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ABSTRACT

We study the disturbance decoupled estimation problem for linear differential-algebraic sys-
tems which are not necessarily regular. We introduce the notion of partial state observers
following a recent approach to observer design motivated by considerations for behavioral
systems. In our framework, a partial state observer is itself a differential-algebraic system. We
derive a characterization for existence of (asymptotic) partial state observers. Exploiting the
freedom in the proposed observer design, we derive a solution of the disturbance decoupled
estimation problem. The characterization of solvability is obtained via geometric conditions
in terms of the generalized Wong sequences.
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1. Introduction

We study linear time-invariant systems (the plant) given by differential-algebraic equations
(DAES) of the form

%Ex(t) = Ax(t) + Bu(t),
y(t) = Cix(t) + Diu(t), (1)
Z(l‘) = sz(l‘) —}—Dzu(l‘) ,

where E,A € RI*", B € RI*™ C; € RP*™, D; € RP¥™ i =1,2. Systems of that type are
also called descriptor systems. The set of DAE systems (1) is denoted by X, ;n p, p, and
we write [E,A,B,Cy,C>,D1,D;] € X nmpy.py- Systems of the form (1) occur when modeling
dynamical systems subject to algebraic constraints; for a further motivation see Berger (2014);
Brenan, Campbell, and Petzold (1989); Kunkel and Mehrmann (2006); Lamour, Mirz, and
Tischendorf (2013); Riaza (2008) and the references therein. In the present paper we do not
assume that sE — A is regular, which would mean that / = n and det(st —A) € R[s] \ {0}.
The functions u : R—R™, y: R—RP’! and z: R—R?2 are called input, measurement output
and controlled output of the system (1), resp. The measurement output y contains those vari-
ables which can actually be obtained from measurements, e.g. via sensors, and the controlled

output z contains those variables for which a desired behavior should be achieved (as an ad-
ditional control task) and hence estimates are required for them. The outputs y and z do not
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coincide in general. We call x : R — R” the state although, strictly speaking, x(¢) is in general
not a state in the sense that the free system (i.e., # = 0) can be arbitrarily initialized (Knobloch
& Kwakernaak, 1985, Sec. 2.2); however, x(¢) contains the full information about the system
at time 7. The tuple (x,u,y,z) : R—R" x R x RP1 x R2 is said to be a solution of (1), if it
belongs to the behavior of (1):

PBEABC CDy.Dy) =

I
) Bmom xmcme e | GEETR R e |
DAE control systems based on the above behavior have been studied in detail e.g. in Berger
(2014). For the analysis of DAE systems in X ,, ,,, », », W€ assume that the states, inputs and
outputs of the system are fixed a priori by the designer. This is different from other approaches
based on the behavioral setting, see Berger and Van Dooren (2015); Campbell, Kunkel, and
Mehrmann (2012).

Observer design for general differential-algebraic systems has been investigated recently
in Berger and Reis (2015a). It is revealed that there is still a lot of freedom in the choice of the
parameters which constitute an observer. This freedom may be exploited, for instance, for the
construction of an observer such that the observation error does not depend on disturbances
which might influence the plant. In the present paper we consider this so called disturbance
decoupled estimation problem (DDEP) for differential-algebraic systems. To this end, we
allow for disturbances of the plant (1), i.e., for given disturbance matrices Q; € RI*4 0, €
RP1*4 (05 € RP2*9 we consider the system

LEx(t) = Ax(1) + Bulr) + Q1d (1),
X y(t):Clx(t)—f—Dlu(t)—f-de(t), )
z(t) = Cox(t) + Dou(t) + 03d(t),

where d € €~ (R — RY) represents a smooth disturbance, which may be induced by noise,
modeling or measuring errors, or by higher terms in linearization. A (partial state) observer is
a dynamical system whose input is composed of the input # and the measurement output y of
the plant. The output of the to-be-built dynamical system will be a variable Z which approxi-
mates the controlled output z in a certain sense. We consider observers which are themselves
DAEs given by

%ono{t) = AoXo(t) + By (58) )

2(r) = Coxo(1) +D, (14,

):obs . (3)

with [E,,Ay,By,Cy,0,D,,0] € X, ) m+p,.py,0; the situation is depicted in Figure 1. For brevity
WE Set X, o mtpy.py -= Zlyg.mtp1.pa,0 AN Write [Ey, Ay, Bo,Cp, D] € Xy iy mtpy,p, s Well as
(X0, (¥),2) € B, A,.8,.C,.0,) for a solution of (3).

The idea of partial state observation goes back to Luenberger (1964, 1971), who showed
that the state x of any linear system driven by the state w of a free linear system (i.e., u = 0) is
a linear combination of w, i.e., x = Tw provided that x(0) = Tw(0) for some matrix 7. This
idea has been picked up again in the context of disturbance decoupled estimation or, what is
the same, unknown input observer design, see Bhattacharyya (1978); Hou and Miiller (1992);
Hou, Pugh, and Miiller (1999); Kobayashi and Nakamizo (1982); this problem seems to have
been first treated by Basile and Marro (1969a, 1969b). In contrast to this, the idea of designing
observers for a pre-defined linear combination of the state, the controlled output, has been first
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Figure 1.: Interconnection of plant and observer

formulated in Akashi and Imai (1979); Schumacher (1980); Willems and Commault (1981)
and the corresponding DDEP has been solved by Willems and Commault (1981). Another
version, the almost DDEP, has been considered by Willems (1982). In practice, disturbance
decoupled observers are important e.g. in the design of fault detection and isolation observers,
see Hou and Miiller (1994).

Observer design for DAE systems is the topic of recent (survey) articles by Berger and Reis
(2015a); Bobinyec and Campbell (2014); Campbell (2015), see also the references therein.
Partial state observers for DAEs have been first considered in Dai (1989), where they are
called Kx-observers for the case z = Kx. The DDEP for DAEs using Luenberger observers in
the case z = x has been considered in Darouach, Zasadzinski, and Hayar (1996); Koenig and
Mammar (2002); Paraskevopoulos, Koumboulis, Tzierakis, and Panagiotakis (1992); Yang
and Tan (1989), where in Darouach et al. (1996); Paraskevopoulos et al. (1992); Yang and
Tan (1989) sE — A is required to be regular and in Koenig and Mammar (2002) also singular
sE — A is allowed. The DDEP with DAE observers of the form (3) has been treated in Chu and
Mehrmann (1999); Dai (1989), where in Dai (1989) it is assumed that sE — A and sE, — A,
are regular and z = x, and in Chu and Mehrmann (1999) it is assumed that both s — A and
sE, — A, are regular and of index at most one. In the present paper we consider the general
setting.

The contribution of this paper is twofold. A rigorous definition of partial state observers is
not available in the literature, not even for ODE systems, hence we introduce this concept fol-
lowing the behavioral approach as in Berger and Reis (2015a); Valcher and Willems (1999).
Thereafter, we derive a characterization for existence of (asymptotic) partial state observers
for DAE systems. The second contribution of this paper is the solution of the DDEP for
DAE:s. To this end, we introduce the notion of disturbance decoupled partial state observers
and characterize existence. The aforementioned characterizations are completely geometric
with which we follow the classical approach of geometric control theory, see e.g. the text-
books by Basile and Marro (1992); Trentelman, Stoorvogel, and Hautus (2001); Wonham
(1985).

The present paper is organized as follows: In Section 2 we recall the generalized Wong
sequences, which are the crucial geometric tool for the characterization of solvability of the
DDEP. The notion of partial state observers for DAE systems is introduced and characterized
in Section 3. In Section 4 we define when a partial state observer is called disturbance
decoupled and show how feedthrough terms in the plant can be treated. Solvability of
the DDEP for DAEs, i.e., existence of a disturbance decoupled partial state observer, is
then characterized in Section 5. For completeness, we consider the problem of disturbance
decoupled asymptotic estimation in Section 6.



Nomenclature

N, Np the set of natural numbers, No = NU {0}

Ci(Co) open set of complex numbers with positive (negative) real part,
resp.

R]s] the ring of polynomials with coefficients in R

R™ ™ the set of n X m matrices with entries in a ring R

imgrA, kergA, image, kernel and rank of the matrix A € R**™, resp.

