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Zusammenfassung

In der vorliegenden Dissertation werden differential-algebraische
Gleichungen (differential-algebraic equations, DAEs) der Form C%Ex =
Az + f betrachtet, wobei £ und A beliebige Matrizen sind. Falls
E nichtverschwindende Eintrage hat, dann kommen in der Gleichung
Ableitungen der entsprechenden Komponenten von x vor. Falls E eine
Nullzeile hat, dann kommen in der entsprechenden Gleichung keine
Ableitungen vor und sie ist rein algebraisch. Daher werden Gleichung-
en vom Typ %Em = Ax + f differential-algebraische Gleichungen
genannt.

Fin Ziel dieser Dissertation ist es, eine strukturelle Zerlegung einer
DAE in vier Teile herzuleiten: einen ODE-Anteil, einen nilpotenten
Anteil, einen unterbestimmten Anteil und einen iiberbestimmten An-
teil. Jeder Anteil beschreibt ein anderes Losungsverhalten in Hinblick
auf Existenz und Eindeutigkeit von Losungen fiir eine vorgegebene In-
homogenitét f und Konsistenzbedingungen an f. Die Zerlegung, na-
mentlich die quasi-Kronecker Form (QKF), verallgemeinert die wohl-
bekannte Kronecker-Normalform und behebt einige ihrer Nachteile.

Die QKF wird ausgenutzt, um verschiedene Konzepte der Kontrol-
lierbarkeit und Stabilisierbarkeit fiir DAEs mit f = Bu zu studieren.
Hier bezeichnet v den Eingang des differential-algebraischen Systems.
Es werden Zerlegungen unter System- und Feedback-Aquivalenz, sowie
die Folgen einer Behavioral-Steuerung K,z + K,u = 0 fiir die Stabil-
isierung des Systems untersucht.

Falls fiir das DAE-System zusétzlich eine Ausgangs-Gleichung y =
C'x gegeben ist, dann lésst sich das Konzept der Nulldynamik wie folgt
definieren: die Nulldynamik ist, grob gesagt, die Dynamik, die am
Ausgang nicht sichtbar ist, d.h. die Menge aller Losungs-Trajektorien
(x,u,y) mit y = 0. Fiir rechts-invertierbare Systeme mit autonomer
Nulldynamik wird eine Zerlegung hergeleitet, welche die Nulldynamik
entkoppelt. Diese versetzt uns in die Lage, eine Behavior-Steuerung zu
entwickeln, die das System stabilisiert, vorausgesetzt die Nulldynamik
selbst ist stabil.

Wir betrachten auch zwei Regelungs-Strategien, die von den Eigen-
schaften der oben genannten System-Klasse profitieren: Hochver-
starkungs- und Funnel-Regelung. Ein System %Ea: = Ar + Bu, y =
Cz, hat die Hochverstarkungseigenschaft, wenn es durch die Anwen-



dung der proportionalen Ausgangsriickfithrung v = —ky, mit k& > 0
hinreichend grof, stabilisiert werden kann. Wir beweisen, dass rechts-
invertierbare Systeme mit asymptotisch stabiler Nulldynamik, die eine
bestimmte Relativgrad-Annahme erfiillen, die Hochverstarkungseigen-
schaft haben. Wahrend der Hochverstarkungs-Regler recht einfach ist,
ist es jedoch a priori nicht bekannt, wie grof die Verstarkungskon-
stante k gewahlt werden muss. Dieses Problem wird durch den Funnel-
Regler gelost: durch die adaptive Justierung der Verstiarkung iiber
eine zeitabhéngige Funktion k(-) und die Ausnutzung der Hochver-
starkungseigenschaft wird erreicht, dass grofie Werte k(t) nur dann
angenommen werden, wenn sie notig sind. Eine weitere wesentliche
Eigenschaft ist, dass der Funnel-Regler das transiente Verhalten des
Fehlers e = y — y,or der Bahnverfolgung, wobei s die Referenztra-
jektorie ist, beachtet. Fiir einen vordefinierten Performanz-Trichter
(funnel) ¢ wird erreicht, dass |le(t)]| < (1).

Schliefllich wird der Funnel-Regler auf die Klasse von MNA-Modellen
von passiven elektrischen Schaltkreisen mit asymptotisch stabilen in-
varianten Nullstellen angewendet. Dies erfordert die Einschrankung der
Menge der zuldssigen Referenztrajektorien auf solche die, in gewisser
Weise, die Kirchhoffschen Gesetze punktweise erfiillen.



Abstract

In the present thesis we consider differential-algebraic equations
(DAEs) of the form %El’ = Ax + f, where ¥ and A are arbitrary
matrices. If F has nonzero entries, then derivatives of the respective
components of x are involved in the equation. If F has a zero row, then
the respective equation involves no derivatives and is purely algebraic.
This justifies to call %Em = Ax + f a differential-algebraic equation.

One aim of the thesis is to derive a structural decomposition of the
DAE into four parts: the ODE part, nilpotent part, underdetermined
part and overdetermined part. Each part describes a different solution
behavior regarding existence and uniqueness of solutions for given in-
homogeneities f and consistency conditions on f. The decomposition,
namely the quasi-Kronecker form (QKF), generalizes the well-known
Kronecker canonical form and resolves some of its disadvantages.

The QKF is exploited to study the different controllability and sta-
bilizability concepts for DAEs with f = Bu. Here u denotes the in-
put of the differential-algebraic system. Decompositions under system
and feedback equivalence and the consequence of behavioral control
K,z + K,u = 0 for the stabilization of the system is investigated.

If the DAE system is accompanied by an output equation y = Cx,
we may define the concept of zero dynamics: roughly speaking, the
zero dynamics are those dynamics which are not visible at the output,
i.e., the set of all solution trajectories (z,u,y) with y = 0. For right-
invertible systems with autonomous zero dynamics a decomposition is
derived, which decouples the zero dynamics of the system and enables
us to derive a behavioral control which stabilizes the system, provided
that the zero dynamics are stable as well.

We will also consider two control strategies which benefit from the
properties of the above mentioned system class: high-gain and funnel
control. We say that a system %Ex = Ax + Bu, y = Cz, has the high-
gain property if it is stabilizable by the application of the feedback
u = —ky for sufficiently large k > 0. It is proved that right-invertible
systems with asymptotically stable zero dynamics which satisfy a cer-
tain relative degree assumption possess the high-gain property. While
the high-gain controller is quite simple, it is, however, not known a
priori how large the gain constant & must be chosen. This problem is
resolved by the funnel controller: by adaptively adjusting the gain via



a time-varying function k(-) and exploiting the high-gain property, it
is achieved that high values of k(¢) are used only when required. More-
over, and most important, the funnel controller takes the transient
behavior of the tracking error e = y — y.er, where yor is a reference
signal, into account. For a prespecified performance funnel v it can be
guaranteed that |le(t)|| < (1).

Finally, the funnel controller is applied to the class of MNA models
of passive electrical circuits with asymptotically stable invariant zeros.
This requires to restrict the set of allowable reference trajectories such
that any trajectory, in a sense, satisfies Kirchhoft’s laws pointwise.
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1 Introduction

About fifty years ago, GANTMACHER published his famous book [100]
and therewith laid the foundations for the rediscovery of differential-
algebraic equations (DAEs), the first main theories of which were de-
veloped by WEIERSTRASS [243] and KRONECKER [149] in terms of
matrix pencils. DAEs have then been discovered to be an appropri-
ate tool for modeling many problems in economics [173], demogra-
phy [62], mechanical systems [8, 46,99, 111, 197], multibody dynam-
ics [90,111,216,221], electrical networks [8,30,61,89,168,183,207], fluid
mechanics [8,106, 168] and chemical engineering [79, 84, 85,194], which
often cannot be modeled by standard ordinary differential equations
(ODEs). These problems indeed have in common that the dynamics
are algebraically constrained, for instance by tracks, Kirchhoff laws, or
conservation laws. As a result of the power in application, DAEs are
nowadays an established field in applied mathematics and subject of
various monographs [46,62,63,80,107] and textbooks [152, 154].

In general, DAEs are implicit differential equations, and in the sim-
plest case just a combination of differential equations along with al-
gebraic constraints (from which the name DAE comes from). These
algebraic constraints however may cause that the solutions of initial
value problems are no longer unique, or that there do not exist solu-
tions at all. Furthermore, when considering inhomogeneous problems,
the inhomogeneity has to be ‘consistent’ with the DAE in order for so-
lutions to exist. Dealing with these problems, a broad solution theory
for DAEs has been developed, starting with the pioneer contribution
by WILKINSON [244]. Nowadays, the whole theory can be looked up
in the aforementioned textbooks and monographs; for a comprehensive
representation see the survey [229]. A good overview of DAE theory
and a historical background can also be found in [158].

A lot of the aforementioned contributions deal with regular DAEs,
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i.e., equations of the form

Spu(t) = Ax(t) + f(t), (0) = 2",

where for any continuous inhomogeneity f there exist initial values z°

for which the corresponding initial value problem has a solution (i.e.,
a differentiable function x satisfying the equation for all ¢ € R) and
this solution is unique. This has been proved to be equivalent to the
condition that E, A are square matrices and det(sE — A) € R[s] \ {0}.

The aim of the present thesis is to present a control theory for
differential-algebraic systems. Most results are on nonregular systems,
in particular £ and A may be rectangular. Applications with the
need for nonregular DAEs appear in the modeling of electrical cir-
cuits [89,207] for instance. Furthermore, systems arising from modern
automatic modeling tools are usually nonregular DAEs. We also like to
stress that general, possibly nonregular, DAE systems are a sub-class
of the class of so-called differential behaviors, introduced by WILLEMS
in [245], see also [198,246] and the survey [248]. In the present thesis
we will pay a special attention to the behavioral setting, formulating
most of the results and the concepts by using the underlying set of
trajectories (behavior) of the system.

The guiding research idea is funnel control. In Chapters 2-4 we
develop a theory which is also the basis for the application of the funnel
controller to nonregular DAE systems in Chapter 5 and to passive
electrical circuits in Chapter 6. For the application of funnel control it
is necessary that the inputs and outputs of the DAE system (see (1.3.1))
are fixed a priori by the designer in order to establish the control law.
This is different from other approaches based on the behavioral setting,
see [65], where only the free variables in the system are viewed as inputs;
this may require a reinterpretation of states as inputs and of inputs as
states. In the present thesis we will assume that such a reinterpretation
of variables has already been done or is not feasible, and the given DAE
system is fix.

1.1 The WeierstraB and Kronecker canonical
form

WEIERSTRASS [243] and KRONECKER [149] have independently devel-
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oped the fundamental decompositions of regular and nonregular ma-
trix pencils, resp., which are nowadays the basis for nearly any the-
ory on time-invariant DAEs. Let us consider regular matrix pencils
sE — A € R[s|™" first, i.e., det(sE — A) € R[s] \ {0}. We may then
observe that via a suitable choice of new variables and appropriate ma-
nipulations of the equations we may equivalently express the system

%l’l(t) = Jl'l(t)

$Ex(t) = Az(t)  as ANzo(t) = ms(t)

dt

where N is a nilpotent matrix. Here, x; are called the differential
variables and o the algebraic variables; the latter notion arising from
the fact that the equation {Nzs(t) = »(t) has only the trivial so-
lution (this equation gets interesting when inhomogeneities are in-
volved). WEIERSTRASS observed that this transformation can be ob-
tained by only applying an equivalence transformation to the matrix
pencil sE — A, that is there exist S, T € Gl,(R) such that
sl —J 0
S(SEA)T[ 0 sN—I}’

and J, N are in Jordan canonical form and N is nilpotent. This form
is called the Weierstra8 canonical form (WCF).

If sSE— A € R[s]™" is an arbitrary matrix pencil, then, compared
to the ODE and nilpotent part in the WCF, two additional parts arise
in its Kronecker canonical form (KCF): an underdetermined part and
an overdetermined part. They consist of blocks of the type

sK; — L; or sK' — LT

2 10

resp.,
where
K; = [10\\10} , L= [0\\01} e RU-DX 4 e N.

Clearly, in equations of the type (%Ki — Lj)x(t) = f(t) the component
x; can be chosen freely and solutions exist for any 2(0) € R* and for any
f € C(R;RY), but it is far from being unique; in equations of the type
(LK — L])x(t) = f(t) a solution x does only exist if the initial value
x(0) and the inhomogeneity f satisfy a certain consistency condition,
but then the solution is unique - we omit the details here.
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A major drawback of the WCF and the KCF is that, due to possible
complex eigenvalues of the matrix J, the Jordan form and accompa-
nying transformation matrices may be complex-valued. Hence, even
in the case of a real-valued matrix pencil sE — A, its WCF or KCF
are in general complex-valued. Furthermore, it is often not necessary
that J and N are in Jordan form, but the knowledge that the pen-
cil sE — A can be decomposed into 2 (4, resp.) parts of the follow-
ing types suffices: ODE part, nilpotent part, (underdetermined part,
overdetermined part). These blocks can be described via simple rank
conditions. This leads to the quasi-Weierstrafl form (QWF) and the
quasi-Kronecker form (QKF) discussed in Chapter 2.

1.2 Controllability

Controllability is, roughly speaking, the property of a system that any
two trajectories can be concatenated by another admissible trajectory.
The precise concept however depends on the specific framework, as
quite a number of different concepts of controllability are present today.

Since the famous work by KALMAN [137-139], who introduced the
notion of controllability about fifty years ago, the field of mathemat-
ical control theory has been revived and rapidly growing ever since,
emerging into an important area in applied mathematics, mainly due
to its contributions to fields such as mechanical, electrical and chemi-
cal engineering (see e.g. [2,78,232]). For a good overview of standard
mathematical control theory, i.e.; involving ODEs, and its history see
e.g. [115,131,132,136,213,223].

DAEs found its way into control theory ever since the famous book
by ROSENBROCK [210], in which he developed his ideas of the descrip-
tion of linear systems by polynomial system matrices. Then a rapid
development followed with important contributions of ROSENBROCK
himself [211] and LUENBERGER [169-172], not to forget the work by
PuGH et al. [201], VERGHESE et al. [237,239-241], Pandolfi [192,193],
CoBB [73,74,76,77], YIP et al. [254] and BERNARD [42]. Pioneer
contributions for the development of the concepts of controllability are
certainly [77,241,254]. Further developments were made by LEWIS and
OzGALDIRAN [161,162] and by BENDER and LAUB [21,22]. The first
monograph which summarizes the development of control theory for
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DAEs so far was the one by DATI [80].

