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Abstract We consider tracking control for multi-input multi-output differential-algebraic
systems. First, the concept of vector relative degree is generalized for linear systems and we
arrive at the novel concept of “truncated vector relative degree”, and we derive a new normal
form. Thereafter, we consider a class of nonlinear functional differential-algebraic systems
which comprises linear systems with truncated vector relative degree. For this class we in-
troduce a feedback controller which achieves that, for a given sufficiently smooth reference
signal, the tracking error evolves within a pre-specified performance funnel.
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1 Introduction

Funnel control has been introduced in [22] almost two decades ago. Meanwhile, plenty of
articles have been published in which funnel control from both a theoretical and an applied
perspective are considered, see e.g. [3,7-10, 16,17,20,26,29] to mention only a few.
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A typical assumption in funnel control is that the system has a strict relative degree,
which means that the input-output behavior can be described by a differential equation
which has the same order for all outputs. However, multi-input, multi-output systems that
appear in real-world applications do not always have a strict relative degree. Instead, the
input-output behavior is described by a collection of differential equations of different order
for each output, which is referred to as vector relative degree.

The subject of this article is twofold: First we consider linear (not necessarily regular)
systems described by differential-algebraic equations (DAEs). We generalize the notion of
vector relative degree as given in [1, Def. 5.3.4] for regular DAEs, see [24,27] for systems of
ordinary differential equations (ODEs). Furthermore, we develop a normal form for linear
DAE systems which allows to read off this new truncated vector relative degree as well as
the zero dynamics. Thereafter, we consider a class of nonlinear functional DAE systems
which encompasses linear systems in this normal form, and we introduce a new funnel
controller for this system class.

Our results generalize, on the one hand, the results of [7], where systems with strict
relative degree are considered. On the other hand, concerning funnel control, the results in
this article generalize those of [3, 5] for linear and nonlinear DAEs, where the truncated
vector relative degree (although this notion does not appear in these articles) is restricted to
be component-wise less or equal to one. Note that [3] already encompasses the results found
in [6] for linear DAE systems with properly invertible transfer function. DAEs with higher
relative degree have been considered in [4], and even this article is comprised by the present
results. Therefore, the present article can be seen as a unification of the funnel control results
presented in the previous works [3-7] to a fairly general class of nonlinear DAE systems.
Parts of our results have been published in the doctoral thesis [25] by one of the authors.

1.1 Nomenclature

Thoughout this article, R>o = [0,0) and ||x|| is the Euclidean norm of x € R”. The symbols
N denotes the set of natural numbers and Ny = NU {0}. The ring of real polynomials is
denoted by R[s], and R(s) is its quotient field. In other words, R(s) is the field of real
rational functions. Further, Gl,(R) stands for the group of invertible matrices in R"*".

The restriction of a function f: V — R" to W C V is denoted by f |W, V C W. For
p € [l,00], LP(I — R") (LY (I — R")) stands for the space of measurable and (locally) p-th

power integrable functionlgcf :I —R", I CR an interval. Likewise L*(I — R") (L. (I —
R™)) is the space of measurable and (locally) essentially bounded functions f : I — R”,
and || f]|- stands for the essential supremum of f. Note that functions which agree almost
everywhere are identified. Further, for p € [1,o0] and k € No, W5? (I — R") is the Sobolev
space of elements of L”(I — R") (L{, (I — R")) with the property that the first k weak

derivatives exist and are elements of L (I — R") (L (I — R")). Moreover, CK(V — R")

is the set of k-times continuously differentiable functions f: V — R”, V C R™, and we set
C(V—R"):=C%V —R").

2 Linear systems and the truncated vector relative degree

In this section, we consider linear constant coefficient DAE systems
%Ex(z) = Ax(t) + Bu(t),

¥(6) = Cx(1), W
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where E,A € R'*" B € RI*™ C € RP*". We denote the class of these systems by X; . »
and write [E,A,B,C] € X nm,p- We stress that these systems are not required to be regular,
which would mean that / = n and det(sE —A) € R[s] \ {0}. The functions u : R — R”,
x:R—R" and y: R — R? are called input, (generalized) state variable, and output of the
system, respectively. We introduce the behavior of system (1) as

%[E,A,B,C] ::{ (xauay) € LIIOC(R — R"xR" x Rp)

Ex e WI(I)’CI(R%IRI) A %Ex:AerBu Ay=Cx+Du }

Note that the equalities in the above definition are to be understood as equalities of functions
in Llloc. For a regular system [E, A, B,C] € Z, ;. p, the transfer function is defined by

G(s) = C(sE —A) 1B e R(s)P*™.

2.1 Zero dynamics and right-invertibility

To specify the class that we consider, we introduce the zero dynamics which are the set of
solutions resulting in a trivial output. For more details on the concept of zero dynamics and
a literature survey we refer to [1].

Definition 2.1. The zero dynamics of [E,A,B,C] € Z; , , » are the set
ZDEapc =1 (xuy) €Brapq |y=0}.
We call Z° Y| 4 p.c) autonomous, if
Vo€ ZDgapc VI CRopeninterval: ofj=0 = o =0,

and asymptotically stable, if
YY) € 2D pancy: fim | (o)l | =0.

Remark 2.2. Let [E,A,B,C] € 2, p-
a) It has been shown in [3, Prop. 3.5] that

Z D ap,c) are autonomous <= kerg(y) [ 5 ] = {0}.

In particular, [ ~*%4 87 is left invertible over R(s) if, and only if, 2P g 4 5 | are au-

[~sE+A
tonomous. If [E,A, B,C] is regular, then its transfer function G(s) satisfies

{_SE +A B} {1,1 <sE—A)1B} _ [—SE +4 0 ] )

c o|lo I, C G5

hence autonomy of the zero dynamics is equivalent to G(s) having full column rank over
R(s), cf. [3, Prop. 4.8].
b) It has been shown in [3, Lem. 3.11] that
A7 [E.4,B,c) are asymptotically stable
> kerc [ £ B] = {0} forall A € C; with Re(1) > 0.
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We will consider systems with autonomous zero dynamics throughout this article. We
will furthermore assume that the system is right-invertible, which is defined in the following.

Definition 2.3. The system [E,A,B,C| € X, , ., is called right-invertible, if
Vy e C*(R = RP) I(x,u) € L. (R - R"xR™): (x,u,y) € Bigapc)

The notion of right-invertibility has been used in [30, Sec. 8.2] for systems governed by
ordinary differential equations and in [2, 3] for the differential-algebraic case. The concept
is indeed motivated by tracking control: Namely, right-invertibility means that any smooth
signal can be tracked by the output on a right-invertible system.

Remark 2.4. Consider a regular system [E,A,B,C] € X, , ., With transfer function G(s).
It has been shown in [3, Prop. 4.8] that

[E,A,B,C] is right-invertible <= imp(,) G(s) = R(s)”,
whence, by (2),

[E,A,B,C] is right-invertible <= img( [’S‘E*A g] =R(s)""7,
Combining this with Remark 2.2 a), we can infer from the dimension formula that for regular
square systems [E,A,B,C| € X, , mm (i.¢., the dimensions of input and output coincide) with
transfer function G(s) € R(s)"*™, the following statements are equivalent:

() Z 9P| A p,) are autonomous,

(ii) [E,A,B,C] is right-invertible,
(iil) G(s) € R(s)™™ is invertible over R(s),
(iv) [*E+A B] is invertible over R(s).

For general right-invertible systems with autonomous zero dynamics, we can derive a
certain normal form under state space transformation. The following result is a straightfor-
ward combination of [3, Lem. 4.2 & Thm. 4.3 & Prop. 4.6].

Theorem 2.5. Let a right-invertible system [E,A,B,C]| € X; , ,, , with autonomous zero dy-
namics be given. Then there exist W € GL;(R), T € Gl,(R) such that

shy —Q  —Ap 0 0
| A sExp—Apn sEx |
W(sE - A)T = 0 sEx  sN—IL,|’ WB=1¢1" 3)
0 0 7SE43 0
CT=[01,0],

where ny,n3,ng € No, N € R"™*™ s nilpotent and

QEeR™M Ay eRM¥P Ay eR™M
Eny, Ay €R™P Eyy eR™,
E3; GR"3XP, Eq3 cR™*"3

are such that E;3N/E3y =0 for all j € N.
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Remark 2.6. Let [E,A,B,C] € X}, 5, be right-invertible and have autonomous zero dy-
namics. Using the form (3), we see that (x,u,y) € B 4,8, if, and only if,

Tx = (nT7yT7x;F)T c Llloc(RH R111+p+n3)

satisfies
Ex» 11 Ex3 Ny
[Esz} yeW,, R— R™H3), N | x3eW,. (R— R+ @
Ey3
and the equations
N =0n+Any, s
n3—1 . A
0=— Z E23N1E32y(l+2) — Ezz)" +A22y —|—A21r’ +u, (5b)
i=0
n3—1 ) )
x= Y, N'Esy*V (5¢)
i=0

hold in the distributional sense. In particular, the zero dynamics of [E,A, B, C] are asymptot-
ically stable if, and only if, any eigenvalue of Q has negative real part.