I'kRA

[|x|| = Vx'x, the Euclidean norm of x € R”

M7 = {xE]RZ |x€<5” },theimageof&”Q]R”underMGRlX"

M1y = {xc€R"|Mxec.¥ },the pre-image of the set . C R under M €
Rlxn

¢~ (R—R") the set of infinitely-times continuously differentiable functions f :
R — R”

.,Zj(l)c (R—R") the set of locally Lebesgue integrable functions f : R — R", where
Jx|lf(2)]] dt < oo for all compact K C R

AEC(R—R") the set of absolutely continuous functions f : R — R”

=g the functions f,g € £ (R;R") are equal “almost everywhere”,
i.e., f(t) = g(¢) for almost all (a.a.)r € R

esssup; || £l the essential supremum of the measurable function f: R — R”
over/ CR

2. Generalized Wong sequences

In this section we introduce the crucial geometric tools for the solution of the DDEP. For
E,A € RX" B e R>™ € e RP*" we define the sequences

0 ._ +1 . 4l ' - .
VEapc) = kerC, 7/[22+,A,B,C] i=A" (EVp s p ) +imB) NkerC, >0,
0 o i+1 1 ] : .
YiEapc = {0}, %HA,B,C} =E (Ayﬂ[llE,A,B,C] +imB)NkerC, i>0.
The sequence (”1/["9 A,B,C])iENo is non-increasing and (7/[% A,B,q)iENo is non-decreasing and
both sequences terminate after finitely many steps, which justifies to define
[Z",A,B,c] = ﬂ ﬂj/[é?,A,B,C]v [E,A,B,C] = U W[JZE,A,B,C]'
ieNy i€eNy
We call the sequences (7/[115 A,B,C])iGNo and (7/[% A,B,C])iGNo generalized Wong sequences, as

introduced in Berger (2017). In Berger, I[lchmann, and Trenn (2012); Berger and Trenn (2012,
2013) the Wong sequences for matrix pencils (i.e., B=0 and C = 0) are investigated, the name
chosen this way since Wong (1974) was the first who used both sequences for the analysis of
matrix pencils. In Berger and Reis (2013, 2015b); Berger and Trenn (2014) the case C =0 s
considered and the sequences ("//[;5 A B,O]) ieN, and (7/[% A 370])ieN() are called augmented Wong
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sequences. Similarly, in Berger, Reis, and Trenn (2017) the sequences (7/[2 A0 C])iENo and
(7/“’5 A0 C]) ieN, (i.e., B =0) are called restricted Wong sequences. For more details on these
sequences see the surveys Berger and Reis (2013); Berger et al. (2017) and the references
therein.

Note that in geometric control theory for ODE systems (i.e., E = I), see e.g. Wonham

(1985), the sequence (”//[; AB c]) ieN, is called invariant subspace algorithm, and the sequence
(%;,A,B,C]
We need the following technical lemma.

)ien, is called controllability subspace algorithm.

Lemma 2.1. Let E,A € R, Be R>™ C; e RPX" i =1,2. Then

55114 800 "5 814 oo KA T Teanci M eanc) Sherca

Proof. For convenience we define, for i € Ny,

=g o T Teamer T K a g0 i Veancy

AN

Step I: We show by induction that
VieNg: [I,,0]% =%.
For i = 0O the statement is clearly true, so assume it is true for some i € Ny. Then
N -1 ~
1,01 = 1,01 [ 817 ([591)
= [1,,0] { (1) ER" xR" | Ax, +Bxs € E[I,,01%; A Cix; =0 }

={xeR"|JyeR" z€¥: Ax=By+Ez ANCix=0}
:A_I(E“//I-+imB)ﬂkerC1 =Y,

which proves the assertion. . A
Step 2: For all i > 1 we have that #; = [I,,0]#; x R™, which is immediate from

7= 587 ([4 817
_ { (1) eR*xR™ | 3 (%) € #i1 : Exi =Ay1+Bys A 0=Ciy, }
_ { (1) eR"xR" | x; € [1,,01%; }
Step 3: We show by induction that
VieNo: #; C L, 0 # 1 NkerCy C #ip1.
For i = 0 we have

#o=1{0}, [I,,0]#1 =kerEnkerC, #;=E '(imB)NkerC,



and thus the assertion is true in this case. So we assume that it is true for some i € Ny. Then
[1,,0] 7/1‘+2 NkerC
= 1,01 [59) " ([4 §] %41 ) Nkercy

L2 17,,0] { (1) ER" xR" | Ex; € A([l,01#;11 NkerCy) +im B } NkerCy

“A([I,0]#i41 NkerCy) +imB) NkerCy
DE™ (AW—i—lmB)ﬁkerCl Wiy,

and analogously, just using the opposite inclusion in the line above, we obtain [I,,,0] Wiia N
kerC; C #;1».
Step 4: We show the statement of the lemma. It follows from Step 1 and Step 3 that

7/[2,A,B,Cl] = [In,O]”f/[*[,g 8]’[5‘1 15]70’0]7 7/[27A7B7C1] = [ImO]W[*[g 8]’[5‘1 8]7070] NkerCj.

Since ¥

EABC) S C kerCj we have

Yieanci W ieancy =0 e o) (4 8100 MO g 01 14 8] 0d)

This already implies < in the statement of the lemma. To show = let x € “//[E ABCY] N

Y/ 4 pc,)- Then there exists y € R" such that (3) € “//[*[ ] [ 4 ]70 0}. Furthermore, x €
(1,017 and by Step 2 it follows (3) € #/; , hence x € kerC

"6 o]]é o] 0o 158} 8Jod] i
which concludes the proof. 0

In order to consider (generalized) eigenspaces of a DAE we need to introduce the follow-
ing modification of the second Wong sequence. As in Berger et al. (2012); Berger and Reis
(2015b); Berger and Trenn (2013), for E,A € R*" and A € C we define the sequence of
complex subspaces

Veaa =10} Haa = A-AE) (EV ;) €C, iz0

This sequence is non-decreasing and terminates after finitely many steps, hence we may set

[E,A],x = U W[E,Am

ieNg
It is a straightforward calculation, see also Berger and Trenn (2013), that
Spanc (7/[E 4,00 W[E A0 0]) < [EA},A “)

for all A € C, where spang(7’) denotes the complex span of all the vectors in #'.



3. Partial state observers

In this section we introduce the concept of (asymptotic) partial state observers for DAE sys-
tems and derive characterizations for their existence. A partial state observer is a dynamical
system which aims to reconstruct the controlled output. It should be able to process the sig-
nals of the plant without influencing the plant itself. This is subject of the following definition
which follows the approach in Berger and Reis (2015a); Valcher and Willems (1999).

Definition 3.1 (Acceptor). Consider a system [E,A,B,Ci,C2,D1,D2] € X1, p,.p,- Then
[Ep,A0,B0,Co,Dy) € X, 1y mp,.p, 18 called an acceptor for [E,A,B,Cy,Cr,D1,Ds], if for all
(x,u,9,2) € Bl 4 B, C2.D,,Dy)» there exist xo € LLR—-RY), z€ AL (R—RP) such that

(%0, (¥)12) € BlE, 40.8,,Co.D0)-

The above definition means that there is a one-directed signal flow from the plant to its
acceptor via input and measurement output, see Figure 2. That is, [E,A, B,C;,C,,D1,D>] may
influence [E,,A,,B,,C,,D,| but not vice-versa.

) 4 Ex(t) =Ax(r) + Bu(1) ) )
YO =Co)+ D) (o
z(t) :sz(l‘) + Dzu(l‘)

> dr o o(l) —ono(t) +B, <YE3) A( )
> ZA(Z) —Coxo(l) o (ygg)

Figure 2.: Interconnection with an acceptor

The following definition of a partial state observer is a modification of the observer defini-
tion in Berger and Reis (2015a).

