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Abstract
We study the class of linear differential-algebraic m-input m-output systems which have a transfer
function with proper inverse. A sufficient condition for the transfer function to have proper inverse
it that the system has ‘strict and non-positive relative degree’. We present two main results: First,
a so called ‘zero dynamics form’ is derived: this form is — within the class of system equivalence —
a simple form of the DAE; it is a counterpart to the well-known Byrnes-Isidori form for ODE sys-
tems with strictly proper transfer function. The ‘zero dynamics form’ is exploited to characterize
structural properties such as asymptotically stable zero dynamics, minimum phase, and high-gain
stabilizability. The zero dynamics are characterized by (A, E, B)-invariant subspaces. Secondly,
it is shown that the ‘funnel controller’ (that is a static nonlinear output error feedback) achieves,
for all DAE systems with asymptotically stable zero dynamics and transfer function with proper
inverse, tracking of a reference signal by the output signal within a pre-specified funnel. This funnel

determines the transient behaviour.
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Nomenclature
N, Ny, Z set of natural numbers, Nyg = N U {0}, set of all integers, resp.
R>o = [0,00)
C,, C_ the open set of complex numbers with positive, negative real part, resp.
Gl,(R) the set of invertible real n x n matrices
R[s] the ring of polynomials with coefficients in R
R(s) the quotient field of R[s]
R™™ the set of n x m matrices with entries in a ring R
||| = Vz Tz, the Euclidean norm of z € R”
| M| = max {||M z|| |z € R™, ||z|| = 1}, induced matrix norm of M € R™™
M1y ={zeR™ | Mz e} }, the pre-image of the set J C R™ under M € R™™
L>(T;R"™) the set of essentially bounded functions f : 7 — R"
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1 Introduction

Differential-algebraic equations are (as the name tells) a combination of differential equations along
with algebraic constraints. They have then been discovered to be the perfect tool for modeling a
vast variety of problems e.g. in mechanical multibody dynamics [10], electrical networks [22] and
chemical engineering [8]. These problems indeed have in common that the dynamics are algebraically
constrained, for instance by tracks, Kirchhoff laws or conservation laws. In particular the power in
application is responsible for differential-algebraic equations (DAEs) being nowadays an established
field in applied mathematics and subject of various monographs and textbooks [4, 5, 6, 9, 13, 18].
In this work we consider questions related to closed-loop control of linear constant coefficient DAEs:
The concepts of minimum phase, asymptotically stable zero dynamics and high-gain stabilizability are
considered for the DAE case. We further show that the ‘funnel controller’ (which is in [16] successfully
applied to minimum-phase ordinary differential equation systems of relative degree one) achieves, for
all DAE systems with asymptotically stable zero dynamics and transfer function with proper inverse,
tracking of a reference signal by the output signal within a pre-specified funnel.

We consider linear constant-coefficient DAEs of the form

Ei(t) = Ax(t) + Bu(t)
y(t) = Cx(t),
where E;A € R™" B € R™™ (C € RP™ are such that the pencil sE — A € R[s|™"™ is regular, i.e.

det(sE — A) € R[s] \ {0}; the set of these systems is denoted by 3, ,,, , and we write [E, A, B,C] €
S -

The functions v : R = R™ and y : R — RP are called input and output of the system, resp. A
trajectory (z,u,y) : R — R™ x R™ x RP is said to be a solution of (1.1) if, and only if, it belongs to
the behaviour of (1.1):

(1.1)

By = { (z,u,y) € C'(R;R") x C(R;R™) x C(R; R™) | (z,u,y) solves (1.1) for allt € R } .

More smoothness for u and y is required for some results.
The transfer function of [E, A, B,C| € ¥, , p is defined by

G(s) = C(sE — A)7'B € R(s)P™

and throughout the paper we will assume that G(s) has proper inverse over R(s) or stronger, has a
strict relative degree. Both notions are defined as follows.

Definition 1.1. A rational matrix function G(s) € R(s)P™ is called proper if, and only if, lims_, o G(s) =
D for some D € RP'™; and strictly proper if, and only if, lim,_, . G(s) = 0. We say that the square
matrix function G(s) € R(s)"™"™ has strict relative degree p € Z if, and only if,

p = srdegG(s) := sup{ kelZ

lim s* G(s) € Gl,(R) and lim s* 1 G(s) =0 }

5§—00 5§—00

exists. o

Note that for any G(s) € R(s)™"™ we have (consider the entries)

lim s*1G(s) =0 forsomekeZ  — lim s*G(s) =0 forallieN.

5§—00 5§—00

The notion of strict relative degree generalizes (see [15] and the references therein) what is known for
transfer functions of ODE systems [I,,, A, B, C] € X, y.m:

G(s)=C(sl, — A)'B=CBs™ ' + CABs > + CA’Bs™ + ...,



is strictly proper and has strict relative degree p € N if, and only if,
CA'B=0 for i=0,...,p—2 and CA’"'Bc Gl,(R).

In the single-input, single-output case, i.e.

it is clear that
srdeg G(s) = degq(s) —degp(s) <0 <= G(s) has proper inverse.
This equivalence does, in general, not hold in the multi-input, multi output case:

Proposition 1.2 (Strict relative degree implies proper inverse).
For G(s) € R(s)™™ we have
srdeg G(s) <0 = G(s) has proper inverse.

9&

ig.
The proof is in Appendix 8.2.
We will show that the assumption ‘G(s) has proper inverse’ suffices to derive a so called ‘zero dynamics
form’ of [E, A, B,C| € ¥y, m m within the equivalence class defined by:

Definition 1.3 (System equivalence).
Two systems [E;, A;, B, Ci] € Xy p, @ = 1,2, are called system equivalent if, and only if,

SEl—Al Bl . W 0 SEQ—AQ BQ T 0
Cy ol |0 1, Cy 0|0 I,

I

W, T € G1,(R) : [

we write W
[E17A17B17C1] ~ [E27A27B2702]’

o
It is easy to see that system equivalence is an equivalence relation on X, ., ,.
Weierstrafl proved the following for regular pencils sE — A.
Proposition 1.4 (Weierstrafl form [11, Th. XIL3]).
For any regular matriz pencil sE — A € R[s]™", there exist W, T € G1,(R) such that
B sy, — As 0

sE—A =W 0 SN I, T, (1.2)

for some Ag € R"™s and nilpotent N € R"/"7r, o

The index of nilpotency of a nilpotent matrix N € R** is defined to be the smallest v € N such that
NY = 0. It can be shown (see e.g. [18, Lem. 2.10]) that the index of nilpotency v of N in (1.2) is
uniquely defined by the regular pencil sEE — A; v is therefore called the index of the pencil sE — A if
the nilpotent block is present and v = 0 if it is absent (ny = 0).

The following is immediate from Proposition 1.4.



Corollary 1.5 (Decoupled DAE).
Let [E,A,B,C] € ¥, ;mp. Then there exist W, T € G, (R) such that

[E,A,B,0] = ngs ]OV}[% Isj,[gj,[cs cf}], (1.3)

for some B, € R"™, By € R""™ C, € RP"s, Cp € RP, Ay € R"™s and nilpotent N € R"/°"*f. This

is interpreted, in terms of the DAE (1.1), as follows: (z,u,y) € B(1.1 if, and only if, <§SE;> = Tx(-)
£

solves the decoupled DAFEs

5(t) = Asas(t) + Bsu(t)

ys(t) = Csas(t), (1.4a)
Nig(t) = xf(t) + Byu(t)

yr(t) = Cpray(t), (1.4b)
y(t) = ys(t) +ys(t). (1.4c)

If (z,u,y) € B(1.1) and in addition u € C*~1(R;R™), then by repeated multiplication of (1.4b) by N
from the left, differentiation, and using the identity

(sN — Inf)_1 = —I, —sN — s*N? — ... — s""'NY7!if v is the index of nilpotency of N, (1.5)
it is easy to see that the solution of (1.4b) satisfies
wp(-) = = S5y NEBulb)(-). (1.6)

We are now in a position to interpret the relative degree of the transfer function of [E, A, B, C] € X, p.
Since the transfer function is invariant under system equivalence, we have

—

(1.3)

G(s)=CsE—A)'B Y CysN—1,) By + Ci(shn, — A)) B,
D _SWCNBr st 4 Y, CoAIIB, s (1.7)
=:P(s) =:Gsp(9)

where Ggp(s) is strictly proper; if G(s) has strict relative degree p <0, then
srdeg G(s) = —deg P(s) = —max { i € {0,...,v — 1} | CtN'By € Gl,(R) } .

Finally, we recall different concepts of controllability and observability for DAEs (1.1). For brevity,
we do not define the concepts in system theoretic terms but only give the algebraic characteriza-
tions in Proposition 1.6; the latter will be used in our proofs. Different notions of controllability and
observability at infinity are used in the literature: [7] compares the algebraically formulated control-
lability /observability concepts of [23] and [25]; we go along with those in [23]. For system theoretic
notions of the concepts see [9, Secs. 2 & 3.



Proposition 1.6 (Controllability and observability).
A system (1.1) is

(1) R-controllable <= rtk[sE—A,Bl=n forallseC
(ii) stabilizable <= tk[sE —A,B]=n forallsc C,
(iii)  controllable at infinity <= rk[E, B]=n
(iv) controllable <= it is R-controllable and controllable at infinity
(v) R-observable <= tk[sE" — AT ,CT]=n forallscC
(vi) detectable <= 1k[sET —AT,CT]=n forallscCy
(vii)  observable at infinity <= tk[ET,CT]=n
(viii) observable <= it is R-observable and observable at infinity.

The properties (i)-(viii) are invariant under system equivalence.

As shown in the follow up paper [1], the class of systems [E, A, B,C] € X, m can be disjointly de-
composed into the set of systems with proper inverse transfer function, with positive strict relative
degree, and the rest (the latter is empty for single-input single-output systems). While in [1] systems
with positive strict relative degree are considered, the present note is concerned with those systems
[E,A,B,C| € ¥, m where the transfer function C(sE — A)~1B has proper inverse. In Section 2,
we derive the ‘zero dynamics form’; this is a counterpart to the Byrnes-Isidori form for strictly proper
systems [I,, A, B,C] € ¥, mm- In Section 3, we investigate zero dynamics and give, exploiting the
zero dynamics form, a simple representation for the zero dynamics. The zero dynamics may be further
characterized by (A, F, B)-invariant subspaces in Section 4. In Section 5, the concept of asymptotically
stable zero dynamics is defined and characterized. In Section 6, the above findings will be exploited
to show that the so called ‘funnel controller’ (that is an output feedback controller such that the error
between a given reference signal and the output evolves within a pre-specified funnel) is applicable to
any system [E, A, B,C] € ¥, , ,m with asymptotically stable zero dynamics. Finally, in Section 7 our
findings are illustrated and simulated by examples for [E, A, B,C] € ¥, . the first is a mechanical
system with springs, masses and dampers and the second is a 2-input 2-output system. We have dele-
gated two sections into an appendix, Section 8: relevant facts on rational matrix functions are collected
in Section 8.1, and all proofs of the results in the preceding sections are delegated to Section 8.2.

