 Ve, |?
+/ X—5 Ve - (D?%c. - Ve.) — / X’ 3€| + / | 28| Ve. - Vy
Q C Q Cz 2 Q Cz

1 Ve.|?
*/X| L ve)
9] C

2 €
D?c.|? 1 Vet
= _/X‘El+2/X2vcs'(D2cs'V05)—/X’ 36‘
Q Ce QO C Q Cz
1 Ve |?
—/XFs/(ng)VnE-Vcs—2/XFE(nE)‘ el
Q Q Ce

1
—/ X—Vee - (Vue - Vee)
QO C

€

1 1 2 1 2
_/ (DZCE'VCE)'VX+/ |VC2€’ VCE'VX"'/ [Veel (ue - Vx)
Q 2 Jq cz 2 Ja

Ce Ce
for all t > 0. As
|D%c.|? .

Ce Ce

Ve - (D%c. - Ve.) n Ve |*

cc|D*Inc.|* = 5

in 0
G- nQx(0)

this is equivalent to (6.2). O
Finally, localizing in the corresponding fluid part does involve the pressure in a natural manner:

Lemma 6.3 Let x € C§°(Q2). Then

1d

L L / Vel = / NF(ne) (us - V) — / ve - (Ve - V) — / Plu.-Vy)  (63)
2dt Jq Q 0 0 0

for allt >0 and ¢ € (0,1).

PROOF. On integrating by parts, from the third equation in (2.7) we directly obtain that again
since V - u. = 0,

1d 9
5% QX|U€| = /QXUE' {AU5+VPE+F€(7L€)V¢}
= [MVuP = [ (Vao V0 - [ P V0 + [ P o)
Q Q Q Q
for all ¢ > 0, as claimed. ]

6.2 Estimating the right-hand sides of (6.1), (6.2) and (6.3)

In order to prepare an appropriate estimation of the ill-signed contributions to (6.1), (6.2) and (6.3),
let us state the result of a straightforward application of the Hélder and the Sobolev inequality that
will explicitly be referred to in Lemma 6.5 and Lemma 6.7.

Lemma 6.4 Let ( € C*°(2) be nonnegative, and suppose that m € (0,12) and q > 3 are such that
q <1+ 7. Then there erists C(m,q) > 0 such that

[t <cma{ [ c“vn’f‘Q}T +Clm,a) (64
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for allt >0 and e € (0,1).

PrROOF.  We first use the Holder inequality to see that thanks to (2.12),

m 4q9—m
et = [ @yt ont
Q Q
m—6q+6 4‘1%7” 2 %
< O |V By forall >0, (6.5)

because 4¢g —m > 0 and % + 4‘127" < 1 according to our restrictions that ¢ > ¢ and ¢ < 1+ 7. Here

a Sobolev inequality provides C1 > 0 such that for all € € (0, 1),

||C2\/TTE||%6(Q) < C1/Q‘V(C2\/n>s)2+cl/ﬂ(g2\/a)2
- Cl/g)‘;g2\v/%+2gﬁvC’2+Cl/g)C4ne

1 Vng|?
< 201/<4’5’+801H(V(H%OO(Q)/ng—i—ClHCH%OO(Q)/n€ for all ¢ > 0.
Q Ne Q Q

Once more by means of (2.12), combining this with (6.5) yields (6.4) O

A first application thereof indeed enables us to appropriately relate the right-hand side in (6.1) to the
dissipated quantity on the left, provided that the weight function therein can be written as the fourth
power of a suitably smooth function.

Lemma 6.5 Let ( € C™(Q) be nonnegative. Then for each n > 0 one can find C(n) > 0 such that
- / (Inne 4+ 1)Vn, - V¢! — / Ce - {(lnn6 + 2)Fl(ne) + ne(Inn. + 1)F€"(n5)}Vn5 vt
Q Q
/ ne(Ilnng + 1)F€’(n5)05AC4 +/ ne Inng (ug - VC4)
Q Q
4| Vne?
< n/C T—FC(n) for allt >0 and e € (0,1). (6.6)
Q €

