Funnel control for a moving water tank
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Abstract—We study tracking control for a moving water tank system
modelled by the (linearized) Saint-Venant equations. The output is given
by the position of the tank and the control input is the force acting on it.
For a given reference signal, the objective is to achieve that the tracking
error evolves within a prespecified performance funnel. Exploiting recent
results in funnel control it suffices to show that the operator associated
with the internal dynamics of the system is causal, locally Lipschitz
continuous and maps bounded functions to bounded functions.

Index Terms—Shallow water equations, Saint-Venant equations, slosh-
ing, well-posed systems, adaptive control, funnel control.

I. INTRODUCTION

When a liquid-filled containment is subject to movement, the
motion of the fluid may have a significant effect on the dynamics of
the overall system and is known as sloshing. The latter phenomenon
can be understood as internal dynamics of the system and it is of great
importance in a range of applications such as aeronautics and control
of containers and vehicles, and has been studied in engineering for
a long time, see e.g. [1]-[6].

The standard model for the one-dimensional movement of a fluid is
given by the Saint-Venant equations, which is a system of nonlinear
hyperbolic partial differential equations (PDEs). Models of a moving
water tank involving these equations without friction have been
studied in various articles. The first approach appears in [7] where a
flat output for the linearized model is constructed. Several additional
control problems related to this model are studied in [8] and it
is proved that the linearization is steady-state controllable. Even
more so, the seminal work [9] shows that the (nonlinear) model is
locally controllable around any steady state. Different stabilization
approaches by state and output feedback using Lyapunov functions
are studied in [10]. In [11] observers are designed to estimate the
horizontal currents by exploiting the symmetries in the Saint-Venant
equations. Convergence of the estimates to the actual states is studied
for the linearized model. In [1] a port-Hamiltonian formulation of
the system is provided as a mixed finite-infinite dimensional port-
Hamiltonian system. For a recent numerical treatment of a truck with
a fluid basin see [12].

In the present paper we consider output trajectory tracking for
moving water tank systems by funnel control. The concept of funnel
control was developed in [13], see also the survey [14]. The funnel
controller is an adaptive controller of high-gain type and proved
its potential for tracking problems in various applications, such as
temperature control of chemical reactor models [15], control of indus-
trial servo-systems [16] and underactuated multibody systems [17],
voltage and current control of electrical circuits [18], control of peak
inspiratory pressure [19] and adaptive cruise control [20]. We like
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to emphasize that the funnel controller is a model-free feedback
controller, i.e., it does not require specific system parameters for
feasibility. This makes it a suitable choice for the application to
the water tank system, for which we assume that it contains a non-
vanishing friction term as modeled in the Saint-Venant equations e.g.
in [21], but the exact shape of this term is unknown and not available
to the controller.

It is our aim to show that the funnel controller introduced in [22]
is feasible for these systems. While a very large class of functional
differential equations with higher relative degree is considered in [22]
and funnel control is shown to work for those systems (cf. also
Section II), it is not clear exactly which systems containing PDEs are
encompassed by this class. It is our main result that the linearized
model of the moving water tank, where the above mentioned effect
of sloshing appears, belongs to the aforementioned system class.

A. Nomenclature

Throughout this article, we use the following notation: N denotes
the natural numbers, No = N U {0}, and R>¢ = [0, c0). We write
Co ={AeC | ReA>w } for w € R and C; = Cy. With
LP(I;K"™) we denote the Lebesgue space of all measurable and
pth power integrable functions f : I — K", I C R an interval,
where p € [1,00) and K is either R or C; L*°(I; K") denotes the
Lebesgue space of all measurable and essentially bounded functions
foI — K" We write || - [[oo for || - [|Loe s gxn). By Lige(£;K™)
we denote the set of measurable and locally essentially bounded
functions f : I — K", by W"P(I;K"), k € Ny, the Sobolev
space of k-times weakly differentiable functions f : I — K"
such that f,f,...,f® e LP(I;K"), and by C*(I;K") the set
of k-times continuously differentiable functions f : I — K",
k € No U {co} where C(I; K") := C°(I;K™). We further use the
abbreviation H*(I;K™) := W"?(I;K"). For w € R we use the
notation LZ,(R>0;K) := { e f(-) | f € L>(R>0;K) } with norm
e fllez = [IfllL2@sqix)- By L£(X;Y), where X', ) are Hilbert
spaces, we denote the set of all bounded linear operators A : X — ).

B. Mathematical Model

In the present paper we study the horizontal movement of a water
tank as depicted in Fig. 1, where we neglect the wheels’ inertia and
friction between the wheels and the ground. We assume that there

Fig. 1: Horizontal movement of a water tank.

is an external force acting on the water tank, which we denote by
u(t) as this will be the control input of the resulting system, cf. also
Section I-C. The measurement output is the horizontal position y(t)



of the water tank, and the mass of the empty tank is denoted by mr.
The dynamics of the water under gravity g are described by the Saint-
Venant equations (first derived in [23]; also called one-dimensional
shallow water equations)

oth + ag(h’u) = 0,
(1

v? v
B + ¢ (— +gh> +hS (7) - —j
2 h
with boundary conditions v(¢,0) = v(¢,1) = 0. Here h : R>o X
[0,1] — R denotes the height profile and v : R>o X [0,1] — R the
(relative) horizontal velocity profile, where the length of the container
is normalized to 1. The friction term S : R — R is typically modeled
by a high velocity coefficient of the form Csv?/h? and a viscous
drag of the form C'pv/h for some positive constants C's, Cp. In the
present paper, we do not specify S, but we do assume that S(0) =0
and S’(0) > 0. The condition S(0) = 0 means that, whenever the
velocity is zero, then there is no friction. The condition S’(0) >
0 means that the viscous drag does not vanish; this is the case in
most real-world non-ideal situations, but sometimes neglected in the
literature, see e.g. [21, Sec. 1.4].