2 Zero dynamics form

The first main result of this paper is to show that any system [E,A,B,C] € X, m, such that
C(sE — A)~'B has proper inverse, is system equivalent to a system in so called zero dynamics form.
The latter is the counterpart to the Byrnes-Isidori form for strictly proper systems, see [17, Sec. 5.1]
and [15]. Although the notion of zero dynamics is not necessary to derive this form, and in fact will be
introduced in the following Section 3, the form allows to read off the zero dynamics as will be shown
in Section 3. It gives more structural insight into the strict relative degree (see also Remark 2.7) and
is the main mathematical tool to prove tracking control results in Section 6.

Definition 2.1 (Zero dynamics form).



System [E, A, B,C| € ¥,y m is said to be in zero dynamics form if, and only if,

[E,A,B,C] =
0 0 0 Eu A A O 0 I,
0 I, 0 0 Ay Q 0 0 Ony.im
E31 0 N33 E34 bl 0 0 —[n3 0 9 On37m 7[IM7 Om,nza Om,nga 0m,n4] (21)
0 0 0 Ny 0 0 0 I, Ony,m

for some no,n3, Ny € Ng, FEig4 € Rm’n4,A11 S Rm’m,Alg S Rm’nQ,Agl S an,ij € R""2 [ja, €
R™™ N33 € R Fgy € R"™ Ny € R™™ guch that N33 and Ny are nilpotent and rk [F31, N33| =
ns. <&

Remark 2.2 (Controllability and observability at infinity).
Note that condition rk [ E31, N33 ] = ng on the zero dynamics form is equivalent to that the subsystem

0O 0 0 App A 0 I,
0 Ing 0 ) A21 Q 0 ) Onz,m 7[Imy 0m,n27 Om,ng] (22)
F31 0 Nsg 0 0 In, Ong,m

of (2.1) is controllable at infinity. As a consequence, ny = 0 if, and only if, the system (2.1) is
controllable at infinity. If (2.1) is observable at infinity, then ng = 0. o

We are now in a position to state the main result of the present note.

Theorem 2.3 (Zero dynamics form).
Suppose [E,A,B,C] € X, mm is such that C(sE — A)™'B has proper inverse. Then there erist

W, T € G1,,(R) such that [E, A, B,C] T [E, A, B,C] where the latter is in zero dynamics form (2.1).
Furthermore, the following holds:

(i) N33 =0 and N}, =0, where v denotes the index of the pencil sE — A.

(i) the transfer function satisfies

C(sE—A)'B = — (A1 + Asa(sTn, — Q) Azy) . (2.3)
(iii) srdeg (C(sE—A)™'B) =0 — A1 €GL,(R).
(iv) srdeg (C(sE—A)'B)=p<0 <= [ A1p =0 A srdeg (Aiz(sly, — Q) tAg) = —p] .

For uniqueness we have:

(v) If [E,A,B,C], [E, A,B,C’] € Xpmm are in zero dynamics form (2.1) and

1B,A,B,C)"W [B,A,B,C]  for some W,T € GL,(R), (2.4)
then
I, 0 0 0
W=1"= 8 V[g” m(/)g,g W934 ., where Wy; € Gl,,.(R), i =2,3,4, Way € R™"™, (2.5)
0 0 0 Wy



(vi) The dimensions na,ng,ny are unique; the matrices N33, Nyg, Q are unique up to similarity, so
in particular the spectrum of Q is unique; and A1 = —limg (C(sE — A)_IB)_1 .

The proof is in Appendix 8.2.

Remark 2.4 (How close is the zero dynamics form to a canonical form?).

Recall the definition of a canonical form: given a group G, a set S, and a group action a: G xS — S
which defines an equivalence relation s ~ s’ if, and only if, 3U € G : a(U,s) = s'. Then a map
v:8 — S is called a canonical form for « if, and only if,

«

Vs, €8 @ y(s)Ns A |sR s e y(s) =) .

Therefore, the set S is divided into disjoint orbits (i.e., equivalence classes) and the mapping - picks a
unique representative in each equivalence class. In the present setup, the group is S = G1,(R) x GL,(R)

and the group action o(W,T,[E,A,B,C|) = [WET,WAT,WB,CT] corresponds to . However,
Theorem 2.3 does not provide a mapping . That means the zero dynamics from is not a unique
representative within the equivalence class and hence it is not a canonical form.

A closer inspection of equation (8.15b) shows that Fs1, F14, A2, A12 could be normalized by multipli-
cation with invertible matrices from the left or right; and (8.15¢) shows that the only “critical entry”
is Fs34. It is easy to present an example such that (8.15¢) is satisfied for F34 = 0 and Fsy # 0. How-
ever, if the uncontrollable subsystem [N, I, ;20,0 t.c) obtained in Step 1 of the proof of Theorem 2.3
is transformed into an observability form (following [9, Sec. 2-5.]) such that the observable variables
are separated from the unobservable ones and carry on with the proof as in Theorem 2.3, then this
should result in a canonical form with 5 x 5 block structure. o

Remark 2.5 (Properties of the zero dynamics form).

Let [E,A,B,C] € Spmm such that C(sE — A)™1B has proper inverse. Then, by Theorem (2.3),
[E, A, B, (] is system equivalent to a system in zero dynamics form (2.1). Since regularity of the pencil
sE — A is invariant under system equivalence, the pencil

|:_A11 _A12

i _ Anin|
Ay sI— Q] is regular and  rk[A11, A12] =1k [ ] —m

A2
O

A simple consequence of the zero dynamics form is that the DAE (1.1) can be written in the following
“decoupled form”, see also Fig. 1:

Remark 2.6 (DAE of zero dynamics form).

Suppose [E, A, B,C| € Sy, n.m is such that C(sE — A)~! B has proper inverse and let v be the index of
sE — A. The behaviour of the DAE (1.1) may be interpreted, in terms of the zero dynamics form (2.1)
in Theorem 2.3, as follows: (z,u,y) € B.1) N (C'(R;R™) x CH(R;R™) x C*(R;R™)) if, and only if,
(Tz,u,y) solves

0 = Apny(t)+ Apxa(t) + u(t)
Ta(t) = Qua(t)+ A y(t) (2.6)
w3(t) = iy NigBay V() '
z4(t) = 0,
where T'x = (y, x;—, x;, ;EI)T € C1(R; RMHn2tnstna), o
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Figure 1: System [E, A, B,C| € ¥,, ;m in zero dynamics form

The zero dynamics form (2.6) allows the following interpretation.

Remark 2.7.
Consider [E, A, B,C] € %, y.m such that its transfer function C(sE — A)~! B has proper inverse.

(i) The DAE in zero dynamics form (2.6) provides a realization for the inverse system:

Za(t) = Qua(t) + Ao y(t)
u(t) = —Algl’Q(t) —Any(t).

This is a time-domain counterpart of the representation (2.3) of the transfer function. In terms
of Remark 2.6: if (z,u,y) € ¥(1.1), then the input u(-) is uniquely determined by x(-):

2.6
w(t) 2 A1, C e (t) — Ara [Ongms Ty O s O] T (2) - (2.7)

Note that the assumption y € C”(R;R™) is not required for this observation since the third
equation in (2.6) is irrelevant.

(i) If the transfer function of [E, A, B, C| has strict relative degree zero, then it has a realization as
an ODE system with feedthrough; the latter is, in the notation of Theorem 2.3, given by

:t2(t) = (Q - A21A1_11A12) $2(t) — A21A1_11 u(t)
yt) = — A A wa(t) — At u(t).

3 Zero dynamics

In this section we introduce the central concept of zero dynamics for DAE systems (1.1) and give,
exploiting the zero dynamics form (2.1), a simple representation of it.

Definition 3.1 (Zero dynamics).
The zero dynamics of system (1.1) is defined as the set of trajectories

ZD1y = { (z,u,y) €Dy |y=0}.



By linearity of (1.1), the set ZD; j) is a real vector space.
In the following we show that the zero dynamics form (2.6) of the DAE is quite useful for a simple
representation of the zero dynamics.

Remark 3.2 (Representation of zero dynamics).
Suppose [E, A, B,C| € ¥, m so that C(sE — A)~1B has proper inverse, and use the notation of
Theorem 2.3. Then Remark 2.6 yields

(7,u,y) € 2Dy == yt) =0 A @2(t) = Qua(t) N u(t) = —Apz2(t) N w3(t) =0.

Therefore, the zero dynamics may be written as

Om
Q- ..0
ZD(I.l) = T_1 eo T2 , —AlgeQ'l‘g, 0 l‘g € R"2 . (3.1)
ng
On,
o

Next we show that the zero dynamics is a direct summand of the behaviour of the system.

Remark 3.3 (Zero dynamics and behaviour).

It may be interesting to see that for any [E, A, B, C] € X, jn.m so that C(sE—A) ™! B has proper inverse,
the behaviour B(; 1y can be decomposed, in terms of the transformation matrix 7" from Theorem 2.3,
into a direct sum of the zero dynamics and a summand as

D(1.1)

“u,y) solves (1.1) and
:ZD(II) @ { (:E,u,y) c CI(R,RTL) X C(R,Rm) % C(R7Rm) (-Z' U y) solves ( ) an } ‘

[Om,mv Ly Oy ng s 0n2m4]T"E(0) =0

In terms of (3.1), the sum is immediate from

O O
Q.0 Q.0
() ul)y() = [T 2| —Aze@al, 0] + [ () =77 ] u() + Awead, y()
n3 n3
On4 On4
for any (z,u,y) € B(.1), where 2§ = [0, I,,,0,0/T%(0). The direct sum also follows from (3.1). o

Finally, we show that the zero dynamics carries in a certain sense the structure of a dynamical system.

