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Structural properties of positive real and reciprocal rational matrices

Thomas Berger and Timo Reis

Abstract— We consider positive real matrix-valued rational
functions. We show that the pointwise kernel as well as the
pointwise kernel of the Hermitian part is constant in the
right complex half plane. These results are the basis for
a decomposition for positive real matrices under orthogonal
similarity transformation.

We further consider positive real matrices which have
a certain symmetry property that is known as “reciprocity”.
A decomposition for reciprocal and positive real matrices under
block orthogonal transformation is derived.

We illustrate our results by applying them to transfer
functions arising in electrical circuit theory.

Index Terms— Passivity, positive realness, reciprocity, trans-
fer function, electrical circuit, modified nodal analysis.

Nomenclature:

N, Ny set of natural numbers, Ny = NU{0}

Cy open set of complex numbers with
positive real part

R[s] the ring of real polynomials

R(s) the quotient field of R[s]

R™™ the set of n x m matrices with

entries in a ring R

rkA, kerA, imA rank, kernel and image of A € R™"

Gl,(R) the group of invertible matrices in R™"
M* = MT, the conjugate transpose

of M e C"™
I, identity matrix of size n X n

Note that we neglect the subscripts in the case where the
sizes of the identity and zero matrices are clear from
context.

I. INTRODUCTION

We study positive real rational matrix functions G(s) €
R(s)™™, that is
a) G(s) does not have poles in C, and
b) G(A)+G(A)* >0 VAeC,.
This class of rational matrices plays an important role in
linear systems theory, since they are transfer functions of
passive linear time-invariant systems [1]. In particular, they
are important for the analysis and synthesis of electrical cir-
cuits and mechanical systems, see [2]-[4] and the references
therein.
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Another crucial concept studied in the present article
is reciprocity. Loosely speaking, this is the property of a
transfer function to satisfy a certain symmetry property.

Definition 1.1 (Signature matrix, reciprocal matrix): Let
my,my,m € Ng be such that m| +my = m. Then

S =diag(Ly,, —In,) € GL,(R) (D

is called a signature matrix.
A rational function G(s) € R(s)™™ is called reciprocal (with
signature (my,my)), if for S as in (1) it holds

G(s)S = SG(s)".
Reciprocity means that the transfer function can be parti-
tioned as Gir(s) Girls)
G(s) — 11(s 12(8
( ) —Glz(S)T ng(s)
where G11(s) € R(s)™"™, Gaa(s) € R(s)™"2 are symmetric.
This class of rational matrices occurs in electrical circuit

theory, where the signature is determined by the numbers of
voltage and current sources [1], [2], [5].

2

In Section II we focus on positive real matrices. We show
that kerG(A) +G(A)* is independent of A € C. We further
prove that G(s)v is constant for all v € kerG(1) + G(1)*.
Upon these facts we derive a decomposition for positive real
matrices under orthogonal similarity transformation. This
form decomposes G(s) into a part which has a positive
definite Hermitian part in C,, and some constant skew-
Hermitian part.

Reciprocal matrices are then investigated in Section III
and another decomposition is derived for positive real and
reciprocal rational matrices under similarity transformation
with block-diagonal orthogonal matrices.

Finally, in Section IV we consider differential-algebraic
models of passive electrical circuits. The transfer functions
of these systems are positive real and reciprocal. We derive
some consequences of the results from the previous sections.

II. POSITIVE REAL TRANSFER FUNCTIONS

In this section we investigate positive real matrices and
derive a decomposition under constant orthogonal trans-
formations. First, we need the standard representation of
positive real matrices. To this end, recall that G(s) € R(s)™™
is called proper, if limy _,., G(A) € R™™ exists; G(s) is called
strictly proper, if lim,_,,G(1) =0.