Definition 3.2 (Partial state observer). Consider a system [E,A,B,C|,Cy,D1,Ds] €
i nmpy.py- Then [Ey Ao, By, Co, Do) € Xy py mtpy p, 18 called

a) a partial state observer for [E,A,B,Ci,Cy,D1,D], if it is an acceptor for
[E,A,B,C],CQ,D],DZ],al’ld
YV (X, 1,7,2,X%0,2) € LL(R—R" x R™ x RP! x RP2 x R" x RP?) :

(X, 1,,2) € Bigap.cycr0y.0y] N Xos (3)12) € Big, A, .B,.CouD] N
A 2(0) = z(0)

a.

o

="z

b) an asymptotic partial state observer for [E,A,B,Cy,C2,D1,D»], if it is a partial state ob-



server for [E,A,B,Cy,C,,D;,D5], and

Y (x,1,9,2,%0,2) € L1 (R—R" x R™ x RP! x RP? x R" x RP?) :

((xu,3.2) € B apc,copipy N (%o0r(5).2) € Big, A,.8,.CoD0))
= limesssupy ., [|Z—z|| =0.
o0 ,

Partial state observers have been discussed in Bhattacharyya (1978); Hou et al. (1999);
Kobayashi and Nakamizo (1982); Willems and Commault (1981) for ODE systems and
in Chu and Mehrmann (1999); Dai (1989) for DAE systems. However, mostly observers of
Luenberger type are considered and a characterization of existence of partial state observers
of the form (3) is still not available in the literature. This is the topic of the remainder of this
section.

We propose a partial state observer similar to the observer design introduced in Berger
and Reis (2015a). Given a plant [E, A, B,C1,C2,D1,D2] € 1 m.py py» let k € No, L, € RO,
L, e Rt *k and L, € RP2*k_and consider the following observer design,

%Exo(t) = Ax,(t)+ Bu(t) +Lw(t),

y(t) = Cixo(t)+Du(t) +Lyw(t),
2t) = Cox,(t)+Dou(t) +Low(r), o)

——

internal model innovations

where Z is the observer output. In other words, we consider a partial state observer of the
form (3) with

A Ly
[E07A07BO7C07D0] = [[g 8] ) [Cl Ly} ) [[l)?] —9,,1} 7[C2 LZ} ’ [DZ 0} € Zl+[’1-,n+k,m+!71~,[72' (6)

As depicted in (5), the partial state observer consists of an internal model of the plant driven
by innovations. This design goes back to Polderman and Willems (Polderman & Willems,
1998, p. 351) and the innovations “express how far the actual observed output differs from
what we would have expected to observe”.

The interconnection of [E,A,B,C,Cs,D;,Ds] and [E,,A,,B,,C,,D,], as depicted in Fig-
ure 2, is described by the control system

E 0 0 O x(t) A 0 0 O x(t) B
0 0 0 O (¢ ¢t -1 0 O (¢ D

d y _ 1 y 1

alo 0 E of|xne)]|=lo 0o a nl||wol|T|sl @ D
00 0 0] \w 0 —I ¢ Ly| \w() D,

Introducing the difference v(r) = x,(t) — x(¢) we obtain

E 0 0 0] /x() A 0 0 0] /xt) B
00 0 ofy0 a -1 0 of|ye) D

d y _ 1 y 1

alooEo|w|=]o o a ||lw|T]o|“ ®
0 0 0 Of \w(r) 0 0 C Ly| \w(@) 0

and the observation error satisfies

e(t) =2(t) — z(t) = Coxo(t) + Dau(t) + Lw(t) — Cox(t) — Dau(t) = Cov(t) + Low(t).  (9)



In particular, the error is the output of the DAE system

{5 91 £
et)=[C, L] (VVV((ZD .

Theorem 3.3. Consider the system [E,A,B,C\,C2,D\,D;| € Xjpmp, p, and let k € Ny,
L, € RI¥k L, € RPYK and L, € RP2*K. Then we have the following for the system
[Ey,Ap, Bo,Cp, Dy as in (6):

o) [EO,AO,BO,CO,D | is an acceptor for [E,A,B,Cy,Ca,Dy,D;].
(ii) [EO,AO,B D, is a partial state observer for [E,A,B,C,Cy,D1,D»] if, and only if,

{ { sloesd] - =9[4 b]eg MR

B 3 G A

(iii) [EO,A,,,B{,,CO,D | is an asymptotic partial state observer for [E,A,B,C1,C2,D1,D3] if;
and only if, a) in (ii) holds true and

(10)

EOQ] | A Lx

VA eCsy: Wﬁo oHcl Ly” ) C kerc[Cy, L) (11)

Proof.

(i) The system [E,,A,,B,,C,,D,] is an acceptor for [E,A,B,C;,C,,D;,Ds], since for all
(x,u,y,z) S ‘%[E7A737C1~,C27D1;D2] we have

((0)+(5):2) € Bk, A0B0.C.Dy)-

(i) =: Suppose that [E,,A,,B,,C,,D,] is a partial state observer for
[E,A,B,C1,C2,D1,D3]. Consider a solution (v,w,e) of (10) with ¢(0) = 0. By (7), (8)
and (9) we have

(0,0,0) € Brapci.copipy] AN ((0),(5).€) € Bk, a, 8,000 (12)

The definition of a partial state observer implies e = 0. The statement then follows
from Lemma A.2.

<: Assume that a) and b) are satisfied and consider (x,u,y,z) € %}[EA,B,C, C>.D1.D5)]
and ((1),(%),2) € B, Ay By Co,] With 2(0) = 2(0). Then (v = x, —x,w,e = £ —2)
solves (10) with e(0) = 0 and it follows from Lemma A.2 that ¢ = 0. This means that
[E,Ap,Bo,Cy,D,) in (6) is a partial state observer for [E,A,B,Cy,C,,D1,Ds].

(iii) =: Assume that [E,,A,,B,,C,,D,] in (6) is an asymptotic partial state observer for
[E,A,B,C1,C2,D1,D;]. Then a) in (ii) holds true. To show (11), consider a solution
(v,w,e) of (10). Then the relations in (12) hold true and the definition of an asymptotic
partial state observer gives lim;_,..esssupy; .. [|e|| = 0. Hence, for all solutions (v,w,e)
of (10) we have

thﬁncloesssup,eo H G, L. (V((?))H =0.



Then Lemma A.4 implies (11).

<: Now assume that a) in (ii) and (11) are satisfied. It is a consequence of (4)
that (11) implies b) in (ii) and hence [E,,A,,B,,C,,D,] in (6) is a partial state ob-
server for [E,A,B,Cy,C2,D1,D;]. Now, consider (x,u,y,z) € Bigapc, 0,0, and
((3%),(5),2) € Big, a,.B,.C,.0,)- Then (v =x, —x,w,e = Z —z) solves (10) and by con-
dition (11) and Lemma A.4 we find

fimesssupy ()] = fimesssupy o 2.2 (1)) | =

The system [E,,A,,B,,C,,D,] in (6) is therefore an asymptotic partial state observer
for [E,A,B,C],Cz,Dl,Dz]. O

Remark 3.4. Note that in the partial state observer (6) in almost all cases we have E, # I,
i.e., the observer is not governed by an ODE, even if the plant is an ODE (£ =I). However, if
the system [E, A, B,Cy, D] is impulse observable (for a definition, see e.g. the survey Berger
et al. (2017)), then sE, — A, in (6) can be constructed to have index at most one as shown
in Berger and Reis (2015a). In this case there exists an equivalent observer where E, = I, see
also Berger and Reis (2016).

Next we show that the partial state observer [E,,A,,Bo,Cp,Do| € Litp, ntkmsp,.,p, i (6)
has a universal property in a certain sense: If an (asymptotic) partial state observer exists, then
it can be constructed to be of the form (6).

Theorem 3.5. For [E,A,B,C\,Cy,D1,D3| € X p, .p, the following holds true:

(i) There exists a partial state observer for [E,A,B,C1,Cs,D1,D3] if, and only if,
a) V= = NkerC;,,
el &oe] il (4109
C kerCs.
[[§)-[&]oe] " {[5]:1& 00 ’
(ii) There exists an asymptotic partial state observer for [E,A,B,Cy,Cy,D1,D;] if, and only
if, a) in (i) holds true and

Proof. We start with proving “<” for (i) and (ii) together: Consider the acceptor
[Ep,A0,By,Co,Dy) € Litp, ntkymspy,py i (6) With k =0, Ly = 059, Ly = 0,, 0 and L, = 0y, 0.
Then, by Theorem 3.3 (ii) (resp. (iii)), [E,,As, Bo,Co, D, is an (asymptotic) partial state ob-
server, if the conditions in a) and b) (resp. a) and (13)) hold true.