Remark 3.4 (Zero dynamics are a dynamical system).
Suppose [E, A, B,C] € ¥y, mm and let v be the index of the pencil sE — A. The transition map of
system (1.1) is defined, in terms of Proposition 1.4, as

¢ :RxR xR x C""L(R;R™) — R~

t
(t,to,ﬂj‘o,U(')) = T_l |: T:EO + fT_l

to

eAs (t_tO) 0:|

eAs(t—s) 0
0 0

—1
0 O] W~'Bu(s)ds

v—1 0 0
-7t [0 Nk} W1Bu®)(¢).
k=0



We have shown in [2, Prop. 2.20] that for any (tp, 2", u) € R x R® x C*~1(R;R™) the map t + z(t) :=
o(t,to, 2%, u(-)) solves the initial value problem

Ei(t) = Az(t) + Bu(t), z(ty) = a° (3.2)

if, and only if|

2V e Vtg,u(-) = { x e R"”

:E—I-Vz_lT_l 00 WBu®(ty) € im T~} In. .
2.7 o N 0

Therefore, consistency of the initial value 2° depends on the initial time tq and the input u(-). The
output map of system (1.1) is defined by

n:RxR"xR™ = R"™, (t,z,u) — Cx.

It is readily verified that the structure (R, R™,C*~1(R;R™),R" R™, »,n), where ¢ : D, — R" is the
restriction of the transition map (by abuse of notation we write the same symbol) on

D, = { (t,t0,2°,u) ER x Rx R" x C" "' (R;R™) | 2° € Vg (), Co(-5t0, 2% u(-) =0 },

is an R-linear time-invariant dynamical system as defined in [14, Defs. 2.1.1, 2.1.24, 2.1.26].
Next let u € C*~1(R;R™). As a consequence of uniqueness and global existence of the solution of the
initial value problem (3.2) for z° € Vo.u() (see again [2, Prop. 2.20]), the map

v Dgp,O — ZD(II) ) (O,O,LL’O,’U,(’)) = ((p(-;O,xO,u(-)),u('),Ccp(gO,a;O,u(-)))

is well-defined, where
Dy = {(0,0,2°,u) € D,} C D,.

Most importantly, if C(sE — A)~!B has proper inverse, then ¥ is an isomorphism: it is surjective since
a pre-image of (z,u,0) € ZD(q 1y is (0,0,2(0),u(-)) € Dy, (note that u € C*~(R; R™) by Remark 3.2),
it is injective by uniqueness of the solution of the initial value problem (3.2). In this sense, we may
say that ZD(y ) is a dynamical system. o

4 (A,E,B)-invariant subspaces

In this section we recall the concept of (A, E, B)-invariant subspaces and show that the function vector
space of zero dynamics of system (1.1) is, under some conditions, isomorphic to the supremal (in fact
maximal) (A, E, B)-invariant subspace included in ker C.

Definition 4.1 ((A, E, B)-invariance).
Let (A, E,B) € R™" x R™"™ x R™™. A subspace V C R" is called (A, F, B)-invariant if, and only if,

AV C EVY +im B. o

The concept of (A, E, B)-invariance is well-known, see e.g. [19, 20|, and used, for example in [21], to
derive the reachable and controllable subspaces of (1.1).

The existence of the supremal (A, E, B)-invariant subspace included in ker C

V*(A,E,B;ker C) :=sup{ V CR" | Vis an (A, E, B)-invariant subspace and V C ker C' }

10



follows since the sum of (A, F, B)-invariant subspaces included in ker C' is (A, E, B)-invariant and
included in ker C; actually, the supremum is a maximum.
The space V*(A, E, B; ker C) is the limit of the following sequence of subspaces (see e.g. [21, Lemma 2.1]):

Vo=kerC, Viyi=kerCNAYEV;+imB), ieNy
actually, it terminates after finitely many steps:
Jk*eNVieN : Vieyy =V = V(A E, B;ker C).

The following proposition gives a simple and useful representation of V*(A, E, B;ker C') under the
assumptions of Theorem 2.3.

Proposition 4.2 (Representation of V*(A, E, B;ker C)).
Suppose [E, A, B,C| € Sy mm such that C(sE — A)"'B has proper inverse. Then, in terms of the

matrices in Theorem 2.3, we have
0m7n2

Iy,

n3,n2

V*(A,E,B;ker C) =im T~}
U

The proof is in Appendix 8.2.

Now, as a consequence of the simple representation of the zero dynamics in (3.1) and the maximal
(A, E, B)-invariant subspace included in ker C, we are able to show that the state z(-) of (z,u,y) €
ZD(1.1) evolves in V*(A, E, B;ker C).

Proposition 4.3 (Characterization of zero dynamics).
Suppose [E, A, B,C]| € Spm.m so that C(sE — A)™'B has proper inverse. Then

(z,u,y) € ZD11) = VteR: z(t) e V(A E,B;ker C) | .

Proof: “=" follows from Remark 3.2 and Proposition 4.2. To see “<”, note that by Remark 2.6 the
first m components of T'x coincide with the vector y; then Proposition 4.2 and the assumption yield
y = 0, hence (z,u,y) € ZD(1.1). O

The following theorem shows that the zero dynamics of a DAE (with proper inverse transfer function)
is isomorphic to the maximal (A, E, B)-invariant subspace included in the kernel of C.

Theorem 4.4 (Vector space isomorphism).
Let [E, A, B,C] € ¥y, jm such that C(sE — A)~1B has proper inverse. Then the linear map

QOZV*(A,E,B;I{GI'C) — ZD(1.1)7

2 (m(~),u(-),Cm(~)>, where (z(),u(-)) solves the initial value problem
£0- k20

(oi0) = ( o )
U(O) _A12[0n2,m7 In27 0n2,n37 0n2,n4]Tx0 ’

where we use the notation from Theorem 2.3, is a vector space isomorphism.

(4.1)
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Proof: If 2° € V*(A, E, B;ker C), then Proposition 4.2 yields, for some zy € R", that T2° =

((0m) 7, (@) 7, (0ny) T, (Om)T)T. Since (4.1) gives y(-) = 0, it follows from Remark 2.6 that DAE (2.6)
with initial value 2(0) = Tz" has unique solution

y(t) =0, wo(t) =e®af, a3(t) =0, z4(t) =0, ult)=—Aipas(t) = —Ajpeay.

Hence, the initial value problem (4.1) has a unique solution for any 2° € V*(A, E, B;ker C). Fur-
thermore, ¢ is well-defined and injective; surjectivity is a consequence of Proposition 4.3 and the
representation (2.7) of u(-). O

5 Stable zero dynamics

Zero dynamics of dynamical systems is a well established concept for linear and nonlinear systems; see
for example [17, Sec. 6]. In the present section we investigate this concept for DAEs; the main result
is Theorem 5.4 which characterizes stable zero dynamics. Moreover, Proposition 5.6 shows that any
system with asymptotically stable zero dynamics can be stabilized by high-gain output feedback. Note
that in the present section and in the following Section 6 we consider the restriction of solutions of
[E, A, B,C] to [0,00).

Definition 5.1 (Stability of zero dynamics).
The zero dynamics of system (1.1) is called asymptotically stable if, and only if,

Ve>035>0Y(z,uy) € 2Dy st. [|(2(0),u(0)]| <5VE>0 : [[(@(t),ul®)] <e

and
V(z,u,y) € ZD 1y tliglo (a:(t),u(t)) =0.

o

As an immediate consequence of the representation of ZD(j 1) in Remark 3.2 we have that asymptotic
stability of the zero dynamics can be read off as follows:

Corollary 5.2 (Stable zero dynamics).
Let [E,A,B,C) € ¥y, mm so that C(sE — A)LB has proper inverse. The zero dynamics are asymp-
totically stable if, and only if, the matriz Q in (2.1) satisfies o(Q) C C_.

To state the main result of this section, we need to recall the definition of transmission zeros and poles
of a transfer function.

Definition 5.3 (Smith-McMillan form).
Let G(s) € R(s)™™ with Smith-McMillan form

UYs)G(s)V1(s) = dia <€1(S),..., er(s)

PICOVE) = doe {6 06
where U(s),V(s) € R[s|™™ are unimodular, rk G(s) = r, €;(s),¢i(s) € R[s] are monic, coprime and
satisfy €;(s) | €i+1(s), Yit1(s) | ¥i(s) for i =1,...,r — 1. sg € C is called transmission zero of G(s) if
er(so) = 0 and a pole of G(s) if 11 (sg) = 0. o

,0,...,0> e R(s)™™,

We are now in a position to state the main result of this section and show characterizations of the zero
dynamics in terms of a determinant and minimum phase.
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Theorem 5.4 (Stable zero dynamics). Let [E, A, B,C] € ¥, m.m such that C(sE — A)~'B has proper
inverse. Then the following statements are equivalent:

(i) The zero dynamics of system (1.1) are asymptotically stable ;

(i) — sE—A B
V8€C+:det[ c 0}7&0;

(iii) system (1.1) is minimum phase, i.e.

(a) (1.1) is stabilizable,
(b) (1.1) is detectable,

(c) C(sE — A)~'B has no transmission zeros in C ;
The proof is in Appendix 8.2.

Definition 5.5 (High-gain stabilizability).
The system [E, A, B, C] € X, ym.m is called high-gain stabilizable, if there exists some k* > 0, such that
for all k € R with |k| > k¥, it holds:

lim z(t) = 0 for all solutions z(-) of u(t) = ky(t) & (1.1).

t—00

In terms of high-gain stabilizability we have the following result.

Proposition 5.6 (High-gain stabilizability and asympt. stable zero dynamics).
Suppose [E,A,B,C| € ¥, . m has proper inverse transfer function. Then

= (1.1) is high-gain stabilizable.