All of the above mentioned contributions deal with regular systems.
However, a major drawback in the consideration of regular systems
arises when it comes to feedback: the class of regular DAE systems
is not closed under the action of a feedback group [12]. This also
justifies the investigation of nonregular DAE systems. In Chapter 3,
we introduce and investigate the different controllability concepts for
DAEs (which are not consistently treated in the literature; we clarify
this) as well as feedback and important system decompositions.

1.3 Zero dynamics
Consider a differential-algebraic input-output system of the form
LEx(t) = Ax(t) + Bu(t), y(t) = Cx(t), (1.3.1)

where E, A € R>" B € R>*™ (' € RP*™ and the functions v : R — R™
and y : R — R? are called input and output of the system, resp. The
zero dynamics of the system is the set of those trajectories (x,u,y) :
R — R" x R™ x R? which solve (1.3.1) and satisfy y = 0, i.e., the zero
dynamics are, loosely speaking, the vector space of those dynamics of
the system which are not visible at the output. The concept of zero
dynamics has been introduced by BYRNES and ISIDORI [54]. For ODEs,
exploiting the zero dynamics proved fruitful in a lot of control theoretic
topics such as output regulation [56, 58], stabilization [131, Sec. 7.1],
adaptive control [215] and distributed parameter systems [59]. For
DAEs, the zero dynamics have been used in [28,34, 35] to prove high-
gain stabilizability and feasibility of funnel control.

The concepts of autonomous and asymptotically stable zero dynam-
ics are introduced and investigated in Chapter 4. Particular emphasis
is placed on algebraic and geometric characterizations (via invariant
subspaces) and system decomposition such as the zero dynamics form.
The transmission zeros of the system are related to asymptotic stabil-
ity of the zero dynamics. Furthermore, system inversion is studied for
systems with autonomous zero dynamics.
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1.4 High-gain and funnel control

Consider a system (1.3.1) with the same number of inputs and outputs.
A classical control strategy in order to achieve stabilization is constant
high-gain output feedback, that is the application of the controller

u(t) = —ky(t) (1.4.1)

to the system (1.3.1). Stabilization is achieved if any solution x of the
closed-loop system

4 Ba(t) = (A — kBC)a(t)

satisfies limy o 2(t) = 0. We show in Chapter 5 that stabilization can
be achieved for right-invertible systems with asymptotically stable zero
dynamics which satisfy a certain relative degree assumption (the matrix
[ in (5.1.2) exists and satisfies I' = I'" > 0). Regular systems with
arbitrary known positive strict relative degree are also treated, but a
derivative output feedback has to be used in this case. A drawback of
high-gain control is that it is not known a priori how large the high-gain
constant must be.
Another strategy is the ‘classical’ adaptive high-gain controller

u(t) = —k(t)y(t), k) =ly®I k(0) =k, (1.4.2)

which resolves the above mentioned problem by adaptively increasing
the high gain. The drawback of the control strategy (1.4.2) is that,
albeit k is bounded, it is monotonically increasing and potentially so
large that the input is very sensitive to noise corrupting the output
measurement. Further drawbacks are that (1.4.2) does not tolerate
mild output perturbations, tracking would require an internal model
and, most importantly, transient behaviour is not taken into account.
These issues are discussed for ODE systems (with strictly proper trans-
fer function of strict relative degree one and asymptotically stable zero
dynamics) in the survey [123].

To overcome these drawbacks, we introduce, for k> 0, the funnel
controller (introduced by ILCHMANN, RYAN and SANGWIN [125] for
ODES; see also [123] and the references therein)

k

ut) = =k y®), kO =1 o

(1.4.3)
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where ¢ : Rxg — Rxq is a suitable function. The control objective
is that the application of the funnel controller (1.4.3), which is a pro-
portional nonlinear time-varying high-gain output feedback, to (1.3.1)
yields a closed-loop system where the output evolves within the funnel,
ie, |ly(t)|| < ¢(t)~! for all t > 0. In particular, this prescribes the tran-
sient behavior of the output. The intuition of the control law (1.4.3)
is as follows: if ||y(t)| gets close to the funnel boundary ¢(¢)~!, then
k increases and the high-gain property of the system is exploited and
forces ||y(t)|| away from the funnel boundary; k decreases if a high gain
is not necessary. The control design (1.4.3) has two advantages: k is
nonmonotone and (1.4.3) is a static time-varying proportional output
feedback of striking simplicity.

In Chapter 5 we consider the output regulation problem by funnel
control: given any reference signal 1,.¢, the funnel controller achieves
tracking of a reference signal by the output signal within a prespeci-
fied performance funnel. We show that funnel control is feasible for all
systems which have the high-gain property: right-invertible DAE sys-
tems with asymptotically stable zero dynamics for which the matrix I'
in (5.1.2) exists and satisfies ' = I'" > 0 (this class includes regular
systems with strict relative degree one or proper inverse transfer func-
tion). Regular systems with arbitrary known positive strict relative
degree are also treated, where the funnel controller is combined with a
filter; this filter ‘adjusts’ the higher relative degree.

1.5 Electrical circuits

Consider a system (1.3.1) with [ = n and p = m, which arises from
modified nodal analysis (MNA) models of electrical circuits, i.e.,

SA(}CA&r + ARQA% AE AV —AI 0
sE—A= —A] s 0|, B=C"=1|0 0 |,
—A), 0 0 0 -1,
'CC - (T]T? 7’27 i;)T7 u = (1;7 U\I)T7 y = (77)%77 7Z‘E)T7
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where

C e R?chnc’ g 6 R’!Lgxng’ £ 6 RTL/;XTLL7
AC c Rnpxnc7AR c Rncxng’AE c RTLanL,AV c RnCXnV7AI c Rncxnz’

n=mne.+ng+ny, m=mng+ny.

Here A¢, Ar, Az, Ay and A7 denote the element-related incidence ma-
trices, C, G and L are the matrices expressing the consecutive relations
of capacitances, resistances and inductances, 7(t) is the vector of node
potentials, iz (), iy(t), iz(t) are the vectors of currents through induc-
tances, voltage and current sources, and vy(t), vz(t) are the voltages of
voltage and current sources, resp.

In Chapter 6 we generalize a characterization of asymptotic stability
of the circuit and give sufficient topological criteria for its invariant ze-
ros being located in the open left half-plane. We show that asymptotic
stability of the zero dynamics can be characterized by means of the
interconnectivity of the circuit and that it implies that the circuit is
high-gain stabilizable with any positive high-gain factor. Thereafter we
consider the output regulation problem for electrical circuits by funnel
control. We show that for circuits with asymptotically stable zero dy-
namics, the funnel controller achieves tracking of a class of reference
signals within a prespecified funnel; this means in particular that the
transient behaviour of the output error can be prescribed and the funnel
controller does neither incorporate any internal model for the reference
signals nor any identification mechanism, it is simple in its design. The
results are illustrated by a simulation of a discretized transmission line.

1.6 Previously published results and joint
work

Parts of the present thesis have already been published or submitted
for publication as indicated in the following table.

Section contained in

Section 2.1 new

Section 2.2 Berger, Ilchmann and Trenn [36]
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Section 2.3 Berger and Trenn [40,41]

Subsection 2.4.1 Berger and Trenn [40]

Subsection 2.4.2 new

Chapter 3 Berger and Reis [38]

Sections 4.1 and 4.2 Berger [28]; Remarks 4.1.13-4.1.15
are new

Section 4.3 Berger [28,29]; Lemma 4.3.11 is al-
ready published in Berger, Ilchmann
and Reis [35]

Section 4.4 Berger [29]; Proposition 4.4.6 about

the stabilizing state feedback for reg-
ular systems is new

Section 5.1 Berger [27,28]; the high-gain stabi-
lization Theorem 5.1.4 is new
Section 5.2 Berger [27,28]; the simulation of the

mechanical system in Subsection 5.2.2
is contained in Berger, Ilchmann and
Reis [34]

Subsection 5.3.1 Berger [28]; Proposition 5.3.1 and
Corollary 5.3.3 contain new results
Subsections 5.3.2 and 5.3.3 | Berger, Ilchmann and Reis [34]

Sections 6.1-6.7 Berger and Reis [39)]

The solution theory developed in Section 2.4 defines a solution as
a L] -function with some additional properties, see Definition 2.4.1.
This allows for a uniform solution theory in the present thesis without
the need for distributional solutions as in [40].
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2 Decomposition of matrix pencils

In this chapter we study (singular) linear matrix pencils
sE — A e K[s]™", where K is Q, R or C.

Two matrix pencils sE; — Ay and sEy — Ay are called equivalent if, and
only if, there exist invertible matrices S and T" such that

(SE\T, SAIT) = (Es, As);

we write (E1, A1) = (Es, As). Indeed, this is an equivalence relation on
Km>m o K™*" In the literature this is also sometimes called strict or
strong equivalence, see e.g. [100, Ch. XII, § 1] and [152, Def. 2.1]. Based
on this notion of equivalence it is of interest to find the ‘simplest’ matrix
pencil within an equivalence class. As discussed in Section 1.1, for
regular matrix pencils this problem was solved by WEIERSTRASS [243]
and for general matrix pencils later by KRONECKER [149] (see also
[100,152]). Nevertheless, the analysis of matrix pencils is still an active
research area, mainly because of numerical issues or to find ways to
obtain the WCF and KCF efficiently (see e.g. [17,81,82,234-236]).

A main goal in this chapter is to highlight the importance of the
Wong sequences [250] for the analysis of matrix pencils. The Wong
sequences for the matrix pencil sEF — A are given by the following
sequences of subspaces (see the List of Symbols for the definition of the
preimage)

Vo = K", Vi = Ail(EVi) C K",
Wy = {0}, Wit = Eil(AWi) C K"

As a motivation for the Wong sequences we may consider a classical
(i.e., continuously differentiable) solution x : R — K" of E&(t) = Az(t).
Using that the linear spaces V; are closed and thus invariant under
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differentiation, the following implications hold true:
VteR: z(t) e K" =)
Ei=Ax

= ViteR: i(t)eVy = VteR: z(t)e A (EV) =W

— VieR: i(t)eW = VieR: z(t)e ANEW) =W

— etc.

Therefore, after finitely many iterations it is established that the so-
lution x must evolve in V* := (o, Vi, i.e., z(t) € V* for all t € R.
In fact, it is shown in Section 2.3 that V* consists of the ODE part
and the underdetermined part of the DAE and thus contains all so-
lutions. W* := UiENU W; in turn constitutes the nilpotent part and
the overdetermined part of the DAE - which lead to trivial solutions
of the homogeneous DAE & Ex(t) = Az(t). All four parts together
constitute the quasi-Kronecker form of the matrix pencil sE — A, see
Theorem 2.3.3.

In Section 2.2 we first consider regular matrix pencils s& — A and
show that V* N W* = {0}, which means that the underdetermined
part is not present, and that V* + W* = K", which means that the
overdetermined part is not present. Therefore, the Wong sequences
directly lead to a decomposition of the pencil into an ODE part and a
nilpotent part - the quasi-Weierstral form, see Theorem 2.2.5.

The QKF is derived step by step via several interim decompositions,
which are interesting in their own right. The WCF and the KCF can
be obtained as a corollary from the QWF and the QKF, resp. An
overview of all decompositions used in this chapter and their relations
is provided in Section 2.1.

The consequences of the quasi-Kronecker form for the characteriza-
tion of solutions of the DAE L Ex(t) = Az(t) + f(t) are discussed in
Section 2.4. The solutions to each part are determined separately in
Theorem 2.4.8 which allow to characterize consistency of the inhomo-
geneity and initial values. In particular, it is shown that the Wong
sequences completely characterize the solution behavior of the DAE.

An important feature of the Wong sequences is that they (and some
modifications of them) fully determine the KCF of the underlying ma-
trix pencil (without the corresponding transformation matrices). More
precisely, the row and column minimal indices, the degrees of the fi-
nite and infinite elementary divisors and the finite eigenvalues can be
calculated using only the Wong sequences, see Subsection 2.3.4.
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An advantage of the Wong sequence approach is that we respect the
domain of the entries in the matrix pencil, e.g. if our matrices are real-
valued, then all transformations remain real-valued. We formulated
our results in such a way that they are valid for K = Q, K = R
and K = C. Especially for K = Q it was also necessary to re-check
known results, whether their proofs are also valid in Q. We believe
that the case K = Q is of special importance because this allows for
the implementation of our approach in exact arithmetic which might be
feasible if the matrices are sparse and not too big. In fact, we believe
that the construction of the QWF and QKF is also possible if the
matrix pencil sE — A contains symbolic entries as it is common for the
analysis of electrical circuits, where one might just add the symbol R
into the matrix instead of a specific value of the corresponding resistor;
however, we have not formalized this. This is a major difference of our
approach to the ones available in literature which often aim for unitary
transformation matrices (due to numerical stability) and are therefore
not suitable for symbolic calculations.

We like to stress that indeed most of the results in Section 2.2 can
be derived using more general results from Section 2.3. However, we
like to point out the peculiarities of the regular case considered in Sec-
tion 2.2. In particular, the Wong sequences constitute a direct sum
V* @ W* = K" and the transformation matrices for the QWF can be
calculated easily in the regular case compared to the more general set-
ting. Furthermore, the transformation to WCF is calculated explicitly.

2.1 Definitions

In this section we define different decompositions of matrix pencils
which will be derived in Sections 2.2 and 2.3. First we consider decom-
positions for the class of regular matrix pencils: sE — A € K[s]™*" is
called regular if, and only if, m = n and det(sE — A) € K[s] \ {0}.

Definition 2.1.1 (Quasi-Weierstrafl form).
A regular matrix pencil sE — A € K[s|"™*"
Weierstraf§ form (QWF) if, and only if,

I, 0 J 0
N A

is said to be in quasi-
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for some ni,no € Ny, J € K"*™ N € K"*"2 guch that N is nilpotent.