It remains to prove “=-" for (i) and (ii):

(i) Suppose that [E,,A,,B,,C,,D,| € X, nom+p,p, 18 @ partial state observer for
[E,A,B,Cy,C2,D1,D,). Consider x € 4! (R—R") with Ex € 7% (R—R') and

% [g] x [éﬂ X (14)

such that C>x(0) = 0. Then (x,0,0,Cox) € ,%[E,A,B,C1 C2.D1.D] and

(07 (8) ’0) € '@[Eon-,BO:COvDO]' (15)
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(i)

Since [E,,A,,B,,C,,D,] is a partial state observer for [E,A, B,C,C,,D;,D;] we obtain
Cx =20, By Lemma A.2 this implies a) and b).

Suppose that [E,,A,,B,,Cp,Dy] € X, n, m+p,.p, 1S an asymptotic partial state ob-
server for [E,A,B,C},C,,D1,D;]. Then a) in (i) holds true. To show (13) consider
x € £ (R—R") with Ex € &/% (R — R’) which satisfies (14). Then (x,0,0,Csx) €
BlE AB.C).C2.Dy,Dy)- Again consider the trivial trajectory (15) of the observer. The as-

sumption that [E,,A,,B,,C,,D,] is an asymptotic partial state observer leads to
l]ggess SUP| o) [|[C2x () [| = 0.

By Lemma A.4 this implies (13). O

Remark 3.6. We consider some special cases using the notation from Theorem 3.5.

®

(i)

(iii)

(iv)

v)
(vi)

Assume that C, = I,. Then condition a) in Theorem 3.5 (i) is always satisfied and hence
Theorem 3.5 is equivalent to (Berger & Reis, 2015a, Thm. 3.5), i.e., the partial state
observer is a full state observer in this case.

Assume that sE — A is regular. By Lemma 2.1, condition b) in Theorem 3.5 (i) is equiv-
alent to

W[E,A,O,Cl] N W[E,A,O,Cl] Q kerCz.

It is a simple calculation that

YEaoc) ViEaoc) € Yoo VY Eaoo =10}

where the last equality follows from regularity of sk — A, see (Berger et al., 2012,
Prop. 2.4). Therefore, condition b) is always satisfied in this case.

A combination of (i) and (ii) shows that if sE — A is regular and C, = I, then a (partial
state) observer always exists, i.e., full state reconstruction is always possible for regular
DAE systems. This was already shown in Berger and Reis (2015a).

Assume that E = I,,. Using the notation ¢(A,C) :=[CT,ATCT,...,(A"1)TCT]T for
some C € RP*" it is a straightforward calculation that condition a) in Theorem 3.5 (i)
is equivalent to

o <A, ED = 0(A,Cy) NkerCy.

Therefore, invoking (ii), the above condition characterizes existence of a partial state
observer for an ODE system.

The relations derived in (i)—(iv) are depicted in Figure 3.

We like to note that it is hard to compare Theorem 3.5 to the results derived e.g.
in Willems and Commault (1981), since the notion of a partial state observer is different
there. Roughly speaking, in Willems and Commault (1981) a system [[,A,, B,,C,, D,
is called a partial state observer for a given plant, if zero initial values of the states,
i.e., x(0) = 0 and x,(0) = O (using the notation in (2), (3)) implies z(¢) = 2(¢) for all
t > 0. This is different from our framework, where z(0) = 2(0) implies z(¢) = 2(¢) for
allr > 0.
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K SE —A] (Berger & Reis, 3 partial state observer

r =

Bl o 20154, Thm. 35|  for [E,A,B,Cy,1,, D1, D]
ucz =1

Q) Vg ra =YE1 14 NkerCy, :

T510410c) = "fig) 4] 0 T 55 [ 3l s harer

b) A//[Z,A,O,Cl] N W[EA,U,C]] - kerCz or [ A,D,01,L2,1, 2]

ﬂE =1
Thm. 3.5 7 partial state observer

% (A, [QD = 0(A,C1) NkerCy

G for [1,,A,B,C1,C>,Dy,D5]

Figure 3.: Simplified conditions for the existence of a partial state observer in the cases C, =1,
and E = I,, and comparison with Berger and Reis (2015a).

4. Disturbance decoupled partial state observers

In this section we define disturbance decoupling using the intuitive approach introduced
in Berger (2017). To this end, we consider a system [E,A,0,C,0] € ¥, , and disturbance

matrix Q = {gi e RUHP)X4; the corresponding DAE is of the form (2) with m = 0 and p, = 0.

We may treat the disturbance d as the input of this system and define disturbance decoupling
in terms of the set-valued input-output map of the system [E,A,Q,C,Q2] € X, 4 .

Definition 4.1. For a system [E,A,B,C,D] € ¥;, ,, , we call the set-valued map
(I)[E,A,B,C,D] : ng(R—)Rm) — y(%w(R—)Rp)),
ur— { yE %W(R—)R[)) } dx e %M(R%RH) . (.X,I/l,y) S ’%[E.,A,B.,C.,D] } y
the input-output map of [E,A,B,C,D]. Here, & (') denotes the power set of a set ./ .

Definition 4.2. Let [E,A,0,C,0] € X;,0, and Q = [g;] e RHP)X4 Then we call
[E,A,Q1,C,Q,] disturbance decoupled, if

Vdi,dy € €°(R—RY) 2 Pip g0, c,0,(d1) = Pl a g, c,0,(d2)-

Roughly speaking, [E,A,Q1,C, Q>] is disturbance decoupled, if any two disturbances can-
not be distinguished using knowledge of the output. The above definition generalizes the
definition given in Berger (2017) to the case of output disturbances. The following character-
ization is a straightforward modification of (Berger, 2017, Prop. 7) to that case.

Lemma 4.3. Let [E,A,0,C,0] € %0, and Q = [gﬂ e RUHPX4, Then [E,A,01,C, 0] is
disturbance decoupled if, and only if,

Vd e €= (R—RY) Ix e €"(R—>R"): Cx+0,d =0 A Ex=Ax+Qid.  (16)

12



We record a straightforward consequence of Lemma 4.3.

Corollary 4.4. Let [E,A,0,C,0] €%),,0,, and Q = [gﬂ e RUPX4. Then [E, A, 01,C,05] €

Y nq,p is disturbance decoupled if, and only if, [[g] , [‘é] , [8;} ,0,0} € Liypngo i distur-

bance decoupled.

In the following we give the definition for a disturbance decoupled partial state observer.
Classically, see e.g. (Willems & Commault, 1981, p. 497), an observer has this property, if in
the interconnection with the plant (cf. Figure 1) the observation error is independent of the
input and the disturbance. We give the precise definition using our framework.

Consider a system [E,A,B,Ci,C2,D1,D;] € Xjmp,,p, With disturbance matrix Q =

(9
0, | € RUFP1H12)%4 a5 in (2) and a partial state observer [E,,A,,By,Co, Do) € X,y mtpy.p

03
as in (3), where we write

By = [Bo.1,Bop) € ROXMP) and D, =[D,1,D,,] € RP>*m+r1), (17)

The interconnection is depicted in Figure 1 and, after some straightforward manipulations,
we may write the resulting system as

4|E O x\ A 0 X n B O u
10 E,| \x N B072C1 Ao | \xo Bo,1+Bo,2D1 BO,ZQZ d)’