Further note that 1 € L} (R — R™), y € L (R — RP) together with (5a) imply that
newll(R—Rm).

loc

2.2 Truncated vector relative degree

Our aim in this section is to present a suitable generalization of the concept of vector rel-
ative degree to differential-algebraic systems which are not necessarily regular. For regular
systems a definition of this concept is given in [3, Def. B.1].

Definition 2.7. Let a regular system [E,A,B,C] € X, »,, With transfer function G(s) €
R(s)P*™ be given. We say that [E,A,B,C] has vector relative degree (ry,...,r,) € Z*P, if
there exists a matrix I" € RP*"™ with rankI" = p and

lim diag(A™,...,A"")G(A)=T.

A—ve0
If the above holds with r; = ... =r, =: r, then we say that [E,A,B,C] has strict relative
degree r.

Since this definition involves the transfer function, it is only applicable to regular sys-
tems. To avoid this limitation, we introduce a novel concept. Let us start by introducing the
notion of column degree of a rational matrix. This generalizes the concept of column degree
for polynomial matrices in [15, Sec. 2.4].

Definition 2.8. For a rational function r(s) = % € R(s) we define

degr(s) :=degp(s) —degq(s).
Further, for 7(s) = (r1(s),72(s),...,7p(s)) " € R(s)? we define

degr(s) = 111<11;1<xp degri(s).
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Note that the degree of a rational function r(s) = % is independent of the choice of p(s)
and ¢(s), i.e., they do not need to be coprime.

If [E,A,B,C] € X; , n , has autonomous zero dynamics, then we can conclude from Re-
mark 2.2 that [ E+4 B] € R(s) ()X (mm) possesses a left inverse L(s) € R(s)m)*(+p),

C 0
Then we set
H(s) :=— [0 I,| L(s) [IO} e R(s)™P. (©6)
p

Remark 2.9.

a) Assume that [E,A,B,C] € X, p» has autonomous zero dynamics and is right-invertible.
Then it has been shown in [3, Lem. A.1] that the rational matrix H(s) € R(s)"*? is
uniquely determined by [E,A, B, C]. Moreover, with the notation from Theorem 2.5, we

have
H(S) =sE» —Ax —Aj (Slnl — Q)_lAlz — S2E23 (SN*In3)_1E32. (@)

We stress that the above representation is independent of the transformation matrices W
and 7 in (3).

b) If [E,A,B,C] € X, , m,» has autonomous zero dynamics and is regular with transfer
function G(s) € R(s)™*", then, invoking (2) and Remark 2.4, it can be shown that
H(s) = G(s)"!, see also [3, Rem. A.4].

In view of Remark 2.9, we see that for any regular system [E,A,B,C] € X, . With
transfer function G(s) and vector relative degree (ry,...,r,), we have

lim diag(A"....A")G(2) =" € Gl ()
—yo0

8
< lim H(A)diag(A™",..., A7) =T € GlI,,(R), ®
—o0

with H (s) as in (6). This motivates to use H(s) instead of the transfer function G(s) to define
a generalization of the vector relative degree to DAE systems which are not necessarily
regular.

Definition 2.10. Assume that [E,A,B,C] € X; , , , is right-invertible and has autonomous
zero dynamics. Let H(s) € R(s)"*? be defined as in (6) (which is well-defined by Re-
mark 2.9 a)), h;(s) = H(s)e; € R(s)” for i = 1,...,p and set r; = max{degh;(s),0}. Let ¢

be the number of nonzero entries of (r1,...,rp),
= lim H(A)diag(A™",...,A~"7) € R™*P, ©)
—o0
and 12 € R4 be the matrix which is obtained from I" by deleting all the columns corre-
sponding to r; = 0. Then we call r = (r1,...,r,) € N(I)Xp the truncated vector relative degree
of the system [E, A, B,C), if rank [}, = g.
A truncated vector relative degree (ry,... 7rp) is called ordered, if r| > ... > r).

Remark 2.11. Let the system [E,A,B,C] € X , . , be right invertible and have autonomous
zero dynamics.

a) Assume that [E,A, B,C] has ordered truncated vector relative degree (r1,...,r4,0,...,0)
with r, > 0. Then the matrices I" and I; in Definition 2.10 are related by
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b)

9

d)

€)

Assume that [E,A,B,C] has truncated vector relative degree (ry,...,rp) € N(I)Xp . Con-
sider a permutation matrix Ps € RP*? induced by the permutation o : {1,...,p} —
{1,...,p}. A straightforward calculation shows that Hs(s) as in (6) corresponding to
[E,A, B, P;C] satisfies Hy (s) = H (s)Ps, thus the system [E, A, B, PC] has truncated vec-

tor relative degree (rg(1), .- -,7q(p))- In particular, there exists a permutation o such that
the output-permuted system [E, A, B, P-C] has ordered truncated vector relative degree.
1xp

Assume that [E, A, B, C] has ordered truncated vector relative degree (ry,...,r,) € N,
Using the notation from Theorem 2.5 and (7), we obtain that

I'= lim H(A)diag(A™"1,...,17"7)
A—so0

= hm [(A,Ezz 7A22) 7A2| (l[* Q)71A12 7),2E23(),N71n3)71E32] .

A—ro0
-diag(A™",...,A7"P)
n3—1
= lim |{AE»n —Ax»+ Z Ak+2E23NkE32 diag(A™",...,A7"7).
A—roo =0

Consider aregular system [E, A, B,C] € Z,  u p. If m > p, then, in view of Remark 2.2 a),
the zero dynamics of [E,A,B,C] are not autonomous, because [ *£4 8] has a non-
trivial kernel over R(s). Therefore, such a system does not have a truncated vector rel-
ative degree, but a vector relative degree may exist. As an example consider the system
[E,A,B,C] € Zj 12,1 withE=C=[1],A=[0] and B = [1, 1], for which a truncated rel-
ative degree does not exist. However, the transfer function is given by G(s) = s~ '[1,1]
and hence the system even has strict relative degree r = 1.

If m < p and [E,A,B,C] has a vector relative degree, then also a truncated vector rela-
tive degree exists. This can be seen as follows: First observe that, as a consequence of
Definition 2.7, p < m and hence we have p = m. Therefore, the matrix I" € R™*"™ in
Definition 2.7 is invertible. Let F(s) := diag(A"1,...,A"™)G(s), then F(s) =" + Gsp(s)
for some strictly proper Gg(s) € R(s)™™, i.e., limy_,. Gsp(A) = 0. Then G(s) :=
—I'"'Ggy(s) is strictly proper as well. Let p(s) € R(s)™ be such that F(s)p(s) = 0,
then p(s) = G(s)p(s). A component-wise comparison of the degrees yields that

M=

Vi=1,...,m: degpi(s) =deg ¥} Gij(s)p;(s) < j:nllaxm(degpj(s) -1),

j=1

because deg G;;(s) < —1 forall i, j = 1,...,m. Therefore,

..........

a contradiction. This shows that F(s) is invertible over R(s) and hence G(s) is invert-
ible over R(s). Then Remark 2.4 yields that [E,A, B,C] is right-invertible and has au-
tonomous zero dynamics. Moreover, Remark 2.9 b) gives that H(s) = —G(s)~! and
hence it follows that a truncated vector relative degree exists with I'=—-I'"'asin (9).
If [E,A,B,C] € X,y um is regular and has autonomous zero dynamics, then [E,A, B,C]
has truncated vector relative degree (0, .. .,0) if, any only if, the transfer function G(s) €
R(s)™™ of [E,A,B,C] is proper, i.e.,limy_,., G(A) € R™" exists. This is an immediate
consequence of the fact that, by Remark 2.9 b), the matrix H(s) in (6) satisfies G(s)~!.
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f) A motivation for the definition of the truncated vector relative degree, even when only
regular systems are considered, is given by output feedback control: Whilst the regular
system [E,A,B,C] € X, 1 with

e-[o ) o[ -t

has transfer function G(s) = —s and thus vector relative degree (r;) = (—1), application
of the static output feedback u(r) = Ky(r) + v(r) with new input v leads to the system
[E,A+ BKC,B,C] with transfer function Gg(s) = I_T_—I[gs We may infer that the vector
relative degree of [E,A+ BKC,B,C] is zero unless K = 0, thus the vector relative degree
is not invariant under output feedback in general.

In the following we show that the truncated vector relative degree is however invariant
under static output feedback.