For a derivation of the Saint-Venant equations (1) of a moving
water tank we refer to [1], [8], see also the references therein. The
friction term in the model is the general version of that used in [21,
Sec. 1.4]. Let us emphasize that in our framework the input is the
force acting on the water tank, which can be manipulated using an
engine for instance. In contrast to this, in [8], [9] the acceleration
of the tank is used as input, but this can usually not be influenced
directly. Note that — in the presence of sloshing — the applied force
does not equal the product of the tanks’s mass and acceleration. We
also stress that, if the acceleration is used as input, then the input-
output relation is given by the simple double integrator § = u, and
the Saint-Venant equations (1) do not affect this relation.

As shown in [7], [8], the linearization of the Saint-Venant equations
is relevant in the context of control since it provides a model which
is much simpler to solve (both analytically and numerically) and it
can be an insightful approximation for motion planning purposes.
Therefore, we restrict ourselves to the linearization of (1). In order
to derive the linearization we first consider the general operator
differential equation

Oz (t) — F(l‘(t)) = f(t), 2)

where ' : D(F) C X =Y, f:Rso — Y, X,Y are suitable
Hilbert spaces and D(F) is the domain of the operator F'. We call a
point z* € D(F) a steady-state of (2), if F'(z*) = 0. If F" is Fréchet
differentiable in &* with Fréchet derivative A := D« F : X — Y,
then the linearization of (2) around the steady-state =™ is given by

Bz (t) — Ax(t) = f(t).

In the case of the Saint-Venant equations (1) we have X =
H'([0,1];R?),Y = L2([0,1]; R?), f(t) = (,;(t)) and the operator

» B 9 (z172)
(1, 25) = — O¢ (%m% + gz1) + 1S (%)

D(F) = { (z1,22) € X

r2(0) = z2(1) = 0, }
VCe0,1]: 21(¢) >0

A steady-state " = (H,V') € D(F) is a solution of the boundary-
value problem

Since S(0) = 0 and H(¢) > O for all ¢ € [0,1], we may infer
that V. = 0 and H = ho > 0. A straightforward computation
yields that F' is Fréchet differentiable in z* = (ho,0) € D(F)
with bounded Fréchet derivative A := D,+F : X — Y given by

Az = —(hoagZQ,gagzl + S/(O)zQ)T7 z€ X.

Note that A : X — Y is bounded, but A : (X, [|:[|[y) CY — Y will
be unbounded since a weaker norm is used. Define 1 := %S’ (0),

10 -1 _lg O 100 (0
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Then the linearization of the Saint-Venant equations (1) is given by
Oz = Az + by = P10 (Hz) — pPoz + by 3)

with boundary conditions z2(¢,0) = z2(¢,1) = 0. Note that by
the first equation in (3) (conservation of mass) and the boundary
conditions we have

at/o 21 (6,0)dC = —ho(2a(t, 1) — 2(t,0)) = 0,

hence fol z1(t,¢) d¢ = const. Furthermore, if (21, 22) is a solution
of (3), then also (z1,22) + (¢, 0) is a solution of (3) for all ¢ €
R. Hence, without loss of generality we may restrict ourselves to
solutions which satisfy fol z1(t,¢) d¢ = 0 for all ¢ > 0. This justifies
to choose

1= {meron®) | [(aow-0}

as new state space and to consider the operator A : D(A) C XY,

21,22 € HY([0,1];R), } )

22(0) = 22(1) =0
Note that for any z € D(A) we have f; (’94,22@) d¢ = 0, hence
Az € X. Therefore, A : D(A) € X — X and we like to
stress that A may be unbounded. From now on, with some abuse
of notation, we write X instead of X.
In order to complete the model, we introduce the momentum

D(A) = { (21,2) € X

pl6) = mri@) + [ (21(8:6)-+ ho) 220+ 5(0) €
and consider the balance law p(t) = u(t). Using (3) we calculate
p(t) = ng'j(t)—% (21(t, 1) = 21(£,0)%) —hog (21 (£, 1) — 21 (£, 0))
- 2#/01 (21(t,¢) + ho)z2(t,¢) dC .

Altogether the model that we consider in the present paper is
described by the following nonlinear equations,

Oz = P1O¢c(Hz) — pPoz + by,

(0) = 52— (21(t,1) = 21(£,0)) (2ho + 21(1,1) + 212, 0)
2,uh0 ! 2,U« ! u(t)
w20 [t gact 22 [ awomeoac+ 2D,

0= Zz(t, 0) = Zz(t, 1)
(6)

on the state space X, with input u, state z and output y.