Lemma 2.1 (Positive real functions [6, Sec. 2.7]): Let
G(s) € R(s)™™ be positive real. Then G(s) has no poles in



MTNS 2014
Groningen, The Netherlands

C,.. Furthermore, G(s) has a representation

G(5) = Gi(s) + Mo +sMy + X ; +jzls_lw] Y+lw}7 3)
where
- keN,
- o,...,0 €R,
- Ry,...,Ry € C™™ are Hermitian and positive semi-
definite,

Ro,M; € R™™ are symmetric and positive semi-definite,
My € R™™ such that M —&—MOT is positive semi-definite,
G,(s) € R(s)™™ is strictly proper.

Furthermore, the proper transfer function My + Gi(s) €
R(s)™™ is positive real.

We show that, for a positive real matrix G(s) € R(s)™"™
and u,A € Cy4, the kernels of G(A1) +G(A)* and G(u) +
G(u)* coincide. We will conclude that the kernel of G(s) is
constant.

Proposition 2.2: Let G(s) € R(s)™™ be positive real and
A €Cy, uec C" be such that u*G(A)u =0. Then u*G(s)u =
0 € R(s). Furthermore, G(s)u is constant.

Proof: Consider the scalar rational function g(s) =
u*G(s)u € R(s). Then g(A) = 0 and, moreover, g(s) is
positive real. Assuming that g(s) # 0 gives that 1/g(s) is
again positive real, cf. [7]. However, this contradicts the fact
that 1/g(s) has a pole at A € C. As a consequence, g(s) =0,
ie., u*G()u=0 for all u € C,. Thus, for all u € C, we
have

W (G(u)" +G(u))u = (G(p)u) u+u (G(u)u) = 0.
Since G(u)* + G(u) is positive semi-definite, we find
(G(1)* +G(u))u = 0, which is equivalent to

G(p)"u

As a consequence, the entries of G(-)u: C; — C are holo-
morphic and their complex conjugates are holomorphic as
well. The Cauchy-Riemann equations [8, pp. 231] now imply
that G(s)u is constant. [ |

We may immediately conclude that the kernel of a positive
real function is constant.

Corollary 2.3: Let G(s) € R(s)™™ be positive real and
A €Cy, ueC™ be such that G(A)u = 0. Then G(s)u =
0 e R(s)™.

We now show that, via a similarity transformation with
an orthogonal matrix, any positive real rational transfer
function may be decomposed into a part which has positive
definite Hermitian part in C,, and some constant skew-
symmetric part.

Theorem 2.4: Let G(s) € R(s)™™ be positive real. Then
there exist numbers and matrices

- p€{0,...,m},
orthogonal U € R™™,
positive real G (s) € R(s)?? with kerG; (A)+G1(A)*
{0} for all A € C,,

Ly € RP™P,
skew-symmetric matrix Ly, € R"~P™"~P,

—G(u)u forall peCy.
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such that Gils) L
UTGs)u = |7 '2} . 4
=98 @
Furthermore, we have
VA eC,: kerG(A)=U- ({0}1’ x ker [i” ) (5)
22
Proof: Step 1: We show (4). Let {uj,...,ux} CR™ be

an orthonormal basis of kerG(1)+G(1)*. By Corollary 2.3,

we have
span{uy,...,ux} =kerG(A)+G(A)* forall A € C;.
Let p=m—k and extend {ui,...,ux} by {vi,...,v,} to an
orthonormal basis of R™, and set
U = [vl Vp U uk] .

By Proposition 2.2, we have that G(s)u; is constant for
all i € {1,...,m}. Since G(s)' is positive real as well, we
further obtain that G(s) " u; is constant for all i € {1,...,m}.
Consequently, U G(s)U is of the form

Gl(s) L12
Step 2: We show the properties of the blocks in (4). By

U'G(s)U =
(s) { Ly L
construction of U, we have, for all A € C,

[* 0} —UT(G(A) +G(A) U

0 0
=U'GA)U+ (U GA)U)*
_[GiM)+Gi(A)* Lin+Ly,

Ly +L], Ln+L),|’

Hence, we obtain that Ly, is skew-symmetric and L,
—L,,. Assuming that w € C”\ {0} is such that (G()
G (A)*)w = 0 implies that (G(A)+ G(A)*)u =0 for u :
U(w',0)". Therefore,

o+

uckerG(A)+G(A)* =span{uy,...,ux} =imU [ﬂ ,
k

which yields # = 0 and hence w = 0, a contradiction.