ZD(1.1) 1s asympt. stable
i.g.
The proof is in Appendix 8.2.
Remark 5.7 (High-gain stabilizability).
Being familiar with high-gain control for minimum phase systems with strictly proper transfer function,
it might surprise that high-gain stabilizability in Proposition 5.6 does neither depend on the relative

degree of the system nor on the sign of the high frequency gain. The reason is that, in view of
Remark 2.6, the closed-loop system ‘u(t) = ky(t) & (1.1)’ is equivalent to

—(An +kln)y(t) = Appxa(t)
ta(t) = Quat) + A21y(?)
z3(t) = 72y Niz Exnyit()

and, if |k| > ||A11]|, equivalent to

y(t) = _(All + k[m)_l Algxg(t)
ig(t) [Q — A21(A11 + kIm)_lAlg] o (t)
z3(t) = iZp Niz Baiy ().
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Note that 2o € C*°(R;R™2) yields y € C*°(R;R™) and so the algebraic equation for x3 is well defined.
By Corollary 5.2 , system (1.1) has asymptotically stable zero dynamics if, and only if, o(Q) C C_.
Since

: B -1 _
kgljl:looa (Q A1 (A1 + kL) A12) U(Q)7

the assumptions ‘|k| sufficiently large’ and ‘(1.1) has asymptotically stable zero dynamics’ yields ex-
ponential decay of xa(-) , and therefore z3(-) and y(-) decay exponentially, too. o

6 Funnel control

We have seen in Proposition 5.6 that any system [E, A, B,C] € %, .m, where C(sE — A)™!B has
proper inverse and system (1.1) has asymptotically stable zero dynamics, can be stabilized by output
feedback u(t) = ky(t) for sufficiently large |k|. This controller is simple, it does not require any specific
system data but only structural assumptions; however, one has to find out what “sufficiently large”
means and the aim is that the control law does not explicitly depend on the system data. To resolve
this problem, one may consider the adaptive controller

u(t) = —k®)y() }
kt) = Ty,  k(0) =&

for DAE systems [E, A, B, C| with proper inverse transfer function. This result is not proved here;
the proof is similar to that of Theorem 6.2. The drawback of the control strategy (6.1) is that, albeit
k(-) is bounded, it is monotonically increasing and potentially so large that it is very sensitive to noise
corrupting the output measurement. Further drawbacks are that (6.1) does not tolerate mild output
perturbations, tracking would require an internal model and, most importantly, transient behaviour
is not taken into account. These issues are discussed for ODE systems (with strictly proper transfer
function of strict relative degree one and asymptotically stable zero dynamics) in the survey [15].

(6.1)

- Ball with radius 1/p(t)
)—r Evolution of the error e = y — Yot

Figure 2: Error evolution in the funnel F, with “width co” at t =0, i.e. ¢(0) =0

To overcome these drawbacks, the concept of “funnel control” is introduced (see [15] and the references
therein): For any function ¢ belonging to

" := {p € B"(R>0,R) ! ©(0) =0, ¢(s) >0 for all s >0 and lin_l)inf ¢(s) >0},
we associate the performance funnel
Fopi= {(t, e) € R>p x ]Rm‘ o(t)lel] < 1}, (6.2)

see Fig. 2. We assume sufficient smoothness of ¢ € ®# that is, p = v + 1, where v is the index
of sE — A. The control objective is feedback control so that the tracking error e(:) = y(-) — yret(*),
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where ye¢(-) is the reference signal, evolves within F, and all variables are bounded. More specific,
the transient behaviour is supposed to satisfy

le(@Il <1/e(t) Vi>0,

and, moreover, if ¢ is chosen so that ¢(t) > 1/A for all ¢ sufficiently large, then the tracking error
remains smaller than 1/\.

To ensure error evolution within the funnel, we introduce, for k € R\{0}, the funnel controller:

ult) = k(1) e(0), where  e(t) = y(t) — prr(®)
i (6.3)
O ST EOIE

In view of the high-gain property derived in Proposition 5.6, we see intuitively that, in order to main-
tain the error evolution within the funnel, high gain values may only be required if the norm of the
error, i.e. |e(t)|, is close to the funnel boundary ¢(¢)~!. This intuition underpins the choice of the
gain k(t) in (6.3). The control design (6.3) has two advantages: k(-) is non-monotone and (6.3) is a
static time-varying proportional output feedback of striking simplicity.

Before we state our main result, some remarks on the consistency of the initial value of the closed-loop
system are necessary.

Remark 6.1 (Consistent initial values).
Suppose that [E, A, B,C| € ¥, ;,,m such that the assumptions of Theorem 6.2 hold.

(i) An initial value 2° € R" is consistent for the closed-loop system (1.1), (6.3) if, and only if, there
exists a solution z : [0,w) — R™ for some w € (0,00] of the initial value problem (1.1), (6.3),
2(0) = 2°.

(i) If, in terms of Theorem 2.3, n3 = 0, then 2° € R” is consistent for the closed-loop system (1.1),
(6.3) if, and only if,

k(A1 — kD) yres (0) —(Ap — kD) Apy
N 0 cim7T? I,
0 Oy, s

Invoking ng = 0, “=" follows immediately from (8.19); and “<” follows from a careful inspection
of the proof of Theorem 6.2.

(iii) In practice, consistency of the initial state of the “unknown” system should be satisfied as far as
the DAE [E, A, B, C] is the correct model. o

We are now in a position to state the main result of this section.

Theorem 6.2 (Funnel control).

Suppose that [E, A, B,C| € ¥, mm has asymptotically stable zero dynamics and the transfer function
G(s) = C(sE — A)™'B has proper inverse. Let v be the indexr of sE — A. Let ¢ € ®'T define
a performance funnel F,. Then for any consistent initial value 20 € R", initial gain k € R with
k| > limg 00 ||G™1(s)|l, and any reference signal yres € B*T1(Rs0; R™), the application of the funnel
controller (6.3) to (1.1) yields a closed-loop initial-value problem with the following properties:

15



(i) Precisely one mazimal continuously differential solution z(-): [0,w) — R™ exists and this solution
is global (i.e. w = 00).

(ii) The global solution x(-) is bounded and the tracking error e(-) = Cx(-) — yret(+) evolves uniformly
within the performance funnel F,; more precisely,

Je>0VEt>0: [le®)] <o) —e. (6.4)

(iii) The gain function k is bounded:

||
Vig>0: kK £ ———MmMmM ——,
020 TS T o

where Ay, = infy> @(t) > 0 for all ty > 0.

The proof is in Appendix 8.2.

Remark 6.3 (Initial data of the funnel controller).
Theorem 6.2 does not require that [F, A, B, C] has a non-positive strict relative degree. However, if it
has one, then Theorem 2.3 (iii) and (iv) yield that

R R |Au|l,  if srdeg (C(sE—A)"'B)=0
k(0) =k with |k| >
0, if srdeg (C(sE—A)"'B)<0.

Therefore, additional information on the system class, namely k > ||A11]|, is required for the funnel
controller (6.3) only if [E, A, B, C] is an ODE system with feedthrough; see Remark 2.7 (iii). Otherwise,
any k > 0 is good enough. o

Remark 6.4 (Weakening the assumptions of Theorem 6.2).

(i) The result of Theorem 6.2 is valid for a much bigger class of systems. This is revealed by a careful
inspection of its proof: In fact, the pencil sE — A does not have to be regular, it is sufficient to
assume that [E, A, B, (] is system equivalent to a system in form (2.1) (where not necessarily
rk [F31, N33] = ng holds) such that o(Q)) C C_; then we may choose v to be the maximum of
the indices of nilpotency of Nsg and Ny, replace |k| > lims_oo [|G71(s)|| by |k| > ||A11]|, and
funnel control is feasible. Note that existence and uniqueness of the solution is guaranteed by
the control law to that extent that the resulting semi-explicit DAE (8.21) is index 1. This issue
is illustrated in the example in Section 7.2.

(ii) The smoothness assumptions on the reference trajectory ypr and the funnel function ¢ can be
further relaxed. A close look at the zero dynamics form (2.1) of [E, A, B, C] reveals: Denoting
the index of nilpotency of N33 by v3 (v3 = 0, if ng = 0), and setting p = max{1,v3}, it is only
required that

Yref € Bu+l(R20;Rm) and S Pt

Note that, by Theorem 2.3 (v), the number v3 is an invariant of the system [E, A, B, C| and, by
construction of the zero dynamics form in the proof of Theorem 2.3, it holds that 3 < v.

If [E, A, B, C] is observable at infinity, then v3 = 0 by Remark 2.2, and thus .ot € B2(R>0; R™)
and ¢ € ®? are sufficient to guarantee the statements (i) (iii) of Theorem 6.2.

(iii) Remark 6.1 also remains valid under the weaker assumptions of (i) and (ii). o
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7 Examples and simulations

For purposes of illustration, we consider two examples of differential-algebraic systems (1.1) and apply
the funnel controller (6.3). The first example in Section 7.1 is a mechanical system with springs, masses
and dampers with single-input spatial distance between the two masses and single-output position of
one mass; the second example in Section 7.2 is an academic example of a 2-input 2-output system with
singular matrix pencil.

As reference signal yof : R>9 — R, we take components of the (chaotic) solution of the following
initial-value problem for the Lorenz system

&) = 10(&(1) - &), £1(0) =5
L) = 28&(1) —&(1) &) — &), &(0)=5 (7.1)
&) = &) &(t) — Stes(), £5(0) =5.

It is well known that the unique global solution of (7.1) is bounded with bounded derivative on the
positive real axis, see for example [24, App. C]. The first and second components of the solution of (7.1)
are depicted in Fig. 3.

1 2 3 4 5 6 7 8 9 10

Figure 3: Components &1 (-) and &3(+) of the Lorenz system (7.1)

The funnel F, is determined by the function
¢ :Rsg = Rsg, t+>0.5te " +2 arctant. (7.2)

Note that this prescribes an exponentially (exponent 1) decaying funnel in the transient phase [0, 7],
where T' ~ 3, and a tracking accuracy quantified by A = 1/7 thereafter, see Fig. 5d.
All numerical simulations are performed by MATLAB.

7.1 Position control of a mechanical system with springs, masses and dampers

We are indebted to our colleague Professor P.C. Miiller (BU Wuppertal) for providing the following
mechanical system illustrated in Fig. 4 to us.
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C1 my e meo C2

da

y(t) = zo(t)

|
Figure 4: Mass-spring-damper system

The masses mj, mg, damping constants d;, do and spring constants c;, co are all assumed to be
positive. The input u(t) = 22(t) — z1(¢) is the spatial distance between the masses my and mg; as
output y(t) = 22(t) we take the position of the mass mgy. Then the mechanical system in Fig. 4 may
be modelled by the second-order differential-algebraic equation

mi1Z1(t) +diz21(t) + c121(t) = AMt) =0
mgfig(t) + dgé’g(t) + CQZQ(t) + )\(t) =0
29(t) — z1(t) = u(t) (7:3)
(t)

where A(+) is a constraint force viewed as a variable. Defining x(t) = (21(t), #1(t), 22(t), 22(t), A(t)) T,

the model (7.3) may be rewritten as the linear differential-algebraic input-output system (1.1) for

1 0 0 0 0 O 1 0 0 0 0 0]’
0 m 0 0 0 e ~dy 00 1 0 0
E=10 0 1 0 o/, A=l0 0o o 1 o], B=1lo|, c=|1 (7.4)
0 0 0 mg O 0 0 —cy —dy —1 0 0
0 0 0 0 0 1 0 -1 0 0 1 0

We may immediately see that the pencil sE — A is regular and has index v = 3.
The transfer function is

mi1s® +dis+ ¢

— O(sE — A" B =
Gls) =C(sE-A)"'B (my1 +mg)s? + (di +da)s + (c1 + ¢2)’

has strict relative degree srdeg G(s) = 0 and proper inverse: limg_,oo G~1(s) = (my + ma)/my.