Proposition 2.12. Let [E,A,B,C| € X, n, and K € R™*? be given. Then the following
statements hold:

a) Z D g a ) are autonomous if, and only if, Z D\ a4 prc p.c) are autonomous.

b) |E,A,B,C] is right-invertible if, and only if, [E,A+ BKC,B,C] is right-invertible.

c¢) |E,A,B,C]| has a truncated vector relative degree if, and only if, [E,A+ BKC,B,C] has
a truncated vector relative degree. In this case, the truncated vector relative degrees of
[E,A,B,C] and [E,A+ BKC,B,C] coincide.

Proof. a) This follows from Remark 2.2 a) together with

—SE+A+BKC B| _[I, BK| [~sE+A B (10)
c 0] =101, c o

b) Since [E,A+ BKC,B,C] is obtained from [E, A, B,C] by output feedback u(t) = Ky(t) +
v(t) with new input v € L, (R — R™), we obtain that (x,u,y) € Byg 4 p ) if, and only if,
(x,u—Ky,y) € B(g a1prc,p.c)- In particular, the set of generated outputs of [E,A,B,C]
and [E,A + BKC,B,C] are the same, whence [E,A, B,C] is right-invertible if, and only
if, [E,A+ BKC, B, (] is right-invertible.

¢) Since [E,A,B,(] is obtained from [E,A + BKC,B,C] by applying the feedback —K, it
suffices to prove one implication. In view of Remark 2.11 b), it is no loss of generality to
assume that [E, A, B, C] has ordered truncated vector relative degree (ry,...,r4,0...,0) €

Ny™? with r, > 0. Let L(s), Lg (s) € R(s) "t *(+P) be left inverses of

—sE+AB d —sE+A+BKC B
c 0 C o> P

and partition

_ |L11(s) Lia(s)
L) = [L21(s) H(s)}'

From (10) it follows that L(s) [3 _,ik} is aleft inverse of [ EFATBKCE] Since Hy (s) =

[0,1,]Lk(s) [lﬂ is independent of the choice of the left inverse Lk (s) by Remark 2.9 a),
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we may infer that

In —BK
Hi(s) = 0 I } L }
[ ] Lii(s) Lia(s) BK
Loi(s) H(s
= H(s) — Ly (s)BK.
The relation L(s) [ £ 8] =1,,,, leads to Ly (5)B = I, Therefore, Hy (s) = H(s) — K
and we find

Ik = }}im Hyg(A)diag(A™"1,...,A7"0,1,...,1)
—»o0

=T — lim Kdiag(A™"",...,A7",1,...,1).
A—o0
This implies that I; K [15, } = li'], and thus
rank Ik [1(‘)1} = ranqu =q.

Therefore, the truncated vector relative degree of the feedback system [E,A +BKC, B,C]
is (r1,...,r4,0...,0), i.e., that of [E,A,B,C]. O
Remark 2.13.

a) The truncated vector relative degree of a right-invertible system with autonomous zero
dynamics does not necessarily exist: For instance, consider [E,A,B,C] € X445, with

1000 ~100 0 00

0110 01-10 10 0100
E=lo110" 4= 01200 2= |01’ _{0010]'

0000 0001 00

For this system, we have

Ho =210

Moreover,
A . . 14— 11 .
I'= lim H(A)diag(A~',A71) = =1,
A—o0 11
Since ranqu =1 < 2, which is the number of columns of H(s) with positive degree.
Hence, this system does not have a truncated vector relative degree.

b) There exist right-invertible regular systems with autonomous zero dynamics with the
property that the truncated vector relative degree exists, but the vector relative degree
according to Definition 2.7 does not exist. For instance, consider [E,A,B,C] € L5577
with

10000 ~11-200 00
01010 35000 10
E=10-1000|,A=|000 00|, B=101 ,c:[gé?gg}. (11)
00001 00010 00
01000 00001 00
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Then
1 0 —1
G(s)=C(sE—A) 'B= s+l P —as_g | -
6 6s
We have
. . _ —1
= lim diag(A, A )G(A) = {0 1 } and rankI" = 1 < 2.
A—so0 0 5

This implies that the system does not have vector relative degree in the sense of Defini-
tion 2.7. Invoking Remark 2.9 b), we obtain

sts3 s —45—8 6
s+1 s+1 ,
—s 0
and
L= tim HA)diagA >, 1) = | 10| ana £ = |!
= lim ag D=0l andlg= |yl

Then ranqu = 1 = ¢, and consequently this system has truncated vector relative degree
(3,0).

2.3 A representation for systems with truncated vector relative degree

For ODE systems, BYRNES and ISIDORI have introduced a normal form under state space
transformation which allows to read off the relative degree and internal dynamics [11,24].
This normal form plays an important role in designing local and global stabilizing feed-
back controllers for nonlinear systems [12—-14], adaptive observers [28], and adaptive con-
trollers [19, 23]. A normal form for linear ODE systems with vector relative degree has
been developed in [27]. Further, a normal form for regular linear DAE systems with strict
relative degree has been derived in [4], whereas a normal form for regular linear differential-
algebraic systems with proper inverse transfer function in [6]. The latter has been extended
to (not necessarily regular) DAE systems with truncated vector relative degree pointwise
less or equal to one in [3], although this notion was not used there. Note that the concept
of truncated vector relative degree encompasses systems governed by ODEs with strict or
vector relative degree as well as regular DAE systems with strict relative degree (up to some
extent, cf. Remark 2.11 d)) or proper inverse transfer function, and we introduce a novel
representation which comprises all the aforementioned results.

Assume that [E,A,B,C] € X, is right-invertible, has autonomous zero dynamics

and possesses a truncated vector relative degree (ry,...,r,) € N(I)Xp. By Remark 2.11 b), it
is further no loss of generality to assume that the latter is ordered, i.e., 1 > ... > 1, > 0=
Tg+1 = ... = rp. Introduce the polynomial matrix

n3—1
F(S) =5E» —Axp+ Z Sk+2E23NkE32 € R(S)mXp.
k=0

By Remark 2.11 c) we have
I'= lim H(A)diag(A™",...,A",1,...,1) = lim F(A)diag(A™"",...,A 7", 1,...,1)
A—roo A—roo

ﬁl ﬁ2:| mx
=|a a | €ER™P,
{131 I



Vector relative degree and funnel control 11

where the latter partition is with [} € R9%4, [}, € RI*WP=9) [3; € Rm9*%4 and [3, €
R("=49)*(P=4) Then Definition 2.10 yields

rank [gj = rank " [Ig} =gq.

Let i € N be such that r;, > 1 and r;,; = 1. Denote the jth column of a matrix M by M/,
Then

I'= lim F(A)diag(A™"",..., A7 1,...,1)
A—so0
= [E23N’1*2E§;) oo ExN2ED) ESD B Al _Agg>],
and thus

~ [5G
Ig= {Fﬂ - [E23Nr“2E:«(s§> ... EpN2EW gD E§g>] ER™Y, (12)

Since rankf}l = g, by reordering the inputs and — accordingly — reording the rows of Aji,
Ezy, Ay and Eps, it is no loss of generality to assume that the first g rows of I, are linearly
independent, thus I'1; € Gl;(R). Consider the matrix

Ii1 O
r= € Gl (R), 13
e een® 13

where I; = [;]' € GI,(R), I3 = —[3, ;7' € R("9%4, then
~ ]q
riy= |4l (14)

On the other hand, using the notation from Theorem 2.5 and invoking Remark 2.6, we
have that (x,u,y) € Big a5 if. and only if, Tx = (n7,y",x])" € L, (R — R1H7Hm)
solves (5) in the distributional sense, and the components satisfy (4). Since (5b) can be
written as F (%) y = A1 M + u, by construction of fq and (12) we may rewrite this as

y(lr') n Yq Yg+1

Ll [=m| + |+..+M|  |+M| : |+Aun+u (15)

yérq) (]rl_l) ygrq—l) .

for some My € R™"1 ... M, e R"*"4, M € R™*(P=49) which can be constructed from the
columns of E23NiE32, Ey and Ay, i =0,...,r;. Define Rj_y] € RI*7;, Rj,Z S ROn—a)xr; for
j=1,....qand §; € R?*(P=4) 5, ¢ R"-0)*(P=49) p € R?*" P, € RI"~9)*M by

Riv| _pay S| ._ P
{Rﬂ] =I'M;, j=1,...,q, {SJ =I'M, [PJ :=TAy. (16)
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By a multiplication of (15) from the left with I" € Gl,,(R), we obtain that, also invoking (5a)
and (5¢),

n=0n+Any,
W »n ¥q Vot u
C| =R © [+ R S YR R 1 Y ST B I
-1 ~1
o) e ) "
i Yq Yg+1
0:R1,2 1 Jr...Jqu?z (71) +S55 a7
y(]r17> qrq )’m
up Ug+1
+Phn+In| - [+ : )
Uy U
n371A .
x3= Y NEzpy.
i=0

We have thus derived a representation for systems with truncated vector relative degree
and summarize the findings in the following result.