C. Control objective

The objective is to design an output error feedback wu(t) =
F(t,e(t),é(t)), where yres € W™ (Rx0;R) is a reference signal,
which applied to (6) results in a closed-loop system where the



tracking error e(t) =
performance funnel

Fo:={(t,e) €Rzo xR [ o(t)le| <1},

y(t) — yret(t) evolves within a prescribed

which is determined by a function ¢ belonging to

©, ¢ are bounded,
@(7) >0 forall 7 > 0,
and liminf, o ¢(7) > 0

®:={ pecC'(Rso = R)

Furthermore, all signals w, e, é should remain bounded.

The funnel boundary is given by the reciprocal of ¢, see Fig. 2.
The case ¢(0) = 0 is explicitly allowed and puts no restriction on the
initial value since ¢(0)|e(0)| < 1; in this case the funnel boundary
1/¢ has a pole at t = 0.

Fig. 2: Error evolution in a funnel F,, with boundary (¢)~".

Note that boundedness of ¢ implies that there exists A > 0 such
that 1/¢(t) > X for all ¢ > 0. The funnel boundary is not necessarily
monotonically decreasing and there are situations, like in the presence
of periodic disturbances, where widening the funnel over some later
time interval might be beneficial.

It was shown in [22] that for ¢o, 1 € P, the funnel controller

u(t) = —ki (8) () + ko(D)e(t)),

1
ko(t) = 1— go(t)2[le(®)]?’ 7

1
M) = T et + R e @

achieves the above control objective for a large class of nonlinear
systems with relative degree two. In the present paper we extend this
result and show feasibility of (7) for the model described by (6).

D. Organization of the present paper

In Section II we recall a recent result in funnel control from [22].
We show that in order to achieve the control objective formulated
in Section I-C it suffices to show that a certain operator is causal,
locally Lipschitz continuous and maps bounded functions to bounded
functions. To this end, in Section III we consider the linearized Saint-
Venant equations in the framework of well-posed systems and show,
in particular, that the corresponding impulse response is a measure
with bounded total variation. In Section IV we exploit this result to
show that the operator associated with the internal dynamics of (6) is
well-defined and has the properties mentioned above. The application
of the funnel controller to the moving water tank system is illustrated
in Section V.

II. FUNNEL CONTROL

In this section we formulate how the funnel controller (7) described
in Subsection I-C achieves the control objective for system (6) — this

is the main result of this article. The initial conditions for (6) are

(Zl (07 ')7 22(07 )) = (EO()7 UO(')) € D(A)7
(4(0),5(0)) = (4°,%") € R?,

since the initial value for z needs to belong to the domain of the

operator A, in (6). In [22] the controller (7) is shown to be feasible
for a large class of nonlinear systems of the form

G(t) = f(d(t),S(y,9)(t)) + T u(t)
(4(0),5(0)) = (3°,y") €R®

®)

)

where

(N1) the disturbance satisfies d € L>°(R>0;R?), p € N;

(N2) f € C(R? x RL;R), g €N,

(N3) the high-frequency gain satisfies I' > 0, and

(N4) S: C(Rx0;R?) — L2 (R>0; RY) satisfies the properties:

a) S maps bounded trajectories to bounded trajectories, i.e.,
for all ¢1 > O, there exists c2 > 0 such that for all ¢ €
C(R>0;R*) N L™= (R>0; R?), S(¢) € L>®(Rx0;RY) and

[Kllee < c1 [S(Ollee < c2,
b) S is causal, i.e, for all £ > 0 and all {,£ € C(RZO;RQ),

= SOl = SOlp.0-

¢) S is locally Lipschitz continuous in the following sense:
for all + > 0 and ¢ € C([0,¢]; R?) there exist 7,d,¢ > 0
such that, for all 1, (2 € C(R>0;R?) with (|0, = £ and
ICi(s) — &(t)]] < & for all s € [t,t+ 7] and ¢ = 1,2, we
have

[(S(61) = S [t | o < €l[(C1 = G liesern]] o -

In [13], [25]-[27] it is shown that the class of systems (9)
encompasses linear and nonlinear systems with strict relative degree
two and input-to-state stable internal dynamics. The operator S allows
for infinite-dimensional (linear) systems, systems with hysteretic
effects or (when a slightly more general version of (9) with a memory
component is considered) nonlinear delay elements, and combinations
thereof. The linear infinite-dimensional systems that are considered
in [13], [27] are in a special Byrnes-Isidori form that is discussed in
detail in [28]. While the internal dynamics in these systems is allowed
to correspond to a strongly continuous semigroup, all other operators
are assumed to be bounded. In contrast to this, the equation (6) that
we consider here is nonlinear and involves unbounded operators.

In [22], the existence of solutions of the initial value problem
resulting from the application of the funnel controller (7) to a
system (9) is investigated. By a solution of (7), (9) on [0, w) we mean
a function y € C'([0,w);R), w € (0,00], such that ¢ is weakly
differentiable and satisfies (9) with u defined in (7) for almost all
t € [0,w); y is called maximal, if it has no right extension that
is also a solution. Existence of solutions of functional differential
equations has been investigated in [13] for instance.

The following result is from [22]. Note that in [22] a slightly
stronger version of condition (N4) c) is used. However, the existence
part of the proof there relies on a result from [26] where the version
from the present paper is used.