Step 3: It remains to prove (5). The inclusion “D” is
obvious. To show “C”, assume that u € kerG(1). Then
w* (G(1)+ G(1)")u = 0 and, by semi-definiteness of G(1),
we have (G(1)+ G(1)*)u = 0. Partitioning

1
u- _ T
|:u2:| =U u,

we obtain that u' € kerG(1) + G;(1)* and hence u; = 0.
Consequently }

III. RECIPROCAL TRANSFER FUNCTIONS

Ly

uy € ker
: [Lzz

Passive electrical circuits modelled by the MNA method
feature a special symmetry property, that is their transfer
matrix is reciprocal. In this section we aim for decomposition
of positive real and reciprocal rational matrices. First, we
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have a closer look at the representation (3) of a reciprocal
matrix.

Theorem 3.1: Let G(s) € R(s)™™ be positive real and
reciprocal with signature (m,m;). Then the matrices in (3)
are of the form

Mo — Mo1r Moo _ [Min 0
° Mg, Mox|’ 0 Mixn|’
_|Ro11 O
Ry = [ 0  Rox|’ (6)
Rj11  iRj12 .
Ri=|".7 P2 for je{l,... k},
= e et
where
- Mo11,My11,Ro11,R1 11,5, R € R™™M and
Moo2,M122,R020,R122,...,Rk 20 € R™™ are
symmetric and positive semi-definite,
- Mo,12,R1,12,. .., R 12 € R,
Furthermore, the matrices
Rin R; 12]
T ’ @)
[Rj,IZ Rjx
are positive semi-definite for all j € {1,...,k}.
Proof: By reciprocity of G(s), we find
1 1
M;S = lim —G(A)S = lim —SG(A)" = SM; .
! A—oo A ( ) A—soo A ( ) !

Together with the symmetry property M| = MlT, we now
obtain that this matrix is of the form

My = diag(My,11,M1 22).
By furthermore using the limit representations

Ry = lim AG(A), Rj: lim (l—zwj)G(l),
A—=0 A—iw;

we can infer from the reciprocity of G(s) that
RoS = SRy ,
and R;S=SR; forall j€{1,... k}.

Hence, Ry has a block diagonal structure by the same
reason as for M;. We can furthermore apply this argu-
mentation to the symmetric and positive semi-definite ma-
trices Re(R;),...,Re(Ry) to see that they are of a block
diagonal structure. On the other hand the imaginary parts
Im(Ry),...,Im(R) are skew-symmetric and reciprocal with
signature (m;,my). This implies that Im(R;) has a block
structure

(k) = |

where Rj 12,...,Rg 12 € R™M™M2,

To verify the block structure of My, observe that by
Lemma 2.1 the matrix Mo+ M, is positive semi-definite.
Furthermore,

0
-
R

Rji2

0 } for je{1,...,k},

Mo = lim (G(A) — AMy),

A—o0
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hence, using M S = SM|', we find MyS = SM,, .
It remains to show that (7) is positive semi-definite. This
Rj12

follows from
R Rj,zz}

[Rj,l 1
i 0
10

il

0

il

Rin  iRj12
_’Rj,12 Rj2»

=R;

| el sl
0 :
|

Since the matrices M and Ry vanish outside the diagonal
blocks, we can conclude the following.

Corollary 3.2: Let G(s) € R(s)™™ be positive real and
reciprocal with signature (mj,ms) and let G(s) be partitioned
as in (2). Then the rational function G, (s) is proper and has
no pole at zero.

If G(s) € R(s)™™ is positive real and reciprocal with
signature (mj,my), then the functions Gij(s) € R(s)"1™,
G (s) € R(s)™™2 are both symmetric and positive real. By
Proposition 2.2, the latter property implies that the kernels
of G11(A) and Gy (A) are independent of A € C,. In the
following result, we show that G, (s) and G2 (s) are constant
on these kernels.