e=2—27=[D,2C1—C G, (;) + [Do,1 = Do2D1 — D2 Dy 202 — 03] <

u
d)’
(18)

~~~~~ E 0 A 0 B Q1
E,A,B,C.D] := : : :
[ ) [ [0 EO] |:Bo72C1 A0:| [30,1 +B,,2D) Bo,2Q2:|

[Dy2C1 —Cy G, ,[Doi —Do2D1—Dy Dy202— Q3]} € Xi4l,,ntny,mtq,py-
(19)

Definition 4.5. We call a partial state observer [E,,A,,B,,C,,D,] € X nomtpy,py distur-
bance decoupled for a system [E,A,B,Ci,C>,D1,D;] € X, p, p, and disturbance matrix

Q ! . . .
0= gz e RUTP+r2)%q if [E,A,B,C,D] in (19) is disturbance decoupled.
3

In the following we show that it is sufficient to restrict ourselves to the case of vanishing
feedthrough matrices, i.e., D1 = 0,D, = 0 and Q> = 0,03 = 0. To this end, we augment the
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state space of the system (2), that is we consider

E 000 0 [x A 0 0 0 0 X B 01
0000 O0f[wn 0O -, 0 0 0 V] D, 0
410 0 0 0 Of [w2|f=]0 0 -1, 0 0 v |+ |0 |ut|02|d,
0000 Ofvs 0o 0 0 -I, O V3 D 0
0 0 0 0 Of \vs 0 0 0 0 —I,| \va 0 03
s N—— N——
=£ =A =B :;Q
X
Vi
y=[C I, I,, 0 0]|wn],
- V3
=:C Vs
X
Vi
z=[C2 0 0 I, I,]|w
A V3
—6 "

(20)

Lemma 4.6. A partial state observer [E,,Ay,B,,Co,D0) € Xi, n, m+p,.p, IS disturbance de-
o

coupled for a system [E,A,B,C1,C2,D1,D2] € £y . p, p, and disturbance matrix Q = [g;] €
3

RUAPI+P2)%q if, and only if, using the notation from (20), [E,,A,,B,,C,,D,] is disturbance
decoupled for the system [E,A,é,Cl,Cz,0,0] € X4 2p 42y n+2p1+2pa.mpy,py and disturbance

. [QA}
matrix | o |.
0

Proof. The statement follows from a straightforward calculation. O

5. Disturbance decoupled estimation

In this section we consider the disturbance decoupled estimation problem. In view of
Lemma 4.6 we first consider the case of zero feedthrough matrices (D; = 0 and Dy =
0) and undisturbed output equations (Q> = 0 and Q3 = 0). That is, for a given sys-
tem [E,A,B,C1,(,0,0] € X ,,mp,,p, and disturbance matrix Q € R!*4 we seek a par-
tial state observer [E,,A,,B,,C,,D,| € X, ngm+py,p, Which is disturbance decoupled for

[E,A,B,C},C,,0,0] and [%} or, equivalently, invoking Definition 4.5 and Corollary 4.4,

E O A 0 B 0
0 E,|, B, »Cy Aol ,|Bo1 0],0,0 is disturbance decoupled,  (21)
0 O DyrCi—Cy Co| Doy O

where we use the partitioning (17).

Theorem 5.1. Let [E,A,B,C1,C2,0,0] € X) 1 p,.p, and Q € R'*4. There exists a partial state
observer [E,,A,,By,Co,Do| € Xy, p, mtp,.p, Such that (21) is satisfied if, and only if, the fol-
lowing statements hold:
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@) im[B,Q] - E%[EAD,O] +A“//[E7A7070],
(i) 77 =V Nker|C»,0],
D a4 oicso] = [5G4 9o IO
(iii) 7/[2,A7Q,C1} N W[EA,QQ] C kerC,.

Proof. <: We construct a disturbance decoupled partial state observer [E,,A,,B,,C,,D,| €
Xy nom+py.p, Of the form (6) with k € No, L, € Rle,Ly € RP1 ¥k and L, € RP2%k_If we assume
this form, then Lemma 4.3 yields that (21) is equivalent to

V(u,d) € €°(R—R" x RY) 3(x1,x2,x3) € €°(R—R" x R" x R¥) :
Exy =Ax1+Bu+Qd,
Ex, = Axy + Lyxz + Bu,
0 =Ci(x2 —x1) +Lyxs,
0=Ca(xp —x1) + Loxs.

Introducing the new variable v = x; — x| we obtain the equivalent decoupled conditions
V(u,d) € €°(R—-R" xR?) 3x; € €°(R—R") : Ex; =Ax) +Bu+ Qd,
which is always satisfied by statement (i), and

Vd € €°(R—R?) 3(v,x3) € €°(R—R" x R") :
Ev=Av+Lwx3—Qd,
0= C1V—|—LyX3,
0=GCv+ Lyxs.

(22)

It remains to find Ly, Ly, L, such that (22) is satisfied and [Ey,Ap,By,Cy, D, is a partial state

observer, i.e., conditions a) and b) in Theorem 3.3 (ii) are satisfied. We choose k = g, L, = Q,

L, =0and L, = 0. Then (22) is obviously satisfied, since for any d € € (R —R?) we may

choose v =0 and x3 = d. Condition a) in Theorem 3.3 (ii) is equivalent to (ii) and condition b)
in Theorem 3.3 (ii) is equivalent to

v NH; C ker[C,,0 23

(58114 810 " (58114 §Joq) << )

which, invoking Lemma 2.1, follows from statement (iii).
=>: Let a partial state observer [E,,A,,B,,Co,D,) € i, m+ p1,p, Such that (21) is satisfied
be given. From Lemma 4.3 it is clear that (i) must be satisfied. For (ii) and (iii) we show that

V(x,u,d,y,2,%0,2) € €7 (R—-R" x R" x R? x R x RP2 x R" x R?):

(x,(q),y,2) € ‘@[E,A,[B,Q],CI,CZ,O,O] A (xm(;) ,2) € «@[EO,A,,,B(,,CO,D(,] — 2=7 24)
A 2(0) =z(0) )

Let (x,(4),,2) € BlE a,1,0),0,,02,00 a0d (X, (3),2) € Big, a, B,.C,.0,] DE smooth trajectories

such that z(0) = 2(0). Furthermore, by (21) and Lemma 4.3 there exist ¥ € €~ (R — R"),
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%o € €(R—R"™) such that

E 07 . A 0

d

ifo 2](@)-] nie al(
0 0|\ |DLCi—C C,

R

B 0
>+ B,1 O <Z>
D,; 0

The new variables v := ¥ —x and w := X, — x,, satisfy

Ev = Ay,
E,w=A,w +BO72C1V,

and

2—2=Coxo+Dy 1u+D,2C1x—Cox— (D, 2C1 — C2)% — CoXy — Dy jut = (Co — Dy 2C1 )y —Cow,

=0

thus
Cow+Dy2C1v=Cov—(2—72).

Therefore,

(Vv O)Cl V, sz) € %[E,A,B,Cl ,C2,0,0] A (W7 (C(l)v) ’CZV - (2 - Z)) € gg[Eo»AmBmCo-,Do]’

and since [E,,A,,B,,C,,D,| is a partial state observer and C,v(0) = Cov(0) — (£(0) — z(0))
we obtain

C2V2C2V_ (2—2),

hence Z = z, which proves (24). It remains to consider x € ¥*(R—R") and d € €~ (R—
Rq) such that ()C, (2) ’07C2X) & ‘@[E,A,[B,Q],Cl.,Cz,0,0] with CZX(O) = 0. Since (0, (8) ,0) S
BlE, Ay.B,.Co.D,) 1t TOllows from (24) that Cox = 0, i.e., we have shown that

Vxe € (R—R"),de " (R—RY):
(Ex=Ax+Qd A Cix=0 A Cx(0) =0) = Cux=0.
By Lemma A.2 this implies (ii) and (23). Invoking Lemma 2.1, (23) is equivalent to (iii). [

Remark 5.2.

(i) It may seem strange that condition (i) in Theorem 5.1 involves a condition on B, while
in the ODE case the solution of the disturbance decoupled estimation problem does not
involve such a condition, see Willems and Commault (1981). Condition (i) is specific to
the DAE case and always satisfied in the ODE case, since it characterizes the existence
of a solution x € € (R—R") of

Ex=Ax+Bu+Qd

for any given input u € ¥~(R —R™) and any disturbance d € €°(R—RY). If sE — A
is not regular, then this condition may not be met.
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(ii)

(iii)

The intuition for conditions (ii) and (iii) in Theorem 5.1 is as follows: Since only inputs
and outputs are known to the partial state observer, the dynamics of the system

dp.

EEX = Ax + Qd, (25)
0=Cx

are hidden from the observer. More precisely, for any (x, (4),Y:2) € B 4,[8,0].¢,.02,0,]

and a solution (¥,d) of (25) we have

(X—i_f’ (Z) 7y7Z+C2x~) < %[EvAv[BvQ]ﬁC1¢C2’070]7

i.e., another solution with the same input # and the same output y; the disturbance d is