=

gl[O,t) = 5‘ [0,t)

Theorem I1.1. Consider a system (9) with properties (N1)-(N4). Let
Yret € W2 (Rx>0;R), 0,01 € ® and (y°,y') € R? be initial
conditions such that
¢0(0)[y” — yrer (0)] < 1
and  p1(0)]y" — Grer(0) + ko(0) (1° — yrer (0))| < 1.

Then the funnel controller (7) applied to (9) yields an initial-value
problem which has a solution, and every solution can be extended



to a maximal solution y : [0,w) — R, w € (0,00], which has the
following properties:
(1) The solution is global (i.e., w = 00).
(ii) The input u : R>9 — R, the gain functions ko, k1 : R>o = R
and y,y : R>9 — R are bounded.
(iii) The tracking error € = y— yrer is uniformly bounded away from
the funnel boundary in the following sense:

Fe>0Vt>0: le(t)] < polt) ' —e (10)

To show feasibility of the funnel controller (7) for (6), (8), we will
show that (6), (8) belongs to the class of systems (9). Then feasibility
is a consequence of the above Theorem IIL.1.

By the change of variables x(¢t) = z(t) — bn(t) where we use
n(t) == y(t) — y(0), System (6) can be rewritten as

t
i) = 56,0 + 42, a
where S : C(R>0;R?) — LS (R>o; R) is given by
S(y1,y2) == T (y2 — y2(0)) (12)

for the operator 7T Co(R>o;R) — L{5.(R>0;R), where
Co(Rs0;R) = { f € C(R30;R) | £(0) =0 }, defined by

T(n)(t) = ﬁ (z1(t,1) — 21(t,0)) (2ho + z1(£,1) + 21(£,0))

+ 200 [Cnaw0ac + 2 om0
2uh0
- TT”“)’ (13)
#(0) = PO (Ha(0) + bn(0) = wPoe(t) + bn(0),  (14)

m(O) = Xo = (iLo,vo).

Note that 7 depends on = x(t, ) which in turn is given through 7
and xo as the solution of the linear PDE (14) that is a one-dimensional
wave equation. We like to point out that the operator S essentially
models the internal dynamics of system (6).

Theorem IL.2. For v > 0 the system consisting of (6), (8) belongs
to the class of systems (9), where the operator S is given by (12).
Thus, the assertions of Theorem I1.1 hold for the considered system.

Proof. First observe that for equation (11) conditions (N1)-(N3)
are obviously satisfied, so it remains to show the properties of the
operator S as required in (N4). By Proposition IV.1 the operator T
given by (13), (14) is well-defined, locally Lipschitz continuous and
maps bounded functions to bounded functions. As it is easy to see
that S is causal it thus follows that it satisfies (N4). O

Remark IL.3. In the case ;1 = O the statement of Theorem II.2 is
false in general, since the operator S does not satisfy condition a)
in (N4). To be more precise we need to consider the later results
derived in Sections IIT and TV: If ;= 0, then h = £~ (H) derived
in Lemma III.2 does not have bounded total variation, which, upon
inspecting the proof of Proposition IV.1, reveals that, for example,
T (sin)(-) is unbounded.

The remainder of the paper deals with proving Proposition IV.1.

III. LINEARIZED MODEL — ABSTRACT FRAMEWORK

In this section we gather preliminary results concerning the oper-
ator associated with the linearized Saint-Venant equations (3). This
includes admissibility of the involved unbounded control and evalu-
ation operators and the transfer functions of the linear subsystems.
Finally we show that the impulse response of these transfer functions
defines measures with bounded total variation.

We consider the complexification of the state space from (4),

1
X = { (f1, f2) € L([0,1]; C%) ’ / M(Qd¢ =0 } !
0
and the linear operators A, : D(A,) € X — X given by

Az = P10 (Hz) — pPoz (15)

with domain D(A,) = D(A) as the complexification of (5).

Clearly, the solution of the linear, one-dimensional damped wave
equation Z = A,z with 2(0) = 2o can be derived by a Fourier
ansatz. More general, the solution theory for linear PDEs can be
discussed using semigroup theory. Let us recall a few basics from
semigroup theory and admissible operators in the context of linear
systems, which can all be found e.g. in [29]. A semigroup (T (t))t>0
on X is a £(X; X)-valued map satisfying 7(0) = Ix and T (¢t +
s) = T(t)T(s), s,t > 0, where Ix denotes the identity operator.
Furthermore, we assume that semigroups are strongly continuous,
ie., t — T(t)x is continuous for every x € X. Semigroups are
characterized by their generator A, which is a possibly unbounded
operator on X. For any semigroup there exist constants M > 1 and
w € R such that ||T(¢)|| < Me“* for all t > 0. The infimum over all
w such that this inequality is valid for some M is called the growth
bound w4 and T is exponentially stable, if wa < 0. If ||T(#)|| <1
for all ¢ > 0, then T is called contraction semigroup. For (3 in
the resolvent set p(A) of the generator A, we denote by X_; the
completion of X' with respect to the norm || ||x_, = [|(8] —A)™*-
||+ . Note that X' is independent of the choice of 3 and that (31—.A)
uniquely extends to an surjective isometry (81 —A_1) € L(X; X_1).
The semigroup (7 (¢))¢>0 in X has a unique extension to a semigroup
(T-1(t))e>0 in X_1, which is generated by A_;.