It is shown in Theorem 2.2.5 that any regular matrix pencil can be
transformed into QWF and the transformation matrices can be calcu-
lated via the Wong sequences.

If the entries J and N in (2.1.1) are in Jordan canonical form,
then (2.1.1) is called the Weierstral canonical form. This form is de-
rived in Corollary 2.2.19, again using the Wong sequences.

Definition 2.1.2 (Weierstraf canonical form).

A regular matrix pencil sE — A € K[s]"*" is said to be in Weierstraf§
canonical form (WCF) if, and only if, sE — A satisfies (2.1.1) such that
J and N are in Jordan canonical form and N is nilpotent.

If regularity of sE — A is not required, then additional blocks may
appear in the decomposition of the pencil. As a first step towards
the quasi-Kronecker form, which is derived in Section 2.3, we derive
the interim quasi-Kronecker triangular form in Theorem 2.3.19, which
decouples the regular part, the underdetermined part and the overde-
termined part of the pencil. This form is defined as follows.

Definition 2.1.3 (Interim quasi-Kronecker triangular form).
A pencil sE — A € K[s]™" is said to be in interim quasi-Kronecker
triangular form (IQKTF) if, and only if,

Ep Epr Epg Ap Apr Apg
sE—A=s 0 ER ERQ — 0 AR ARQ s (2.1.2)
0 0 E 0 0 Ay

where

(i) Ep, Ap € K™P*" 'mp < np, are such that rkc(AEp — Ap) = mp
for all A € CU {oo} (for A = oo see the List of Symbols),

(ii) Fr,Agp € K"»*": mp = ng, with sEgr — Ag regular, i.e.,
det(sER — AR) 5_'5 O,

(iii) Eg,Ag € K"e*" mg > ng, are such that rke(AEg — Ag) = ng
for all A € CU {c0}.

If the off-diagonal block entries in the IQKTF (2.1.2) are zero, then
the decomposition is called the interim quasi-Kronecker form.
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Definition 2.1.4 (Interim quasi-Kronecker form).
A pencil sE — A € K[s]™" is said to be in interim quasi-Kronecker
form (IQKF) if, and only if,

Ep 0 0 Ap 0 0
sE—A=s|0 Ep 0|—-10 Az 0], (2.1.3)
0 0 Eg 0 0 Ag

such that (i)—(iii) from Definition 2.1.3 are satisfied.

The IQKF is derived in Corollary 2.3.20 along with the transfor-
mation matrices, which can be calculated with the help of the Wong
sequences. The IQK(T)F is interesting in its own right and provides an
intuitive decoupling of the matrix pencil into three parts which have the
solution properties (cf. also Section 2.4) ‘existence, but non-uniquess’
(underdetermined part), ‘existence and uniqueness’ (regular part) and
‘uniqueness, but possible non-existence’ (overdetermined part).

If a decoupling of the regular part is desired as well, this can be
achieved by the quasi-Kronecker (triangular) form, where again the
Wong sequences suffice for the transformation. The quasi-Kronecker
triangular form, defined as follows, is derived in Theorem 2.3.1.

Definition 2.1.5 (Quasi-Kronecker triangular form).
A pencil sE — A € K[s]™*" is said to be in quasi-Kronecker triangular
form (QKTF) if, and only if,

Ep Ep; Epn Epg Ap Ap; Apy Apg

. 0 FE; Ejn EJQ 0 A, Ajn AJQ
SE-A=s10 0 Ey Evol |0 0 Ay Axg
0 0 0 K 0 0 0 A
(2.1.4)
where

(i) Ep, Ap € K™P*"" 'mp < np, are such that rke(AEp — Ap) = mp
for all A € CU {o0},

(ii) Ej, Ay e K™ mj; =ny, and tke(AEy— Ay) = ny for A = oo,
i.e., Ey is invertible,

(iii) En, Axy € K™ mpy = ny, and rke(AEy — Ay) = ny for all
A € C, ie., Ay is invertible and A]’VIEN is nilpotent,
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(iv) Eg,Ag € K™e*"e mg > ng, are such that tke(AEg — Ag) = ng
for all A € CU {c0}.

If the off-diagonal block entries in the QKTF (2.1.4) are zero, then
the decomposition is called the quasi-Kronecker form.

Definition 2.1.6 (Quasi-Kronecker form).
A pencil sE—A € K[s]"*"™ is said to be in quasi-Kronecker form (QKF')
if, and only if,

Ep 0 0 0 Ap 0 0 0

o B 0 o0 0 A, 0 0
sE—A=s 0 0 Ev ol o 0 ay ol (2.1.5)

0 0 0 K 0 0 0 A

such that (i)—(iv) from Definition 2.1.5 are satisfied.

The QKF is derived in Theorem 2.3.3. If more structure of the block
entries is desired, it is possible to refine the QKF to the well-known
Kronecker canonical form, which is derived in Corollary 2.3.21. We
use the notation Ny, L, K} for k € N which is defined in the List of
Symbols.

Definition 2.1.7 (Kronecker canonical form).

A pencil sE — A € K[s]™" is said to be in Kronecker canonical form
(KCF) if, and only if, there exist a,b,c¢,d € Ny and €1, ...,2q4, p1, - - -, Pb,
O1yeeeyOey My -y Ma € Ny, A1, ..., Ay € K such that

sE — A = diag (P-,(s), ..., Pe,(s), jp’\ll(s), e jp’\bb(s)7
Noy(8), o NG (8), Qp(), - -+, Quu(s)), (2.1.6)

where

P.(s) = s :01\\01} B [10\\10} = sl — Kooy € K[S]sx(»sﬂ)7
TNs) = (s =N, - F\ ] = (s—=A)1,— N, e K[s]"*,

10

N,(s) = s 9\10] —1I, = sN, — I, € K[s]7*,

o,

o) = s [\ |- [\| = sti - K emp

andee Ny, peN, AeK ogeN, neN.
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2.2 Quasi-WeierstraBB form

In this section we derive the quasi-Weierstrafl form for regular matrix
pencils sE — A € K[s]"*". In Subsection 2.2.1 we derive some prop-
erties of the Wong sequences and exploit them to derive the QWF.
In Subsection 2.2.2 we consider chains of generalized eigenvectors and
show how to exploit them to re-derive the Weierstrafl canonical form.

The results of this section have already been published in a joint
work with ACHIM ILCHMANN and STEPHAN TRENN [30].

2.2.1 Wong sequences and QWF

As pointed out earlier, our approach is based on the Wong sequences.
They can be calculated via a recursive subspace iteration. Since they
are used in later sections as well, we define the Wong sequences for
general matrix pencils sE — A € K[s]™*".

Definition 2.2.1 (Wong sequences [250]).
Let sE — A € K[s]™™. Then the sequences of subspaces (V;)ien, and
(W)ien, defined by

Voi=K", Vi =A"EV) VieN, (2.2.1)

Wo:={0},  Win:=E'"(AW,) VieN (2.2.2)

are called Wong sequences. Let V* := ﬂiENo V; and W* .= UZ—GNO W; be
the limits of the Wong sequences.

It is easy to see that the Wong sequences are nested, terminate and
satisfy
Fk'eNy VjeNy: Vo2V 'ka’*:Vk*+j:v*
=A"YEV*) Dker A,
EVAS VjeNy: WogkerE:V\ﬂlg- : 'QWK*:WK‘H—]‘
“W =B AW,

(2.2.3)

as well as
AV* C EV* and EW* C AW*. (2.2.4)
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In the following Lemma 2.2.2 some elementary properties of the
Wong sequences are derived, they are essential for proving basic prop-
erties of the subspaces V* and W* in Proposition 2.2.3. These re-
sults are inspired by the observation of CAMPBELL [62, p. 37] who
proves, for K = C, that the space of consistent initial values is given
by im ((A — AE)'E)" for any A € C\spec(sE — A) and v € Ny the
index of the matrix (A — AE)~'E, [62, p. 7]. However, CAMPBELL did
not consider the Wong sequences explicitly.

Lemma 2.2.2 (Spectrum and properties of V; and W).

If sE — A € K[s]™™" is regular, then the Wong sequences (2.2.1)
and (2.2.2) satisfy

VA €K\spec(sE — A) Vi e Ny: V; =im ((A— /\E)_lE)i
and W, = ker ((A— /\E)’IE)i.

In particular,
VieNy: dimV; +dim W, = n. (2.2.5)

Proof: Since sE — A € K[s]"*" is regular, let

= (A— AE)"'E, for arbitrary but fixed A € K\ spec(sE — A).

(2.2.6)
Step 1 We prove by induction: V; = im Eiforallie Ny. Clearly,
Vo = =1im E°. Suppose that im B = V; holds for some 7 € Ny.

Step la: We show: Vi 2 imE*l. Let 2 € im Eit! C im E'.
Then there exists y € im E such that = = (A— /\E)ilEy. Therefore,
(A=AE)x = Ey = E(y+Xx—Az) and so, for § := y+ Az € im Ei=Y,
we have Az = Ey. This implies z € yitl,

Step 1b: We show: V.1 C im EF''. Let # € Vi, and choose y € V;
such that Az = Fy. Then (A — AE)x = E(y — A\x) or, equivalently,
x=(A—\E)'E(y—Az). From z € V;;1 C V) it follows that y — Az €
Vi =im E' and therefore x € im E*+1.

Step 2: We prove by induction: W; = ker Eiforallie Ny. Clearly,

= {0} = ker E". Suppose that ker E' =W, for some i € Nj.
Fll"bt observe that (I + AE) restricted to ker E' is an operator (I +
/\E) ker B — ker E with inverse Z _0( )JEJ Thus the following
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equivalences hold

JyeW,;: Ex=Ay=(A—\E)y+ \Ey
JyeW, =ker E' : E‘x:([—&-)\ﬁ)y::gj
3jeckerE': Ex=7

z € ker B a

r € Wi

rree

Next we prove important properties of the subspaces V* and W*,
some of which can be found in [250], but the present presentation is
more straightforward.

Proposition 2.2.3 (Properties of V* and W*).
If sE — A € K[s]"™" is regqular, then V* and W* as in (2.2.3) satisfy:

(i) k*=1*, where k*, I* are given in (2.2.3),

L ker ANWH = {0},

(iii) | ker ENV* = {0}

ker £ Nker A = {O}‘

Proof: (i): This is a consequence of (2.2.5).

(ii): In view of (2.2.5), it suffices to show that V* N W* = {0}.
Using the notation as in (2.2.6), we may conclude: If x € V* N W* =
im E* N ker E¥, then there exists y € K" such that + = E¥y and

ey Y N 2 Nl . . NoL*
s00=FE"g = (Ek ) y = E*y . whence, in view of y € ker B =
ker Ek*, 0= Ek*y = 7.
(iii): This is a direct consequence from (2.2.3) and (ii). O

Example 2.2.4 (Regular pencil).
Consider the linear pencil sE — A € K[s]*** given by

30 1 0 1 -1 -3 0
0 2 2 -1 0 2 0 -1
A= 1 2 3 0|’ Ei= -3 -1 1 2
0 -10 2 -2 =2 0 2

Since det(sE — A) = 36s(s—1), the pencil is regular and not equivalent
to a pencil sy, —.J, J € K¥4 ie., it is not an ODE. A straightforward
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calculation gives

100 1
. 010 . 1
V) =im 00 1l° W, =ker E = im 0
111 2
and
1 0
Vo =imV, where V := _01 _21 ,
0 1
1 0
. 0 1
Wy =1im W,  where W := 1 1
0 2

Both sequences terminate after these two iterations and therefore V* =
Vo, W* = Wy and k* = ¢ = 2. The statements of Proposition 2.2.3
and (2.2.4) are readily verified. Finally, we stress, in view of (2.2.5),
that for this example

Vin W, =W, 2 {0}.

We are now in a position to state the main result of this section: The
Wong sequences (V)ien, and (W;)ien,, converge in finitely many steps
to the subspaces V* and W*, and the latter constitute a transformation
of the original pencil sE — A into two decoupled pencils.

Theorem 2.2.5 (The quasi-Weierstraf form).
Consider a reqular matriz pencil sE — A € K[s]"*" and corresponding
spaces V* and W* as in (2.2.3). Let
ny := dim V*, VeK™n : imV =V*
and no :=n—ny =dimW*, W e K™ . imW = W*
Then [V, W] and [EV, AW] are invertible and

[EV, AW Y (sE — A)[V,W] is in QWF (2.1.1) such that N¥ = 0
for k* as given in (2.2.3).

Before we prove Theorem 2.2.5, some comments may be warranted.
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Remark 2.2.6 (The quasi-Weierstrafl form).
Let sE — A € K[s]™" be a regular matrix pencil and use the notation
from Theorem 2.2.5.

(i)

(i)

(iv)

It is immediate, and will be used in later analysis, that
[EV, AW]~L (sE — A) [V, W] is in QWF (2.1.1) if, and only if,

AV =EVJ and EW = AWN (2.2.7)

or, equivalently, if

E = [EV, AW] [é fﬂ v, W)

J 0

and A = [EV, AW] {O I

] V,W] . (2.2.8)

If (2.2.7) is solvable and if [EV, AW] is invertible, then it is
straightforward to see that J and N in (2.2.7) are uniquely given
by

J:=(EV)TAV and N :=(AW)*EW, resp., (2.2.9)
where M := (M*M)~*M* for M € KP*? with rkx M = q.

The spaces V* and W* determine uniquely — up to similarity —
the solutions J and N of (2.2.7), resp. More precisely, let

VeK™: imV =V and W eK™2 imW=W"
Then
35 €GlL,(K): VS=V and 3T € GlL,(K): WT =W,
and a simple calculation yields that J and N are similar to

(EV)*AV = S71JS and (AW)"EW =T 'NT, resp.

If det E # 0, then V* = V; = K" and W* = W, = {0} for all
1 € Ny. Therefore

E ' (sE-A) = sI—-E'A
is in QWF.
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(v) Let K= C. In view of (iii), the matrices V and W may always be
chosen so that J and N in (2.1.1) are in Jordan canonical form,
in this case (2.1.1) is in WCF.