The zero dynamics of (7.4) is asymptotically stable: setting y(-) = 0 in (7.3) yields z2(-) = 0, A(-) =0,
21(+) = —u(:) and my 21(t) + d121(t) + c121(t) = 0 for all t > 0; positivity of my, d; and ¢; then gives
limy o0 21 (t) = limy— o0 21(2) = 0.

The constants in (7.3) and initial position of masses are chosen, for the simulations, as

mi = 1, mo = 3, Cc1 = 2, [ 1, dl = 3, d2 = 5, 2’1(0) = 101, 22(0) = 21. (75)
In view of Remark 6.3 and Theorem 2.3 (vi), we set

k=5>4= lim G~l(s).

5—00

Now some straightforward calculations show that the closed-loop system (6.3), (7.3) has uniquely
determined initial velocities 21(0), 22(0) as well as initial constraint force A(0) and that the initialization
is consistent.
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c: input u d: norm of error |e(t)| and funnel

Figure 5: Simulation of the funnel controller (6.3) with funnel boundary specified in (7.2) and reference
signal yyef(+) = &1(+) given in (7.1) applied to the mechanical model (7.3) with data (7.5).

Then all assumptions of Theorem 6.2 are satisfied and we may apply the funnel controller (6.3) with
funnel boundary specified in (7.2) and reference signal yyef(-) = &1(+) given in (7.1). The simulations
over the time interval [0, 10] are depicted in Fig. 5: Fig. 5a shows the output y(-) tracking the rather
“vivid” reference signal y,ef(+) within the funnel shown in Fig. 5d. Note that the input u(-) in Fig. 5¢
as well as the gain function k(-) in Fig. 5b have spikes at those times ¢t when the norm of the error
lle(t)| is “close” to the funnel boundary ¢(¢)~!; this is due to rapid change of the reference signal. We
stress that the gain function k(-) is non-monotone.

7.2 2-input 2-output system with singular matrix pencil

Consider the academic example

0000 [00 170 r o4
[E,A,B,C) = 000,00—1,01,[010] (7.6)
001 [12 -1 00
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20

1sif

10'::

a: solution y = (y1,y2)

i
3 4 5 6 7

c: input u = (uy,u9) d: norm of error |le(t)| and funnel

Figure 6: Simulation of the funnel controller (6.3) with funnel boundary specified in (7.2) and reference
signal yrer(-) = (&1(),&2(+)) T given in (7.1) applied to system (7.6) with initial data (7.7).

It is immediate that the pencil sE — A is singular, i.e. det(sE — A) = 0. However, in view of
Remark 6.4 (i), funnel control as suggested in Theorem 6.2 is still feasible if the other assumptions are
satisfied: Obviously, [E, A, B,C] is in zero dynamics form (2.1) with A;; = 022 and asymptotically
stable zero dynamics since 0(Q) = {—1}. We may choose the initial data of the closed-loop system (6.3),
(7.6) as

k=1, 2°=4,6,-1)7 (7.7)

so that, by Remark 6.1 (ii), they are consistent.

The simulations, over the time interval [0,10], of the funnel controller (6.3) with funnel boundary
specified in (7.2) and reference signal yyer(-) = (€1(-),&2(-)) " given in (7.1), applied to system (7.6)
with initial data (7.7) are depicted in Fig. 6: Similar to the example in Section 7.1, an action of the
input components in Fig. 6¢ and the gain function in Fig. 6b is required only if the error ||e(t)]| is close
to the funnel boundary ¢(t)~1. Note that y(t) &~ yret(¢) if, and only if, k(t) ~ k = 1.
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8 Appendix

The following Section 8.1 is the fundament for the proofs in Section 8.2.

8.1 Elementary properties of rational matrices

In the present section we collect the relevant properties of rational matrices for our results.
If G(s) € R(s)™™, then it is well known, see for example [9, Thm. 2-6.2], that

dP(s) € R[s]™™ 3 strictly proper Gg,(s) € R(s)™™ : G(s) = P(s) + Gsp(s); (8.1)
and it is easy to see that
srdegG(s) =p<0 <= p=—degP(s)and the leading coefficient of P(s) is invertible. (8.2)

In passing, we also note that if Py € Gl,,,(R), then P(s) = Zij\io P;s' € R[s]™™ is invertible over R(s);
however, if P(s) is invertible over R(s), then Py is not necessarily invertible, for an example see [3,
p. 257]. Note further that, if G(s) € R(s)™™ has some non-positive strict relative degree, then (8.2)
yields that the leading coefficient of P(s) is invertible and therefore P(s) is invertible; and thus the
Sherman-Morrison-Woodbury formula (see [12, p. 50]) gives

G_l(s) = P_l(s) — P_l(s) Gsp(9) [I + P_l(s)GSp(s)]_1 P_l(s), (8.3)

whence

stdeg G(s) = —srdeg G~ (s). (8.4)

To characterize transfer functions with proper inverse we first have to show the following technical
lemma.

Lemma 8.1. Suppose E € R™" B,CT € R™™ satisfy
im E + im B = R", imE" +imCT =R", rtk B=1k C =m. (8.5)
Let my:=dim(imENim B), r:=n—m+my and mgo:=m —my. Then
(i) imENimB # {0} <= imE'NimCT #{0} <= rtkE>n—m,
(ii) dim(im £ Nim B) = dim(im ET nim C'").
(iii) There exist W1, T € Gl,(R) and Wy, T, € Gl,,(R), By € R» Cp € R™Y" such that

[r Onmg

0m2 T 0m2 ;12

Bll Or,mz

0m2 ;1M1 ImQ

WLET, = [ } , WiBT, = [ ] . WLCTy = [CH Omlvmﬂ . (8.6)

Omzﬂ‘ Im2

(iv) If m; =0, then (8.6) reduces to

W,ET, = |: In—m On—m,m:| ’ W,B = |:0n—m,m:| ’ CTy = [Om,n—m Im] . (87)

Om,n—m Om,m Im

Proof: First note that (8.5) yields

n = dim(imF +imB) =1k E +rk B — dim(im F Nim B)
= 1k F+m —dim(im F Nim B),

n = dim(imE" +imCT) =1k ET +rk CT —dim(im ET Nim CT)
= tk ET+m —dim(imET NnimCT),
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and hence assertions (i) and (ii) are immediate. We show (iii):
Step 1: We show

IW, € GL,(R) 3T € GL,(R) : W) E = [0 B ] . W\BT,= [BOU IO ] . (89
n—rn mo
Note that (8.8) yields tk E =n —m+m; =r. So
rn Ey
IW e GL,(R) IE; e R™ : WE = [0] and rk By =tk E=r.
Then
im Ex +im By =2 R™, where By =WB for By € R By e R" "™,
0 By By
and so im By = R"™" which gives
~ By B By
3T € Gl,(R) 3By € Gl,_(R) : WBT = T=|- -
(R) 3 Bz ®) [BJ [321 B2J
and hence (8.9) follows for
Ir _Bl2é_1] |: Im 0 :|
Wy = 2IW and To:=T| ="+ ~ -
! {0 Ly 2 ~By'Bai By
Step 2: We show (8.6). Since
im BT +imC7T = im[E,0] + im CT = im[E],0)W] +imCT =imET +imcT & r",
we may apply Step 1 to E and C'T and conclude
- _ T [Es T T |Cnn 0
AV e GL,(R) 3W, € Gl,(R) 3E; € GL(R) : VE| = NE Ve Wy = o 1. |
m
Therefore,
T_[B; 0 T_[Ch 0
WlEV = [ 0 0 and WQCV = 0 Im2
and (8.6) follows for
EyT 0
T :=VT" |72 .
R
The statement (iv) follows from a careful inspection of the proof of (iii). O

Proposition 8.2 (Transfer function with proper inverse).
Let [E,A,B,C] € Xy mm be controllable at infinity and observable at infinity. Then the following
statements are equivalent:

(i) The transfer function C(sE — A)~'B has proper inverse.

(i) imE@imB=R" A imE'®imCT'=R*" A tkB=rkC=m .
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Proof: Note that
G(s) has inverse over R(s) = tk B=rkC=m (8.10)
and, by assumption,
imE+imB=R" A imE' +imC’ =R". (8.11)
“(i)=(i1)”: By (8.10) and (8.11) and in view of Lemma 8.1(i), it remains to show that
dim (im ENim B) =: m; = 0.

Seeking a contradiction, suppose that m; > 0. Then by Lemma 8.1(iii) there exist W1,T1 € GL,(R)
and Wy, Ty € Gl,,,(R), such that, for mg = m—m;y, r = n—m-+m; and some Bj; € R"1 (1, € R™V7
equation (8.6) holds. Define

[All Ao

] =W ATy, where A1 € R™" and Ao, Ag1, Ass accordingly
Ax Ago

we conclude

Cn 0} [SI_AII —A12]_1 [Bn 0]

_ _ |Gu(s) Gra(s)
WlG(S)T?‘[o I] Ay —Ap| |0 I

B [Gm(s) G (s)

where, by invoking the matrix inversion formula [3, Prop. 2.8.7],

G11(8) =C11(81ny — A11) ' Biy + Cri(sl, — A1)t A19Gaa(s) Ay (sIn, — A11) ' By
G12(s) = Ci1(sIn, — A11) "' A12Gaa(s)

Ga1(s) = Gaz(s)Ag1 (sIny — A11) ' Bny

Gaa(s) = — (A2 + A (sl — 1411)_11412)_1 -

A repeated application of the matrix inversion formula [3, Prop. 2.8.7] yields

(W1 G(s)Ty) ™ = {Hll(s) *}

* *
with improper
Hi1(s) = (G11(s) — G12(5)Ggy (5)Ga1(s)) ™" = (Cra(slny, — A1) " Bu1) ™"

Therefore, (W G(s) T5)~"! is improper and so is G~!(s). This contradicts (i).
“(ii)=-(1)”: Since Lemma 8.1(iv) holds, we may set

|:A11 A12:| = W1 ATy, where Aqq € R®P™ and Ayg, Aoy, Aoy accordingly.
A21 A22

Then an application of the matrix inversion formula [3, Prop. 2.8.7] gives

sl — All —A12:| ! [ 0

C(sE—A)'B=[0 I,] [ ] = — (A + Aoi (I — A11)_1A12)_1 )

—A A I,
and thus
lim G_l(s) = lim (—A22 - A21(SIn2 - All)_lAlg) = —A22 . |
§—00 §—00
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8.2 Proofs

This section contains all proofs of the statements in Sections 1-6.