Theorem 2.14. Let a right-invertible system [E,A,B,C] € Xl nm,p With autonomous zero
dynamics be given. Assume that [E,A,B,C] has ordered truncated vector relative degree
(r1,...,74,0,...,0) with ry > 0. Use the notation from Theorem 2.5, (13) and (16). Then
(x,u,y) € Br.ac) i, and only if, after a reordering of the inputs so that L in (12) is
invertible,

Tx=(".y"x35)" € Lige(R — R"¥P*")

satisfies the smoothness conditions in (4) and solves (17) in the distributional sense.

Remark 2.15. Consider a regular and right-invertible system [E,A,B,C] € X, ;, 1 m With au-
tonomous zero dynamics and ordered truncated vector relative degree (ry,...,ry,0,...,0) €

Ny such that r, > 0.

a) If [E,A,B,C] has strict relative degree r > 0, then g =m and r; = ... = r,, = r. In this
case, the representation (17) simplifies to
1 =0n-+Amny,
Y1 Ym
y(r):R],l : +...+ R : +Pn+Iiu,
—1 —1
(1) vl
n3—1 ) )
X3 = NIE32y<l+1>.
i=0

Since the second equation can be rewritten as
YO =0y 4+ Qoy+Pin +Tigu

for matrices Qy,...,Q,—1, this is exactly the form which has been developed in [4].
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b) If the transfer function G(s) € R(s)"*™ of [E,A, B,C] has a proper inverse, then we have
that H(s) = G(s)~! (see Remark 2.9 b)) is proper, hence ¢ = 0 and the truncated vector

relative degree is (0, ...,0). In this case, the representation (17) simplifies to
N =0n+Apy,
0=Sy+Pn+u,
ny—1 . .
x3= Y N'Epy™,
i=0

which is exactly the form developed in [6].

c¢) If the system is an ODE, that is E = I, then its transfer function G(s) is strictly proper,
ie., limy ,,,G(A) = 0. We can further infer from Remark 2.4 that the transfer func-
tion G(s) € R(s)™*™ is invertible. Then (8) implies ¢ = m, i.e., the truncated vector
relative degree (which coincides with the vector relative degree by Remark 2.11 d)) is
(r1,...,7m) € N In this case, (17) simplifies to

17 =0n+Apy,
ygm Y1 Ym
: :Rl,l +...+Rm71 +P1Tl+1—i11/t,
—1 m—1
y’(’rfl’m) (1r1 ) y’(rf )
n3—1 ) )
X3 = NlE32y(l+1>.
i=0

This form comprises the one presented in [27], where, additionally,

X3 = (y]7-~~7y(1rl_l)7"~7ym7"'7y£’I:m_1))T € R"B’
0,
N =diag(Ny,...,N,;) € R™*™ with N; = ! e RUi=Dx(ri=1)
\Y
— di [r1—1] [ri—1] n3xm
E3p =diag(e;' ,...,e5" ) ER ,

where e[]k] € R¥ is the first canonical unit vector. We note that the above nilpotent ma-

trix N has index v = max (r; — 1).
1<i<m

3 Nonlinear systems with truncated vector relative degree

In this section, we consider a class of nonlinear DAE systems which comprises the class of
linear DAE systems which have a truncated vector relative degree and the same number of
inputs and outputs. More precisely, we consider nonlinear functional differential-algebraic
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systems of the form
r— rg—1
:f1<d1(t)7Tl()’17-~-:ysl 1)7"'7y((1q >7)’q+17~--7)’m)(1))
r' r— rg—1
ygq)([) +H(d2(t)aTl(yla---7y§1 1)7"'7yt(]q )7)’q+1>---7)’m)(l‘)>u1(f)a

0 :fZ (yl(t)v- --7y§rl_])(t)7"' 7y£1rq_l>(t)7yq+l(t)" "7ym(t))

5 (ds(0), (T23) (1)) + T3 (da(0), (Ta3) () ) s (1) 4+ (s ). (T29) 1)) ),

)’|[7h,0] =y0
(13)
with initial data
W=0108 o) Wed ([-h0 = R), i=1,...4q, 19)
WeC(-h0—R), i=q+1,...m,
where fi,...,fs, I, Ij1, dy,...,ds are functions and 77,7, are operators with properties

being specified in the sequel. The output is y = (y1,...,y,)  and the input of the system is
u=(uy,...,uy)", for which we set
U= (M], e 7uq)T7 uyp = (”qul: o 7um)Ta

ie., u= (u] ,uj;)". The functions di,...,ds : R>o — R play the roles of disturbances. We
denote 7 = ri +...+r, and call — in virtue of Section 2.3 — the tuple (r1,...,7,,0,...,0) €
N(l)xm with r; > 0 for i = 1,...,q the truncated vector relative degree of (18). We will later
show that linear DAE systems which have a truncated vector relative degree belong to this
class. Similar to [5], we introduce the following classes of operators.

Definition 3.1. For m,k € N and h > 0 the set T, x, denotes the class of operators T :
C([~h,) — R™) — L (Rso — RK) with the following properties:

loc

(i) T is causal, i.e, forallz >0and all {,& € C([—h,o) — R™),
Clichny = &li=ny = T(Oljos) = T(E)ljo,)-

(ii) T is locally Lipschitz continuous in the following sense: for all # > 0 and all & €
C([—h,t] — R™) there exist 7,8,c > 0 such that, for all {;,{, € €([—h,) — R™)
with §i[(_j) = & and [|§;(s) — §(¢)|| < & forall s € [t, + 7] and i = 1,2, we have

1(T(6) =T (&) lirssa |l < cll(G = Elpssa .-

(iii)) 7 maps bounded trajectories to bounded trajectories, i.e, for all ¢; > 0, there exists
¢ > 0 such that for all §{ € €' ([—h,e0) = R™)

[8]chelle <c1 = [IT(E)j000) |0 < €2
Furthermore, the set 'I[‘,D”{}ﬁ denotes the subclass of operators
T: C([—h,) = R™) = C'(Rso — R¥)

such that T € T, x5 and, additionally,
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(iv) there exist z € C(R™ x RF — R¥) and T € T, 4, such that

VG € C(l—hyos) > R") Vi 20 $(T0)(0) =2(50),(TO)).

Assumption 3.2. We assume that the functional differential-algebraic system (18) has the
following properties:

(i) the gain I; € C(R* x R* — R9%%) satisfies I;(d,n) +I;(d,n)" > 0 for all (d,n) €
R* x R¥, and I}; € C'(R* x RF — R("~9)%4),
(ii) the disturbances satisfy di,dy € L*(R>o — R*) and d3,ds,ds € W'=(Rs — R®).
(i) fi € C(R* xR* = RY), f € C'(R™" 4 — R"4), f3 € C'(R* x R* — R™"9), and
1’ [ ImOﬁ,} is bounded.

(iv) f1 € C'(R* x R¥ — R) and there exists & > 0 such that f4(d,v) > « for all (d,v) €
R* x R
() Ti € Trymginand Tr € TS,

In the remainder of this section we show that any right-invertible system [E,A,B,C] €
X} nmm With truncated vector relative degree (r1,...,74,0,...,0), where ry,...,r; €N, be-
longs to the class of systems (18) which satisfy Assumption 3.2 as long as [E,A, B,C] has
asymptotically stable zero dynamics and the matrix I7; in (17) satisfies I5; +1'H > 0. We
have seen in Remark 2.6 that asymptotic stability of the zero dynamics is equivalent to the
matrix Q in (17) having only eigenvalues with negative real part.

Consider the three first equations in (17) and the operator

T: C([0,00) = R™) — C' (Rsg — R™)

t
v [ 10 (Toy) () = (1) = €20 + / 24 y(1)d7 |
0

which is parameterized by the initial value n° € R This operator is clearly causal, locally
Lipschitz, and, since all eigenvalues of Q have negative real part, T satisfies property (iii) in
Definition 3.1. The derivative is given by

t

$T2)0) = 00"+ A+ 0 [ T A (T = (TN, 120,
0
and it is straightforward to check that 7 € T, , 0. Therefore, we obtain that 7> € Tg{}l‘io.

Further consider the operator 7 : C([0,00) — R™"~49) — [ (R>( — R?) defined by

Toc
Tl(Cl,h---7C1,r17-~-7Cq,rq7Cq+l,17~- -7Cm‘1)

Cia a1 Cart 1
=Rii| ¢ |+ AR | [+ : +P (81,80, 8m1),

Cl,rl gq,rq Cm.l

then, likewise, we obtain that 71 € T7;,—g,¢4,0- The remaining functions are given by

fl(d7n):n7 H(d7n):1—ilv f3(d7n):P2n7 I—I‘I(d7n):1—i]7 f4(d7n):1
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and
fZ(Cl,la’ () gl,r] PERRE} Cq,rqv Cq+l,l7 [ERE} Cm,l)
i 8.1 Cat1,1
=R —}—...-‘y—Rq’z +S>
gl.rl Cq,rq Cm,l
The function f, satisfies condition (iii) in Assumption 3.2 since
/| O _ _
f =S, € Rim—a)x(m=q)
Inyg

Note that system (17) does not entirely belong to the class (18) since the fourth equation in
(17) is not included. However, the control objective formulated in the following section can
also be achieved for (17), see also Remark 4.1 e).