PROOF. By means of Young’s inequality and (2.12), for all ¢ > 0 we can estimate

—/(lnn6+1)Vn5-VC4 = —4/ ¢G(Inne +1)Vn. - V¢
Q Q
Vne? 16 2
S RS\ (YAES)
9 Te nJa
<

n 4|Vna|2
1)
Q Te

32 32
P2V ) [ et e+ ZICVC gy [ e (67
n Q n Q
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and using (2.13) and the inequalities |F/(s)| < 1 and |sF/(s)| = 72 < 1,5 > 0, we similarly obtain
that

—/ ce - {(lnng +2)Fl(n:) + n.(Inn. + 1)F€”(n€)}Vn5 . VC4
Q

IN

1
M/ {Imne] + 2+ L mne] + 1)} Vne| - |
Q
= M [ & (5l +9)[Vn] V¢
Q

Vne|? M? 2
< 2B 25 [ ogn(simn +9)

Ne

Vn2 50M? 162M2
< 1 qltnd VGl ey [ et et O C Ty [0 (68)

Ne

for all ¢ > 0. Since AC* = 4¢3AL + 12(2\Vg|2 in ©, we furthermore see that
—/ ne(Inne 4+ 1)F/ (no)c. ACH
Q
< M- {4||gAg||Loo(Q) + 12||VC||%OO(Q)}/QCQnE(Hnn5| +1)  forallt >0, (6.9)

and in order to finally estimate the rightmost summand on the left of (6.6), we fix any p € (%, 2) and
use the Holder inequality to obtain that

—/ ne Inng(ue - VC4) = —4/ e Inng(u. - V)
Q Q .
< AV poe oy lluell : { / 3P| lnnalp}p for all t > 0.(6.10)
LP r=1(Q) 19
Collecting (6.7)-(6.10), we thus infer the existence of C1(n) > 0 such that for any choice of ¢ € (0,1),
- / (Inn. 4+ 1)Vn, - V¢! — / -{(lnn6 +2)F(ne) + ne(Inn. + 1)F,3”(715)}Vn€ ¢t
Q Q

/ nE(lIlTLE + 1)Fsl(ns)C€AC4 +/ Ne lnns(us : VC4)
Q Q

3 vn
< 47]/C4’ n8| 01(77)/(2C2(n51n2n5+n6“nna‘+ne)
€
1
. 3p,,p p”
+C’1(77)Hu5HL%(Q) {/QC nZ|Inng| } for all ¢ > 0. (6.11)

Here to control the second summand on the right, we take Co > 0 large enough such that sln?s +
s|Ins|+s < 6’255 +1 for all s > 0, and then invoke Lemma 6.4 and Young’s inequality to find C3(n) > 0
fulfilling

Ch (77) / C2 (ns In? Nne + ns‘ In nz—:| + ns)
Q
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4
< 01(77)02/QC271§’ +Cl(77)||C||%2(Q)

< Cs(n)-{/ﬂé‘lw}éﬂLCs(n)

Ne

- 2 2 2
< 77/ ¢t V| + Cs(m) + C3(n) for allt > 0 and € € (0,1). (6.12)
Q n

8 Ne

In the last summand of (6.11), we use that the restriction p > % warrants that 1% < 3, which through
Lemma 4.3 entails the existence of Cy > 0 satisfying

HugﬂL%(Q) <y for allt > 0 and € € (0,1). (6.13)

Furthermore, due to the inequality p < 2 we have p < 1+ £, whence it is possible to fix ¢ > p such

that ¢ <1+ £. Then since ¢ > p, there exists C5 > 0 such that s?|Ins|P < C5s? + 1 for all s > 0, so
that using that m := 3p satisfies m < 6 < 12 as well as 7 = :%p <p<q<1l+8=1+ ‘G > once more
relying on Lemma 6.4 we see that with some Cg > 0,

3p,,p p % 3p,,q 3p %

{/Qc nawlnnei} < {Cs/ﬂC na+/ﬂc }
AV * ’

{06.{/Qg - } +06}

< (205)7 - {c‘*w}

e

Jun

IA

0

4 (205)7  forallt>0and e € (0,1).