The notion of admissible operators appears naturally in infinite-
dimensional linear systems theory with unbounded control and obser-
vation operators, as present in boundary control. Let &/, ) be Hilbert
spaces, A as above and p € [1,00]. We call B € L(U;X_1) an
LP-admissible control operator (for (7 (t)):¢>0), if for all ¢ > 0 and
all w € LP([0,t];U) we have

t
Dy = / T-1(t — s)Bu(s)ds € X,
0

which implies that the operator ®; € B(L”([0,t];U), X). An oper-
ator C € L(D(A);Y) is called LP-admissible observation operator
(for (7 (t))¢>0), if for some (and hence all) ¢ > O the mapping

U, : D(A) — LP([0,t; ), =+ CT(-)x

can be extended to a bounded operator from X to LP([0,t];)),
again denoted by U;. We call B or C infinite-time LP-admissible,
if sup,. ||P¢|| < oo or sup,.,||¥¢]| < oo, respectively. Both
admissibility notions are combined in the stronger concept of well-
posedness: Let (A, B, C) represent a system where A is the generator
of a semigroup, B is an L>-admissible control operator and C' is an
L?-admissible observation operator in the sense described above. If
there exists a function G : C,, — L(U;Y), w > w4, which satisfies

G(s) -Gt =C((sI-A ' —(tI-AHB  (16)

for all s,t € C, and G is proper, ie., sup,cc_ [|G(s)|| < oo,
then we say that (A, B, C) is well-posed. Note that G is uniquely
determined up to a constant and that well-posedness can be defined
in different, but equivalent ways, see [30], [31]. If limRe s—o00 G(S)v
exists for any v € U, then (A, B, C) is called regular.

In order to prove Theorem 1.2 we study the PDE (14) in combi-
nation with two observation operators which appear in the definition



of the operator 7 in (13), that is we investigate the input-output
behaviour of the linear systems

T =Aux+ Aubn,
S (1) + (~1)2(0))

for i = 1,2, where C; : D(A) — C. Whereas it will be essential to
show that the associated input-output map 7 — v; is bounded with
respect to L°°-norms, we first restrict ourselves to the classical case
of boundedness with respect to L?-norms. In Proposition III.1 (iv)
below we show that (3;) is regular and well-posed. This then implies
by definition, cf. [30], [31], that the input-output map

F; 'Wol’oo(]R>0;(C) N L2 (R>0;C) — LZ(RZO;(C),
n»—)(zﬂ—)C/ tfs)Bn()ds)7

where W™ (R>0;C) = { f € W' (Rx0;C) | £(0)=0 }, is
well-defined for all w > w4, and can be continuously extended to
L? (R>0; C). Here, we identify C; with a suitable extension, see [30,
Sec. 5] for details. Therefore, the transfer function of (3;) can be
defined by representing F; in terms of the Laplace transform, that is

L(vi)(s) = L(Fm)(s) = H'(s)L(n)(s), (18)

where H : C,, - C, i =1,2.
As the proof of the following result rests on a standard routine,
details are omitted. For an explicit derivation we refer to [32].

Proposition IIL1. Let ¢ := \/gho, p > 0, b = (%) and A, be
defined by (15). Then the following assertions hold for all i = 1, 2.
(i) Ay generates a contraction semigroup (T,.(t)),> with growth

3
v; = Cix := (24)

an

bound wa, = —p+ Re\/p? — w2c? and the spectrum of A,
consists of the eigenvalues 0F = —p + idy, where

¢n:VJ%_ 23

(i) B= Aub e L(C;X_1) is LP-admissible for all p € [2, 0],

(iii) C; € L(D(A);C) is L*-admissible;

(iv) (Au, B,C:) is well-posed and regular and for w > wa,, the
transfer functions H' : C,, — C are given by

anh < A+ 2p)
2c

20)

n € N. (19)

on = N7,

dho A

H) = g A+2u

H'(\) =

and H*(\) = 0, for all A € C,,.
If w> 0, then B, C1,Cs> are even infinite-time admissible.

Proof. Assertion (i) follows from a standard argument which can e.g.
be found in [24]. To show (ii) and (iii) first note that 7},(¢) is in fact
boundedly invertible for any ¢ > 0 and that A, and B = A,b are
bounded perturbations of A and Agb, resp. To show L?-admissibility
of B, C1,Cs, it thus suffices to consider ;# = 0 and to show that

sup ||(M — Ag) ' B||x < oo, (21)
Re A=1
sup HC»L()\I— A0)71HL(X;C) < oo, 1=1,2, (22)

Re A\=1
see [29, Rem. 2.11.3, Thm. 5.2.2 and Cor. 5.2.4]. Consider

Ty =N —A) "B=—b+ A —A,) b= b+ Az,

where z,,x(¢) can be computed to be

)
hO Cosh(c%)fl COSh (%) + _Slnh(c2)
smh(c%) —% sinh (%) )\99 (CObh ( ) - 1) 7
with 6 = cy/A(\ + 2u). Thus, (21) holds as supg, »_; Az || x <

oo. Similarly, (22) can be checked. Thus, B,Cq,C> are L2-
admissible control/observation operators for (7,(¢)):>0 and hence

B is also LP-admissible for all p € [2, o] by the nesting property of

LP? spaces on compact intervals. To show (iv) we construct functions
G; : C, — C which satisfy

Gi(M) — Gi(A2) = Ci(MT — A,) 7"

= Ci(zpun

— (Al - A,)7)B
- wmk2)

for all A1, A2 € C,,. Using the explicit formula for z,, » from above
gives that G; can be chosen as H’ defined in the statement of the
proposition. Since H' is proper and limge x— oo Hl(/\) exists, the
system (A, B, C;) is well-posed and regular. This also implies (18),
which shows that H’ is the transfer function of the system.