4 Funnel control
4.1 Control objective
Let a reference signal yrer = (Vref.15- - s Vretm) | With yeer; € Wi=(Rsg — R) fori=1,...,q

and yref; € Wl*”(Rzo —R) fori=qg+1,...,mbe given, and let e = y — yr be the tracking
error. The objective is to design an output error feedback of the form

u(t) = F(t,el )@, eV (1), 6000 (t),...,em(t)),

such that in the closed-loop system the tracking error evolves within a prescribed perfor-
mance funnel

Ty ={(t,e) eRzoxR" [ @(t)[le]| <1 }, (20)

which is determined by a function ¢ belonging to

D, = { Qc Ck(]RZO — R)

¢, ¢,...,0% are bounded,
¢(x) >0 forall £ >0, and liminfg(z) >0 ( - 21
T—o0

e . - —1
A further objective is that all signals u,eh...,e(lr' l), . ,e;r" ),eq+1,...,em Rso — R”

should remain bounded.

The funnel boundary is given by the reciprocal of ¢, see Fig. 1. It is explicitly al-
lowed that @(0) = 0, meaning that no restriction on the initial value is imposed since
©(0)||e(0)|| < 1; the funnel boundary 1/¢ has a pole at 7 = 0 in this case. Since every @ € &y
is bounded, the boundary of the associated performance funnel }‘(Z’ is bounded away from
zero, which means that there exists A > 0 with 1/¢@(¢) > A for all # > 0. Further note that the
funnel boundary is not necessarily monotonically decreasing, but it might be beneficial to
choose a wider funnel over some later time interval, for instance in the presence of periodic
disturbance or when the reference signal varias strongly. Various different funnel boundaries
are possible, see e.g. [18, Sec. 3.2].
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Fig. 1: Error evolution in a funnel ﬁ(}, with boundary ()" for¢ > 0.

4.2 Controller design

The funnel controller for systems of the form (18) satisfying Assumption 3.2 is of the fol-
lowing form:

Fori=1,...,q:
e,-o(t) = ei(t) :)’i(t) *)’ref,i(t)a
ei1(t) = épn(t) +kio(t)ewn(t),
ep(t) = éin(t) +ki(t)en(t),

',i’,'fl (t) = él’.l’,’fz(t) + ki,r,»—z(t)ei,rﬁZ(t)v

_ 1 - —
kij(t)_W’ J=0,...,ri—2. (22)

Fori=q+1,....m: ej(t) =yi(t) — yreri(t),
61([) :(elyrlfl(t),...,eqﬁrqfl(t))—r, 611(t) :(€q+1(l)7...,€m(l‘))T,

ki(t) = g Tamr k(1) = g Ten e
(@) _ [ —hki(t)es(t)
u(t) = (u,l,(t)> = <—k1;(t)e;1(t)>’

where we impose the following conditions on the reference signal and funnel functions:

Yref = ()’ref,17-~-ayref,m)T7 Yref,i € thw(REO —)R), i=1,...,q9
)’ref,iewl’m(RzoﬁR), i=qg+1,....m (23)
O, Q1 € ®17 (plj € ¢r,-7j> i= 1>"'7Q7 j:07"'7ri_2'

We further assume that & satisfies

k>o! sup
YeR+m—q

w0 |

Iqu

’ . (24)
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Remark 4.1.

a) By a solution of the closed-loop system (18), (22) on [—h,®), @ € (0,o0], with ini-
tial data y° as in (19) we mean a function y = (V1,--->ym) | such that y|[,h,0] =,

yi € C"i"Y([~h,) — R) and yl('r"fl)“oﬁw) is weakly differentiable for i = 1,...,q, y; €
C([~h,®] — R) and yi|jo o) is weakly differentiable for i = g+ 1,...,m, and y satis-
fies the differential-algebraic equation in (18) with u defined in (22) in the weak sense.
The solution y is called maximal, if it has no right extension that is also a solution, and
global, if @ = oo.

b) Assumption 3.2 (iii) together with condition (24) are essential for the solvability of
the closed-loop system (18), (22), since they guarantee the invertibility of al}lm_q —
AE) [ Imo—q] . This property is crucial for the explicit solution of the algebraic constraint
in the closed-loop system (18), (22).

c) If the system (18) has strict relative degree, i.e., g=mand ry =... =r, =:r >0,
then it satisfies the assumptions of [7, Thm. 3.1]. In this case, the funnel controller (22)
simplifies to

Fori=1,...,m,
ei(t) = ei(t) =yi(t) — Yrefi(t)a
ed(ﬂ ::e00)4—h00) o(t),
ein(t) = éi1(t) + ki (t)en (1),
€ r— l(t) - etr 2( )+k1r 2( )ei,r72(1)7
kij(t) = W, j=0,....,r—=2
€r— (t) = (elr 1( 2 -7em‘r71(1))T
k() = = 9T T
u(t) = —kr— ,(t)e, 1(2).

This controller slightly differs from the one presented in [7] for systems with strict
relative degree (even when we choose ¢;; = ¢y forall i = 1,...,m), which reads

eo(t) = e(t) = y(t) = yrei 1),
ei(t) = éo(t) +ko(t)eo(t),
ex(t) = er(1) +ki(r)er (1),

: (25)
er—1(t) = éra(t)kr—a(t)e,2(t),

1 .
kl(t):W7 1:07...7r717
u(t) = —krfl(t)e‘rfl(t).

d) If the system (18) satisfies ¢ = 0, then the funnel controller (22) simplifies to
_ _ k
e(t) = y(t) = yret(t), k(t)—W7
u(t) = —k(1)e(t),

and feasibility follows from the results in [5] where funnel control for this type has been
considered.



Vector relative degree and funnel control 19

e) Let us stress again that a linear system of the form (17) does not completely belong to the
class (18) as the fourth equation in (17) is not included. However, we like to emphasize

that in
n3—1

x3(1) =Y NEspy (1),
i=0

the output y is required smooth enough for x3 to be well defined. Nevertheless, the funnel
controller (22) can also be applied to systems of the form (17). To see this, assume that
there exists a solution to (22) applied to (17) except for the fourth equation. If the funnel
functions @7, @y and @;;,i=1,...,q, j=0,...,r; — 2 are additionally in cratl (R>p —
R) and yyer is additionally in W"3+2= (R — R™), then the solution ¥]j0,00) Will be at
least in C"3 1 (R>p — R™), so that x3 is well defined and continuously differentiable.
The proof of this statement is similar to Step 2 of the proof of [3, Thm. 5.3]. Furthermore,
using yrer € W32 (R — R™) also yields boundedness of x3, cf. Step 4 of the proof
of [3, Thm. 5.3].

Remark 4.2. Consider a system (18) which satisfies Assumption 3.2 and let the reference
signal and funnel functions be as in (23). Since the second equation in (18) is an algebraic
equation we need to guarantee that it is initially satisfied for a solution to exist. Since 7> €
Tgﬁfh is causal it “localizes”, in a natural way, to an operator T> : C([-h,o] = R") —
C'([0,w] — R¥), cf. [21, Rem. 2.2]. With some abuse of notation, we will henceforth not
distinguish between 7, and its “localization” T5. Note that for @ = 0 we have that 7> :
C([~h,0] — R") — RK. Hence, an initial value y° as in (19) is called consistent for the
closed loop system (18), (22), if

£ (00 () 0N () 09(0),59:10),-.-15(0))
+£3(d3(0), T2(5")) + i1 (4 (0), T2 (65°) ) ur (0) + £ (d5(0), T2 (5°) ) s (0) = 0,
where u;(0),u;;(0) are defined by (22).

(26)

4.3 Feasibility of funnel control

We show feasibility of the funnel controller (22) for systems of the form (18) satisfy-
ing Assumption 3.2. The following theorem unifies and extends the funnel control results
from [3-7], which are all special cases of it.