(vi) For K = C, there are various numerical methods available to cal-

culate the WCF, see e.g. [17,81,82]. However, since the QWF
does not invoke any eigenvalues and eigenvectors (here only the
decoupling (2.1.1) and J and N without any special structure is
important), it is possible that the above mentioned algorithms
can be improved by using the Wong sequences. To calculate the
subspaces (2.2.1) and (2.2.2) of the Wong sequences, one may use
methods to obtain orthogonal bases for deflating subspaces; see
for example [24] and [135].
Furthermore, the QWF — in contrast to the WCF — allows to
consider matrix pencils over rational or even symbolic rings and
the algorithm is still applicable. In fact, we will show in Proposi-
tion 2.2.9 that the number of subspace iterations equals the index
of the matrix pencil (cf. Definition 2.2.8); hence in many practical
situations only one or two iterations must be carried out.

(vil) A time-varying pendant to the QWF is the standard canonical
form developed in [64,68] and studied in [32,33]. This form has
the same block structure as the QWF, but with time-varying J
and N, where N is pointwise strictly lower triangular.

Proof of Theorem 2.2.5: Invertibility of [V, W] follows from Propo-
sition 2.2.3 (ii). The implication

Va=0 =

Vae K" : (EVa — Proe2Z3 mVsm 0>

shows rk EV = ny, and a similar argument yields rk AW = ny. Now,

invertibility of [EV, AW] is equivalent to im EV N im AW = {0}, and

the latter is a consequence of

VacK" VB eK™: EVa=AWS — Va e E-(Aw) "ZY

Prop. 2.2.3 (ii)
=

W*

Now the subset inequalities (2.2.4) imply that (2.2.7) is solvable and
[EV,AW] ! (sE — A) [V, W] is in the form (2.1.1). It remains to prove
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that N is nilpotent. To this end, we show
Vie{0,... kY imWN C W ;. (2.2.10)

The statement is clear for i = 0. Suppose, for some i € {0, ..., k* —1},
we have ‘

IMmWN'" CWy_;. (2.2.11)
Then

(2.2.2

7). C(2211) )
im EWN" - EWk*,l - AWk*,i,1

im AW N+ @2
and, by invoking Proposition 2.2.3 (iii),
mWN* C Wiy

This proves (2.2.10). Finally, (2.2.10) for ¢ = k* together with the fact
that W has full column rank and Wy = {0}, implies that N* =0. [

Example 2.2.7 (Example 2.2.4 revisited).
For V and W as defined in Example 2.2.4 we have

1 010 4 1 4 -1
0 2 0 1 0 3 2 -2
WVWl=| 2y pq g ad [EVAWI=1 0 1y
0 1 0 2 2 -2 0 3

and the corresponding transformation [EV, AW|™(sE — A)[V,W]
shows that a QWF of this example is given by

L o] [J 0 12 1 2011
S {0 N} - {O [2} where J:= 3 {_2 J , N := 3 {_1 J .
It follows from Remark 2.2.6 (iii) that the following definition of the

index of a regular pencil is well defined since it does not depend on the
special choice of N in the QWF.

Definition 2.2.8 (Index of sE — A).
Let sE — A € K[s]"*" be a regular matrix pencil and consider the
QWF (2.1.1). Then

; min{ v eN | NV =0 }, if N exists
vto= .
0, otherwise

is called the index of sEE — A.
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The classical definition of the index of a regular matrix pencil (see
e.g. [152, Def. 2.9]) is via the WCF. However, invoking Remark 2.2.6 (v),
we see that v* in Definition 2.2.8 is the same number.

Proposition 2.2.9 (Index of sE — A).
If sE — A € K[s]"*" is reqular, then the Wong sequence in (2.2.2) and
W and N as in Theorem 2.2.5 satisfy

VieNy: Wy =Wker N'. (2.2.12)

This implies that v* = k*; i.e., the index v* coincides with k* deter-
mined by the Wong sequences in (2.2.3).

Proof: We use the notation as in Theorem 2.2.5 and the form (2.1.1),
and also the following simple formula

viere: 0] 17 (0 - (k) - e

Next, we conclude, for W) := {0} and all i € N,

o~

W= w2 v Eaw,
-1
(2:28) I 0} [EV AW AV, WIW,

- (3
= (b3 T ?D---([é ) ()

(i—1)-times
ez ({0}
n ker N*

and hence (2.2.12). 0

Example 2.2.10 (Example 2.2.4, 2.2.7 revisited).
For W and N as defined in Example 2.2.4 and 2.2.7, resp., we see that
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N? = 0 and confirm the statement of Proposition 2.2.9:

Wker N =W im [ﬂ = im =W.

N O ==

An immediate consequence of Theorem 2.2.5 is

det(sE — A) =
det([EV, AW]) det(sl,, — J) det(sN — I,,,) det([V, W],

and since any nilpotent matrix N satisfies det(sN — I,,) = (—1)"2, we
arrive at the following corollary.

Corollary 2.2.11 (Properties of the determinant).
Suppose sE — A € K[s]"*" is a reqular matriz pencil. Then, using the
notation of Theorem 2.2.5 and the form (2.1.1), we have:

(i) det(sE — A) = ¢ det(sl,, — J),
for c:=(=1)"2det([EV, AW]) det([V, W]™) #£ 0,

(i) spec(sE — A) = spec(sl,, — J),
(iii) dimV* = deg (det(sE — A)).
In the remainder of this subsection we characterize V* in geometric
terms as a largest subspace. [42] already stated that V* is the largest

subspace such that AV* C EV*.

Proposition 2.2.12 (V* largest subspaces).
Let sE — A € K[s]"*" be a regular matriz pencil. Then V* determined

by the Wong sequences (2.2.3) is the largest subspace of K" such that
AV* C EV*.

Proof: We have to show that any subspace U C K" so that AU C EU
satisfies Y C V*. Let ug € U. Then

Juy, ., up €eUNI=1,... k" . Au;q = Eu; .
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By Theorem 2.2.5,

Jag, ..., €K™ 3By, ..., B EK2Vi=0,...,k*:
w = [V, W] (‘;)

and hence

Vi=1,...,k": A[V,W] (%“i) = E[V,W] (%1>

or, equivalently,

Vi=1,...,k*: [EV,AW] (;i) = [AV, EW] <_%51>

(2.2.7) J 0 —ai1\ |
=" [EV, AW] {0 N] ( 5 1) ;

since [EV, AW] is invertible, we arrive at
Vi= 1,...,]{'* : ﬁ,j_l :Nﬁl

and therefore
Bo=NB=...=N"B. =0.
This yields uyg = Vag € im V' = V* and proves U C V*. |

2.2.2 Eigenvector chains and WCF

In this subsection we show that the generalized eigenvectors of a regular
pencil sE — A € C[s]™™ constitute a basis which transforms sE — A
into WCF. From this point of view, the WCF is a generalized Jordan
canonical form. The chains of eigenvectors and eigenspaces are derived
in terms of the matrices F and A; the QWF is only used in the proofs.
This again shows the unifying power of the Wong-sequences and allows
for a ‘natural’ proof of the WCF.

Note that eigenvalues and eigenvectors of real or rational matrix
pencils are in general complex valued, thus in the following we restrict
the analysis to the case K = C. We recall the well known concept
of chains of generalized eigenvectors; for infinite eigenvectors see [23,
Def. 2] and also [158,159].
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Definition 2.2.13 (Chains of generalized eigenvectors).
Let sE—A € C[s]™" be a matrix pencil. Then (vy,...,v;) € (C"\{0})*
is called a chain (of sE — A at eigenvalue M) if, and only if,

A€spec(sE—A): (A=AE)yy; =0, (A—AE)vy = Evy,
., (A= AB)v, = Bug_q;

A=o00: Ev; =0, Evy = Avq,
Evp = Avy_y;
(2.2.14)

the i vector v; of the chain is called generalized eigenvector of order i
at A.

Note that (vy,...,vx) is a chain at A € spec(sE — A) if, and only if,
foralli e {1,...,k},

Ad
AV, = EV; \\1 where V; :=[vy,...,v]. (2.2.15)
A

Remark 2.2.14 (Linear relations).

It may be helpful to consider the concept of generalized eigenvectors, in
particular for eigenvalues at oo, from the viewpoint of linear relations,
see e.g. [3]:

R C C" x C" is called a linear relation if, and only if, R is a linear
space; its inverse relation is R™1 := {(y,z) € C" x C"| (z,y) € R},
and the multiplication with a relation S C C" x C" is RS := {(z,y) €
C"xC"3zeC": (x,2) € SA(z,y) € R}. A € C is called an
eigenvalue of a relation R with eigenvector x € C"\ {0} if, and only if,
(x,\x) € R; see [214]. Clearly, A # 0 is an eigenvalue of R if, and only
if, 1/ is an eigenvalue of R~ this justifies to call oo an eigenvalue of
R if, and only if, 0 is an eigenvalue of R~'.

In the context of a matrix pencil sE — A € C[s]"*", the matrices A
and F induce the linear relations

A:={(z,Az)|z € C"} and & :={(z,Ex)|zeC"}, resp.
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and therefore,

et = {(
ETMA = {(z,y)eC"xC" | Az =FEy },
At = {(Az,2) [z eC" },
A = {(2,y) eC"xC" | Ez = Ay } .
It now follows that

A € C is an eigenvalue of E'A < det(AE — A) =0
oo is an eigenvalue of £71A <= 0 is an eigenvalue of A€
0 is an eigenvalue of A" <= F is not invertible.

In [214] also chains for relations are considered. In the context of the
above example this reads: vy, ..., v, € C"\ {0} form a (Jordan) chain
at eigenvalue A € C U {oo} if, and only if,

A€ spec(sE — A): (v, vy),  (v2,v1 + Avg),
RN (Ulm Vi1 + /\Uk) S 5_1./4;
A=o00: (071}1)3 (U17v2)7

A (’kal,vk) e &TA
(2.2.16)
Obviously, (2.2.16) is equivalent to (2.2.14), but the former may be a
more ‘natural’ definition. Linear relations have also been analyzed and
exploited for matrix pencils in [25].

In order to decompose V*, we have to be more specific with the spaces
spanned by generalized eigenvectors at eigenvalues.

Definition 2.2.15 (Generalized eigenspaces).

Let sE — A € C[s/™" be a matrix pencil. Then the sequences of
eigenspaces (of sE — A at eigenvalue \) are defined by Gf := {0} and
(A= XE)"YEG)), if X € spec(sE — A)

VieNy : gl .= )
PR E\(AG)), i\ = oo

The generalized eigenspace (of sE — A at eigenvalue A € spec(sE —
A) U{oo}) is defined by
g.:=J g

ieNy
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For the multiplicities we use the following notion

gm(A\) = dimG; is called the geometric multiplicity of
A € spec(sE — A) U {oo},
am(A) := multiplicity of A € spec(sE — A) U {oo} as a zero of
det(sE — A) is called the algebraic multiplicity of A,
am(co) == n— > am(\) =n—deg(det(sE — A)) is

Aespec(sE—A)
called the algebraic multiplicity at co.

Readily verified properties of the eigenspaces are the following.

Remark 2.2.16 (Eigenspaces).
For any regular sE — A € C[s]"™ and A\ € spec(sE — A) U {oo} we
have:

(i) For each i € Ny, G} is the vector space spanned by the eigenvec-
tors up to order i at A.

(i) IpeNgVjeNy: GV C---c@lggl =g,

The following result is formulated in terms of the pencil sE — A, its
proof invokes the QWEF.

Proposition 2.2.17 (Eigenvectors and eigenspaces).
Let sE — A € C[s]"™™ be regular.

(i) Every chain (vy,...,vx) at any X € spec(sE— A)U{oo} satisfies,
foralli e {1,...,k}, v; € G\\G\ .

(ii) Let A € spec(sE — A) U {oc} and k € N. Then for any v €
gf\g’;*l, there exists a unique chain (vy, ..., vg) such that vy = v.

(iii) The vectors of any chain (vy,...,v;) at X € spec(sE — A)U {oo}
are linearly independent.

(iv)
G { VvV, Zf A € spec(sE — A)
W if N = 0.
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(v)
VA €spec(sE — A)U{oo}: dimGy = am(\).

Proof: Step 1: Invoking the notation of Theorem 2.2.5 and of the
form (2.1.1), we first show that

‘ . Vker(J — M), if A € spec(sE — A)
VieNy: G, = o (2.2.17)
W; = Wker N*, if A = o0.
Suppose A € spec(sE — A).
Step 1a: We prove by induction that
VieNy: Gy C Vker(J— )" (2.2.18)

The claim is clear for ¢ = 0. Suppose (2.2.18) holds for i = k — 1. Let
v, € Qf \ {0} and v € g’;‘*l such that (A — AE)vy = Evpy. By
Proposition 2.2.3 (i) we may set

v =Va+Wg3 forunique ae€C™, geC™.
By (2.2.7), (A — AE)v, = Evy_; is equivalent to
AW(I — AN)B = Evj_1 + EV(A — J)a,
and so, since by induction hypothesis
vp1 € Gy C Vker(J — A C VY

we conclude

W(I - AN)B € AV (EV) "2 -,
Now Proposition 2.2.3 (ii) yields, since W has full column rank, (I —
AN)S = 0 and hence, since N is nilpotent, 5 = 0. It follows from v, €
V ker(J — M)F=! that there exists u € C™ such that v,_; = Vu and
(J—=AI)*1tu = 0. Then EV(J—A)a = EVu and Proposition 2.2.3 (iii)
gives, since V has full column rank, (J—AI)a = u. Therefore, vy = Vi
and (J — AI)*a = 0, hence vj, € V ker(J — AI)* and this completes the
proof of (2.2.18).

Step 1b: We prove by induction that

VieNy: Gy O Vker(J— ). (2.2.19)
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The claim is clear for i = 0. Suppose (2.2.19) holds for i = k — 1. Let
vp € ker(J — M)* and vy € ker(J — AI)F~! such that (J — A )vy =
vg—1. Since EV has full column rank, this is equivalent to EV(J —
M)v, = EVwz_1 which is, by invoking (2.2.7), equivalent to (A —
AE)Vup = EVug_; and then the induction hypothesis yields Vo, €
Q’;’l, thus having Vv, € GF. This proves (2.2.19) and completes the
proof of (2.2.17) for finite eigenvalues.