For p1 > 0, (T,.(t)),>, is exponentially stable, whence admissibility
implies infinite-time admissibility, cf. [33, Lem. 2.9]. O

In the next step we obtain a series representation for H(\) and
its inverse Laplace transform, which is shown to be a measure of
bounded total variation on R>¢. The latter set is denoted by M(R>¢)
and the total variation by || f|[m(rs,) for f € M(Rx>0); we refer to
the textbook [34] for more details.

Lemma IIL.2. Let 4 > 0, w > wa,, and o, = nmwc as in (19). The
transfer function H : C,, — C defined in (20) can be represented as

A
N ==8ho D Ha(N) = —8ho D it
neN

ne2Ng+1

with inverse Laplace transform b = L~ (H) € M(Rx¢). Moreover,

1
@htﬁ

where 1 (t) := e " (t*f2(t) + tf1(t) + fo(t)), t > 0, and
hs := do — 267“/651/C

+2) (e_%”/c‘s%/ -

keN

hb=br +

e—(2k+1)u/c6<2k+1)/c) 7

for some fo,f1,f2 € L (R>0;R), and 6; denotes the Dirac delta
distribution at t € R.

Proof. Let us first show the series representation of H. Recall that

—822

Using this in (20) gives the desired formula for H. Next we study
the inverse Laplace transform of H; in particular, H,,(\) = 0 for
n € 2Np. It is easy to see that H is also continuous on C+ and
that the series converges locally uniformly along the imaginary axis.
Thus, the partial sums converge to o — H(i«) in the distributional
sense when considered as tempered distributions on ¢R. By continuity
of the Fourier transform F(-), this gives that the series

—8ho Yy F '(Hn(ir)) = —8ho »_ L™

neN neN

converges to h = F'(H(i-)) = £ '(H) in the distributional
sense'. It remains to study £ '(H,) and the limit of the corre-
sponding sum. By well-known rules for the Laplace transform we
have £71(H,,)(t) = e **g,(t) for t > 0, where

gn(t) = cos(pnt) — pey, " sin(epnt),

The idea of the proof is to use Fourier series that are related to the
frequencies o, in contrast to the ‘perturbed’ harmonics sin ¢,, and

tanh(z z ¢ im (1l + 27Z).

2k—1 )2 + 4227

n € 2Ny + 1.

"Here we identify functions on R>q with their trivial extension to R and
use the relation between Fourier and Laplace transform.



cos ¢n,. We write

gn(t) = [cos(pnt) — cos(ont)] + qﬁi [sin(ont) — sin(ént)]
+ cos(ont) + f sin(ont).
By the mean value theorem there exist &, Bn € [¢n, 0] and w, €
[@n, on] such that

cos(pnt) — cos(ont) = t(on — Pn) sin(ant) = %ﬁ:t),
sin(ant) = t(an — 04 cos(wnt) + sin(ont),
sin(ont) — sin(gnt) = t(on — én) cos(Bnt) = /ﬂ;:%s(f:t),

= ,u2 from (19). Hence,

3

74371(0': i o) cos(fBnt)

— ¢n) + % sin(ont)

The coefficient sequences of the first two terms in the sum,

where we used the identity o2 — ¢2

2 ,U/2(an - Un)

cos(wnt) +

+ cos(ont) + |t(on

20y — Op T
An = ——F——, n i/ T T
On + ¢n ¢n(g’n + ¢TL)

are absolutely summable sequences since
2 ¢n —On - M4
On+én  (On+ Pn)?’
Let us further rewrite the coefﬁment of the last term, recalling that

—¢2 = p® implies that L= W, and hence

0>an>p

+¢n 2<7n
2 4 2
t(on — dn) = pE pt Lt,
on+ ¢n  20n(0n +Pn)? 20,
TR N N o
On  Pn On  On  On  Ondn(on+ On)

3
ThU.S, with Cp = m and dn = m, which define

absolutely summable sequences, we have
an(t) = t°a, cos(wnt) + thy, cos(Bnt) +
+ cos(ont) + (ut + 2)% sin(o,t).

[ten + dr] sin(ont)

Consider the last two terms of the sum: As O‘n = nmc, we have by

basics on Fourier series that 4¢ Y-, o 1 5 L sin(ont) converges to
n

(1, tek/e,(2k+1)/c), k€N,
Ho(t)—{ C1, te (k4 1)/e, (2k+2)/c), k€ No

for almost all ¢ > 0. Therefore, for almost all ¢ > 0 we have

Z LN sin(ont) = ﬁH{)(t).