In conjunction with (6.13) and again Young’s inequality, this shows that there exists C7(n) > 0 with
the property that whenever ¢ € (0, 1),

1
) 3p,,p p 7
el ey g { [ Pl
2
< n/C4|vn€|+C7(77) for all t > 0,
8 Q Ne

and thereby establishes (6.6) when combined with (6.12) and (6.11). O

In estimating the right-hand side of (6.2), we basically only need to suitably combine Young’s inequality
with (2.13) and Lemma 4.3.

Lemma 6.6 Let ( € C°(Q)) be such that ¢ > 0 in Q. Then for all n > 0 one can find C(n) > 0 such
that for allt >0 and ¢ € (0,1),

1 1 1 2
—/C4Vc€-(Vu€-Vc€)—/ (DQCE-VCE)~VC4+/ |VC;‘ Ve, - V¢!
Q  Ce Q 2 Jq <z

Ce c
1 Vee|?
+5 [ e vy
Q Ce
D2c.|? Ve |4
< n/C4’€’+77/C4’ d +0(77)/C4!Vus\2+0(77)- (6.14)
9] Ce 0 Ca Q
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PrOOF. By Young’s inequality and (2.13),

Ve,
4/C4| C| /C4Ca’vua’2

M
/C4w+/§4vug\2 for all t > 0 (6.15)
4 Jo n Ja

3
==

IN

1
—/ ¢t —Ve, - (Vue - Vee)
o G

IN

and

|ch\2 4\ |VC5|2
2 Q Ce (US ' VC ) B Q/QCS Ce (UE ' VC)

< f/&W%“+f/@ww%mF
<1 C4Nc€| + Tyl gy forall ¢> 0. (6.16)
Moreover, by the same tokens,
L2 4 3l o
—/QCE(Dce-VcE)-VC = —4/CCE(DCE-VCE)-VC
< /44’D206|2 /C2|VC]2|VCE
< 77/(4’17 Cs|2 /<4’VCE‘ 16/ IV¢|Aee
< /§4’DCCE|2 1 / §4|VCCE‘4 16M for all ¢ > 0(6.17)
e e
as well as

1 2 2
/ |VC25| VCE'VC4 — 2/<3|VCE| VCE-VC
2 Q Cz

ch 8 Ve |?
< 2ol 2 [ oplTe
Ve |4 128
< 4/44‘ ’5’ /yvc‘*
4 12 M
< 4/C4|VCC;| + 8 HVC||L4 for all ¢t > 0. (6.18)

Since sup.¢ (1) SUPss (e (-, )l 22 1s finite according to Lemma 4.3, (6.15)-(6.18) directly lead to
(6.14). O

The following estimate concerned with (6.3) now again relies on Lemma 6.4.
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Lemma 6.7 For any nonnegative ( € C*°(Q) and each n > 0, there exists C(n) > 0 such that for all
e €(0,1),

/Q CHFe(ne) (ue - V) — /Q ue - (Vue - VCH /Q P.(ue - VY

Vn.|?
< / AVl + 1 / A omIn 2, +owm)  geraitso. (6.19)
Q Q ne L(Q)

PrROOF.  Once more thanks to Young’s inequality,

—/u,am,v&):-4/f%fampvo
Q Q

8
< 7] cwup [ oot
Q nJa

;7/ V2 4 Ci(n) for all t > 0, (6.20)

with C(n) == & ||CVC||20<, ) SUDc¢ (0,1) SUP;0 l|ue (-, )||%2(Q) being finite by Lemma 4.3. Furthermore,

choosing any p 6 (3,3) and lettmg m = 6(p— 1), we use that then 4p —m = 6 — 2p > 0 in employing
the Holder inequality to estimate

4dp—m
4 \V/ \V/ m
/QC F€(n€>(u€ ’ ¢) < H (ﬁHLOC(Q)HUEHL‘pfi (Q)HCHLOO () {/ ¢ np} for all ¢ > 0,

where sup.¢(g,1) SUPssg [ e () )|| 210 < 00 due to Lemma 4.3 and the fact that ;55 < 3. As the

restriction p < 3 ensures that 7 < 1 noting that p = 1 + % we may combine this w1th Lemma 6.4
and Young’s inequality to find 02 > 0 and C5(n) > 0 satisfying