Proof of Proposition 1.2:

Suppose (8.1) holds. Then (8.2) follows and hence P~!(s) exists and is proper and we may apply (8.3)
to conclude that G~1(s) exists and is proper.

To see that the converse is, in general, false, consider the following counterexample:

00O 1 1 1 1 0
[E,A,B,C]:={|0 0 o,|1 1 —1|,]0 1 [
0 01 2 1 0 0
has transfer function

1 1-s s+1 -2 1
G(s)=C(E-A)'B=C=-|s-2 —(s+2) 2 B:—[
2 -1 1 0 2

and inverse transfer function

o= ] [ )

Therefore, G~1(s) exists and is proper; however, G(s) does not have a strict relative degree since
s1G(s) — = [—11 _11} ¢ Glo(R).

This completes the proof. O

Proof of Theorem 2.3:
We proceed in several steps.
Step 1: We show that there exist Wy, T3 € Gl,,(R) such that

Ell 0 Els All 0 0 Bl

[E, A, B, C] Wf\’,TS E‘21 NQQ E:'Qg , 1 O Iﬁ2 01, BQ s [él, 0, 03] s (8.12&)
0 0 Ng 0 0 I 0

N% =0 and N¥% =0, (8.12b)

[E11, flu, Bl, C’l] € X4, ,m,m is controllable at infinity and observable at infinity. (8.12¢)

Corollary 1.5 yields (1.3) for some W1, T € Gl,(R). It follows from [9, Sec. 2-5.] that the system (1.4b)
may be decomposed into controllability and observability form so that, for some 75 € Gl (R),

7T
IN,I,,,B;,Cy] >~
NCO 0 N13 Inf,co 0 0 Bf,CO
N21 NCE N23 ) 0 Infca 0 ) Bf,CO ) [ Cf,007 0 ‘ CfE ] ’
0 0] Ng 0 0 | In,, 0
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where Nz € R™ense, Cpp € RS Ny € RUn13, Ny € RPwomtco, Cp oy € RMMUeo, By, €
R™fec0™ and Nt = 0, N% = 0, N¥ = 0. The system [NCO,IanCO, By co, Cf o) is both controllable and
observable; this is equivalent to

Neo
rk[Ncoa Bf,co] =rk <|:Cf’coj|> =TMNfco-

Setting W3 := Wy [I"“" 0 } , T3 := [I”S 0} T1, we arrive at

0 Tyt 0 T
(E,A,B,c] "&P
Ins 0 0 0 AS 0 0 O BS
0 N 0 Nis 0 [nf,co 0 0 Bf,co
0 N21 ch N23 ) 0 0 Infca 0 s Bf,cﬁ y [ Cs; Cf,co ‘ 0 ‘ Cf,c ]
0 0 0 Nz 0 0 0 Inf,z 0

and clearly (8.12b) holds true.

Step 2: We show that, for 1 = ns + ny co,
im By & im B, = R™ A im E‘;rl @ im C’;r =R™ A tk By =1k C; = m. (8.14)

Since the transfer function is invariant under system equivalence, an application of the matrix inversion

formula [3, Prop. 2.8.7] to (8.13) yields

[ SEll — 12111 0 SElg - Bl
C(SE — A)_lB = [él, 0, ég] SEgl SNQQ — [ﬁz 3E23 Bg
I 0 0 | sNs3— Iy, 0

R R SEH — 12111 0 - * Bl

= [01, 0) 03] [ SEQl SNQQ — Iﬁ2:| * BQ

0 0 ‘ * 0

_ o {(sEn —*12111)_1 (5N i)[m)—l} BJ

= Ci(sEy — Ajy) ' By,

Since (8.12¢) holds and C'(sE — A)~!B has proper inverse by assumption, we may apply Proposition 8.2
to conclude (8.14).

Step 3: We show that [FE, A, B, C] is system equivalent to an DAE in zero dynamics form (2.1).
Since (8.14) holds and rk B; = rk C; = m, we may apply Lemma 8.1(iv) and multiply the matrices
in (8.7) by permutation matrices so that

Im

Oﬁl —m,m

WEnT = | 0 O g — |

Oﬁl—m,m Iﬁl—m

} CT = [Im, Om,m—m] for some W, T € Gl;, (R).
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Partitioning the matrices
<o [Ap A L E - - N =
WANT = LI; 52] , WEig = [E;ﬂ » Loz = E34, By = Bg,
BT = [E~31, E32] ) Ny = Nag, N33 = Ny, C3=0Cy
accordingly and setting
1 F—1
W:ng[W 0 ], T::[T 0 :|T3,
0 Thytng g

we obtain that

[E,A,B,0] "X [E,A,B,C)
for
0 0 0 Eu] [Ady Ap 0 0 Im
-~ 0 I, 0 Eyu| |4q Q@ 0 0 Oi.m ~
B = ~ 2 o ~ £ —[ma m,ne s mﬁ7C
[E,4,B,C] FE31 E3 Nz Ez| | 0 0 Iz, 0’| Bs 7[ Oz O s 4]

0 0 0 Ny 0 0 0 I Ofy

. . . Wi,Ti . ~— 1T D =~
In the followmg steps a)-d), we show successively that an equivalence action ~~ * applied to [E, A, B, C]|
removes E32, E24, Bg and C'4

3a) [E, A, B,C) V&' [E,, Ag, Ba, Cu] for
Iy 0 0 —A;Cy I, 0 0 (4
0 In, 0 —AyC, 0 I, 0 0O
a = ’ Ta = ? ’
Wa=10 0 1., 0 0 0 In, 0
0 0 0 I 0 0 0 In,
and s0 [Ey, Aq, By, C,] preserves the structure of [E, A, B, C] and changes Cy to Oy,.7,.
3[)) [ A B é ] W [ENb,Ab,Bb,éb] for
I, O 0 0 Iy 0 0 0
W |0 T 00 0 Ly, 0 0

Bg 0 Iﬁg 0 —Bg[lll —Bgzzhg Iﬁg 0 ’
0 0 0 I, 0 0 0 I,

and so [Ey, Ay, By, Cy) preserves the structure of [E,, Aq, By, Cy] and changes Bs to O m.-

3¢) [By, Ay, By, Cy) "2 [E,, Aq, Be, C.] for
I, 0 0 0 I 0 0 0 .
0 I, 0 0 0 Iy 0 0 N ok B Ak
W, = 72 R . 2 L Ly =S NEEROF,
0 —Lsg In; O L3pAar L32Q Ing 0O %2 ];) sy Enl
0 0 0 I 0 0 0 I
and so [E,, A., B,, C.] preserves the structure of [Ey, Ay, By, Cy] and changes Esp to (P
3d) [E07 Ac; Bc; éc] Wg\/ [Ed7 Ad7 de Cd] for
I, O 0 A12L24 I, O 0 0 .
0 In, 0 QL 0 In, 0 —Los S
Wa 0 0 I, o0 | d 0 0 I 0 |’ 24 kz_o Q" E4Nyy,
0 0 0 I 0 0 0 I -
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and so [Eg, Ag, Bq, Cy] preserves the structure of [E,, A., B., C.] and changes Fa4 to Ofg,74- Therefore,

0 0 0 E} [A4 A% o0 0 Im
. a a 0 I, 0 0 A, QY 0 0 07
Ey,Aq, B =|lag 2 o, = 21 Azmrp - . _
[ d>s d» daCd] Eéil 0 Ngg ‘E~w§l4 9 O 0 Iﬁg 0 9 Oﬁg,m 7[ myom,ngyom,ngaom,m;]
0 0 0 Ng 0 0 0 Inl [Oagm

has block structure as in (2.1); however, it remains to show that the rank condition on [Egl, Ngg] holds.
This is, in general, not the case and a further transformation is required.

By [9, Sec. 2-5.], we may transform [N3d3,_[ﬁ3,Eéil,O] into controllability form; that means there exist
T. € Gl;, (R), nilpotent N, € R3¢ Nz € R™e™3¢ and matrices Njg € R™e™e F3) € R™e™ such
that

Y - 47T | [Ne N L,, O E
[N?fl?nlﬁst?C,llvO] ~ |:|: 0 ]Vlj:| , |: 03 In36:| , |: 81:| , [07 0]:| s I'k[E31, Nc] = N3c.
Finally,
I, 0 0 O
oA B Wl A B S 1 s |0 I, 0 0
[Ed7 Ad7 Bd7 Cd] [E, A, B, C], for W =T = 0 0 Te 0
0 0 0 Iy

where [E, A, B,C] is in zero dynamics form (2.1) and satisfies o = g, N3 = nge, M4 = N3z + Ny,

o v Nz  *
E31, Nus] = [B31, N], Ny = |1¢ 2
(Bur, N = (B, N, N = |

Step 4: Assertion (i) follows from (8.12b).

} , and rk [Egl, ]\733] = ni3. This proves the claim of Step 3.

Step 5: We show assertion (ii). Very similar to Step 2, we apply the matrix inversion formula [3,
Prop. 2.8.7] to (2.1) to conclude

_ -1

—Ap;n —Ap 0 sE1a I
—Ay sI—Q 0 0 0
B 1 _ 21
C(sE—A)"B [I, 0, 0, 0] sEs 0 sN33 — 1 SsFE3y 0
0 0 0 SNyy — 1 0
[ A1 A 0 - I
—A21 SI — Q 0 * O
= I, 0, 0, O
[ ’ ’ ’ ] SE31 0 5N33 — I * 0
] 0 0 0 | (5N —1)7" ] [0

_ A A I
= 0 [—Azl sl — Q} [O]
= — (All + Alg(sfnz — Q)_lAgl)_l .