Proposition 3.3: Let G(s) € R(s)™™ be positive real and
reciprocal with signature (mj,m;) and let G(s) be partitioned
as in (2). If u; € R™ is such that u| Gyi(s)u; = 0, then
G11(s)u; =0 and Gia(s) "uy is constant. If up € R™ is such
that uzTGzz(s)uz = 0, then ng(s)uz =0 and G12(S)M2 is
constant.

Proof: By Theorem 2.4, there exists some orthogonal
matrix Uy € R™"™ | such that

where Hji(s) € R(s)P1"’1 has the property that Hyj (A1) +
Hy(A)* is positive definite for all A € C,, and Ly €
RPLM=PL [y € R™MTPLMTPL ig such that L;z = —Ly. The
symmetry of Gy;(s) now implies that L =0 and Ly = 0.
Assuming that ulTGll(s)ul = 0, we obtain from the above
matrix decomposition that

for some uj, € RP1™™_ Consequently, we obtain

" Jle)-

u; is constant: By defining

Hll(s)

L
UITGH(S)U1 = |:—LT 12
12

Ly

0

uy = U1
|:u12

It remains to show that Gyp(s)"

u=(u],0)", we have
u' G(s)u=u{ Gy (s)u; = 0.

By Proposition 2.2, we obtain the desired result from

Glou= [—Glz(()S)T”j '

The proof of the last statement is analogous.
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As a consequence of Proposition 3.3, we can infer that
a positive real and reciprocal rational matrix admits a certain
form under similarity transformation with orthogonal matri-
ces.

Theorem 3.4: Let G(s) € R(s)™™ be positive real and
reciprocal with signature (mj,m;). Then there exist numbers
and matrices

- D1 € {0,..-,1’)’11}, P2 c {O,...,le},

— orthogonal U; € R™™ U, € R™™M2,

— positive real and symmetric H(s) € R(s)?1'P1, H33(s) €
R(s)P2:P2 such that Hyj(A)+H1(A)* >0 and H33(A) +
H33(A)* >0 forall A € Cy,

— His(s) e R(s)P1P2, H3 (s) € R(s)P2P1, Ly € RPVM27P2
L23 c le*ﬂlﬁpz’ L24 c le—p],mzfpz’

such that, for U = diag(U;,U>), it holds

Hi(s) 0  Hpz(s) Lis
0 0 L L
T _ 23 24
U G(S)U = —H13(S)T _L£|'3 H33 (S) O . (8)

T T
Ly Ly 0 0

Furthermore, for all A € C., we have

L, L
kerG(A)=U" - [ {0} xker |723| x {0}72 x ker | ;14| ).
(1) =0 ({037 xter | 2] 037 ke

©))

Proof: Step 1: We show the form (8). Let

{uit,...,up1 } S R™, {uga,...,up}t C R™ be orthonormal

bases of kerG11(1)+G11(1)" and ker Goa (1) +Ga2(1)*, resp.

We can infer from Proposition 3.3, that for all A € C.

span{u“, .. .,Mkl} = kerGU(l) = kerGll(l) + Gll(l)*,
span{u127 ceny I/tlz} = keerg(l) = keerz(l) + Gzz(l)*.

Let p1 =m; —k, pp = my —1 and extend {u“,...,ukl} by

{v1 1yeo- 7Vp11} and {M12, e ,ulz} by {V]z, e ,szz} to or-
thonormal bases of R and R"2, resp. Define the orthogonal
matrices

ukl} ;

ulﬂ .

U1=[V11 Vpll ui

Uy =[vi2 Vp2 U2

By Proposition 3.3, we have that Gyi(s)uj; = 0 and
G[z(S)TMjl is constant for all j € {1,...,k}. Analogously
we find that Gy (s)uj2 = 0 and Gi2(s)uj, is constant for all
j€{1,...,1}. Consequently, U G(s)U is of the form

Hy(s) 0  Hiz(s) Lig
0 0 Ly Lo
UTG(s)U =
(S) H31(s) L32 H33 (S) 0
Ly Ly 0 0
for some

H]](S) (S R(S)pl’m,
Hgl(s) S R(s)172~1717
L14 = RPI«’”Z_pZ,
L24 c lefpl-,m27p2’
L41 c RmZ_prl’

H13(S) S R(S)m’pz,
His (S) S R(S)pz,pz’
L23 c R’nl_plvPZ’
L32 c RFvalipl’
L42 c R”“Z—P%’"l —P1 .