2\ T %
/52C4F5(”6)<“6'V¢) < 02-{{/QC4|V:€} +1}
2

(n) for all ¢ > 0. (6.21)

AN
:a\
S

Bl

&
+
S

In the last term on the left-hand side of (6.19), we first use the Holder inequality to see that writing
Cy = 4]|CV (]| oo () We have

- [P ve) = 1 [ @RV
Q Q
< C4||Ps||Lg(Q)||C2UgHL6(Q) for all t > 0,

where a Poincaré-Sobolev inequality yields C5 > 0 such that for all ¢ € (0,1),

2
el < s [ [9(cu)

— C5/Q‘C2Vug+2C(ue'VC)’2

< 205/(4|Vu5|2+06 for all t > 0
Q
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due to Young’s inequality, with Cg := 805||CVC||L00 ) SUDce(0,1) SUP0 [lue (-, )||%2(Q) < oo again by
Lemma 4.3. Therefore, a final application of Young’s mequahty shows that

C C
- [PtV < Il + 2RI,
Q
C C2C,
< /C|V €|2+ﬂ+ 4 5||PH2 for all t > 0,
which together with (6.20) and (6.21) establishes (6.19). O

In order to adequately make use of the dissipation mechanism expressed in (6.2), let us note two
functional inequalities which in quite a natural manner extend their corresponding spatially global
counterparts that have already been relied on in previous literature on (1.1) (see, e.g., [37] and [40]).

Lemma 6.8 Let ( € C§°(2). Then for all ¢ € C*(Q) such that & > 0 in Q, we have

4
/Q cwgﬁ’ <28 /Q ¢ D? g2 + 4096 /Q Ve[ (6.22)
and
/CAJDQﬂ2 <58/C4§\D21n§2+8192/ |V¢|ie (6.23)
Q & 0 Q . .

ProOOF.  We first adapt an argument from [37, Lemma 3.3] to see integrating by parts and using
Young’s inequality that since |[AIné|? < 3|D?In&|? in Q,

4
[ eB5E = [ civmepvime. ve

= /g‘*avmg%mg 2/g4§v1n§ (D?In¢-Ving) — /g3gyv1n5| Viné- V¢

2 2
— — [¢Bame—s [ ¥ 0tneve -4 [ oEEve v
4
< g [ol5h ez [ caame
4
/c“’vf‘ +8 [ (telD*mgp
4 2
vl Ve 256
< 8/944 +14/<45|D21n£|2+32 75 | ¢+ [ val'e)

< / 44‘V§'4+14 / CHE|D? Ing]? + 2048 / v,

from which (6.22) follows.
As, again by Young’s inequality,

D¢, VE- (D% VE) L Vel
3 & &
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T2 ¢ &
and thus
D2 2 4
0 3 Q o &
from (6.22) we moreover readily obtain (6.23). O

By suitably combining the above pieces of information, we can now proceed to derive the following on
the basis of an argument based on correspondingly localized versions of (1.3).

Lemma 6.9 Let K C Q be compact and T > 0. Then there exists C(K,T) > 0 such that whenever
€ (0,1),

/ ne(,t)| mne(0)| < O(K.T)  for allt € (0,7). (6.24)
K
Proor.  We fix a nonnegative ¢ € C5°(f2) such that ¢ = 1 in K, and then obtain by combining

Lemma 6.1 and Lemma 6.2 with Lemma 6.5, Lemma 6.6, Lemma 6.8 and (2.13) that there exist
C1(K) > 0 and C3(K) > 0 such that for all € € (0,1),

dt{/<4n‘€lnn€ /C4WC€|2} /&WZ;’

< Cl(K)/C4\VUE|2—|—C'2(K) for all t > 0.
Q

Since Lemma 6.3 in conjunction with Lemma 6.7 yields C3(K) > 0 such that

d 41, |2 4 2 1/ 4‘vn6’2 2
@ L[ alvne?
K)dt/QC e | +01(K)/Q< Vuel* <5 | ¢+ GNP g )+ Ca(K)

for all t > 0 and € € (0,1), we thus infer that

Pty = [ e tanen+ g [ 44’205((7 (8 [ ul0f, tz0,ce 0)
’ (6.25)
satisfies
FL(t) < Cy(K) + C3(K) + C3(K)|| P.(-, t)Hig(Q) for all t > 0 and ¢ € (0,1). (6.26)