Step 1c: The statement ‘W; = Wker N' for all i € Ny’ follows by
Proposition 2.2.9, and ‘G, = W, for all i € Ny’ is clear from the
definition.

Step 2: The Assertions (i)—(iv) follow immediately from (2.2.17)
and the respective results of the classical eigenvalue theory, see for
example [155, Sec. 12.5, 12.7] and [95, Sec. 4.6]. Assertion (v) is a
consequence of Corollary 2.2.11 (i) and am(co) = n — deg (det(sE —
A)) = ny. This completes the proof of the proposition. [

An immediate consequence of Proposition 2.2.17 and (2.2.17) is the
following Theorem 2.2.18. We stress that our proof relies essentially on
the relationship between the eigenspaces of sEZ — A and the eigenspaces
of s —J and sI — N where J and N are as in (2.1.1). Alternatively, we
could prove Theorem 2.2.18 by using chains and cyclic subspaces only,
however the present proof via the Quasi-Weierstrafl form is shorter.

Theorem 2.2.18 (Decomposition and basis of V*).
Let sE— A € C[s]™" be regular, \,...,\; be the pairwise distinct
zeros of det(sE — A) and use the notation of Theorem 2.2.5. Then

V)\E{)\l,...,Ak} Vje {1,,ng(>\)} Eln,\ﬁj eN

. NN
3 chain <v}\1j,v/2\1j, R UA,?) at \:
gm(\)
G\, = im |v; vy (2.2.20)
A — )\7],..., >\7J . L
j=1 —_——
ZZVA_JG(CNXH)\’]‘

and

\V*=QA1€9QA2@...EBQM ‘ and _

In Corollary 2.2.19 we show that the generalized eigenvectors of a
regular matrix pencil sFE — A at the finite eigenvalues and at the infinite
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eigenvalue constitute a basis which transforms sE — A into the well
known Weierstrafl canonical form. So the WCF can be viewed as a
generalized Jordan canonical form.

Corollary 2.2.19 (Weierstrafl canonical form).

Let sE — A € C[s]™*" be regular, ny := dimV*, ny := n — ny and
M, ..oy A be the pairwise distinct zeros of det(sE — A). Then we may
choose

Vf = I:V)\l,la MR ] ‘/)\1.gm()\1)7 ‘/)\2,17 MR V)\z,gm<)\2)7

) V/\k,h BN} V)\k7g111()\k):| )
Voo = [Voo,la cey Voc,gm(oo)] )

where Vy, ;j consists of a chain at A\; as in (2.2.20), j = 1,...,gm(N\;),
i = 1,...,k, resp. For any such Vy, Vi, the matrices [Vy, V],
[EV}, AV] € C™" are invertible and [EV;, AV 7 (sE — A) [V}, V| is
in WCF.

Proof: The existence of V; and V,, satisfying the eigenvector condi-
tions formulated in the corollary follows from Theorem 2.2.18. In view
of (2.2.15), it follows from the definition of chains that
[EV}, AV 7Y (sE — A)[V}, V] is in the form (2.1.1) for some matri-
ces J € C">™ and N € C"™*™ in Jordan canonical form and nilpotent
N. O

Definition 2.2.20 (Canonical form).
Given a group G, a set S, and a group action a : G X § — § which
defines an equivalence relation s ~ s, that is 3U € G : (U, s) = 5.

Then a map v : § — § is called a canonical form for o [43] if, and only
if

)

Vs,s' €S y(s) Vs A [sgsléy(s):v(s’) :

Therefore, the set S is divided into disjoint orbits (i.e., equivalence
classes) and the mapping « picks a unique representative in each equiv-
alence class.

Remark 2.2.21 (QWF is not canonical).

In the setup of equivalence of regular matrix pencils, using the nota-
tion from Definition 2.2.20, the group is G = GI,(K) x Gl,(K), the
considered set is

S = { (B, A] € (K™ ‘ det(sE — A) € K[s] \ {0} }
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and the group action a((S, T),E, AD = [SET, SAT] corresponds to
. The QWF from Theorem 2.2.5 does not provide a mapping . That
means that the form (2.1.1) is not a unique representative within the
equivalence class and hence the QWF is not a canonical form. The
WCF however is a canonical form, if we prescribe the order of the
eigenvalues and assume that the Jordan blocks corresponding to each
eigenvalue (in Csup{oo}) are arranged according to increasing size.
This justifies the name Weierstrafl canonical form.

2.3 Quasi-Kronecker form

In this section we derive the quasi-Kronecker form for general ma-
trix pencils sE — A € K[s]™*". In Subsection 2.3.1 we redefine the
Wong sequences for this general setting and state the main results
of this section: the quasi-Kronecker triangular form (QKTF) and the
quasi-Kronecker form. Before we prove these results, some preliminary
lemmas and an interim QK(T)F are derived in Subsection 2.3.2. The
proofs of the main results are carried out in Subsection 2.3.3. In Sub-
section 2.3.4 we show that it is easy to obtain the KCF from the QKF
and that moreover the complete KCF (except for the transformation
matrices) can be obtained from the Wong sequences.

We have to admit that our proof of the KCF does not reach the
elegance of the proof of GANTMACHER [100], however GANTMACHER
does not provide any geometrical insight. On the other end of the
spectrum, ARMENTANO [7] uses the Wong sequences to obtain a result
similar to the QKTF, however his approach is purely geometrical so
that it is not directly possible to deduce the transformation matrices
which are necessary to obtain the QKTF or QKF. Our result overcomes
this drawback because it presents geometrical insights and, at the same
time, is constructive.

We like to stress that the representation in this section is self-con-
tained; results from Section 2.2 are not needed, only some standard
results from linear algebra are required. The results of this section
stem from two joint works with STEPHAN TRENN [40,41].
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2.3.1 Main results

Recall that, as a consequence of Proposition 2.2.3 and Theorem 2.2.5,
for the Wong sequences (2.2.1) and (2.2.2) of a regular pencil s£/ — A
we have

Vinws={0}, EV'nAW*={0},

Vi 4+Wr=K", EV*+ AW* =K".

These properties do not hold anymore for a general matrix pencil sFE —
A, see Figure 2.1 for an illustration of the situation.

K" K™

EV* + AW

mg

mg

Figure 2.1: The relationship of the limits V* and W* of the Wong sequences
of the matrix pencil sSE — A € K[s|™" in the general case; the
numbers np, ng,ng, mp, mg, mqg € Ny denote the (difference of
the) dimensions of the corresponding spaces.

We are now ready to present our first main result which states that
the knowledge of the spaces V* and W* is sufficient to obtain the
quasi-Kronecker triangular form (QKTF'), which already captures most
structural properties of the matrix pencil sE — A. With the help of the
Wong sequences, ARMENTANO [7] already obtained a similar result,
however his aim was to obtain a triangular form where the diagonal
blocks are in canonical form. Therefore, his result is more general than
ours, however, the price is a more complicated proof and it is also not
clear how to obtain the transformation matrices explicitly.

Theorem 2.3.1 (Quasi-Kronecker triangular form).

Let sE — A € K[s]™" and consider the limits V* and W* of the Wong
sequences as in (2.2.3). Choose any full rank matrices P, € K",
Ri] c Knxns R{V c Knxnw Ql c Kxne P2 c Kmxme RQJ c Kmxms
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Ré\f c Kmme’ QQ c Kmxme such that

im P, = V' N W, V' NW" @imR{ = V7,
V' @imRY = V' 4+ W*, V' 4+ W) @imQ, = K",
im P, = EV* N AW*,  (EV'NAW") ®im Ry = EV*,

EV*@imRY = EV* + AW*,  (EV'+ AW") @imQy = K™.

Then it holds that Ty = [P, R{,RY, Q1] and Spian =
[Py, R, RY, Qo] ™t are invertible and Syian(SE — A)Tijan is in
QKTF (2.1.4).

Remark 2.3.2.

(i) The sizes of the blocks in (2.1.4) are uniquely determined by the
matrix pencil sE — A because they only depend on the subspaces
constructed by the Wong sequences and not on the choice of bases
thereof. It is also possible that mp = 0 (or ng = 0) which means
that there are matrices with no rows (or no columns). On the
other hand, if np = 0, ny = 0, ny = 0 or mg = 0 then the
P-blocks, J-blocks, N-block or @-blocks are not present at all.
Furthermore, it is easily seen that if sE — A fulfills (i), (ii), (iii) or
(iv) itself, then sE — A is already in QKTF with Tiyjan = P = 1,
Thian = le = I, Thian = R{V = I or Tijan = Ql = 17 and
Strian = P271 = I, Strian = (R2])71 = Iy Strian = (Rév)71 =1 or
Strian = Q;l =1

(ii) In Theorem 2.3.1 the special choice of Ry = ER{ and RY =
ARY | which is feasible due to Steps 2 and 3 of the proof of The-

orem 2.3.1 (see Subsection 2.3.3), yields that (2.1.4) simplifies
to

Ep 0 Epy EpQ Ap APJ 0 APQ

s 0 [nJ EJN EJQ . 0 AJ 0 AJQ
0 0 N ENQ 0 0 InN ANQ ’
0 0 0 Eqg 0 0 0 Ag

where N is nilpotent.

(iii) From Lemma 2.3.7 (see Subsection 2.3.2) we know that E(V* N
W) = EV*NAW* = A(V* N W?*), hence

EV* N AW = E(V* NW*) + A(V N W),
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Furthermore, due to (2.2.4),
EV*+ AW = E(V*+ W") + A(V" + W7).

Hence the subspace pairs (V* N W* EV* N AW*) and (V* +
W EV* + AW?*) are reducing subspaces of the matrix pencil
sE — A in the sense of [235] and are in fact the minimal and
maximal reducing subspaces.

The QKTF is already useful for the analysis of the matrix pencil
sE — A and the associated DAE %Ex = Az + f. However, a complete
decoupling of the different parts, i.e., a block diagonal form, is more
satisfying from a theoretical viewpoint and is also a necessary step to
obtain the KCF as a corollary. In the next result we show that we can
transform any matrix pencil sE — A into a block diagonal form, which
we call quasi-Kronecker form (QKF) because all the important features
of the KCF are captured. In fact, it turns out that the diagonal blocks
of the QKTF (2.1.4) already are the diagonal blocks of the QKF.

Theorem 2.3.3 (Quasi-Kronecker form).

Using the notation from Theorem 2.5.1 the following equations are solv-
able for matrices Fy, Fy, G1, Go, Hy, Hy, Ky, Ky, Ly, Lo, My, My of appro-
priate size:

E
0=[rs]+ % ]9+ (%] £ (23.1a)
2 ‘ ‘ 3.
o= ] + [V 0T R]+ (%] 40
0= (Epq + EpnFy + EpsGh) + EpKi + K Eq (2.3.1D)
0= (Apg+ ApnFi+ Ap;G1) + ApKy + KyAg -
0=FE;n+ E;H + H:Eyn
0=Ayn+A;H + HyAy (2:3.1c)
O _ [EPJ-,EPN] I:él?l:l J'_ EP[M17L1] + [M?yLQ] [EO] EON:I (2 3 ]_d)
0= [Aps, Apn] [§0 ] + Ap[My, L] + Mo, Lo [ 0] 77

and for any such matrices let

I —My —Ly K571 IM L K
. |0 I —Hy; -G . o PG
S — |:O 0 IZ F22:| Strian, T = ,Ttrian |:0 0 Il F11:|
00 0 ! 00 0 I
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Then S and T are invertible and S(sE — A)T is in QKF (2.1.5), where
the block diagonal entries are the same as for the QKTF (2.1.4). In
particular, the QKF (without the transformation matrices S and T') can
be obtained with only the Wong sequences (i.e., without solving (2.3.1) ).
Furthermore, the QKF (2.1.5) is unique in the following sense

(EvA) = (ElvA,) g (EPvAP) = (E}%A;D)v (E~]7AJ) = (E(/]vAf])’
(Ex, A) 2 (Ey, Aly), (Eq, Aq) = (B, AL, (2.3.2)

where Ep, A, B A BN, Al Ep, A are the corresponding blocks of
the QKF of the matrixz pencil sE' — A'.

2.3.2 Preliminaries and interim QKF

In this subsection we provide the preliminary results for the proofs of
Theorems 2.3.1 and 2.3.3. To this end, we prove important results
concerning the Wong sequences, singular chains, the KCF for full rank
pencils and the solvability of Sylvester equations. As a main step to-
wards the QKF we derive the interim quasi-Kronecker (triangular) form
(IQK(T)F). In the latter form we do not decouple the regular part of
the matrix pencil. This is already a useful and interesting result in
its own right, because the decoupling into three parts which have the
solution properties (cf. also Section 2.4) ‘existence, but non-uniquess’
(underdetermined part), ‘existence and uniqueness’ (regular part) and
‘uniqueness, but possible non-existence’ (overdetermined part) seems
very intuitive.

Standard results from linear algebra

Lemma 2.3.4 (Orthogonal complements and (pre-)images).
For any matriz M € KP*? we have:

(i) for all subspaces S C K” it holds that (M~'S)* = M*(S%).
(ii) for all subspaces S C K9 it holds that (MS)*+ = M~*(S4).

Proof: Property (i) is shown e.g. in [16, Property 3.1.3]. Property (ii)
follows from (i) for M*, S* instead of M, S and then taking orthogonal
complements. []
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Lemma 2.3.5 (Rank of matrices).
Let A, B € K™ with im B Cim A. Then for almost all ¢ € K:

rk A = rk(A + ¢B),

or, equivalently,
im A =im(A + ¢B).

In fact, tk A > k(A 4 ¢B) can only hold for at most r = rk A many
values of c.

Proof: Consider the Smith form [222] of A:

pIN O]

UAV—{O 0

with invertible matrices U € K" and V € K" and X, =
diag (01, 09,...,0,), 0, € K\ {0}, r = rk A. Write

By B12]

UBV =
{le By’

where B;; € K™, Since im B C im A it follows that By; = 0 and
By = 0. Hence we obtain the following implications:

tk(A+¢B) <tk A = 1k[3, + ¢Byy, ¢Ba) < tk[%,,0] =7
= tk(X, +¢Bp) <r = det(Z, +¢Byp) = 0.