Reciprocity of G(s) means that G(s)S = SG(s) . Since U =
diag(U;,U,), we obtain that US = SU and U'S = SU".
Therefore,

UTG(s)US=U"G(s)SU =U"SG(s)"U=SU"G(s) U,
which means that U'G(s)U is reciprocal with signature
(m1,my). This implies

Hy (s) = —H3(s) ",

i
Ly = —Lyy,

.

L3y = —Lys,
T

Ly = —Ly,,

and that H;;(s),Hs3(s) are symmetric.

Step 2: We show that Hyj (1) +Hi1(A)* >0 and H33(A) +
H33(A)*>0forall A € C. Since Hj;(s) and H33(s) are pos-
itive real, positive semi-definiteness of the aforementioned
matrices is clear. Suppose there exists u; € CP1\ {0} such
that MT(HH(),) + Hyj1(A)*)u; = 0. Then u := U (ulT,O,)T
satisfies ' (G11(4) +G11(A)*)u = 0, hence

u € kerGyi(A) = span{uyy,...,up } =imU, [2(] ’

which implies that u; = 0, a contradiction. The proof for
Hs3(A) + Hs3(A)* is analogous.

Step 3: It remains to prove (9). The inclusion “D” is
obvious. To show “C”, let u € kerG(1). Then we have
u" (G(1) + G(1)")u = 0 and, by the semi-definiteness of
G(1), we find (G(1)+G(1)")u = 0. Partitioning

(uf yuy yus ui) " =U"u,
we obtain
u' (G(1)+G(1)u
=u| (Hy (1) +Hy1 (1) " ug +uj (Hz3(1) + Haz (1) uz,

and thus u#; =0 and u3 = 0 by the findings of Step 2. The
equation G(1)u = 0 therefore leads to

L,. 14
up Eker | B, uy €ker .
Ly,

Remark 3.5: With the orthogonal block-diagonal matrix
U as in Theorem 3.4, the residual matrices from (6) have,
for all j e {l1,...,k}, the special form

My, 0 0 0
T 1o o o o
UMU=] g o My, 0
0 0 0 0
Riio 0 0 0
oo, |0 0 0 0
URU=| ¢4 Ryo 0
0 0 0 0
[ Mo 0 Mp3o Lus
0 0 Ly; Loy
U'MU=| - Iy
0 —MIT370 —~L}; Mo O ’
-L,, -L, 0 0
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RUJ 0 iRp,; O
0 0 0 0

T . — ~ ~
URU= 71R1T21j 0 Rs3; O
0 0 0 0

IV. TRANSFER FUNCTIONS OF ELECTRICAL CIRCUITS

Electrical circuits with linear time-invariant resistances,
capacitances and inductances can be modeled by linear
differential-algebraic systems of the form

SEx(t) = Ax(t) + Bu(r)
y(1) = Cx(1),

where E,A € R"", B,C" € R""™.

The functions u,y : R — R are called input and output
of the system, resp. If the matrix pencil sE —A € R[s] is
regular (that is, sE — A € Gl,(R(s))), then the frequency
domain behavior is described by the transfer function, which
is given by

(10)

G(s) = C(sE —A)"'B € R(s)"™"™.