As Lemma 4.4 provides Cy(T) > 0 such that
g 2
. <
/ | P-( ’t)”L%(Q)dt < Cy(T) for all e € (0,1)

due to the fortunate circumstance that 6 < 2, an integration of (6.26) shows that

Fo(t) < /Qg‘*nolnno+;/gc4|vc?|+c /C4\UO!2
+(CQ(K)+C3(K))‘T+CS( )C4
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for all ¢ € (0,7) and each € € (0,1). Since sIns > —1 for all s > 0 and hence

2|10
fe(t)>/ lnnsz/ nsllnn5|+2/ nslnn€>/ ns|1nn€]—u
K K {n.<1} K €

for all t > 0 and € € (0,1), this entails (6.24). O

As a by-product, the latter strengthens the convergence statements concerning the first solution com-
ponent in (5.3) as follows:

Corollary 6.10 Let (¢j)jen be as in Lemma 5.2. Then
ne —n and F.(n.) —n in L. (Q x[0,00)) as e =¢ej \,0. (6.27)

PrOOF.  As Lemma 6.9 guarantees uniform integrability of (ne).c(,1) and thus, through (2.9) and
(2.10), also of (F.(ne))ece(o,1) over K x (0,T) for all compact K C  and any T' > 0, in view of the
Vitali convergence theorem this is a direct consequence of the pointwise convergence property in (5.3).
O

7 Solution properties of ¢, u and n. Proof of Theorem 1.1

Having at hand the key information gained in Corollary 6.10 now, in this section we can proceed
to make sure that the limit triple gained in Lemma 5.2 indeed solves (1.5) in the sense specified in
Definition 2.1. Already our first statement in this direction essentially relies on one of the strong
convergence features in (6.27).

Lemma 7.1 The identity (2.3) is valid for each o € C§°(2 x [0,00); R3) fulfilling V - ¢ = 0.

PROOF.  Given any such ¢, from (2.7) we know that

_/0""/9%.%_/9%.%0>:_/0°°/ng-w+/0°°/QF€<ng><sa-v¢> (7.1)

for all e € (0,1). Here the convergence properties (5.9) and (5.10) ensure that with (¢;);cn as provided
by Lemma 5.2 we have

—/ /ua-got—>—/ /u-got and —/ /VUE~V¢—>—/ /Vu-V«p
0 Q 0 Q 0 Q 0 Q

as € = ¢; N\, 0, and since supp ¢ is a compact subset of € x [0,00), the local convergence feature
asserted by Corollary 6.10 is sufficient to guarantee that furthermore

/OOO/QFME)(@-W)%/OOO/an-V@

as € = £ \, 0. The claim therefore results from (7.1). O

Also our verification of (2.2) makes substantial use of Corollary 6.10.
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Lemma 7.2 Let ¢ € C§°(Q2 x [0,00)). Then (2.2) holds.

PrROOF.  According to (2.7), for all € € (0, 1) we have

_/OOO/QCM—/QCW(-,O):—/OOO/QVCE.vgp—/ooo/QFE(nE)casH/ooo/Qca(ua-W) (7.2)

where due to (5.6), (5.8) and (5.9),

—/ /Ca¢t—>—/ /C@t,

o Ja 0o Ja

—/ /VCE'V¢—>—/ /Vc-Vgo and
0 Q 0 Q

| [ etucvors [7 ] ctu-ve)

0o JQ 0o JQ

as € = ¢ \, 0, with (&;);jen as in Lemma 5.2. Since moreover, by compactness of supp ¢ C € x [0, 00),
Corollary 6.10 in conjunction with (5.7) warrants that also

[ e [ o

as € = g5 \( 0, from (7.2) we directly obtain (2.2). O

Our derivation of the corresponding solution properties of n in Definition 2.1, though now independent
of Corollary 6.10, is significantly more involved and requires a careful choice of the renormalization
functions 1 and p appearing therein:

Lemma 7.3 Let

1
P(s) = poag] and p(s) = ¥ 20k for s > 0. (7.3)

Then (2.4) is satisfied, and (2.5) holds for each nonnegative ¢ € C§°(Q x [0,00)).