Since det(X, + ¢By1) is a polynomial in ¢ of degree at most r but not
the zero polynomial (since det(X,) # 0) it can have at most r zeros.
This proves the claim. O

Without proof we record the following well-known result.

Lemma 2.3.6 (Dimension formulae).
Let S C K" be any linear subspace and M € K"™*". Then

dim MS = dim S — dim(ker M N S).
Furthermore, for any two linear subspaces S, T of K" we have

dim(S+7) =dimS +dim7 —dim(SNT).
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The Wong sequences

The next lemma highlights an important property of the intersection
of the limits of the Wong sequences.

Lemma 2.3.7 (Property of V* N W*).
Let sE— A € K[s]™*™ and V*, W* be the limits of the Wong sequences
as in (2.2.3). Then

EV' NW*) = EV ' NAW = AV nW").
Proof: Clearly, invoking (2.2.4),

E(V*NW*) C EV* N EW* C EV* N AW*
and A(V*NW*) C AV N AW* C EV* N AW*,

hence it remains to show the converse subspace relationship. To this
end choose © € EV* N AW?*, which implies existence of v € V* and
w € W* such that

FEv=2=Aw

)

hence
ve EH{Aw} C ETHAW) =W, we A Ev} C ATN(EV) =V~

Therefore v,w € V*NW* and ¢ = Ev € E(V*NW*) as well as
x = Aw € A(V* N W?*) which concludes the proof. O

For the proof of the main result we briefly consider the Wong se-
quences of the (conjugate) transposed matrix pencil sE* — A*; these
are connected to the original Wong sequences as follows.

Lemma 2.3.8 (Wong-sequences of the transposed matrix pencil).
Consider a matriz pencil sE — A € K[s|™*™ with limits of the Wong
sequences V* and W* as in (2.2.3). Denote by V* and W* the limits of
the Wong sequences of the (conjugate) transposed matriz pencil sE* —
A*. Then the following holds

W = (BV): and V' = (AW")™.
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Proof: We show that for all ¢ € N,
(EV)* =Wy and (AW, =Y, (2.3.3)
from which the claim follows. For ¢ = 0 this follows from
(EVo)* = (im E)* = ker B* = E*(A*{0}) =W,
and R
(AWt = {0} =R" =W,
Now suppose that (2.3.3) holds for some i € Ny. Then
(EVin)- = (BATY(EW))
Lem. 2.3.4(ii) B (A BV
Lem. 234() ., (AT(EV))
= E (ATV/\Z'H) = V/\Z‘+2-

Analogously it follows (AW, )t = Ai+1, hence we have inductively
shown (2.3.3). O

Singular chains

In this paragraph we introduce the notion of singular chains for ma-
trix pencils. This notion is inspired by the theory of linear relations,
see [214], where they are a vital tool for analyzing the structure of
linear relations. They also play an important role in former works on
the KCF, see e.g. [100, Ch. XII] and [7]; however in these works only
singular chains of minimal length are considered. We use them here to
determine the structure of the intersection V* N W* of the limits of the
Wong sequences.

Definition 2.3.9 (Singular chain).
Let sE — A € K[s]™". For k € Ny the tuple (zg,...,z;) € (K")*is
called a singular chain of the matriz pencil sEE — A if, and only if|

0= Axy, Exo= Axy, ..., Exj_1 = Az, Ex;, =0

or, equivalently, if the polynomial vector z(s) = g+ x5+ ... +a8" €
K[s]" satisfies (sE — A)xz(s) = 0.
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Note that with every singular chain (xg,z1,...,x)) also the tuple
0,...,0,zg,..., 1,0,...,0) is a singular chain of sE — A. Further-
more, with every singular chain, each scalar multiple is a singular chain
and for two singular chains of the same length the sum of both is a sin-
gular chain. A singular chain (xy, ..., zy) is called linearly independent
if the vectors x, ...,z are linearly independent.

Lemma 2.3.10 (Linear independency of singular chains).

Let sE — A € K[s]™". For every non-trivial singular chain (xo, 21,
), k € Ny, of sE — A there exists { € Ny, ¢ < k, and a linearly

independent singular chain (yo, v, . . ., ye) with span{xg, x1,..., 2} =

span{yo, Y1, - -, Yr}-

Proof: This result is an extension of [214, Lem. 3.1] and our proof
resembles some of their ideas.
If (zo,21,...,7;) is already a linearly independent singular chain
nothing is to show, therefore, assume existence of a minimal ¢ € {0, 1,
..,k — 1} such that z,; = Zf:o a;r; for some a; € K, i =0,... (.
Consider the chains

ap (0, 0, ..., 0, 0, To, X1, «.ey Tpy Tpgly - -y Theol, Tk)

ay (07 07 cey 07 Lo, L1, ..y LYy Ti4ly ovey Th—1, Tk, 0)

[6%) (07 07 ceey Loy X1, oeeey Xpy Tp4ly -eey Th—1, Tk, 07 O)

ap—1 (0, o, T1, .., T2, Te—1, Ty Teg1, --- Ty, 0, ..., 0)

Qy (x07x17~"ax5727x/.717 Ty, Tpg1, - -- Tk, 07 ey 07 0)
and denote its sum by (2o, 21, ..., 2r+¢). Note that by construction

¢ . . .
20 = ;_0;x; = x¢41. Now consider the singular chain

(U()? U1y .- 7’Uk7+€+1) ::(x()a Xy, .- 7xk7 07 R 0) - (07 ZO) Zl? ) Z[+k)

which has the property that vp; = x4 — 2¢ = 0. In particular
(vo, v, - .., vp) and (Vgia, Ve . .., Upr1) are both singular chains. Fur-
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thermore, (we abbreviate «;1 with «;)

0] _ - Zo
I 0 0
U1 -y 1 0 0 Z
UQ -Qy1 Oy I 0 0 1.2
= -ay o~y e - T s
Uk g~ —an - —ap T Tk
0 - -1 -az - -« I
Ukl 0 1 3 ‘ 0
L O 0 -ap -ay -az - -qp I
Vk+£+1 0
hence span{vo, v, ..., vpe41} = span{zo,1,..., 25} = span{uvy, vy,
..., ug}. In particular
Spa‘n{vk+la Uk+2 - - - >Uk+f+l} - Span{UOa S PRI Uk}?

hence, by applying Lemma 2.3.5, there exists ¢ # 0 such that (note
that ¢ < k)

im[vg, vy, . . ., vg]
= 1im([vo, V1, .., U] + € [Vk15 Vkt2y -+ s Vkier1,0,...,0]). (2.3.4)
Therefore, the singular chain
(w0> wy, ... 7wk—1)
1= € (Ve42, s Vky V1, Vk2s « « o Ukeg1) + (0,0, 0,00, 01,0, vp)

has the property

span{wo, w1, . .., W1}
= Span{vf+2a V43, - - - ,Uk}
+span{ vy + Vo, Cogt + U1, - . -, COLyr41 + g}
pi1=0 .
UJFZI 1111([1}07 U1y .oy Uk‘] +c [U/H-b Uk+25 - - -5 Uk4-L+1, 07 teey OD
(2.34) .
=" im[vg, vy, ..., Vg
= span{vg, vy, ..., v} = span{xg, x1, ..., Tk}

Altogether, we have obtained a shorter singular chain which spans the
same subspace as the original singular chain. Repeating this proce-
dure until one obtains a linearly independent singular chain finishes
the proof. O
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Corollary 2.3.11 (Basis of the singular chain subspace).
Consider a matriz pencil sE — A € K[s]"*" and let the singular chain
subspace be given by

K= {xER” 3k,i€Ny I sing. chain (zo, ..., xi1, T = Ti, Tin, }

L) € (KM

i.e., K is the set of all vectors x appearing somewhere in some singular
chain of sE — A. Then there exists a linearly independent singular
chain (xg, x1, ..., 2) of SE — A such that

K = span{xy, ..., x}.

Proof: First note that K is indeed a linear subspace of K", since the
scalar multiple of every chain is also a chain and the sum of two chains
(extending the chains appropriately with zero vectors) is again a chain.
Let 4%, 4", ..., y" be any basis of K. By the definition of K, for each
i=0,1,...,0 there exist chains (yj, v}, ..., yi) which contain y’. Let
(vo,v1, ..., v}) with k= ko+ k1 + ...+ k¢ be the chain which results by
concatenating the chains (v, v, . .. 7y,{c) Clearly, span{vy,...,v;} =
K, hence Lemma 2.3.10 yields the claim. O

The following result can, in substance, be found in [7]. However,
the proof therein is difficult to follow, involving quotient spaces and
additional sequences of subspaces. We aim for a presentation which is
more straightforward and simpler.

Lemma 2.3.12 (Singular chain subspace and the Wong sequences).
Consider a matriz pencil sSE — A € K[s]™*" with the limits V* and W*
of the Wong sequences as in (2.2.3). Let the singular chain subspace K
be given as in Corollary 2.53.11, then

Vinw =K.

Proof: Step 1: We show K C V*NW*. Let (zg,...,x;) be a sin-
gular chain. Clearly we have 2y € A7'(E{0}) = ker A C V* and
vy € E1(A{0}) = ker E C W* | hence inductively we have, for
i=01,... k—landj=hkk—1,...,1

Tiy1 € Ail(E{II}) - Ail(EV*) = P*
and z;_1 € E7'(A{z;}) C E~HAW*) = W,
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Therefore,
xo, ..., Tk € VN wr

Step 2: We show V* N W* C K. Let x € V* N W?*, in particular,
xr € W* = W, for some [* € Ny. Hence there exists 1 € Wy_1, 29 €
Wi, ...,xp» € Wy = {0}, such that, for z( := z,

EQ?() = Al’l, El’l = ACCQ, e EZEl*,l = Al’l*, Ea:l* =0.

Furthermore, since, by Lemma 2.3.7, E(V*NW?*) = A(V*NW*) there
exist ¥ 1,2 9,..., T_(-11) € V' N W" such that

Avg=Fx_1, Axv_1=FEv o, ..., Av_g-_y=Fz_, Az_=FEx_-1y).

Let &_(eq1) = —T_@=41) € V' NW* C W* then (with the same argu-
ment as above) there exist &+, Z_g+_1, ..., Z_1 € W* such that

EF (oy1)= Ai_pr, EZ o= AF (o yy..., Bi 9= Ai_,, B¥_, =0,

and thus, defining ; = x_; + 34, for i = 1,...,01* + 1, we have
T_g-41) = 0 and we get

0=E& (o1 = AT, BEi o = ATy,
ceey EQAS_Q = Ai“_l, Ef_l = EZE_l = A.CE().

This shows that (Z_j,&_(-_1),..., &1, 20, Z1,...,2+) is a singular
chain and x = z( € K. O

The last result in this paragraph relates singular chains with the
column rank of the matrix pencil sE — A.

Lemma 2.3.13 (Column rank deficit implies singular chains).
Let sE — A € K[s]™". If tkc(AE — A) < n for all \ € CU{oo}, then
there exists a non-trivial singular chain of sE& — A.

Proof: Tt suffices to observe that Definition 2.3.9 coincides (modulo a
reversed indexing) with the notion of singular chains in [214] applied
to the linear relation E~1A := { (z,y) € K" x K" | Az = Ey }. Then
the claim follows for K = C from [214, Thm. 4.4]. The main idea
of the proof there is to choose any m + 1 different eigenvalues and
corresponding eigenvectors. This is also possible for K = R and K = Q,
hence the proof in [214] is also valid for K = R and K = Q. O
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KCF for full rank pencils

In order to derive the KCF as a corollary of the QKF and also for the
proof of the solvability of (2.3.1) we need the following lemma, which
shows how to obtain the KCF for the special case of full rank pencils.

Lemma 2.3.14 (KCF of full rank rectangular pencil, m < n).
Let sE — A € K[s]™" be such that m < n and let | :== n —m. Then
tkc(AE — A) = m for all A € CU {co} if, and only if, there exist
numbers ey, ..., € Ny and matrices S € GL,(K), T € GL,(K) such
that

S(sE — A)T = diag (P-,(s), ..., P-,(s)),

where P-(s), € € Ny, is as in Definition 2.1.7.

Proof: Sufficiency is clear, hence it remains to show necessity.

If m =0 and n > 0, then nothing is to show since sE — A is already
in the ‘diagonal form’ with e = g5 = ... = g = 0. Hence assume
m > 0 in the following. The main idea is to reduce the problem to a
smaller pencil sE' — A” € K[s]™*" with tke(AE' — A") =m/ <n/ <n
for all A € CU {oo}. Then we can inductively use the transformation
to the desired block diagonal structure for the smaller pencil to obtain
the block diagonal structure for the original pencil.

By assumption F does not have full column rank, hence there exists
a column operation 7} € Gl,(K) such that

0 % - %
ET, =

There are two cases now: Either the first column of AT is zero or not.
We consider the two cases separately.

Case 1: The first column of ATy is zero. Let ETy =: [0, E'] and
ATy =: [0, A']. Then, clearly, tkc(AE — A)=1kc(AE' — A") =m/ :=m
for all A € CU {oo}. Furthermore, with n’ := n — 1, it follows that
n’ > m’. Seeking a contradiction, assume n’ = m’. Then the full rank
matrix E’ is square and hence invertible. Let A € C be any eigenvalue of
the matrix B/ A’, thus 0 = det(A\[—E' ' A’) = det(E') ! det(AE'—A’),
hence rke(AE' — A') < m/, a contradiction. Altogether, this shows that
sE' — A" € K[s]™*" is a smaller pencil which satisfies the assumption
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of the lemma, hence we can inductively use the result of the lemma
for sE' — A’ with transformation matrices S’ and 77. Let S := §’
and T := Ty [} f], then S(sE — A)T has the desired block diagonal
structure which coincides with the block structure of sE’ — A’ apart
from one additional Py block.