Theorem 4.3. Consider a system (18) satisfying Assumption 3.2. Let ywf and Q;, @p1, @;j,
i=1,...,q9, j=0,....ri —2 be as in (23) and k > 0 such that (24) holds. Then for any
consistent initial value yO as in (19) (i.e., yo satisfies (26)) such that ej,ejy,e;j, i=1,...,q,
j=0,...,ri —2 defined in (22) satisfy

o1(0)[ler(0)[| <1,  @u(0)[ler(0)]| <1,

. : 27
(P1](0)|elj(0)‘<17 l=17...,q,]:0,...,r,-—2,

the application of the funnel controller (22) to (18) yields a closed-loop initial value problem
that has a solution and every solution can be extended to a global solution. Furthermore,
for every global solution y(-),

(i) the input u: R>g — R™ and the gain functions ki, kyj,kij : R0 =R, i=1,...,q, j=
0,...,r; —2 are bounded;



20 Thomas Berger et al.

(ii) the functions ej : R>o — RY, ey : R0 - R" Y and ejj : Ry - R, i=1,...,q, j=
0,...,ri —2 evolve in their respective performance funnels, i.e., foralli=1,...,q, j =
0,...,r;—2andt > 0 we have

(t>el(t)) € ygp (taell(t)) € yg};q’ (taeij(t)) € ‘g;ql),-j'

Furthermore, the signals e;(-),er(-), eij(-) are uniformly bounded away from the funnel
boundaries in the following sense:

W< ein)™" e,
e >0V >0: len @) < @u(t)™" —en, (28
Vi=1,...,q, j=0,...,r; —23&; >0V >0: |e;(t)| < (Pij(l‘)71 — &j-

Jg>0Ve>0: |les (2

In particular, each error component e;(t) = yi — Yrer,i(t) evolves in the funnel .F, q, o Jor
i=1,...,q o0r. (p”,forl =q+1,...,m, resp., and stays uniformly away from its bound-
ary.

The proof of this theorem is similar to the one of [7, Thm. 3.1], where the feasibility
of the funnel controller (25) for ODE systems with strict relative degree has been treated.
However, one of the additional difficulties in proving this theorem is that the closed-loop
system (18), (22) is now a DAE because of the second equation in (18).

Proof. We proceed in several steps.

Step 1: We show that a maximal solution y : [—h, @) — R™, @ € (0, 0], of the closed-loop
system (18), (22) exists. To this end, we seek to reformulate (18), (22) as an initial value

problem of the form
w0 = (560) 7 (%) ).

O:F11< ( ((tt))) & (Xu) (t))

- _ T
Xl = (e () e (27150

X1l [—n0) = (y2+1,---7y9n)T

29

with

(30)

Step la: Define, fori=1,...,q,and j=0,...,r; — 2, the sets
Qij::{(t,eio,...,e,-j)ERzoxRxme}(t,e,-g)eﬁ(‘l,/,ﬂ 0,. },

where 9(;1_ , is as in (20), and the functions K;; : %;; — R recursively by

Kio(t,ei0) := £

1-3 (1)len >’
. . ) eij IK; ;1 _ )
Kij(t,ei,. .. eij) == 17¢i2j(t>‘eij‘2 T (t,€i0,--,€ij-1)

BK 1 e
+ E ” te eiic1) | i1 — =73 .
( 0y - i,j 1) i,(+1 1*(/’,-2((1)‘9%‘2



Vector relative degree and funnel control 21

Now recall that 7 = ry + ... +r, and set
9y = {(l,elo,...,el_”,l,...,quq,]) S RZO x R” ’
Vi=1,...,q: (t,e,-o,...,e,-vri,z) S @,’_rl.,z A (l‘,el,rlfl,...,eq,rqfl) S ﬁgl
@1[ = y(g;;q’
9 .= { ([,61,611) € R>o x R” x R"™4 ‘ (t,eI) IS8 ([,611) € D }
Choose some interval I C R>o with 0 € I and let
(6107...7e1,,]_|,...,eq7rq_1) 1 — RT
be sufficiently smooth such that for all € I we have
(t,el()(t),...761’,,1,1([),...,eq_rqfl(l)) (S .@1,
(t,eqi1(1),...,em(t)) € D

and (ejp,...,€r—1),i=1,...,q, satisfies the relations in (22). Then ¢; = e;g satisfies, on the
interval /,

1

i —1-¢ . .

e =i =Y (&Y ke, i=1,q, =1, i L G1)
(=0

Step 1b: We show by induction that foralli=1,...,¢,and j =0,...,r; —2 we have

J .
vrel: g‘)(%)”" (kie(t)ew(r)) = Kis (1.en(0). .. €i1(0)). (32)

Fix 7 € I. Equation (32) is obviously true for j = 0. Assume that j € {1,...,r; —2} and the
statement holds for j — 1. Then

J . j—1 .
Y (@) (knlew) = kiy(r)ess 1) + 5 (;O (& (m(r)e,f(z)))

(=0

= kij()eii (1) + S Ko (1), veij1 (1)

= Kij (1.0, ei(r)).
Therefore, (32) is shown and, invoking (31), we have forall i =1,...,q and t € I that

() = eij(t) = Kijo1 (t,e0(t), - yeijr (), j=1,.c,ri— 1. (33)
Step Ic: Define, fori=1,...,q,
Ko : R0 xR = R, (£,510) > Yio — Yrer.i(2)
and the set
Do ={ (t,y) ERso xR | (t,Kio(t,3:)) € Zio }.
Furthermore, recursively define the maps
Kij: 2 j-1 xR—R,

(t7y507"'7yij) '_>ylj _)’Eejf),(’) +Kvi,j71 (tvkio(t7yio)7'-'7I€i,j71(t7yi07"'7yi,j71))7
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for j=1,...,r;—1 and the sets

Dij = { (t,310,--,Yij) € Dijo1 xR | (t,Kio(t,¥00), - Kij(t,Yi0,---,¥ij)) € Dij }

for j =1,...,r; —2. Then it follows from (33) and a simple induction that for all ¢ € I,

i=1,...,q,and j=0,...,r;— 1 we have
eij(t) = Kij (1,3i(t),.. y (1)),
Now, define

92[ = {(tvyl()w"vy],r]*l:"'7yq,rqfl) € ]RZO XRF |
Vi= 17"'aq: (tvyiOa"'ayi,r,'—l) S @lﬂ,r,'—Z xR

/\ (tvkl,rlfl(tayl()a e 7y1,r171)7~ . J?q,rqfl(tv)’qu- . 7yq,rq71)) E }\(Zl}7

-@H = { (t»Yq-Ha---aym) € RzO x R™™4 ’ (tqu+l *yref,qul(t)»--w)’m*)’ref,m(t)) € 9 }7

and the map

K] : @] — Rq, (l‘,ylo,...,y|~,l_],...,yq7rq_])

- - T
— (K1’r171 ([7)7107 R 7y1,r171)7 e ,Kqu,]([,yq(), e 7)7q,rq71)) )

then we find that, for all ¢t € 1,

(r1—1)

er(t) = (ern1(6)s-reqry1 (1) =K (t,yl(t)7...7y1 1)y ey,

Further denote, fort € I,

%0 = (0,70 V0) Xl = G0, m0)

Xref,ll (t) = (yreﬂq-&-] ([)7 e 7yref,m(t))T7

then

er(t) = Ki(1,X(1)),

811(1) = (yq+1(l) _yref‘q+1(t)7' .. 7ym(t) _yref,m(t))T :Xll(t) _Xref,ll(t)

and the feedback u in (22) reads

—Ki(t.X(r))
1= (1)2[1K; (1.1 (1)) ]2
—k(Xp1 (1) Xeer, 11 (1))
1—p (0)?[1 X1 (£) = Xreg 11 (1) |12

u(t) =

Step 1d: Now, we set
H = diag ((e]")T,.... (/")) €T,

_ H 0 mx (F+m—q)
s=[0,0 |er ,

where e[lk] € R is the first canonical unit vector. This construction yields

Viel: S ())((,I,((tz))> = ().

(34)
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We define an operator T3 : C([~h,e) — R™=4) — C'(R>¢ — R¥) such that for {; €
C([—h,) = R"), & € C([—h,) — R™9) we have

7 (é) ) =T (s @)) (), 1>0.

Since T, € TPAE ih We obtain that T e T?ﬁrf ok Set

9 = { (l‘,X],X[[) € R>p x R™ x R™4 | (I,X[) S @1 and (Z,X”) € 9211 }
We rewrite f1, and I from system (18) in vector form

1l ;'
fl = ) 17 = :
f I’
with components f] € C(R® x R¥ — R) and I} € C(R® x Rk - R"9) fori=1,...,q. We
now define functions Fj : 9 x Rk — R”, F; : 9 x RF — R4 with

I;} : (t7y107"'7y1.r1717" 'ayq,rq—lqu+la" ‘»Ym’rl) —

=X =Xy

LG (da (1), m)Ki (1, Xi)

L—@r(1)?]|K; (2, X0) |12
I

U(da(t),n)Ki (1, Xr)
1— or(1)2[|Ki (1, X1) ||

()’117~~-7)’1,r1lyfll(dl(t)»n) -

~-7Yq,r,,71:f1q(d1(t)vn) -

I;}I : (tayl()a"’:yl,rlfla"'7yq,rq—17yq+17"'7ymvn) —

=X =X

T (da (1),

nKi(t.Xi)
L= (1)?]|K;

LX)

(
k(X1 — Xeet.11(1))
o)

1 — @ (£)?1 Xer — Xret s ()

(fZ(XhXH) + f3(ds(t),m) —

— fa(ds(t),m)

Then the closed-loop system (18), (22) is equivalent to (29).
Step le: In order to show that (29) has a solution we take the derivative of the second
equation and rewrite it appropriately. First observe that since 7> € TPAE kb there exist z €

C(R™ x R¥ — R¥) and T € T, 1, such that
VEeC([—h,00) 5 R") V1 201 G(BE)(1) =2(L (1), (1:0)(0)).