Proor. Using that

W(s) = ——— and ¢'(s) =

e for all s > 0, (7.4)

(s+1)3

for each T' > 0 we can estimate

/OT IR R R /T {5 3+(n+11)4+(n4f21)6}yvn\2

o L
/ ' | nireive < [ ' JACR
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so that (2.4) is a consequence of Lemma 3.2, Lemma 3.1 and Lemma 5.2.

To verify (2.5) for fixed nonnegative ¢ € C§°(Q x [0,00)), we go back to (2.7) and integrate by parts
several times to see that due to (7.4),

/ [ wtnptearen - /¢n0 (0)0(.0)

= [7 [ o(vtnanten)

_ /0 /Q wns)p(cE)@.{Ané__v.(nEFg(ng)We)_ug.m}

= = [ [ et vae - / T [ oasewn ve

+/0 neFL(n) ¢ (n2)p(c:) (Vne - Vez) ¢+/ /nEF/ n W (12 (e2) Vw2

.
/oo
I
-

¥ (n) (c2)(Vne - Veo)p - /0 /Q b(ne)p" () [Vee 2o

=]

:a\:a\:\o\o\
0?1

b(ne)ep'(ce )y
Y (ne)p(ce)Vne - V<p+/ /neF’ (ne)d' (ne)p(ce)Vee - Vo

()l () Vee - Vo + / / B(ne)ples) (e - Vo)

C o[ e T
0o Jo ns+1
o° ( Fl(n.) Vn. - Ve,
+2/0 /Q pled + =5 p(%)}(ngﬂ)?s"
> (na) / |ch\2
/0 /Q p n5+1 p(c€>}n€+1
ee 5
/ / Csp 90
0 Q Ne
> p(c
+/0 /Q n5+1 Vng Vi
> ,0’( :)
—i—/o /Qng j 1(ug V) for all € € (0,1), (7.5)

because V-u. = 0, and because p'(c.) = 0 on 92 x (0, 00) due to (2.7) and the fact that by (7.3), p/(s) =
2(s—c,)es 7265 for s > 0 and hence p(c,) = 0. Furthermore computing p”(s) = {2+4(s—c,)2}pes” —2¢s
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for s > 0 and observing that thus
1,0/2(6 ) 1n2F12( )

hic(z,t) = p'(c.) — = Ce
Le(, 1) P =500 " 2 e 102
1 1n2F2(n)\ o
_ o 2 o 2 € cZ—2cyce
= {2—1—4(05 Cx) 3 A(ce — ) — 3P 1) }e
1n2F2(n
_ 2 € Z—2cxCe
_ {2—1—2((:5 S }e . (D) eQx(0,00),  (7.6)
we rewrite
[Vne|? / neF(ne) Vn. - Ve, % neF(n) , Ve[
) 9 Letel\le) vet Ve Letelle) VTl
o)y F AP e f s A e A e b
Vne p'(ce) 1 neF!(n.) Ve, |2 hi ¢ 9
= -2 ¢ - + - —= Vv pl(e - —|Ve
‘ L E)(n5+1)% {2 plcc) 2 n=+1 4 5)}(n8+1)§ ne—i—l‘ 2
in 2 x (0,00) and obtain from (7.5) and again (7.3) that if we moreover define
p'(ce) 1 neF/(ne)
hoo(x,t) = - : 1) € Qx(0,00), 7.7
2ol ) = 0 SRR ), @ e @x (0,00 (7.7
e F(ne) (o)
 neFl(ne P (ce
he(z,t) == mp(ce) + et 1 (2,1) € Q x (0,00), (7.8)
then
o Vn, h
2 O [ L
0 (1 + 1)2 (ne +1 Me + 1

By EC ”<>
—/O /Qni:lcep’(ca)so

—I-/O /Q(n':f_ai)QVng-Vgo
—/OOO/th,SVCE-Vw

> c
—1—/0 /Q nps(—:)l (ue - Vo) for all e € (0,1). (7.9)
Now taking (¢;);en as provided by Lemma 5.2, from (5.3), (5.6) and (2.13) we readily infer that