Case 2: The first column of AT} is not zero. Then there exists a row
operation S; € Gl,,(K) such that

1 % % --+ %

0 % % -+ %
S1(ATy) =

0 * % -+ %

Since £ has full row rank, the first row of S1ET] cannot be the zero
row, hence there exists a second column operation Ty € Gl,(n) which
does not change the first column such that

010 ---0

0 * % --- %
(S1ET)T, =

0 * * --- *

Now let T3 € GI,(K) be a column operation which adds multiples of
the first column to the remaining columns such that

100 ---0

0 % % --- %
(SlATlTQ)Tg =

0 % % -+ x

Since the first column of S} ETT5 is zero, the column operation T3 has
no effect on the matrix S;ETT5. Let

SlETlTQTg = ; SlATlTQTg =

with sE' — A’ € K[s]™*" and m/ := m — 1, n’ := n — 1, in particular
m’ < n'. Seeking a contradiction, assume rke AE' — A" < m/ for some
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A € CU{oo}. If A = oo then this implies that £ does not have full
row rank which would also imply that E does not have full row rank,
which is not the case. Hence we may choose a vector v/ € C™ such that
V(AE"— A") = 0. Let v := [0,¢']S1. Then a simple calculation reveals
v(AE — A) = [0,/(\E' — A)|(TWTyT3)~! = 0, which contradicts full
complex rank of AE — A. As in the first case we can now inductively
use the result of the lemma for the smaller matrix pencil sE’ — A’ to
obtain transformations S’ and 7" which put sE’ — A’ in the desired
block diagonal form. With S := [} 51 and T := VT3 [} 2] we
obtain the same block diagonal structure for sE — A as for sE' — A’
apart from the first block which is P.,+; instead of P.,. O

The following corollary follows directly from Lemma 2.3.14 by trans-
posing the respective matrices.

Corollary 2.3.15 (KCF of full rank rectangular pencils, m > n).

Let sE — A € K[s]™™ be such that m > n and let | := m —n. Then
tkc(AE—A) = n for all A € CU{oo} if, and only if, there exist numbers
n, ..., € Nog and matrices S € Gl,,(K), T € GL,(K) such that

S(sE — A)T = diag (Qy,(s). - .., Qu(s)),

where Q,(s), n € Ny, is as in Definition 2.1.7.

Solvability of linear matrix equations

In generalization of the method presented in [71, Sec. 6] we reduce the
problem of solvability of (2.3.1) to the problem of solving a generalized
Sylvester equation

AXB-CXD=E. (2.3.5)

To this end the following lemma is crucial.

Lemma 2.3.16 (Solutions of Sylvester equation).
Let A,C e K™" B, DeKP E F e K™ and consider the system
of matrix equations with ‘unknowns’Y € K" and Z € K™*P

0=E+AY +ZD,

2.3.
0=F+CY+ ZB. (23.6)
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Suppose there exists A € K and My € K¥”? such that M\(B—AD) =1,
i particular p > q. Then, for any solution X € K"*P of the matrix
equation

AXB—-CXD=—-E— (\E— F)M,D,

the matrices
Y =X(B-AD)
7 =

—(C = NA)X — (F — AE)M,
solve (2.3.6).

Proof: We calculate

E+AY + ZD

— E+AX(B— D) — (C — M)XD — (F — AE)M,D

= E— AXAD + MAXD — (F — \E)M\D — E — (\E — F)M,D
=0,

F+CY +ZB
= F+CX(B—\D)— (C—AA)XB— (F—\E)M,B
= F+CXB—CXB~— (F—AE)MB — \(E + (\E — F)M,D)
= (F = \E) — (F — AE)My\B — A(AE — F)M,D
= (F=AE)(I; — M\(B = AD))
— 0.
O

The following result is well known and since it only considers regular
matrix pencils we do not repeat its proof here. We use the augmented
spectrum spec,,(sE — A) of a regular pencil sE — A € K[s]"*™.

Lemma 2.3.17 (Solvability of generalized Sylvester equation: regular
case, [71,114]). Let A,C e K™ B, D € KP*?, E € K"? and consider
the generalized Sylvester equation (2.3.5). Assume that (sB — D) and
(sC — A) are both regular and

spec,,(sB — D) Nspecy (sC — A) = 0.
Then (2.3.5) is solvable.

Finally, we can state and prove the result about the solvability of
the generalized Sylvester equation which is needed for the proof of
Theorem 2.3.3.
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Lemma 2.3.18 (Solvability of generalized Sylvester equation with spe-
cial properties). Let A,C € K™ m < n, B,D € KI*? p > g,
E € K™= and consider the generalized Sylvester equation (2.3.5). As-
sume that (AB — D) has full rank for all A € CU {co} and that either
(AC' — A) has full rank for all X € CU{oo} or that (sC' — A) is regular.
Then (2.3.5) is solvable.

Proof: The proof follows the one of [114, Thm. 2]. By Corollary 2.2.19,
Lemma 2.3.14 and Lemma 2.3.15, we already know that we can put
the pencils sC' — A and sB — D into WCF or KCF, resp. Therefore,
choose invertible Sy, T}, Sa, Ty such that sCy — Ay = S;(sC — A)T; and
sBy — Dy = Sy(sB — D)Ty are in WCF (KCF). Hence, with Xy =
T7'X S and Ey = S1ETy, equation (2.3.5) is equivalent to

A()X()BU — C()X()DO = Fj.

Let sCy— Ay = diag (sCi— A}, ..., sCi*—A(Y), ny € Ny, and sBy— Dy =
diag (sBj — D}, ..., sBy* — Dg?), ny € Ny, corresponding to the block
structure of the KCF as in Definition 2.1.7, then (2.3.5) is furthermore
equivalent to the set of equations

AVXIB) - CiXPDL=E7, i=1,...,m, j=1,...,ny,

where Xéj and Eéj are the corresponding sub-blocks of X, and Ej
respectively. Note that by assumption each pencil sC} — Aj is a P-(s),
T M) or Ny(s) block and all pencils sBj — D} are Q,(s) blocks. If
sCy — Al is a P-(s) block we consider a reduced equation by deleting
the first column of sC} — Al which results in a regular J°(s) block with
augmented spectrum {0} and by deleting the last row of ng—Dé which
results in a regular V, (s) block with augmented spectrum {oco}. Hence,
we use Lemma 2.3.17 to obtain solvability of the reduced problem.
Filling the reduced solution for X/ by a zero row and a zero column
results in a solution for the original problem. If sCj — A} is a J, p’\(s)
block we can apply the same trick (this time we only delete the last
row of ng — D{)) to arrive at the same conclusion, as co is not in the
augmented spectrum of sC} — Al Finally, if sC} — Al is a N,(s) block
with augmented spectrum {oo} we have to reduce s B} — D) by deleting
the first row which results in a j,?(s) block with augmented spectrum
{0}. This concludes the proof. 0
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Interim quasi-Kronecker form

As a first step towards the QKF we derive the interim quasi-Kronecker
triangular form (IQKTF). In this form we decouple the underdeter-
mined part, the regular part and the overdetermined part of the matrix
pencil.

Theorem 2.3.19 (Interim quasi-Kronecker triangular form).

Let sE— A € K[s]™" and consider the limits V* and W* of the Wong
sequences as in Definition 2.2.1. Choose any full rank matrices P, €
Knxne P2 c Kmxme Rl c Knxnr Rg c Kmxmr Ql c K<ne Q2 c
K™*™mae such that

imP, =V NW*, VNW @im Ry = V* + W*,
V' +W") @im@Q, =K",
im P, = EV* N AW, EV N AW* @ im Ry = EV* + AW,

(EV* + AW*) & im Qy = K™,

Then T'trian = [Ph Rth] S Gln(K)7 Strian = [P27 R%Q?]il S Glm(K)
and Siian(SE — A)Thian is in IQKTF (2.1.2).

Proof: We proceed in several steps.

Step 1: We show the block-triangular form (2.1.2). By the choice
of Pi, Ry, Q1 and Py, Ry, Qs it follows immediately that Ti., and Syian
are invertible. Note that Syian(SE — A)Tiian 18 in IQKTF (2.1.2) if,
and only if, the following equations are solvable for given FE, A and

P, Ry, Q1, P, Ry, Qo

EPIZPZEP7 APl:PQAP7

ERy = PyEpr + RyEp, ARy = PyApp + RoAg,

EQ, = PQEPQ + RQERQ + QQEQ, AQq = PQAPQ + RQARQ + QQAQ.
The solvability of the latter is a consequence of the following subspace
inclusions

EV ' NW*) C EV N AW, AV NW*) C EV'N AW,
EWV +W") CEV' + AW*, A(V"+W") C EV* + AW",
EKTL g ]:K’”L7 AK’!L g ]I<’HL7

which clearly hold due to (2.2.4).
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Step 2: We show (i).
Step 2a: Full row rank of Ep and Ap. From Lemma 2.3.7 it follows
that

imPBEp=imEP=imP, and imPAp=1m AP, =im P,

hence, invoking the full column rank of P, im Fp = K™? = im Ap,
which implies full row rank of Ep and Ap. In particular this shows full
row rank of AEp — Ap for A = 0 and )\ = oo.

Step 2b: Full row rank of AEp — Ap for all A € C\ {0}. Seeking a
contradiction, assume existence of A € C\ {0} with rkc(AEp — Ap) <
mp. Then there exists v € C™ such that v*(AEp — Ap) = 0. Full
column rank of P, € K™ 7 implies existence of w € C™ such that
w* Py = v*, hence

0= U*(AEP - Ap) == w*()\PQEP - PZAP) - U}*()\E — A)Pl

Invoking Lemma 2.3.12, there exists a linearly independent singular
chain (xg, x1, ..., 2;) such that

span{xg, x1, ..., x5} = im P, = V" N W™
In particular, z; € im P; for ¢ = 0,1, ..., implies
Vie{0,1,...,k}: w'AE— A)z; =0.
Since Fxj = 0 it follows that w* Az = 0 and inductively it follows
0=w"AEx; 1 — Ax;—1) = w*(NAz; — Ax;q) = —w* Az

and, therefore,
0= ’LU*AP1 = w*PgAp = ”U*Ap.
This shows that Ap € K"P*"" does not have full row rank over C which
implies also a row rank defect over K. This is the sought contradiction
because the full row rank of Ap was already shown in Step 2a.
Step 3: We show (ii). For notational convenience let K := V* N W*.
Step 3a: We show that mp = ng. Invoking

ker ENK=ker ENV*, ker ANK =ker ANW", (2.3.7)
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and Lemmas 2.3.6, 2.3.7, the claim follows from

mr = T1kRy
dim(EV* + AW*) — dim(EV* N AW*)
dim EV* 4+ dim AW* — 2dim(EV* N AW¥)
= dimV* — dim(ker E N V*) + dim W* — dim(ker A N W)
—dim EK — dim AK
= dimV* —dim(ker £ NV*) 4+ dim W* — dim(ker A N W)
—dim K + dim(ker E N K) — dim K + dim(ker AN K)

=" dim V* + dim W* — 2dim K
dim(V* + W*) — dim(V* N W*)
= 71k Ry =ng.
Step 3b: We show that det(sEr — Ag) # 0. Seeking a contradiction,

assume det(sEgr — Ag) is the zero polynomial. Then A\Er — Ag has a
column rank defect for all A € CU {oo}, hence

VAe CU{x}: tke(AER — AR) < ng.

Now, Lemma 2.3.13 ensures existence of a nontrivial singular chain
(Yo, Y1, - - -, yx) of the matrix pencil sEg — Ag.

We show that there exists a singular chain (zg, 21, ..., g, Tpq1, .., T})
of sE — A such that z; = [P, Ry (3;) for i = 0,...,k. To this end
denote some right inverse of Ap (invoking full row rank of Ap as shown
in Step 2a) with A}, and let

20 = —AbAprYo,  zie1 = Ap(Epzi + Epryi — Apryiv1), i =0,...,k,

where y;11 = 0. Then it follows that

. Z; Ap Apr Apq| (=i
Axi = A[Pla Rl] <y2> = Aﬂrian Yi | = St_rjlan 0 AR ARQ Yi
! 0 0 0 A 0
Apz; + Apry; ?
= St_rilan ARyl

0
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and, analogously,

Epz; + Epry;
Ez; = S Eryi
0

hence Azy = 0 and Fx; = Az;q for i = 0,..., k. Note that, if we
set Tpy1 = Piziy1, then x4 € VN W' C W* and identically as
shown in the first part of Step 2 of the proof of Lemma 2.3.12 there
exist xji9,...,75, k > k, such that Fxpyy = Avppo,..., Er; | =
Azxp, Ex; = 0 and, therefore, (zg,21,...,2;) is a singular chain of
sE — A. Lemma 2.3.12 implies that {zo,z1,...,2;} € im P, hence
x; = [Py, R1] () implies y; = 0 for all i € {0, ..., k}, which contradicts
non-triviality of (yo, ..., yk)-

Step 4: We show (iii). We will consider the (conjugate) transposed
matrix pencil sE* — A* with corresponding Wong sequences and will
show that the block (£p), Ap) will play the role of the block (Ep, Ap).

Thergf\ore, denote the limits of the Wong-sequences of sE* — A* by V*
and W*. Let

Q1 = ([0, 0, Li)[Pr, R, Q)71 Q2= ([0, 0, L) [P, Ra, Qo] )7,
then
@:‘Q, =] and imQ;= (im[P;, R}])*:, fori=1,2.

In fact, the latter follows from n —ng = np +np and

QT[PM Rl] = [0, 07 [nQ} 0 -[nR 0
0 0

for ¢ = 1 and analogously for i = 2. We will show in the following that
E*Q, = Q\lEép AQy = @11457
imQy = V"N W*, imQ, = E*V* N A*V",

then the arguments from Step 2 can be applied to sEj, — A, and the
claim is shown.
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Step 4a: We show E*@z = Q\lEé and A*@g = Q\lAzg. Using that
Strian($F — A)Tiyian is in the form (2.1.2) we obtain

~, ~, Ep Epr Epq 1
Q5 = QolPo, Fo, @a] | 0 i o | [P R Q)
_—
=00 1] ¢
= [O 0 EQ][PlaRlan]_l = EQQI?
hence E*Qs = @1EC*2 Analog arguments show that A*Qy = @1/12}-

Step 4b: We show im @2 = V' NV By construction and Lem-
ma 2.3.8

im @2 = (im[Py, Ry])* = (EV* + AW")t=(EV*)tn (AW*)l:\/}* nwW*.