Now define the operator T3 : C([—h,o) — R™*""~4) — C(Rso — R¥) by the property that
for §; € C([—h,) = R"), & € C([—h,) — R™ %) we have

7 (2) (t):=T (S (2)) (t), t>0,
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then T3 € Trym—gkn A differentiation of the second equation in (29) yields
-5 () 2 ) )+ 55 (- (i) 2 (3) )
0= ot (t (Xn(t) X )+ oX; X (2) T2 X (1) ) Xi(0)
dFy 1(t) .
+WH <t,< X (0) T (l) X (1)
dFy Xi(t) ~ [ Xp d (. (X
+ on < ’ <X11(t) T2 X ®) dr & Xu ®),
by which, using the first equation in (29) and

RGN o= n () w0).
we obtain

aF]] X[ (t) A X] .
87]] <t7 <X[1(l) ) T2 X[[ (t) Xll(t)
A X ([) Xy ~ (X ~ (X
o) ()0 ()0 ()
for some £y : 9 x R3* — R™9. We show that the matrix

oFy
Xy

_ 9L Xu) kf4(ds(t) ) .
(6, X1, X11,m) = X1 1= (1) (| X1 — relII(Z)HZ

2011 (1) X1 —Xeet,11 (1)) (Kot = Xeet 1 (1) T
: (Im—qJr 1—r7 (1) | X11—Xeet 11 (1) |1 > (35)

is invertible for all (¢,X;,X;;,n) € 2 x R¥: The symmetry and positive semi-definiteness of

2011 (1) (Xt —Xeer1 (1) Xt —Xrer11 (1))
Gt Xn) = 1= (02 1Xir—Xret, 11 (12

implies positive definiteness (and hence invertibility) of I,—, +% (¢, X;) for all (¢,X;) € D,
and by [5, Lem. 3.3] we further have

H (In—q + 4 (1,X11)) " H <1.

Therefore, according to (24) and Assumption 3.2 (iv), we have for all (¢,X;,X;;,n) € 2 x RK
that

|1 002~ X O [ s, b9 225850

(24)
< 1.

<k lo! afa( X17X11)
X1

This implies invertibility of 3 F” (t,X,,XH,n) for all (¢, X7, X1,Mm) € 9 x R*. With Fj; : 9 x
R3* — R4 defined by

i (¢, X1, Xir, M1, M2, M3) i W
Fu (¢, X1, X5, m,M2,M3) = B (f X1, X11,m2) Fi (6, X1, X, M, M2, M3)
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and the first equation in (29) we obtain the ODE

= (1 (i) 1 (5) )
) =i (1 (1)) 1 () 0.2 (3 ) 0. () ).

with initial conditions (30).
Step If: Consider the initial value problem (36), (30), then we have (0,X;(0),X;;(0)) € 2, F
is measurable in ¢, continuous in (X;, X7, 1), and locally essentially bounded, and Fyy is mea-
surable in 7, continuous in (X7, X7, N1,M2,M3), and locally essentially bounded. Therefore,
by [21, Theorem B.1]' we obtain existence of solutions to (36), and every solution can be
extended to a maximal solution. Furthermore, for a maximal solution (X;,Xj) : [—h, @) —
R4, @ € (0, oo], of (36), (30) the closure of the graph of this solution is not a compact
subset of 2.

We show that (X, X)) is also a maximal solution of (29). Since (X;,Xjs) is particular
satisfies, by construction,

Vie[0,0): 0= %Fn (t, (?)((111((?)) T <X11> (f))

there exists ¢ € R"~ 4 such that

Vi€ [0,0): c=Fy (r, ())((,i((tt))> T (?I’[) (t)> .

Invoking (30), the definition of Fj; and T5, and the consistency condition (26) we may infer
that ¢ = 0. Therefore, (X;,Xy;) is a solution of (29). Furthermore, (X;,Xj;) is also a max-
imal solution of (29), since any right extension would be a solution of (36) following the
procedure in Step le, a contradiction.

r— rg—1 T
Recall X, (1) = (y1(0),-- 54" "0 3 0) X (1) = (g1 (0,3 (0) T and
define

(36)

(610,...7@1]1,1,...,quq,l?qurl,...,em) : [07 w) — ]R7+m_q (37)
by
eij(t) = ~l-j(t,yi(t),...,ylm(t)), fori=1,...,qand j=0,...,r;—1,
ei(t):yi(t)_yref,i(t)7 fori=q+1,....m

then the closure of the graph of the function in (37) is not a compact subset of .

Step 2: We show boundedness of the gain functions k;(-), k(-) and k;;(-) as in (22) on
[0, ). This also proves (28).

Step 2a: The proof of boundedness of k;;(-) fori=1,...,q, j=0,...,r; —2 on [0,®) is
analogous to Step 2a of the proof of [7, Thm. 3.1] and hence omitted.

Step 2b: We prove by induction that there exist constants Mf/ﬁNl/j,K[ > 0 such that, for all
t€[0,m),

|(8) oy we )] < mf |( ) e <NG |(8) k0] <KE G39)

! In [21] a domain 2 C R>o x R is considered, but the generalization to the higher dimensional case is
straightforward.
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fori=1,...,¢q,j=0,....,r;—2,and ¢ =0,...,1r; — 1 — j.

First, we may infer from Step 2a that k;;(-), fori=1,...,q, j=0,...,r; — 2, are bounded.
Furthermore, e;; are bounded since they evolve in the respective performance funnels. There-
fore, foreachi=1,...,qand j=0,...,r;—2, (38) is true whenever £ =0. Fixi € {1,...,q}.
We prove (38) for j=r;—2and { = 1:

Ciri—2(t) = ejp1(t) —kip2(t)eir2(t),
kiri—2(t) =27, 5 () (97,2 (t)eir,—2(t)éir, (1)
+ Qi 2 (1) Piry a2 (1)l eir 2 (1)),
kg2 (t)eiri—2(1)] = ki (t)eir—2(t) + Kipy—2(t)éir—2(t).

)
)

Boundedness of k;,,—2, ¢;,—2, ¢i,—2, €2 together with the above equations implies
that é;,,—2(t), ki—2(t) and % (ki ,—2(t)eir,—2(t)] are bounded. Now consider indices s €
{0,...,r;—3}andl €{0,...,ri— 1 —s} and assume that (38) is true forall j=s+1,...,7;
2andall =0,...,r;—1— jaswell as for j=sand all { =0,...,] — 1. We show that it is
true for j =sand £ =I:

(&) ent) = (&) lersr (1) — kir)ew(1)
= ()" 10— (9" e,
(&) k() = () (2R 0 (D2 0es i) +0u ()91 ews®)) ).
() Ts(ess(0)] = (£)'" (kis0)er) + kis(0)én (1))

Then, successive application of the product rule and using the induction hypothesis as wells

as the fact that ¢, @i, .. ., (pi(sri =) are bounded, yields that the above terms are bounded.
Therefore, the proof of (38) is complete.

It follows from (38) and (31) that, foralli=1,...,gand j=0,...,r; — 1, elm is bounded
on [0, ®).
Step 2¢: We show that k;(-) as in (22) is bounded. It follows from (31) that, fori =1,...,q,

i . — 171
(1) = éiy 1 (t Z (4" [k ()i (1)
Then we find that by (29)

. r— rg—1
el(t) :fl (dl(t)aTl (yl:"'vy(ll 1>7"'7y51q )7)’q+1»~~7}’m)(t)>

_B(dl(t)’Tl (y17"'7y(1rl_l)a ’y;q l>7yq+1a"'aym)(t)) k](t)el(t)

ri—2 i
T ()" ke
=
ro—2 . () (39)
%Z (%)rz_l_jkzj(t)e2j(z) Yeef1 (1)
+ | /=0 _ :
r‘i_2 1 . . l'efq(t)
)y (%)rr T kyj(1)eq;(1)

Jj=0
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: r— rg—1 T
Again we use X,(1) = (1), " (03 0) L Xu(0) = g (0307
and we set, for 7 € [0, ),

Fi(t):= fi (d1 (1), Ty (X1, X11) (’))

r1—2 el
jEO (6)" 1 ki j(t)er;(t)
22 g \n-1- ") ¢,
Z (%) > jkzj‘(l)ezj(t) yret,ll() 40)
+ | j=0 B : .