//ng—H _>/0 /anﬂ //?/) (7.10)
_/0 /i(ﬂ)%p (ce)p = = / /nﬂ / /nw n)ep'( (7.11)
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as € = €; \, 0, while additionally invoking (5.5) and (5.9) we see that

//n€+1 _>/ /nﬂ ' //w o)(u- V) (7.12)

/OOO/QWSSC_E)I)QVW-WJ = /Oo/npfcs)VIn(n€+1).v¢
- / / Vln (n+1)-Vo
- / /w c)Vn -V (7.13)

as e =¢; \, 0. Since (5.3), (5.6) and (2.13) apart from that assert that (

and

(nEJr(;:;)% )se(o,l)’ (%)56(0,1)’

<L51> and (h3 )z (0,1) are bounded in L>(Q x (0,00)) and that a.e. in € x (0, 00) we have
(ne+1)2 / €(0,1) ’ ’

o) o

and
e M with  hy(z,t) == p(c) — pPe) 1 7 (¢), (z,t) € Qx (0,00)
ne+1  n+1 -7 20(c)  2(n+127 o)
as well as
h h / 1
2e ™ Gith ho(at) = Pl ,1.n p(), (z,1) € Q x (0,00),
(n5+1)5 (n—l—l)i 2 p(c) 2n+1
and
n ' (c)
h -
3,€—>(n+1)2p(6)+n+1

as € = ¢; \, 0, using (5.5), (5.8) and the fact that hi. is nonnegative due to (7.6) and (2.9), we see
that furthermore

c Ve = plee) In(n
A E)(n5+1)% (ne+1)%v (e +1)
L YD Gy
(n+1)2
= p(c)l§ in L} .(Q x [0,00)) (7.14)
(n+1)2



and

h h _
ichg —~ 2 V¢ in LE.(Q % [0,00))
(ne+1)2 (n+1)2
as well as
h
Le Vc in L},.(Q x [0, 00))
and

o p(0) s
ha-Ve. {(n+1)2p<c>+n+1}w in L2,,(Q2 x [0,00))

(7.15)

(7.16)

(7.17)

as € = €; \, 0. While (7.17) enables us to pass to the limit in the second last summand in (7.9),

thereby deducing that

> p'(c)
_/0 /thﬁv% Vo — / / n+12p 0+ }vc Vo
(¢

= [ [ {wrmete - v @} ve- v

(7.18)

as € = €; \, 0, on combining (7.14) with (7.15) and an argument based on lower semicontinuity of the
norm in L?(supp ¢) with respect to weak convergence we infer that thanks to the nonnegativity of ¢,

ho Vne

h2,€

5 Ve
n+1>§ (n+1)3

e=g;\(

2
o < liminf {

and similarly we obtain that moreover

< lim inf
//n+ IVe|* gm?f{“‘o/ /nE Ve .

m+U%<m+U%

Ve

2
il

(7.19)

(7.20)

It remains to collect (7.10), (7.11), (7.12), (7.13), (7.18), (7.19) and (7.20) to conclude from (7.9) upon

a straightforward rearrangement that indeed

| [ e mptaents - // 20/ ()0 (0) + e ()p(c) }(Vn - Ve
/ L { - vt @)+ s} vee
2 o)
n—|—1) _(ni gH/ /anll
lm\f{/ J VR e
~ g [ [ s [

(ne+1)7  (nc+1)2
/ /ns+1 ce)e

2

Ve
1)2

IN
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[ o [ e
L)
= [ [ wtmsterei+ [ vttt
- [T [ e
/ /q,z) )Vn - w+/ / n! (n)p(c) — (n) ’(c)}vc~w
/ /@Z) (u- Vo),

as intended. OJ

Our main result on global solvability in (1.5) has thereby actually been completed already:

PROOF of Theorem 1.1. We take (n,c,u) as constructed in Lemma 5.2, and then only need to
combine the statements from Lemma 5.2, Lemma 7.1, Lemma 7.2 and Lemma 7.3. O
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