Step 6: We show assertions (iii) and (iv). To see “=", observe that (8.4) yields that (C(sE — A)_IB)_1
has strict relative degree —p > 0. If p = 0, then Ay; € GL,(R); if —p > 1, then A1; = 0 and
Aa(sI — Q)1 Ag; has strict relative degree —p. “<=” is straightforward.
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Step 7: We show assertions (v). Suppose (2.4) holds and the two systems in zero dynamics form (2.1):

[0 0 0 FEul [A11 A O 01 [ I, ] i
{0 L, 0 0 Az @ 0 0 Orz,m
[E7 Av B7 C] - E31 0 ]\733 E34 ) 0 0 Ing 0 9 Ong, 9 [Im7 0m,n27 0m,n37 Om,n4]
[ L O 0 0 Nau| LO 0 0 In,| |Ongm] i
T0 0 0 Eul [An Ao 0 07 [ L, ]
A 0 Iy, 0 0 Ayy Q0 0 05
E,AB,Cl= || = n2 A 21 m2 T Omeies Omiias O
[ ) ) ) ] E31 0 ]\733 E34 ) 0 0 [ﬁg 0 ) ﬁ3’ ) [ ms m,nz» m,n3» m7n4]
| L 0 0 0 N44_ L 0 0 0 Iﬁ4_ _0ﬁ4,m_ |
where

Eyy e R™™, FE3 € R"™™, N3z e R"™", F3y € R"™™, Ny € R™"™,
A11 S Rm,m’ Q S an,ng’ A12 S Rm,ng’ A21 S an,m’
E14 c Rm’ﬁ‘l, Egl c Rﬁ?”m, ]\733 c Rﬁg’ﬁ?’, E34 c Rﬁ?”ﬁ‘l, N44 S Rﬁ‘hﬁ‘l,
AH S Rm,m’ Q S Rﬁz,ﬁz’ 12112 S Rm’ﬁz, Agl S Rﬁz’m,

such that N33, N44, Ng:}, N44 areAnilpotent and I‘k[E31, Ngg] =ns, rk [Egl s Ngg] = ﬁg.
The equations WB = B, CT = C give

Iy, Wia Wiz Wiy I, ¥4 0 O
W 0 Wa Wi Woy 71— Tor Toy Tog 1oy
0 Wiy Wiz Wiy’ T31 T3 T3z T34
0 Wi Wiz Wy Ty Ty Tiz Tu

for some matrices W;;, T;; of dimensions corresponding to the partitioning of £ and E‘ resp.

In the following, we investigate the (,7)-th block, i,j7 € {1,2,3,4}, in the matrix equations WE =
ET~" and WA = AT~': Block (2,2) of WE = ET~ 1 gives Wag = Tho, and blocks (3,3), (3,4), (4,3)
and (4,4) of WA = AT yield

Wsg =T33, Way =T34, Wiz ="T43, Wy =T.
Block (2,3) of WA = AT~! and WE = ET~! yield Was = QT3 and Wy3Na3 = Ths. Hence,
W23 = QW23N33 =...= QVW23N§3 = 0 and T23 = W23N33 = 0

By the same argument, block (2,4) of WE = ET-1 gives Way = Ty =0,
block (4,2) of WE = ET™1 gives Wyy = Tys =0,

block (3,2) of WE = ET! gives W3y =T33 =0,
blocks (1, 3) and (1,4) of WA= AT 1 give W13 = A12T23 =0 and W14 = 412T24 = 0,
blocks (3, 1) and ( s ) of WA= AT_ give T3 = Ws39A91 =0 and Ty = Wyods =0,
blocks (2, 1) and (1,2) of WE = ET 1 give W12 == E14T42 =0 and T21 = W23E31 = 0.
blocks (4, 1) and ( s ) of WE = ET_ give W43E31 =0 and W43N33 = N44T43 = N44W43.
Hence, for kK =1,...,v — 1, we have W43N§3E31 = Nf4W43E31 = (0. Therefore,

Wys [E31 , N3sFEsq, ..., N§/3_1E31] =0.

=K
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By [9, Thm. 2-2.1], the matrix K, has full row rank if, and only if, [ 31 , N33 | has full row rank; so the
assumption rk [ 51, N3g] = ng on the zero dynamics form yields to Wy3 = 0. Therefore, W has the
structure as indicated in (2.5) and it remains to show that n; = n; for i = 2,3,4. Since W € Gl,(R),
we obtain ng = fi9 and

[W33 W3y

0 W :| S G1n3+n4 (R) for Wiss € Rﬁ?”ng, W3y € Rﬁg’n4, Wya € Rﬁ4’n4.
44

Hence, W33 has full column rank and Wy has full row rank, whence ng < fng and n4 > n4. Reversing
the roles of [E, A, B,C| and [E, A, B, C], we obtain ng < n3 and n4 > n4 and, thus, ng = ng, ng = n4.
This shows W;; € Gl,,,(R) for i = 2,3, 4.

Step 8: We show assertion (vi). The fact W;; € Gl,,, (R) yields n; = n; for i = 2,3, 4, resp. From (2.4)
and (2.5) we see that

Wi3Nsg = NasWas, WiuNag = NuWas, WaeQ = QWa, (8.15a)
WisEs) = Fs1, By = EuWa, WAy = Ay, Ay = A1pWas, (8.15b)
W3 Esq + WagNag = NasWiy + E34Waa. (8.15¢)

Now (8.15a) shows that N33, Ny4 and @ are unique up to similarity. Finally, the formula for A;; in (vi)
follows from (ii). This completes the proof. O

Proof of Proposition 4.2:
First note that for [E, A, B, C] in zero dynamics form (2.1) we have

TV*(A,E,B;ker C) = V*(A, E, B;ker O)

and therefore it suffices to show that

V¥(A,E,B;ker C) =imV for V:=

First note that imV C ker C' = ker([Z, Om.no» Omng s Omon,] and (A,E, B)—invariance of im V' follows
from

A12In2 On2,n2 Im

. I . I . 0

im Qln, Cim |. ™ | +im | ™™
077/3777/2 On3yn2 On37m
0”47”2 0”47”2 0”47m

We prove next that imV C imV for any V € R™* k € N, such that imV is (fl, E‘,B)-invariant and
imV C ker C.

Let [V;",V, V5", V1T ==V for V; € R™F V5 € R™* V3 € R™F 1 € R™F. (A, E, B)-invariance of
imV yields

A Vi + AVs E,Vy I,
AV + QVQ . Vs . On2 m
- : 8.16
V3 = E31 V7 + N33Vz + E34Vy im Ons,m (8.16)
Vi NysVy Ongm
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The assumption im V CkerC gives V1 = 0. Then im V; C im N4V, and an iterative application of the
inclusion leads to

Therefore, V4 = 0 and (8.16) now gives im V3 C N33V3. Repeating the argument used for V; we find
V3 =0, thus
0

VeeRF: Vz= 182 Vor €imV.

0
This completes the proof. O

For the proof of Theorem 5.4 we first show the following technical lemma.

Lemma 8.3. Consider [I,, A, B, C] € ¥, mp and assume that p € o(A) is not a pole of C(sI —
A)~IB € R(s)P™. Then

tk[pl — A, Bl <n \Y rk[ul — AT, CT] <n

Proof: Without loss of generality, we assume that A is in Jordan form and A, B, C are partitioned as

follows
ML+ Ny By

A= s B = ) O:[Clv SRR Ck]v
AL+ Ny By,

where 0(A) = {A1,..., \t}, #= A and Ny,..., N; are nilpotent with indices of nilpotency vy, ..., v
and appropriate formats. Then

k vi—1
C(sI —A)” Z CNB

i=1 j=0
and the set of poles of C(sI — A)~!B is given by
{/\iea(A) ‘z’e{l...,k} A3je{0, i1}« GiNIBi# Oy |-
Suppose j is not a pole of C(sI — A)™'B and rk[ul — AT, C"] = n; then C’lel_lBl = 0 and
rk [N,", O] = ny. Since

N
[Ci] (N 1Bl) =0,

we conclude Nfl_lBl =0 and so
N/ [Ny, By =0.

Since NY'~1 =£ 0, it follows that rk [Ny, By] < ny and thus rk [ul — A, B] < n.
Analogously, one may show that ‘u is not a pole of C(sI — A)™'B and rk[ul — A, B] = n’ yields
tk[ul — AT, CT] < n; this is omitted. This completes the proof of the lemma. O

Proof of Theorem 5.4:
It is readily verified that without restriction of generality we may assume that system [E, A, B, C] is
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in zero dynamics form (2.1).
“(1)<(ii)”: Since det(sN — I) = (—1)¥ for any nilpotent N € R** we have

A —Ap 0 sk 1 I —Ap 0 sEiy —An
—A21 sl — Q 0 0 0 0 sI-— Q 0 0 —A21
det 8E31 0 SN33 -1 SE34 of = (—1)m det {0 0 SN33 -1 SE34 SE31
0 0 0 SN44 -1 0 0 0 0 SN44 -1 0
I 0 0 0 0 0 0 0 0 I

= (—1)mHmatna . det(sln, — Q).

Now the claim is a consequence of Corollary 5.2.
“(i)=(iii)(a)”: Suppose that, for some A € C; and v; € C1"2, vy € C, v3 € CH™, vy € CH™, we have

A —Ap 0 Ay T
Ay AM-Q 0 0o o|
Tl B TN SR VN Bl (8.17)
0 0 0 ANy —1 0

Then v; = 0, v3 = 0 and thus vy = 0. Equation vy(Al — Q) = 0 yields, since ¢(Q) C C_ holds by
assumption and Corollary 5.2, that vo = 0.

“(i)=-(iii)(b)”: Detectability of the system can be shown similarly and is omitted.

“(i)=(iii)(c)”: First note that if G(s) € Gl,(R(s)), then its Smith-McMillan form has, in terms of
Definition 5.3, the form

-1 -1 — dia 61(8) €m(8)

and the Smith-McMillan form of G~1(s) is
Ym(s) ¥1(s)
€

m(s)" " els)

Now formula (2.3) of the transfer function yields that the set of transmission zeros of C(sE — A)™'B
coincides with the set of poles of A1 + Aj2(sl,, — Q)1 Ag;. Since the latter is a subset of o(Q), the
claim follows from Corollary 5.2.

“(iii)=-(i)”: By Corollary 5.2, we have to show that every A € o(Q) satisfies A\ € C_. We distinguish
two cases:

Case 1: ) is a pole of Ayq + A12(sl,, — Q)71 Ag;.