not visible for the observer. Now, conditions (ii) and (iii) guarantee that the partial state
observer is still able to reconstruct the controlled output from its initial condition, i.e.,
that if C,%(0) = 0, then we have C,X = 0, see also Lemma A.2.
Utilizing a more geometric interpretation, condition (ii) states that the unobservable
space of the ODE part of the DAE (25), where () is treated as the state, with respect
to the controlled output z = Cx is equal to the kernel of the output matrix Cy, i.e., if the
initial state is not visible at the output, then it is not visible at the output for all other
time instants. The unobservable space is given by ”f/ﬁ E 0} [ A Q] Ik see Berger et
00)'lc 0] }
al. (2017). Condition (iii) guarantees that the completely controllable part of %Ex =
Ax+ Qd (where d is viewed as an input) restricted to kerCy, i.e., of the system

ETx=ATx+Qd, imT =kerCj,

lies in kerC,, so that it is not visible in the controlled output z = Cx. Geometrically,
the completely controllable part is characterized by the reachable space of the sys-
tem, which in turn is given by the intersection of the generalized Wong sequences
41/[2,A7Q,C1} N W[EA,Q,C,]’ see Berger and Reis (2013); Berger and Trenn (2014).

In Willems and Commault (1981) the following result has been derived: For
[I,A,B,C1,C2,0,0] € Zypmp.p, and Q € RI*4 there exists [I,A,,Bo,Co,D,] €
Y 1gn0,m+py,po SUch that the interconnection (18) has zero transfer function, i.e.,

si-A 0 17'[B 0 B
[D0,2C1_C2 Co] _BO,ZCI SI—A0:| |:Bo,1 0:|+[D0,1 O]—O

if, and only if,

This may be compared to Theorem 5.1 as follows: Condition (i) is always satisfied
since E = I; condition (ii) is due to the different definition of the partial state observer
compared to Willems and Commault (1981), see Remark 3.6 (v), hence such a condition
does not appear there; condition (iii) is weaker than (26), where 7/[,* 4,0.01] is considered
instead of 7/; 4.0.01] N 7/[1* 4,001 The reason for this weaker condition is that we allow
for a DAE observer (i.e., E, in (3) is not invertible in general) even if the plant is

governed by an ODE.
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The existence of a disturbance decoupled partial state observer for a general system
01

[E,A,B,C1,C2,D1,D3] € X1 m.p, p, and disturbance matrix Q = | 0, | € RUFPITP2)*a e
i o

3
with nonzero feedthrough matrices, follows from Theorem 5.1 and Lemma 4.6. In the case
of an undisturbed controlled output, that is Q3 = 0, the conditions simplify a lot; this is the
result of the following theorem.

Theorem 5.3. There exists a disturbance decoupled partial state observer
[Es,A0,Bo,Co,Dy) € Xy mipyp, JOr a system [E,A,B,Ci,C2,D\,Ds] € Xy p, p, and

o
disturbance matrix Q = |:Q;:| e RUFP1HP2) %4 if and only if, the following statements hold:
0

() im[B, Q1] CEY(; 4 0+ AY [ a00p

(i) ”//[*[E OHA Ql],o,[cz,o}] = ”//[*[E OHA Q‘],O,O] Nker[C,,0),

(i 7/*0 01°1C1 O Ao 001G Q2C forC
111 & KerCa.
(61 &] 0 [[5)-&)[8] 9

Proof. Using the notation in (20), Lemma 4.6 and Theorem 5.1 give that there exists a dis-
turbance decoupled partial state observer for [E,A,B,Cy,C>,D1,D;] and disturbance matrix

0
0= |:Q;:| if, and only if,
0

(a) im[B,0] CEV: . +AW:

[£,A,0,0] [£,4,0,0)
®) S 14 0] e o] = iz ol [4 0] oo "XEHC0L
(63104 SJowso] ™ (58 SJoo]
© 41/[3&@,@1] n W[E,A,Qm C ker(;

We proof that (a)—(b) are equivalent to (i)—(iii) by proceeding in several steps.
Step 1: We show that (a) is equivalent to (i). A simple inductive argument gives that

Voo =V aoo < (0} x {0 x {0} x (0},

] — i p1 P1 P2 P2
[A7A7O7O} W[E,%,O,O} X RPL x RPI x RP2 x R ,
hence

EV:

[£,4,0,0] +AW&,A,0,0} = (Eﬂf/[g,A,O,O] +AW[EA7(L0]) X RV R X RP2 X RP2.

E

The statement then follows from observing that
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For i = 1 the statement follows from

vl
[£9]]& Q)oicea
X1 dy e R*: Ax;+Q1x¢ = Ey, xs = 0,
_ € RH2P1+2p2+g x = 0, Cxi+x+x3 = 0,
—x3+0x¢ = 0, Coxi+x4+x5 = 0,
x6 _X'4 = O’

X1 A . |E
_ : c Rn+2p1+2p2+q |:C1:| x1+ [g;] X6 € 1M |:O:| ) C2x1 = 07
. xp=0,x3=—Cix1, x4=0,x5=0

X6

Assuming that the statement is true for some i € N we obtain, with a similar calculation as
above,

4Vi+} o
(8512 2Joe]
X1 O E O ;
|| ermrnent &J”%&PﬁL)Jﬁ%%mgmmw
X6 Cox1 =0, x=0,x3=—Cix1, x4=0, x5 =0

and this proves the statement. Analogously, it can be shown that

I, O
0 0
ViEle/iA N A — -C; 0 /7/1' '
(6812 8]0 | § 8] l[551(& &oo
Now we have
kX [ 5 8]
(b) 7(?1 8 /V*EO A O = 731 8 /V*EO A0 ﬁker[Cz 001y, Iy, O]
0 0 HO 0}’[(?1 Q2]70,[C2,0]] 0 0 H() o}a[cl Qz],O-,O]
L 0 g | 0 I, |
r 7, 07 m I, 07
_%l § "f/*E() A Q) = _zcl § "f/*EO 40 ﬁker[Cz 0 - 0]
0 0 HO 0}’[01 Qz]’o’[c2’o]] 0 0 HO 0}"[0 Qz]’o’o]
L0 1, |0
< (ii).

Step 3: We show that (c) is equivalent to (iii). For brevity we denote, for i € Ny,

%:y?fl V=V W= WL

H‘(‘?Hé][gﬂ()]’ EA,0C) W= W! .

[[6]1&].[3] o)
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We show by induction that

N 0
VieN: 7/1 = | - %
0
0
For i = 1 this follows from
A X1 dyeR"zeRY: Ax; = Ey+ 02,
% = € Rn+2P1+2p2 X2 = Oa —X3 = Q2Z7 X4 = 07
Xs x5=0,Cix;+x+x3=0
X1
_ | cprteman | X1E N, x2 =0, x3 = —Cyxy,
: x4=0,x5=0
X5

Now assume that the statement is true for some i € N, then

X1 dye¥,zeR?: Ax; = Ey+ 0z,
Vi1 = D eRIEITIR | iy =0, —x3 = Qhz, x4 =0,
Xs x5=0, Cix; +x2+x3=0
X1
_ : c Rn+2p|+2p2 X € %+1> X2 =0, x3 = —Cyxy,
. X4 = 0, X5 = 0
X5

Next, we show by induction that

VieN: ¥ = (Wi x R2p1+2p2) NkerC).

For i =1 we have

X1

% = : c Rn+2p1+2p2 dzeRY: E-xl = QIZ,

0=0z, Cix1+x+x3=0
X5

= (M1 x R*P122) Nker
Assume that the statement is true for some i € N, then we have
1 Y1 Exi =Ay1+Q1z, y2 =0,

Wict = Dl eRMEIIRR2 I3 e zeRY: y3 =00z, y4=0, y5s =0,

Xs Vs Cixi+x2+x3=0
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and since ”/Z C kerCy it follows 0 = Ciy1 +y2+y3 = C1y1 + Qzz and hence

R e Exy =Ay1 + 01z,
Wi = NS RYF2PIE2 |\ Jy e z€ R 0=Cryr + 0oz,

X5 Cixi+x4+x3=0

= (Wi % Rzl’lﬂpz) NkerC.

Invoking that ”//[2 A00] C kerC| we may infer that
Ill
0

()= |-¢ | ¥* n{»* xR2P1+2P2> C ker[C,,0,0,1,,,1,,]
o' | [[61[&][Gi]e] ( [[5]1&1[3]0) B

Tl e gl < T
]

In the remainder of this section we consider the special case of full state estimation (i.e.,
C, =I) and show that the conditions (i)—(iii) in Theorem 5.1 simplify in this case.

Corollary 5.4. Let [E,A,B,C,1,,0,0] € X} p, p, and Q € R4 with rk Q = q. There exists
a partial state observer [E,,Ay,B,,C,,D,| € X, no,m+py,py SUch that (21) is satisfied if, and
only if, the following statements hold:

(a) im[B,Q] C EV g 00 TAYEA00)

E—A
(b) kg [S . g] —n4q.

Proof. By Theorem 5.1 it suffices to prove that conditions (ii) and (iii) in Theorem 5.1 are
equivalent to condition (b).

=: Assume that conditions (ii) and (iii) in Theorem 5.1 are true. By Lemma 2.1, (iii) is
equivalent to

58114 8o "8 81(4 8Jao) = <27>
Now let

<0>e“//* W :

) <5814 8100 " Ti5 8114 8lod
then

)= @<l A Cianie g i gon)

-5 0 ("’/ﬁs o).14 8Joo) (5] %M) /

where the last equality follows from (Berger & Trenn, 2012, Lem. 4.4). Then (27) implies
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that Ox; = 0 and hence x, = 0 as rk O = ¢, thus we have shown

|15 8], 5ol T {[§8].c, GJoo]
By a combination of (Berger & Reis, 2013, Cors. 5.1 & 5.2) and (Berger & Trenn, 2012,
Thm. 2.6) it follows that condition (28) is equivalent to (b).

<: As shown above it follows from (b) that (28) is true and this implies (iii) in Theo-
rem 5.1. Since

CH

mﬁgy‘%%ﬁﬂm

it follows that

E O
ker|l,,,0 a2+ Ck k2
el 010 f1e 01 14 200 o o £9]

Furthermore, since rk Q = g and C; = I,, we have that

% | B Q )
7/“% 8”&41 80100 < 7/[[5 8],[31 Slom0)] ker [Cl 0] Nker[l,,0] = {0},

and hence we may conclude that (ii) in Theorem 5.1 is true. O

Note that, if sE — A is regular, then, using the notation from Corollary 5.4, condition (i) in
Corollary 5.4 is always satisfied by Remark 5.2, hence in this case the DDEP with C; = I,
and rk Q = ¢ is solvable if, and only if, condition (ii) in Corollary 5.4 is true.

6. Disturbance decoupled asymptotic estimation

In this section we consider the problem of disturbance decoupled asymptotic estimation and
derive a characterization for the case of zero feedthrough matrices. Similar to Section 5, the
general case follows from Lemma 4.6. We omit the analog of Theorem 5.3 here.

Theorem 6.1. Let [E,A,B,C1,C2,0,0] €% p,.p, and Q € R!*4. There exists an asymptotic
partial state observer [E,,A,,B,,C,,D,] € L0, ngmtpy,py SUch that (21) is satisfied if, and only
if, the following statements hold:

@d) im[B,Q] - Ea/[EAp,O] +AW[E,A,O,0}’
(i) 77 =V Nker|C»,0],
R R P

(iii) VA € C, : # 40
16 8)[& 6]1
Proof. <: As in the proof of Theorem 5.1 we choose [E,,A,,B,,C,,D,] to be of the form (6)
with k = ¢q, Ly = Q, L, = 0 and L, = 0. Since (iii) together with (4) and Lemma 2.1
implies condition (iii) in Theorem 5.1, it follows from the latter that [E,,A,,B,,Co,D,]
is a disturbance decoupled partial state observer for [E,A,B,C;,C,,0,0]. To show that

C kerc[C2,0].
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[Ey,Ap,By,Co,D,] is asymptotic we apply Theorem 3.3 and need to show that (11) is true
for Ly = Q, Ly = 0 and L, = 0, but this is immediate from (iii).

=: Let an asymptotic partial state observer [E,,A,,Bo,Co,Do| € Zi, n)mtp,,p, Such
that (21) is satisfied be given. Then Theorem 5.1 implies that (i) and (ii) are satisfied. For (iii)
we show that

YV (x,u,d,,2,%0,2) € € (R—R" x R" x RY x RP! x RP2 x R" x RP?) :

(O (4)53:2) € Bl aB,0).01,02.00] N Ko (3)52) € Big, Ay BosCoDs]) (29)
= lim (2(t) —z(r)) =0.

Let ()C, (3) ,y,Z) € '%)[EAJB,Q],Q ,C2,070} and (.XO, (?) ,2) S %[EIMAO:«BOvCovDO} be smooth trajecto—
ries. By (21) there exist £ € € (R—R"), %, € €~°(R—R") such that

E 0] ,. A 0] ,. B 0
% 0 Eo (;) = Bo,2C1 Aa (;) + Bo,l 0 (Z) .
0 O ¢ D,>Ci—C G, ¢ D,1 0

As in the proof of Theorem 5.1 we may show that the new variables v:=X%—xand w :=%, —x,
satisfy

(10,C1v,Cov) € B apcicr00 A W () ,Cov—(2-2)) € B, 4, 8,000

Since [E,,A,,B,,C,,D,] is an asymptotic partial state observer we obtain

0= Jim ((Cav(r) = (21) =2(1))) = Cav(1)) = Jim (2(1) (1)),
which proves (29). It remains to consider x € €~(R —R") and d € (R —RY) such that
(x,(9),0,Cox) € B a18.01.¢, .cr.0.0- Since (0, (§) ,0) € Big, a, 5, c,.p,] it follows from (29)
that lim,_,. Cox(1) = 0, i.e., we have shown that

Vxe €*(R—R"),de ¢°(R—R?): (Ex=Ax+Qd A Cix=0) = tli_}mec(t) =0.

By Lemma A.4 this implies (iii). O

The characterization of existence of disturbance decoupled asymptotic partial state ob-
servers for ODE systems (£ = I) can be compared to the result in Willems and Commault
(1981) similar as in Remark 5.2.

Concluding this section we consider the special case of full state asymptotic estimation
(i.e., C; = I) and show that the conditions (i)—(iii) in Theorem 6.1 simplify in this case.

Corollary 6.2. Let [E,A,B,C1,1,,0,0] € 2y, npi.p, and Q € RI¥9 with tkQ = q. There ex-
ists an asymptotic partial state observer [E,,A,,B,,C,,D,] € X, nomtpy,py SUCh that (21) is
satisfied if, and only if, the following statements hold:

(b) YA €C, : tke [lECl_A %] =n+gq.

Proof. By Theorem 6.1 it suffices to prove that conditions (ii) and (iii) in Theorem 6.1 are
equivalent to condition (b).
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=: Assume that conditions (ii) and (iii) in Theorem 6.1 hold true. Let A € C, and

) ews
(%) 753104 91
By (iii) we find that x; = 0 and furthermore

Yoy [ (6 Pageapn) ="

00]'lc, 0 00)'lC; 0

This implies Qx, = 0 and hence x, = 0, thus we obtain

eaagna =

00]°lc; 0
Since
A—)LE Q} | X
ke =W, CHW, =10
e[V (5814 21 <5812 g2 =1

we may infer (b).

<«: Condition (b) in particular implies condition (b) in Corollary 5.4 and hence it follows
that condition (ii) in Theorem 6.1 is true. Condition (iii) in Theorem 6.1 follows from the fact
that by (b) we have, forall A € C,

kerc [A _CfLE g} = {0},

which implies

"iEsna g~ e A g~ .

For the case of regular sE — A, Corollary 6.2 was already proved in (Dai, 1989, Thm. 4-4.3).

7. Conclusion

In the present paper we derived a geometric characterization for solvability of the DDEP. This
required a rigorous definition and the characterization of existence of (asymptotic) partial state
observers. It turned out that the respective observer design is new even if the plant is governed
by an ODE, since partial state observers are DAE systems in general. In the case of full state
estimation also algebraic characterizations for the DDEP were derived.

A thorough investigation of the proof of Theorem 5.1 reveals that the freedom of choice in
the (partial state) observer design (6) is not fully exploited yet, since we set Ly =0 and L, = 0.
Hence, there is still room for additional tasks in the observer design apart from disturbance
decoupling. Additional requirements on the observer, such as regularity of sk, — A, (and its
index being at most one) or estimation of certain components of the disturbance vector, may