We assume that the input is formed by the currents of current
sources and the voltages of voltage sources, and the output
is given by the currents of voltage sources together with
the voltages of voltage sources. Modified nodal analysis
(MNA) [9] leads to

SACCAL+AgGA;y AL Ay

SE—A= —A] st 0|,
—-A), 0 0 (11)
—AT 0 0
T _ 54
B=c { 0 0 _Inq/]’
X = (nT71L7i—|f1;)T7 u= (i}av—lq;)—rv y: (_V}v i—'ID)T7
(12)
where

C e R”Cvng g c R"gﬂg’L c R"L,HL7AC c R"eﬁ(ﬁ7
Ag €ER™MG AL € RN Ay € RMemv A, € Riems

n=ne,+ng+ny, m=myg-+mqy.
13)
Here A¢, Az, Ar, Ay and A s denote the element-related
incidence matrices, C, G and L are the matrices expressing
the consecutive relations of capacitances, resistances and
inductances, 1(¢) is the vector of node potentials, i, (t), iq(t),
i#(t) are the vectors of currents through inductances, voltage
and current sources, and vy (t), v (¢) are the voltages of
voltage and current sources.
We assume that the given circuit is connected and passive,

which is guaranteed by the assumptions
(A1) 1k[Ar, Az, AL, Ay, Az =n,
A2)c=Cc">0,6=6">0,=,">0.
Note that regularity of sE —A is equivalent to
kerA, ={0},
ker[Ac, Ag, Az, Ay]" ={0}.

and (14)

5)
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This is equivalent to the absence of loops of voltage sources
and cutsets of current sources (basically, this means that
the circuit does not contain any short circuits) [10], [11].
The rational function G(s) = C(sE —A)~'B is moreover
positive real and reciprocal with signature (m_s,mq) [5].
Consequently, the overall transfer function has the form

Grs(s) Gry(s)

CO=| G u(s) Guls) |

(16)
where

Gy (S) =Gy (s)T c R(s)m.f/:m,ﬁ,

Gyy(s) = Gyy(s) | € R(s)™ ",

G yy(s) € R(s)™ ",

Next we determine some expressions for G y.4(s), G gy (s),
G (s). Define the rational function

Hene (s) = SACCAL +Ag GAg + LA LTIA] € R(s)"".

It follows by simple arithmetics that

ot =%y 9] et AJ”T A A
Next we determine
{x“(s) XlZ(S)]: Hexe () AV]I. (18)
Xa1(s)  Xaa(s) —Ay 0
T

Let Z, be a matrix with full column rank and imZ, =
kerA;';. Then the equation

I = HCKL(S)X“(S) +Aq/X21(S),

0= —ALXH(S) (19)

leads to Xji(s) = ZyY11(s) for some real rational matrix
Y11(s). A multiplication of the first equation in (19) from
the left with Z; gives rise to

Zy = ZyHee () ZyY11(s).
Condition (15) together with kerZ,, = {0} implies

ker[Ac, Ag, Ar] Zy = {0} (20)

The positive definiteness of C, G and £ hence gives rise to the
positive definiteness of Z,Hox, (1)Zy. Using that Heg (s)
is positive real, we can apply Corollary 2.3 to see that
Z,Hexe (A)Zy is invertible for all A € C,. Therefore, we
obtain

X11(5) = ZyY11(5) = Zo)(Z ) Hewp () Zy) ' 2. (1)

Inserting this expression into (19), and observing that ALAW
is invertible by (14), a multiplication of the resulting expres-
sion with (A),Ay)~'A), gives rise to

X21(s) = (ApAp) " Ay (I = Here (8)Zo(Zy Howe () Zw) ™' Z,).
(22)
Since its inverse is reciprocal with signature (n.,mq), the
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rational matrix X (s) has this property, too. Thus we have

X12(5) = (Zw(ZyHexe (5)Z0) ™' ZopHere (5) = D Av(ApAy) "

(23)
The equation
0= Hege(8)X12(s) +ApXa(s), (24)
then leads to
X2 (s) = (ApAy) AL H g, (5)
(I = Zy(ZyHexe (8)Zy) ™' ZgyHere (s))
Ap(ApAy) . (25)

Note that, for any matrix Z;y with full column rank such
that imZ, = kerAL, the rational matrices Xj;(s), Xi2(s),
X21(s), X22(s) defined in (21)—(25) solve (18). Consequently,
the transfer function in (16) is given by

Grr(s) =AYy Zy(Z)Hewe (5)Z0) ' ZHA »,

Grv(s) =Ay(Zy(ZyHexe (8)Zy) ' ZHege (5) — 1)

. T -1
A’V(A’VA’V) 5 (26)

Gow(s) =(ApAy) ' ApHexe (s)
I = Zy(ZyHewe () Zy) ' ZyyHere (5))
Ay(ApAy) T,

parametrized by Z,. By the findings in Corollary 3.2, the
function G~ (s) is proper and has not pole at zero.