20n 8c

ne2Ng+1

Since the coefficients ﬁ are square summable, the series even
converges in L? on any bounded interval and thus particularly in
the distributional sense on R>¢.
Finally, by well-known facts on the Fourier series of delta distribu-
tions, 4¢ 37, oy, 41 COS(0n+) converges to the 2 periodic extension
of (6o — 21 + d2) in the distributional sense as we have

N 2 N
]\;gnoo <4CZ cos(on+), 1/;> = A}gnoo ; ALCZ1 cos(ons)y(s)ds
n odd n odd
= <6O - 261/3 + 52/c7w>
for any function ¢ € C*([0, 2];R). Altogether, and as multiplying

with e™#* preserves the distributional convergence, this yields that

Y. LHEL() =

n€2Ng+1

> o

ne2Ng+1

0a() = bua () + 1bs

with hr1, bs as in the assertion and where the functions

f2(t) := Z an, cos(wnt)
n€2N0+1
f1(t) :== %0 Ho Z br, cos(Bnt) + cn sin(ont),
nE2N0+1
fo(t) := “ HO ) + Zd sin(opt), t>0,
neN

are bounded since a,, by, ¢y, dy, are absolutely summable sequences.
By this representation, h;1 € L'(Rxo;R) and can thus be identified
with an element in M(R>), while obviously hs € M(R>¢) as the
total variation ||As||vEsg) = 1+ 2D en e "k/¢ is finite. O

IV. THE OPERATOR T

In this section we show that the nonlinear operator 7 given
by (13), (14) is well-defined and maps bounded functions to bounded
functions. To this end, we calculate the different parts of the opera-
tor 7 using the mild solution z of the PDE (14).

Proposition IV.1. Let g € D(A) as defined in (5). Then the
operator T given by (13), (14) is well-defined from Wy ™ (R>0; R)
to L*°(R>o; R) and there exist k1, k2, ks, ka > 0 such that for every
n € W™ (Rso) we have
IT(Mllee < Er(llzollx + [[Auzollx + [Inllo)
+ ka(llzollx + [1nllee)® + ks(llwoll X + | Auwol %)
+ Kal[ Apzo |l x [I7]] -
Moreover, T can be extended to an operator defined from Co(R>o; R)

to Lig.(R>0; R), which is locally Lipschitz in the sense of condition
(N4) c) and the estimate extends to 1 € Co(R>0;R) N L™ (Rx>0; R).

Proof. Recall that the (mild) solution to the PDE (14) is given by
t
z(t) = Tu(t)zo +/ (Th)—1(t — s)Aubn(s)ds, t>0. (23)
0

By Proposition IIL1(ii), Aub € L£(C;X_1) is infinite-time L*°-
admissible, hence z € C(R>0; X) and there exists k > 0 such that
lz(@)llx < k(llzollx + lnllze(o.0)

forall t > 0, any xo € X and 1 € Co(R>0;R). Since zo(-) and 7(-)
are real-valued we have that x, as a function in time and space, is
real-valued as well. Let C; denote the operators from (32;) and define

ko [*
- /Osuoc,

mr

M: X >R, x

1
N:X >R, z— %/0 z1(¢)z2(¢) dC .

Then 7 defined in (13) can be written as 7 = 71 + T2, where, for
n € Co(R>0; R),

Tiln)(t) = 1)) (2ho + Ca(a(1)
SO0 = M50+ M e(0) - 2 ),

and x is given by (23). While it is obvious that 73 is well-defined
on Co(R>o; R), this is not yet clear for 7;.

In order to estimate || 7 (1)|| oo, we first study the operator 72. From
the definition of M and N we readily get for x € X that

M| < 2R N(@)| <

2L (e

t>0,

o
[zl and | P |59
mr



Hence, for 7 € Co(R>0; R) N L (R>0;R) we obtain

2ph
172l < 2 E(lzollx + Inlleo)
T

Ho72 2
—k o).
il (lzollx + [Imlloo)

In the remainder of the proof we consider 7;. Let n €
Wy = (R>0; R) N L*(R>0;R) in the following. First note that
C(z(-)) only depends on zg and is hence constant as a function of 7.
By Proposition III.1 (iv) we have that g2(\) = 0, which implies that
Ca(z(+)) = CoTu(-)zo, which is well-defined since zo € D(A,)
and moreover bounded, i.e.,

|C2(2(t)] < |C2llcepaym 1T (8) Apollx
< Collepaym Ml Auollx
with M = sup,~ [|T,.(t)||. Analogously, C1T,(-)zo is bounded by

IC1I 2(pay;r)M||Apzol| x . Using the input-output map Fy defined
in (17) we may infer from the variation of constants formula that

Ci(z() = CiTu()xo + Fi(n) ().

It remains to investigate whether the real-valued extension of F}
to L?, which we again denote by F, that is the map

Fi : W™ (R>0; R) N L*(R>0; R) = L*(R>0; R),
t
N~ <t — C’l/ (T)-1(t — s)Bn(s) ds) ,
0

is bounded in the L°°-norms. By Proposition IIL.1 (iv), the transfer
function H is an element of H°°(C) and thus

L(F1(n)(A) = HA) - L(n)(N),

Hence, there exists a tempered distribution h = £~ (H) such that

Fi(n) =bh=xn

for Schwartz-class functions 77 with support in R>o — here and in
the following we extend functions defined on R>¢ to R by zero. By
Lemma III.2, b can be identified with a Radon measure on R>q with
bounded total variation ||h||n (k. ,). Hence, by a variant of Young’s

integral inequality, F(n) € L°°(R>o;R) and

[EL (Moo < 10l ) (17l

for all Schwartz functions 7 supported in R>¢; we refer to [34, Sec.
2.5.4] for details on convolution operators with € M(R>o). Thus,
F1 (and hence also 71 and 7T) can, in the form (24), be extended to
Co(R>0;R) and we find that for n € Co(R>0;R) N L*°(R>0; R)
ITi()lloe < gz (ICLT ()olloo + 1Bl o) 1100

< 5t
“(2ho + [|C2T (-)zoll )

< ksl Apzoll5 + ka(| Auzollx + 1)[Inlleo
+ ks || Auzol| x

AeCh.

