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A new bound for the distance to singularity of a regular matrix pencil

Thomas Berger', Hannes Gernandt>*, Carsten Trunk?, Henrik Winkler?, and Michal Wojtylak>**

! Fachbereich Mathematik, Universitit Hamburg, BundesstraBe 55, 20146 Hamburg, Germany.
2 Institut fiir Mathematik, TU Ilmenau, Weimarer StraBe 25, 98693 Ilmenau, Germany.
? Faculty of Mathematics and Computer Science, Jagiellonian University, Lojasiewicza 6, 30-348 Krakéw, Poland.

For regular matrix pencils A(s) = sE — A the distance to the nearest singular pencil in the Frobenius norm of the coefficients
is called the distance to singularity. We derive a new lower bound for this distance by using the spectral theory of tridiagonal
Toeplitz matrices.
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Introduction. A matrix pencil A(s) = sE — A with E, A € C"*" is called regular if det A(s) is not the zero polynomial,
otherwise it is called singular. In the numerical treatment of matrix pencils it turns out that regular pencils which are close
to singular pencils are difficult to handle [5]. In general, it is not even possible to compute canonical forms because rank
decisions turn out to be impossible. This is an important issue in numerous applications, we mention only the solution theory
of linear time-invariant differential-algebraic equations % Ex(t) = Az(t), t € [0,00), 2(0) = xo. Here a unique solution
exists for every consistent initial value if and only if the associated matrix pencil A(s) = sE — A is regular.

The distance to singularity. For a regular matrix pencil sE — A the distance to singularity 6(E, A) was introduced in [2] as
the Frobenius norm of the smallest perturbation that leads to a singular pencil

§(E,A) :=inf{ |[AE,AA]|p : AE,AA € C™ " are such that s(E + AE) — (A + AA) is singular }, (1)

where || M||p := \/tr(M*M) is the Frobenius norm of a matrix A/ € C™*", and M* is the adjoint of M.
Recently, in [7] the number §(E, A) was computed in the case that the perturbation SAE — A A in (1) has rank one. In [2]
upper and lower bounds for 6 (E, A) were obtained, we mention here only

W < §(E, A) < min {amm ([ﬂ) »Umin([EvAD} : 2)

where o (M) is the smallest singular value of a matrix M € C™*" and for k = 1,...,n, Wy(E, A) is the bi-diagonal
block matrix (see [3])

im
Wk(E,A) = ... ... 6@(k+1)n><k‘n (3)
AE
A
In what follows, we improve the lower bound in (2). The following characterization of the regularity of A(s) can be found
in [3], see also [6, Thm. 3.1].
Theorem 1 The matrix pencil A(s) = sE — Awith E, A € C"*™ is regular if and only if ker W, (E, A) = {0}.

We derive an upper bound for the spectral norm of Wj, (£, A) in (3) which is given by |[M|| := max, =1 [|[Mx|| for
M e Cm™xn,

Lemma 2 Forall E; A, € C"*" and k > 1 we have ||Wy(E, A)|| < /1 4+ cos (kL-H) VI E|IZ + || A2

Proof. Letay,...,2x € C"andsetw = (z{,...,2] )" € C*" with ||z|| = 1. We abbreviate Z := E*E + A* A and
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Since ||z|| = 1 implies ||(]|z1]], - - -, [|zk]])]] = 1 we see that
Wi (B, A)[|* = [Wi(E, A)* Wi(E, A)|| < omax(M). O]
As ||A*E|| = ||E*A||, M is a symmetric tridiagonal Toeplitz matrix and by [1, Theorem 2.4] its eigenvalues are given by

. Jm .
A = |1 2] + 2|l E* A cos (le) j=1,.. .k

and therefore

e Y ™
max(M) = || Z| + 2| E*A —— ) < |Z|| +2|E| A — ) < (1 — E|* + | A]?).
M) = 1211+ 205" Al cos () < 121+ 2B A eos (77 ) < (14 cos (7)) QI+ 1412)

Together with (4) this completes the proof. O

A new lower bound. The next theorem contains an improvement of the lower bound in (2).
Theorem 3 Let A(s) = sE — A be a regular matrix pencil with E, A € C"*™. Then

Jmin(Wn(Ea A))

1+ cos (HL_H)

< O(E, A). &)

-1

Proof. Assume that A(s) = sE — A satisfies ||[E — E, A — Al||p < Omin(Wa(E, A)),/1 + cos (niﬂ) . Using the

norm inequality || - || < || - || 7 (cf. [4, Section 2.3.2]), a simple calculation yields

VIE—E2+a—A)2 < \/|E— B3+ |A— AB = |[E— B, A— A5

and by Lemma 2 we find that

~ ~ 7'r ~ ~
Wi (B, A) = Wo(E, A)|| < /1 + cos (m)\/HE — B2+ A= A|2 < omin(Wa (B, A)).

From [4, Thm. 2.5.3] we conclude omin (W, (E, A)) > 0 and thus ker W,,(E, A) = {0}. Now Theorem 1 shows that A(s) is
regular. O
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