use the full freedom.
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Appendix A

We provide some preliminary results for the characterization of (asymptotic) partial state
observers. To this end, we consider the set of homogeneous DAEs

4Ex(t) = Ax(t), (30)

where E,A € R, which is denoted by Y, and we write [E,A] € ¥;,. The behavior of
[E,A] € X, , is given by

Bl A = {x e 2 (R—=R") |Ex € #/¢(R—R') and x satisfies (30) for almost all r € R} .

Lemma A.l. Let A € R™" C € RP*" and set O(A,C) :=[CT,ATCT,...., (A" )TCT]T.
Then the following two statements are equivalent:

(i) Vxe Bja: Cx(0)=0 = Cx=0,
(ii) kerO(A,C) =kerC.

Proof. (i)=(ii): By definition we have ker 0'(A,C) C kerC. Let x° € kerC and set x(t) :=
¢A'x" for all € R. Then x € Ay 4 and Cx(0) = Cx° = 0, thus (i) implies that Ce'x? = 0
for all r € R. By a classical argument, see e.g. (Trentelman et al., 2001, Sec. 3.3), we obtain
¥ ckerd(A,C).

(i)=(i): Let x € H|; 4 with Cx(0) = 0. Then x(t) = eAx(0) for all + € R and x(0) €
kerC = ker 0(A,C). According to (Trentelman et al., 2001, Sec. 3.3) we find Cx(¢) = 0 for
allr e R. [

Note that ker 0'(A,C) = ¥}

1.4.0.C] which motivates the following result.

Lemma A.2. Let E,A € R™" and C € RP*". Then the following statements are equivalent:

(i) Vx€ B : Cx(0)=0 = Cx*=0,

(i) Vx€ BpaNE=(R—-R"): Cx(0)=0 = Cx=0,
(ii1) a) 7/[2,A,0,C} = 7/[27A7010] NkerC,
b) 7/[2,/4,0,0] ﬁ7’//[§,A,0,0] C kerC.

Proof. Utilizing (Berger & Trenn, 2013, Cor. 2.3) we may, without loss of generality, assume
that the pencil sE — A is in quasi-Kronecker form, i.e.,

SEP —Ap 0 0 0
_ 0 sly,—J 0 0
sE-A=1 0  sN—I, o | Gh
0 0 0 SEQ —AQ

where

1. Ep,Ap € RP*" [ > np, are such that tk(AEp — Ap) = np and tk Ep = np;
2. J e Rw>n,

3. N € R™*"N jg nilpotent;

4. Eg,Ag € Rle*m0 1, < ng, are such that tk(AEg —Ap) = lg and tkEg = Ip.

Let C = [C1,C2,C3,C4] according to the partitioning of sE — A in (31). Then we have that,
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see Berger and Trenn (2013),

7/[2,A,0,0} =R" xR" x {0} x {0},
W[E,A,o,o] =R" x {0} x R"™ x {0}, (32)

Ea0 = [lre o] [ S ose ] * 101 O

(i)=-(iii): Assume that C; # 0. Choose x; € ¢~ (R—R"?) such that x; (0) =0, Epx; = Apx;
and Cyx; # 0. Then x = (x{,0,0,0)" € Bk 4) With Cx(0) = 0 and Cx # 0, a contradiction.
Therefore, we have C; = 0 and it follows from (32) that

VEa00 Va0 =R x {0} x {0} x {0} Cker[0,C2,C3,C4] =kerC,
which proves b). Furthermore, it follows from (32) that
Neaoc) =R XY 10,0y X103 x {0}, Vg 40,9 NkerC=R™ xkerCy x {0} x {0}.

Now, let xy € 2y s with Cox2(0) = 0. Then x = (0,x; ,0,0) " € B 4 and Cx(0) =0, thus we

have Coxp = Cx = 0. Then it follows from Lemma A.1 that ker &'(J,C,) = ”//[,* 10.C)) = kerC;.

This proves a).
(iii)=-(i): It follows from (32) and b) that

VEa00 VY Eae =R x {0} x {0} x {0} C ker[Cy,C,,C5,Cy),
which implies C; = 0. Furthermore, as in “(i)=(iii)” we have

R X W1 0.0 X {0} X {0} = Yz a0 : HEa00 NkerC =R xkerCy x {0} x {0},
which gives ¥/ ; .| = kerCy. Now, let x = (x] x5 ,x3,x,)" € B o) With Cx(0) = 0. First,

it follows from (Berger & Trenn, 2012, Thm. 3.2) that x3 0 and x4 = 0. By Ci=0it
follows Crx2(0) =0 and as x; € 93[17 J] and ¥} 1= ker C,, we may infer from Lemma A.1

[1,J,0,C,
that Coxy = 0, thus Cx = 0.
The proof for “(ii)<>(iii)” is analogous and omitted. O

The next two results are the basis for the characterization of asymptotic partial state ob-
Servers.

Lemma A.3. Let A € R and C € RP*". Then the following two statements are equivalent:

(i) Vx € Bja: limeCx(t) =0,
(i) VA € Cy : kerc(Al—A)" C kercC.

Proof. (i)=(ii): Seeking a contradiction we assume that there exist A € C, and K0 e
kerc(AI —A)" with Cx” # 0. Obviously, A is an eigenvalue of A. By (Logemann & Ryan,
2014, Thm. 2.11) we find that

m—1 i
t .
M0 = M Z —(A-ADX°, teR,
i—o 1!
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where m is the algebraic multiplicity of A. Let k € {0,...,p} such that ¢] Cx* = 0, where ¢,
denotes the kth unit vector. Invoking that for any polynomial p(t) = ap+ait+...+a,t? with
ap # 0 it holds |p(t)| > |ao| for sufficiently large ¢, we may infer that there exists 7 > 0 such
that for all t > T we have

m—1 1
‘e,;rCeA’xo‘ =M e] Cx0+ Z L C(A—AD)X" ‘e,ijO‘ > 0.
>1

This shows that x(r) := eA'x?, € R, satisfies x € %141 and Cx(t) #» 0, a contradiction.
(i)=(@): Let x € S 4 and Al,...,A, € C be the pairwise distinct eigenvalues of A.
Then (Logemann & Ryan, 2014, Thm. 2.11) gives that

mj—1

x(t) Ze’“ZtA Ail)'z;, tER,

i=0

where m; is the algebraic multiplicity of A; and z; € kerc(A — A;I)™i for j=1,...,r. We
may assume that 4;,...,A, € Cy and A441,...,A, € C_ for some g € {0,...,r}. Since (A —
Ail)'z; € kerc(A— A;I)" Ckere C forall j=1,...,q it follows that

Z “): CA Ail)z;, teR,

Jj=q+1 i=

and hence, obviously, Cx(¢) — 0 which completes the proof. O

In the following DAE version we use the space %/

(EA] A introduced in Section 2.

Lemma A4. Let E,A € R and C € RP*". Then the following statements are equivalent:
(i) Vx € Bpap: limeesssupy .. [|[Cx(7)[| =0,
(ll) Vx e ‘%[E,A] O%M(R—HR”) . lim[_>ooCX(t) =0,

(ii) VA € C: #jj 4 5 S kercC.

Proof. Without loss of generality we assume that sE — A is in quasi-Kronecker form (31)
with the properties stated in the proof of Lemma A.2, and C = [C},C3,C3,C4] according to the
partitioning of sE — A. It is a straightforward calculation, see also Berger and Trenn (2013),
that

[E,A},)L = C"" xkerc (AL, —J)" x {0} x {0}. (33)

(i)=-(iii): We show that C; = 0. Assume that C; # 0 and choose x; € € (R — R"?) such
that Epx; = Apx; and ||Cyx; (t)|| — . Then x = (x; ,0,0,0) € Bl ) With Cx # 0, a contra-
diction. Therefore, C; = 0 and, in view of (33), it remains to show that for all A € C; we have
kerc(AI —J)™ C kerc Cy. This follows from Lemma A.3 and the fact that for any x, € %[,7 Jl
we have that x = (0,x, ,0,0)" € Bk 4) and hence Coxz(t) = Cx(t) — 0

(iii)=-(1): By (33) we obtain C; = 0 and hence kerc (Al —J)"™ C kerc C, for all A € C;..
Therefore, Lemma A.3 implies that for all x, € 95[17 J we have Cox (1) — 0. If now x =
(xlT,sz ,x;,x;r) € ‘@[E-, 4)» then it follows from (Berger & Trenn, 2012, Thm. 3.2) that x3 0
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and x4 £ 0. Furthermore, Xy € f%’[,v J] and therefore we obtain
tlggess SUP|, o) [|[Cx(1) || = IILIEO esSSupy; o) [|Cox2 (7)[| = 0.

The proof for “(ii)<>(iii)” is analogous and omitted. O
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