Now, we determine the kernels of G s+ (s) and Gy (s).

Proposition 4.1: Let [E,A,B,C] as in (11) be given such
that (A1),(A2), (14) and (15) hold. Then, for all A € C, the
transfer matrices as in+(26) satisfy

kerGyj(),) = { xe€R" | Agx €imAy }7
kerGyy(1) =A,, ker[Ac, Az, A.]".

27
(28)

Proof: Since
kerZ, = (imZy)" = (kerA,)" =imAy,
we find
{x€RY | AyxcimAy } =kerZ A .

Then relation (27) hence follows from (20) and the fact that
Hegp(A) + Hege(A)* is positive semi-definite with
kerHCRL(/'L) +HCKL()L)* = ker[AC ’AR’ AL]T

forall A € C,.

Since Gyy(s) € R(s)""v is symmetric and positive real,
we can apply Proposition 2.2 to see that, for proving the
inclusion “C” in (28), it suffices to show that u € R™v with
u'Gyy(1)u=0 implies u € A}, -ker[Ac, Ag ,A.]": Since

P=1—Zy(Z He (1) Zy) " Z)Heg, (1) € RN

is a projector (onto kerZ,,Hox, (1) and along imZ,) with the
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property that
Heg (1)P =Hegg (1) — Hoge (1) Zo (ZyHege (1) Zy) ™!
+ZyHege (1)
:PTHCRL(I),
it follows that
Hewe(1)P =P Heg, (1)P.

In particular, Heg, (1)P is positive semi-definite. As a con-
sequence, u' Gqy(1)u =0 implies that

PAy(ALAY) 'uckerHeg (1) = ker[Ap, Ag ,AL]T.
Since P is a projector, we have

Ayp(ALAY)

€ kerP  +( imP  Nker[Ac, Ag,AL]")
:iran,/:kerAqT/ :kerZLHCRL(l)
:kerAL—l—( kequT/HCRL(l) Nker[Ac, Ag ,AL]")
—_———

=kerHexe (1)=ker[Ac, Ag ,AL]T
=kerA,, +ker[Ac, Ag , AL ]".
A multiplication from the left with A,,T/ leads to
uc A, -ker[Ac, Ag ALl (29)

We show “O” in (28): If (29) holds, then u = AqT/z
for some z € ker[Ac, Ag ,A.]". Since Ayp(A]Ay)"'A),
Zy(Z),Zy)~'Z], are both orthogonal projectors, and their
ranges orthogonally sum up to R", we have

Ap(ApAY) AL =1—2Z0(2)2,)7'2),. (30)
Thus we obtain
Here (1) PAp(ApAy)~'u
= Here (1)PAp(ApAY) Az
= Hcfl{L(l) Pz —chL(l)PZq/(Z,—,;Zq/)ilz;Z
=z

:HCRL(l)Z = 07

since z € ker[A¢, Ag ,A.]" =kerHpg.(1). Thus we have

=0

Gaw(Du = (AyAy) ' ApHere () PAy(ApAy) " 'u=0.
Corollary 2.3 then implies Gy(A)u=0forall L€ C,. H

Proposition 3.3 shows that Gy (s)" and G sy (s) are

constant on kerG s »(A) and ker Goxy (1), resp. To verify this
fact, let u; € kerZ Ay, u» € A}, -ker[Ac, Ag ,A.]". Then

Gyu(s) ur = (ApAy)'A,
(Hewe (8)Zo(ZypHere (5)Zy) "' 24y — DA yuy
= —(ALAY) 'ALA suy.