(24)

(25)

for some ks, k4, ks > 0. Finally, it remains to show that T satisfies
condition (N4) ¢). To this end, first observe that 7(n) — N (z),
where x is as in (23), is linear in 7 and hence trivially locally
Lipschitz. To show (N4) ¢) for N'(z) fix t > 0 and & € C([0,¢]; R)
as well as 7; € Co(Rxo; R) with n:][0,4) = & and |n:(s) — &£(t)] < 1

forall s € [t,t + 1] and ¢ = 1, 2. Let * denote the mild solution as
in (23) corresponding to 7 = n; for ¢ = 1, 2. Then we have

zi (s):ré (s) — x2 (s)m% (s)
= (z1(s) — 2% (s))23(s) + 21(s) (w2(s) — 23(s))

¥ (m)
o -

1 ——

Yref

7 (ms™h)
o

—_— 7

Yref

7 (ms™?)
L o
-:—‘

—_— 7

Fret

2 4 6 8 10 12 14 16

Fig. 3: Output y and reference signal y,.; and corresponding first and
second derivatives.
for s € [t, ¢+ 1] and hence
1 2
W(z)(s) = N(27)(s)]
H o1y 2 1 2
g 7 (8) =27 ()l (Il (s)]lx + [l (s)lx)

IN

" -
< mekQHm —n2lloo (2llzollx + 710,411 |00 + Im2]10,e411]lo0) -

Clearly, [|9:]{0,t+1)llcc < [|]loc + 1 and thus the assertion is true for
T=0=1and ¢ = 22k* (|lzolx + [[€llc +1). O

V. SIMULATIONS

In this section we illustrate the application of the funnel con-
troller (7) to the system (6). In the following we present the
numerical method used to simulate the corresponding closed-loop
system. Using the change of variables z((,t) = Q ("1<<’t)) with

n2(¢,t)
Q = [é _13]

in (6) enables us to solve the PDE corresponding
to m1 with an 1mplicit finite difference method and the PDE corre-
sponding to 12 with an explicit finite difference method, respectively.
For the simulation we have used the parameters mr = 1lkg,
ho = 05m, ¢ = 9.8ms™ 2, u o= 0.1s™! and the reference
signal yeer(t) = tanh®(wt) with w = 2my/ho/g. The initial
values (8) are chosen as ho(¢),v0(¢)) = (0m, 0.1sin?(47w¢)ms™?)
and (y°,4') = (Om,0ms™'). For the controller (7) we chose the
funnel functions o (t) = 1(t) = 100 tanh(wt). Clearly, the initial
errors lie within the funnel boundaries as required in Theorem II.1.
For the finite differences we have used a grid in ¢ with M = 4000
points for the interval [0,27] with 7 = f~*, and a grid in ¢ with
N = |ML/(4ct)] points. Furthermore, we have used a tolerance
of 107°. The method has been implemented in Python and the
simulation results are shown in Figs. 3 and 4.

It can be seen that even in the presence of sloshing effects a
prescribed performance of the tracking error can be achieved with
the funnel controller (7), while at the same time the generated input
is bounded and shows an acceptable performance. We like to stress
that the sloshing effects are theoretically substantiated by the part hs
of the inverse Laplace transform of the transfer function derived in
Lemma III.2. An inspection of the proof of Proposition IV.1 reveals
that hs = n explicitly appears in §; the resulting decaying impulses
can be seen in Fig. 3.

VI. CONCLUSION

In the present paper we have shown that the funnel controller (7)
is feasible for the moving water tank system (6) which rests on



0.020
0.015
0.010
0.005

E 0.000
~0.005
-0.010

-0.015

Fig. 4: Performance funnel with tracking error e and input u.

the linearized Saint-Venant equations. We stress that System (6) is
nonlinear and that the operators involved are unbounded. Even in the
linearized case the motion of the fluid affects the dynamics of the
overall system which leads to the effect of sloshing. Nevertheless,
the funnel controller is able to handle these effects as shown in
Theorems II.1 and II.2 and in the simulations in Section V.

We also like to point out that the controller (7) requires that the
derivative of the output is available for control. This may not be true
in practice, and it may even be hard to obtain suitable estimates of
the output derivative. This drawback may be resolved by combining
the controller (7) with a funnel pre-compensator as developed in [35],
[36], which results in a pure output feedback.

Several extensions of the moving water tank system (6) may be
considered in future research, such as a slope at the bottom of the
tank, the interconnection of the tank with a truck as in [12] and, of
course, the general nonlinear Saint-Venant equations (1) as well as
the two-dimensional case.
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