S reky(0)
rg— o

j);'o (@) kas(t)eqs (1)

We obtain from (38) and (31) that elm is bounded on the interval [0, ®) fori=1,...,q and
j=0,...,r;,—2. Furthermore, e; evolves in the performance funnel ﬁg,, thus |e; 1 (1)> <
ller(t)]|> < @u(t)~! forallt € [0, ®), s0 e; ;1 is bounded on [0, ®) fori = 1,...,q. Invoking
(J)

boundedness of yggl. yields boundedness of y;”’ fori=1,...,q, j=0,...,r; — 1. Then the

bounded-input, bounded-output property of 77 in Definition 3.1 (iii) implies that 7; (XI,XH)
is bounded by
My, == ||Ty (X1,X11)lj0,0) |-

This property together with (38), continuity of f; and boundedness of d; yields that £y(-) is
bounded on [0, ®). In other words, there exists some My, > 0 such that ||I:"1|[07w) [loo < Mp,.
Now define the compact set

@ ={(8,m,e1) R xR xR 18] < [|daljg. 1 I1MI] < M, ller] =1},

then, since I7+1I;" is pointwise positive definite by Assumption 3.2 (i) and the map
Q3 (8,n,e1) e ([(8,n)+I;(8,m) )es € Rsg

is continuous, it follows that there exists ¥ > 0 such that
V(8,n.e1)€Q: e (H(8,n)+I;(8,m) e > 7.

Therefore, we have for all 7 € [0, w) that

e,(t)T (1—} (dl (t)7T1 (X],X") (t)) +1—}(d1 (t),Tl (X],X]]) (l))T)e](t) > y”gl(t)Hz.

Now, set wr(t) := @;(t)~! for t € (0,®), let Ty € (0,®) be arbitrary but fixed and set
A = infyc (o ) Wi(t). Since @ is bounded and liminf; .. ¢;(¢) > 0 we find that %V’I‘[Oﬁw)
is bounded and hence ;| [0,0) 18 Lipschitz continuous with Lipschitz bound L; > 0. Choose
& > 0 small enough such that

e <min{ 5. it (o)~ s}

1€(0,77]

2{2
and I; < 8—;ny?], (41)
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‘We show that
Vie (0,0): yi(t)—|le(t)]] > & (42)

By definition of & this holds on (0, 7;]. Seeking a contradiction suppose that
Jtr1 € [T, 0) (i) — ller(tn)|| < &
Sett;o = max{r € [Ty,171) | wi(t) — |les(¢)|| = &}. Then, for all t € [t;0,1;,1], we have
vi() — e (1) < &1,
A
ler(Oll = wile)— & = 2
1 M
RS YAV Iy
L= @)]le@)]* ~ 2&

Then it follows from (39) and (40) that for all 7 € [t 0,#7.1],

ki(t)

1L e = (07 00

_ () <F,(z) 2 (1 (0,73 (%, X) ) T3 (), (XhXH)(t))T)kI(t)eI(t))
< (M~ 221 les1 € Ll

Then, using ||e;(¢)]| > % >0 foralls € [t0,t,1],

I

Jertr)] = lertio)ll = [ 5 ler@) ™ & len) P at

10

< —Li(tig —t10) < —|wi(tr1) — wiltro)| < wiltrn) — wi(tro),

and thus we obtain & = y;(t70) — |le;(t10)]] < Wi(tr,1) — |ler(tr,1) || < &1, a contradiction.
Step 2d: We show that kj;(+) as in (22) is bounded. Seeking a contradiction, we assume that
ki (t) — oo fort — . Set, for 7 € [0, ),

Fii(e) := fo(Xi(0), X (1)) + f3(da (2), (Toy) (t)) — L (da(2), (Tay) (1)) ke (£)es (). (43)

Since k; is bounded on [0®) by Step 2c, it follows from Step 2b, boundedness of 7> (y), ds
and d4 and continuity of f>, f3 and I}; that Fy;(-) is bounded on [0, ). By (29) we have

0= Fu(t) — fa(ds(0), (Tay) (t)) kur(1)en (1) (44)

We show that ej;(r) — O for t — m. Seeking a contradiction, assume that there exist k¥ > 0
and a sequence (t,) C R>o with 7,/ @ such that ||ey;(#,)|| > k for all n € N. Then, from (44)
we obtain, for all # € [0, @),

1Eur () = 11 fa (ds (0), (Toy) (1)) kar (D)ens () || = | fa (s (2), (Toy) (0)) | - ke (2)] - e (1)
Since ky;(t) — oo for t — @, ||ley;(t,)|| > k and f4(ds(t), (Toy)(t2)) > o, we find that

1 F7r(t)|| > axckyp(t,) — oo for n — oo,
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which contradicts boundedness of Fy; ().

Hence, we have ey (t) — 0 for t — @, by which lim, .. @r(¢)?||ess(t)|*> = O because
@y7(+) is bounded. This leads to the contradiction limy e k7;(t) = k, thus kz;(+) is bounded.
Step 3: We show that @ = eo. Seeking a contradiction, we assume that @ < co. Then, since
er,err, ki ki and e;;, k;; are bounded for i = 1,...,q, j =0,...,r; — 2 by Step 2, it follows
that the closure of the graph of the function in (37) is a compact subset of &, which is a
contradiction. This finishes the proof of the theorem. O

5 Simulations

In this section we illustrate the application of the funnel controller (22) by considering the
following academic example:

Fi(6) = —siny1 (1) +y1 (01 (1) +2(t)?

91T (1,y2) (6) + (10> + 32 (6)* + Dy (8),
0=y1(1)> +y1(O)31(1)* +y2(6) + T (y1,32) (1) +
+ T (y1,y2) ()ur(t) +up (),
where T : C(R>p — R™) — C!(R>¢ — R) is given by

(45)

t

Tora)6) = e+ [ €20 (201(5) - 3a(s))ds, 120,
0

for any fix n° € R. Similar as we have calculated for the operator 7> on page 15, we may
calculate that T € TP, Define

yi(t)
(1)
y2(t) ’

T (y1,y2)(t)

then T; € T3, and set 7> := T'. Furthermore, define the functions

Ti(y1,y].32)(t) = >0,

fiiRE =R, (01,7, M3, M) = —sin T + 037 + 103 + 0374,
IR SR, (01,M2,m3,M8) = 0 +13 + 1,

fRY SR, (v10],32) =01 +3109) + 2,

fL:R=R, n—n1,

Ij:R—=R,n—n,

fa:R=>R,n—1.

Then system (45) is of the form (18) with m =2, g = 1 and r; = 2. It is straightforward to
check that Assumption 3.2 is satisfied. In particular, condition (iii) is satisfied, because

/ d 0 _ % d —
fZ(ylaylayZ) |:Im7q:| - ayz (y17)’17)’2) =1

is bounded. Furthermore, f4(n) > 1 =: « for all n € R, and hence we may choose k= 2,
with which condition (24) is satisfied.
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For the simulation we choose the reference signal yf(t) = (cos2¢,sint) ", and initial

values

y1(0) =31(0) =y2(0)=0 and n°=0.

For the controller (22) we choose the funnel functions @19 = ¢; = @y = ¢ with

@ :Rog— Rog, 1+ 1te™ + 2arctant.

It is straightforward to check that ¢ and ¢ are bounded, thus ¢ € ¢,. Moreover, since
¢©(0) = 0, no restriction is put on the initial error and we find that (27) is satisfied and
k10(0) = k;(0) = 1 and k;;(0) = 2. Furthermore,

er(0) = e1,1(0) = é10(0) + k10(0)e10(0)
= 91(0) = Yret,1(0) +k10(0) ()’1 (0) = Vrer,1 (0)) =-1,
err(0) = y2(0) = yrer,2(0) =0,

and hence we obtain
M[(O) = 7k[(0)€[(0) = 1, M[[(O) = 7]{1[(0)61](0) =0.

Since h = 0, we find that in view of Remark 4.2 the localization of 7> satisfies 7>(0,0) = 0.
With this finally find that the initial value is indeed consistent, i.e., condition (26) is satisfied.
We have now verified all assumptions of Theorem 4.3, by which funnel control via (22) is
feasible for the system (45)

The simulation of the controller (22) applied to (45) has been performed in MATLAB
(solver: odel5s, rel. tol.: 1014, abs. tol.: 10~19) over the time interval [0,10] and is depicted
in Figure 2.

Figure 2a shows the tracking error components, which stay uniformly within the funnel
boundaries. The components of the generated input functions are shown in Figure 2b, which
exhibit an acceptable performance.
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