Further, let z € ker[A¢, AR7AL]T be such that u; = A:,Dz.
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Then, again using (30), we obtain
Gry(s)uz
AL (Zy(ZyHoxe (5)Zv)~
Ay(ALAY) ALz
= —ALAy(ALAY) ALz
+ALZy(ZyHexe (5)Zy)~
(1= Zy(Z)Zy) "' Z3)z
= —ALAy(AJAY) ALz
+ AL Zy(Z)Here (8)Zy) ™ ZyHeng (5)2
— A Zy(ZyHore (8)Zv) ™ ZyHowe () Z0(ZyyZ) ™ Zyp2
= —ALAQ(ALAY)TIA Lz
+AYZy(ZyHere (9)Zy) ™

'ZyHexe (s) = 1)

1Z;HCKL(S)

'Zyy Hone (5)z
N——
=0
~ALZy(Z)Zy) 2 e = —ALz

From the equation

2

c oo
>
_|

up Al

we obtain, by multiplying from the left with

[Ac, Ag, A, Ay] and using (15), that
2= (AcAL +AgAg +ALAL +ApAL)  Apus.

This gives rise to

Gro(s)r=—AL(AcAL +AgAg +ALA] +ApAL) ' Apitr.

Using the above computations, we can determine the
form (8). Consider a matrix Zgg, Wlth imZeg, =
ker[AC,AK,AL]T. Further, let Z ,/_q, Zj v Zy—cres
Z,,/ o« e matrices with orthonormal columns and

imZ,_y =kerZ, Az, iijJV =imA},Zy,

imZy_ oz = kengKLAq/, imZC,/_CKL =imA,Zox,-
Then the matrix
Zyy Zsw O 0

U =
0 0

= =/
Zy-cxe ZLy—cxe
is orthogonal. The previous calculations further give rise to
U'G(s)U being in the form (8) with

Liu= 7y yAL(ACAL +AgAg +ALA] +ApA])"!

=
'A“I/th/—Cﬂ{La
Ly = *Zy VA AY(AYAY)  Zy oy,
_ T T T T Ty-1
La=—Zy yAL(AcAL +AgA) +AAL +ApAL)

=/
“ApZy_ g
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7T _ p—
Hy1(5) =Z y_ oA Zp(ZyHene (5)Z0) ' Z)A s Z sy,

/T _
=Z g oA (Zy(Z)Hewe(5)Zy) " ZipHere (s) — 1)

Ap(ApAY)  Zycxe s

H13(S)

=T _
:Zq/fch(AqT/Aﬂ/) IA]:;HOM(S)
I = Zy(ZyHexe () Zy) ™' ZyHee (5))

Ap(AYAY)  Zy_ oxe

Hi3(s)

We finally give an expression for the kernels of the circuit
transfer function.

Proposition 4.2: Let [E,A,B,C] as in (11) be given such
that (A1), (A2), (14) and (15) hold. Then the rational function
G(s) = C(sE — A)~'B € R(s)™™ satisfies, for all A € C,

kerG(A) = kerA s x (AL ket[Ac, Ag, AL, A/]T)
Proof: Using (9) and the above expressions for L4,
Ly3 and Loy, it suffices to prove that

®

{rexezia, | (AjAy) 'AJA =0 }
=kerA s,

(i) T| AT T T

{rekerAc, Ag, ALl ’ AL (ACAL +AgAL
FAAL FAQAL) A ALY = 0}
:kef[Ac,AR, ALaAtﬂ] .
(i) The inclusion “C” follows from invertibility of
(ALAy) 1AL . . .

z] . The converse inclusion is obvious.

(ii) To prove “C”, let x € ker[As, Ag, A, ] satisfy
AL(ACAL +AgAg +ALA] +AYAL) TApA X =0.
Then
0=AL(AcAL +AgAg +ALA] +ApA,) !
(AcAL +AgAg +ALA] +ApAg)x
:A}x
and thus x € ker[Aq, Az , A, As]T.

Assuming conversely that x € ker[Ac, Ag , AL, As]T,
we clearly have x € ker[As, Ag ,A.]", and further

AL(ACAL +AgAg +ALAL +ApAY) T ApA X

=AL(ACAL +AgAg TALA] +AYAL) !
(AcAL +AgAg +ALA] +ApAg)x
=ALx=0.
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