By the preliminary thoughts, A is then a transmission zero of C(sE — A)~!'B and assumption (iii)(c)
implies that A € C_.

Case 2: ) is not a pole of Ay1 + Aja(sl,, — Q) 1 As.

In this case, we can apply Lemma 8.3 to [I,,, @, A21, A12] € Xy, mp to see that we are at least in one
of the following situations:

TV (s)G~(5)U(5) IT = diag < ) . where = [1/1] e RM™m

() 1k [A,, — Q, A21] < no or (B) tk[Mn, —QT, Al] < ny.

If (o) holds, then
Fvp € CN\ {0} ¢ vy M, = Q, An] = 0,

and for v := 01,1, v3 := 01 py, V4 := 01 5,, we obtain that (8.17) holds true. Now (iii)(a) gives A € C_.
The case (f3) is treated analogously and omitted. This completes the proof. O
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Proof of Proposition 5.6: The proof of “=” has been carried out in Remark 5.7(ii). It remains to
show that “«<” does not hold true. Consider system (1.1) for

0000 0 0 1 O 1 0
0000 0 0 0 1 01 100 O

E= 0010 A= 0 -1 0 O » B= 00 ’C_[O 1 0 0}’ (8.18)
0 0 01 1 0 0 -1 00

which is in zero dynamics form (2.1) with n; = ny = 2, n. = nz = 0 and

0 0 10 0 1 0 O

Since @ has an eigenvalue at the origin, Theorem 5.4 yields that the zero dynamics are not asymptot-
ically stable. The asymptotic stability of the closed-loop system ¢(8.18) & wu(t) = ky(t)’ is determined
by the spectrum of the matrix

_ 0
Q — Agi(kly + An) M A = [_l k } ;
z

and this satisfies, for all & € R\{0},

o(Q — Ag (KT — Ayy) ' Apy) = {—% Y S ;%} cc..

This shows that [E, A, B, C] is high-gain stabilizable and completes the proof of the proposition. [

Proof of Theorem 6.2: Without loss of generality we assume k> 0. We proceed in several steps:
Step 1: In view of Remark 2.6, the closed-loop system (1.1), (6.3) is given by

0= (A — k(t)Im)e(t) + Araza(t) + An1yrer(t), (8.19a)
To(t) = Qua(t) + Agre(t) + A21Yrer(t), (8.19b)
25(t) = Vi Niy Eg1et () + Vi Niy Eqylt (@), (8.19¢)
z4(t) = (fo - (8.19d)
k() = b (8.19)

We seek for a local solution (e(-), z2(+), 3(-), z4(-), k(-)) of (8.19) so that e(-) evolves within the funnel,
that means (¢, e(t)) belongs to the set D := { (t,e) € [0,00) x R™ | ¢(¢) |le|| <1 }. Note that solution
means in particular that (8.19b) holds and this is implied by e € C**1(R>0; R™); this will be shown in
Step 6.

Note also that the design of k(-) together with the assumption |k| > lims o |G (s)] = || Awu|
ensures that k(t)[,, — A11 € GL,(R) for all ¢ € [0,w) as long as there exists a solution (z,e,k) :
[0,w) — R72+tm+1 for o € (0, 00], to the closed-loop system (1.1), (6.3) such that (¢,e(t)) € D. As a
consequence, (8.19a) is equivalent to

e(t) = (k(t)Ln — A1)~ (Araza(t) + Av1yeet(t)). (8.20)

Therefore, e(-) evolves within the funnel if, and only if, (¢, z2(t), k(t)) belongs to

D= { (t, 29, k) € [0,00) x R™ x [k, 0) ‘ o(t) || (kI — A1) " (Arozs + Anyeer(t)) || < 1 } .
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Step 2: We show that there exists a solution (z2, k) to (8.19a), (8.19b), (8.19¢). For this, it remains to
seek for a solution (z2, k) of the time-varying non-linear semi-explicit DAE

io(t) = F(t, 22(t), k(t
alt) = (t,22(0), K(0) 521
0= g(t,z2(t), k(1))
where
[ D= R"™, (w2, k) — (Q+ Ao1 (kL — A11) " Arg)wg 4 A1 (kL — A11) " Av1yrer (t) + A2 et (£)
k
:D—-R, (t,zo,k)—k— .
’ b2 ) b AP0, — A1) (A + Ay D)
To rewrite (8.21) as an ODE, we first record two technical facts:
A o -1 14 —(142)
Vk>kVleN : W(Mm —An) T = (1) 0 (kI, — An) (8.22a)
VE>EVneR™ : (1—k"YAul)nl? < n"(In— k" A1) 7. (8.22b)
We obtain, for ¢ € R™,
0 _ 8.22a _ _
S 0T = ) 2 Y 2 (ki — A1) 2 ) T (bl — A1) )
—9 AT _
= =2((kLn— A1) 20) (kLn — Anr) ((kLn — A1) 20)
(8.22b) . I
< =2k (1=K JAull) [[(kLn — A) "1 (8.23)

Since v > 1, there holds that .t € C2(R>0;R™) and ¢ € &2, whence %g(t,azg,k), %g(t,xg,k),
and 8% g(t,zo, k) are well defined and continuously differentiable on D. Now we conclude, for all
(t,xg, k) € D and w(xg,t) = Ajoxo + Allyrof(t), that

Y _ ko(t)? 9 _
ok YR = TR — Ay TG, 0T ok |~ Aw) e O
(8.23) 2kk )2 (1 — k1A _
e ok o Tl (AR NI LU
> 1 (8.24)
and since
(8.21) dg 0g 0g .
0 =" —(t,22(t), k(t)) + 5, 22(t), k() f(t,22(t), k(t)) + (8, 22(t), k(2)) k(1)

ot
it follows from (8.24) that

al‘Q ak’

8 (t,wa, k) + L (t, w2, k) f(t, 22, k)

h: D —R, (t,zo,k)— —
%(t7$27k)

is well defined and continuously differentiable. Therefore, the DAE (8.21) is equivalent to the ODE

(8.25)



Step 3: Both functions f(-,-,-) and g(,-,-) are continuously differentiable on D, and D is a relatively
open, non-empty set in [0,00) x R"2 x [l%,oo). This allows to apply [26, §10, Thm. VI] to conclude
existence of a unique solution (w2,k) : [0,w) — R™*! for maximal w € (0,00] of the initial value
problem (8.25), (22(0), k(0)) = (29, k).

It follows from Step 1-2, that equivalently there exists a unique and maximal solution (z,k) : [0,w) —
R"*! of the closed-loop system (1.1) for any consistent initial value 2° € R™ such that Tz" =

()7, @7, @T,0) "

Step 4: We show zo € L*°([0,w),R™2) and k € L*®([0,w), R).

Note that e(-) as in (8.20) evolves within the funnel and y.¢(-) is bounded by assumption, i.e.
e, Yref € LX([0,w),R™), thus y € L*>([0,w),R™). Since o(Q) € C_ by assumption and Corollary 5.2,
equation (8.19b) yields

t
INM >0Vte[0,w) @ |lza(t)] < Me M|z +/ Me M9 Ay | lylloo ds <
0
M
M [|z9] + THAQIHHyHoo-

Therefore, 2 € L>([0,w),R"2).
Since k(t) > k > ||A11|| by assumption, we may apply the theory of Neumann series to conclude, for
all t € [0,w),

1 k
< k() loem——
1= k()= An R [ Al

(k) I — A1) 7 = k() (I — k()" An) 7 < k()71

and (8.20) gives

k

. e _17
VEED,w): Il < k()™ — | An ]

(1 4s2lllz2loo + A1 et )- (8.26)

Suppose k & L>(]0,w),R), i.e. there exists a sequence (¢;) such that t; / w and k(t;) * oo for i — oo.
Then (8.26) yields lim; . e(;) = 0 and therefore, due to boundedness of ¢(-), lim; o(t:)?|let)||? =
0. This shows lim;_,~ k(¢;) = k, a contradiction; and hence k € L*°([0,w),R).

Step 5: We show w = oo and equation (6.4).
By definition and boundedness of k(-) we have,

Vi [0,w): k(1= o®)[le®)]*) ™ = k() < |[kllo
or, equivalently,

i 1/2
Vie[0,w) o) [le(®)] < <1 - m) -

This implies (6.4). Invoking (8.20), neither (z2(-), k(-)) has a finite escape time nor does it tend to the
boundary of D; therefore [26, §10, Thm. VI] yields w = oc.

Step 6: We show the bound on k in (iii): This clearly follows from

Vi >0z k(t) = k+ k(D)p(t)?]let)]? s ket (p(t) ™ —e)? = k + k(t)(1 — p(t)e).
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Step 7: We show that for x3(-) as defined in (8.19c) holds z3 € B'(R>o,R™). In view of y.f €
BYT1(Rx0; R™), it suffices to show that e € BY1(R>0; R™). Let, as before, (2(), k(-)) be the solution
component of (8.19a), (8.19b), (8.19¢).

6a) By definition and boundedness of k() we have

I6>0Vt>0: |[(k(t), — Ap)7 Y >0

. N (8.27)
I5>0Vt>0: 1—p@?[e®)]? > 3.

By (8.22a), (8.27) and since yor € C*1(R>0;R™), a straightforward calculation gives, for any multi
index (i1,12,13) € {0,...,v} x Ny x Ny, that the map

o 92 o .
%@%f(t,Zﬂg,k)D—)R 2
2

is well defined and %%%ﬂ-, x2(+),k(+)) is bounded. Similarly, we conclude from (8.22a), (8.27),
Yrot € B'THR>0; R™), and ¢ € BT (Rx0; R) that for any multi index (i1, ig,43) € {0,...,v} x Ng x Ny,
the map
o 9 9B
ot 8;1;%2 Okis

h(t,l‘Q,k‘): D—-R

is well defined and gill 38522 5;91:?3 h(-,x2(-), k(-)) is bounded.

6b) We may now differentiate (8.25) for ¢ = 0,...,r and use the findings of Step 6a) to conclude
successively that xgﬂ)(-) and k(+1)(.) are continuous and bounded. Hence x3 € BY+!(R>o; R"2) and
k € B"T1(R>0;R) and so e € BYT(R>0; R™) follows.

Step 8: In view of Step 1 and T as defined in Remark 2.6, it remains to show boundedness of z(-) =
T (y() ", 2a() T, 23(-) T, 24(-)T)T; this follows from Steps 4-6 and boundedness of y(-).
Therefore, the proof of the theorem is complete. O
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