Step 4c: We show im @1 = E*V* N A*V*. Lemma 2.3.8 applied to
(E*, A*) gives
(E*V))- =W* and (AWt =V*

or, equivalently,

EV =W and AW = VL,

Hence
imQ; = (im[Pr, Ri))E = (V' + Wt =V nwt = AW n BTV
This concludes the proof of the theorem. O

As a corollary of Theorem 2.3.19 we show that it is possible to get rid
of the off-diagonal blocks in the IQKTF by solving a set of generalized
Sylvester equations using Lemma 2.3.18

Corollary 2.3.20 (Interim quasi-Kronecker form).
Using the notation from Theorem 2.3.19 the following equations are
solvable for matrices Fy, Fy, G1,Go, Hy, Hy of appropriate size:

0= Erg + ErF1 + 2 Eg

0 Beat BRD 4 B (2.3.8a)
0= Lt BrGus Gall (2.3.8b)
0= (Epq + Eprf1) + EpHy + HyEg (2.3.8¢)

0= (Apg+ AprF1) + ApH, + HyAg
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and for any such matrices let

-1

I -Gy —H,
S = 0 I _FQ Strian
0 0 1
= [PQ,RQ—PQGQ,QQ—PQHQ—R2F2]71 and
I Gy H
T:= Twim |0 I F| = [P,R+ PG, Q1+ PiH, + R Fy].
0 0 I

Then S € Gl,(K), T € G1,(K) and S(sE — A)T is in IQKF (2.1.3),
where the block diagonal entries are the same as for the IQKTF (2.1.2).
In particular, the IQKF (without the transformation matrices S and
T) can be obtained with only the Wong sequences (i.e., without solv-
ing (2.3.8)). Furthermore, the IQKF (2.1.3) is unique in the following
sense

(E,A)= (F" A) &
) = (EPvA/ ) (ER’ AR) (ERvA/ ) (EQvAQ) (EQvA/ )
(2 3. 9)

where Ep, Ay, By, A, Ep, Al are the corresponding blocks of the IQKF
of the matriz pencil sE' — A’.

Proof: By the properties of the pencils sEp—Ap, sEr— A and sEg—
Ag there exist A € K and full rank matrices N, NI M and M/?
such that ()\EP—AP)N)I\D = I, ()\.ER—AR)]V)%2 = 17 M){Z(AER—AR) =1
and MS(/\EQ — Ag) = I. Hence Lemma 2.3.16 shows that it suffices
to consider solvability of the following generalized Sylvester equations

ERXlAQ - ARX1EQ = —ERQ - ()\ERQ - ARQ)M)C\QEQ (2310&)

EPXQAR — APXQER = _EPR — ()\EPR — APR)MfER (2310b)
EngAQ — APX;;EQ = —(EPQ + EPRFl) — ()\(EPQ + EPRFl)

— (Apg + AprF2)) MY Eg, (2.3.10¢)

where Fi is any solution of (2.3.8a), whose existence will follow from

solvability of (2.3.10a). Furthermore, the properties of sEp — Ap,
sEg — Ag and sEr — Ap imply that Lemma 2.3.18 is applicable to
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the equations (2.3.10) (where (2.3.10b) must be considered in the (con-
jugate) transposed form) and ensures existence of solutions. Now, a
simple calculation shows that for any solution of (2.3.8) the second
part of the statement of Corollary 2.3.20 holds.

Finally, to show uniqueness in the sense of (2.3.9) assume first that
(E,A) = (E',A"). Then there exist invertible matrices S" and 7" such
that (E', A") = (S'ET’,S’AT’). Tt is easily seen, that the Wong se-
quences V!, W!, i € Ny, of the pencil s£' — A’ fulfill

V=T, W =T"W, EV =SEV, AW =SAW,.
(2.3.11)
Hence, using the notation of Theorem 2.3.19, there exist invertible
matrices Mp, Mg, Mg, Np, Ng, Ng such that

[Plla lla Qll] = T/il[PlMPa RIMR7 QIMQ]7
[P2/7 /27 Q/Q] = S,[PQNpa RQNR7 QQNQL

in particular the block sizes of the corresponding IQKFs coincide.
Therefore,

Ep x x Ap * %
; { ;5 *]— [ g *J = [Py B Qo) M (sE — A)[P1, Ry, Q)

0 0 Eq 0 0 A
8 P Ry S sE — APl Ry [ 8 ]
= R sH — Ir
0 0 Ng 2y £V 2 1442y 2 0 0 Mg
r—1
Np 00 Y, / ’ PN Me 0,1 v
=15 [Pa, Ry, Qo] (sE" — A) [Py, Ry, Qo] | 0 Mi* 0
N 0 0 M
NpEpMy* * * NpALM* * *
=3 0 NRpERMg* * — 0 NpApMg! #
0 0 NoEyMy* 0 0 NoAgMy*

Hence the necessity part of (2.3.9) is shown. Sufficiency follows from
the simple observation that equivalence of the IQKFs implies equiva-
lence of the original matrix pencils. O]

2.3.3 Proofs of the main results

In this subsection we prove the main results about the QKTF and the
QKF, where, compared to the IQKTF and IQKF, the regular part is
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decoupled into an ODE part and a nilpotent part. In the IQKTF and
IQKF we directly completed a basis of V* N W* to a basis of V* + W*,
and a basis of EV* N AW* to a basis of EV* + AW?*, resp. For the
QKTF and the QKF we consider V* and EV* as intermediate steps.

Proof of Theorem 2.3.1

Step 1: We show that Spjan(SE — A)Tiyian is in the form (2.1.4) and
prove (i) and (iv). It follows from (2.2.4) that

E(V AW CEV' NAW*, AV NW*) C EV' N AW",

E(V* + W) CEV + AW*,  A(V'+ W) C EV' + AW,
EK" C K™, AR C K™,

These inclusions imply solvability of

EP=P,Ep, AP,=P,Ap,

ER{=P,Ep; + RJE,, AR{=Py,Ap; + R]A;,

ERY=PyEpx + RJE;x + RY Ey, ARN=PyApy + RJ Ay + RY Ay,
EQi=PyEptR) E;+R) ExgtQ2Eq, AQi=PyApgtRJ Ajq+R) AngtQ:2Aq.

(2.3.12)
which is equivalent to Syian(SE — A)Tiian being in the form (2.1.4).
The properties (i) and (iv) immediately follow from Theorem 2.3.19 as
the choice of bases here is more special.
Step 2: We show (EV*NAW*) @ im ER{ = EV*. Asim R} C V* it
follows that (EV* N AW*) +im ER{ C EV*. Invoking EW* C AW*,
the opposite inclusion is immediate from

EV'=E(V'nW" @imR]) C EV' NW*) +im ER]
C (EV* + AW*) +im ER].

It remains to show that the intersection is trivial. To this end let
x € (EV*NAW*) Nim ERY, ie., x = Ey with y € im R{. Further,
r € EV*NAW* = E(V* N W) (where the subspace equality follows
from Lemma 2.3.7) and this yields that z = Fz with z € V*NW?*, thus
z—y € ker E C W*. Hence, since z € W*, it follows y € W*Nim R =

{0}.
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Step 3: We show EV* @ im ARY = EV* + AW*. We immediately
see that, since AV* C EV*,

EV*+ AW = EV + AV + AW = EV + AV + W") =
EV* + AV* +imRY) = EV* + AV* + Aim RY = EV* +im AR .

In order to show that the intersection is trivial, let z € EV*Nim ARY,
ie, v = Ay = Ez with y € im R} and z € V*. Therefore, y €

“Y(EV*)=V* and y € im RY, thus y = 0.

Step 4: We show mj; = ny and my = ny. By Step 2 and Step 3 we
have that m; = rk ER‘{ < nyand my =rk AR{V < ny. In order to see
that we have equality in both cases observe that: FR{v = 0 for some
v € K" implies R{v € im R{ Nker E = {0}, since ker £ C W*, and
hence v = 0 as Ry has full column rank; ARYv = 0 for some v € K™
implies RYv € im RY Nker A = {0}, since ker A C V*, and hence v = 0
as RY has full column rank.

Step 5: We show that E; and Ay are invertible. For the first,
assume that there exists v € K" \ {0} such that E;u = 0. Then

ERv "Y? PBpsv and hence ERJv € im ER{ Nim P, "2 {0}, a
contradiction with the fact that ERJ has full column rank (as shown

in Step 4). In order to show that Ay is invertible, let v € K" \ {0} be

such that Ayv = 0. Then ARMv @312 PQAPNU + RJAjyv and hence

ARNv € im ARY Nim[Py, RY] Step ’ {0}, a contradiction with the fact
that ARY has full column rank (as shown in Step 4).

Step 6: It only remains to show that AR,IEN is nilpotent. In order
to prove this we will show that, for ¢* as in (2.2.3),

Vie{0,...,0 : V'@imRY(AVEN) CV + Wy, (2.3.13)

We show this by induction. For ¢ = 0 the assertion is clear from the
choice of RYY. Suppose (2.3.13) holds for some i € {0,...,¢*—1}. Then

AV +im RY (A Ex)™) C AV* +im ARY (A Ey)™*!
(2.3.12) ,
- EV* + iHl(PQApN + RZJAJN + RéVAN)(AK}EN)/Al

C  EV +im P Apy (A Ey)™ 4 im R Ay (A Ey)
CEV* CEV*
+im RY Ex (A Ey)’
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(2.3.12) . )
C  EV' +im(ER) — PEpy — Ry Ejn) (A Ex)’

C  EV +imERY(AVEN) +im P Epy(Ay Ex)’

CEV*
—Hm Ré]EJN(AerEN)i

CEV*
C  EWV'+imRY(AJEN))
(2.3.13)
C  EV'4+EWp_; CEV 4+ AWp_i_4

and hence
V' Him RY (AY En)™ C AHEV + AW )
CA N EV)+ Wi SV 4+ We iy
Furthermore, we have
V' Nim RY (A Ex)™ €V nim Ry = {0}

and hence we have proved (2.3.13). Now (2.3.13) for i = (* yields
RY (AN En)" =0, and since R} has full column rank we may conclude
that (Ay'En)" = 0. O

Proof of Theorem 2.3.3

We may choose A € C and M, of appropriate size such that M, (Ay —
AEN) = I and, due to Lemma 2.3.16, for the solvability of (2.3.1c) it
then suffices to consider solvability of

E; XAy — AjXEy = —E;n — (AEyx — Ayn) MyEy,

which however is immediate from Lemma 2.3.17. Solvability of the
other equations (2.3.1a), (2.3.1b), (2.3.1d) then follows as in the proof
of Corollary 2.3.20.

Uniqueness in the sense of (2.3.2) can be established along lines sim-
ilar to the proof of Corollary 2.3.20. O

2.3.4 KCF, elementary divisors and minimal indices

An analysis of the matrix pencils sEp — Ap and sEg — Ag in (2.1.5),
invoking Lemma 2.3.14 and Corollary 2.3.15, together with Corolla-
ry 2.2.19 allows now to obtain the KCF as a corollary.
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Corollary 2.3.21 (Kronecker canonical form).

For every matriz pencil sE — A € K[s]|"""™ there exist transformation
matrices S € Gl,,(C) and T € G1,(C) such that S(sE—A)T € Cls]"™*"
is in KCF (2.1.6).

The numbers p;, 0y, €; and n; in Definition 2.1.7 are usually called
(degrees of) elementary divisors and minimal indices and play an im-
portant role in the analysis of matrix pencils, see e.g. [100,166,167,175].
More precisely, p1, ..., p, are the degrees of the finite elementary di-
visors, o1, ...,0. are the degrees of the infinite elementary divisors,
€1,...,&, are the columns minimal indices and 7, ..., 7, are the row
minimal indices. The minimal indices completely determine (under the
standing assumption that 0 <e; < ... <g,and 0 <9 < ... < 1y) the
singular part of the KCF. The following result shows that the minimal
indices can be determined via the Wong sequences. Another method
for determining the minimal indices via the control theoretic version
of the Wong sequences can be found in [167, Prop. 2.2], however the
minimal indices there correspond to a feedback canonical form.

Theorem 2.3.22 (Minimal indices).
Let sE — A € K[s]™*", consider the Wong sequences (2.2.3) and the
notation from Corollary 2.5.21 so that S(sE — A)T is in KCF (2.1.6).

Let K=V OW* W, = (BV,_))+, i =1,2,..., and K = (AW")+n
(EV*)*. Then

a=dimW NK), d=dimW NK)
and with, fori=0,1,2,...]

A; = dim(W,;0 N K) — dim(W; 1 NK),

A, = dim(V/\ZH n IE) — dim(V/\ZH N 16),
it holds that

E1=...=€a-A, =0, €A, 41 =...=Eq-n, =1, 1=1,2,...,
and
771:~~-:77d_3020: MRy i1 = - = Ng_R, = b 1=1,2,....

Furthermore, the minimal indices are invariant under matriz pencil
equivalence. In particular, the KCF is unique.
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Proof: First consider two equivalent matrix pencils sE—A and sE'— A’
and the relationship of the corresponding Wong sequences (2.3.11).
From this it follows that the subspace dimension used for the calcula-
tions of a, d, A; and A;, 1 =0,1,2, ..., are invariant under equivalence
transformations. Hence it suffices to show the claim when the matrix
pair is already in KCF (2.1.6). In particular, uniqueness of the KCF
then also follows from this invariance.

Note that the Wong sequences of a matrix pencil in IQKF (2.1.3)
fulfill

I 0 0 I 0 0
Vi= 0|Vl [IT| VEa (0| VY, w,=|o| Wl |T| Wie 0| WE,
0 0 I 0 0 I

where VI, WP VE WE VIQ, WZQ, 1 € Ny, are the Wong sequences
corresponding to the matrix pencils sEp— Ap, sEr—Ag and sEg— Ag.
Furthermore, due to Corollary 2.3.20 and the uniqueness result therein,

it follows that
100

VMW =im |0 0 0
000

Altogether it is therefore sufficient to show the claim for the singular
block sEp — Ap with its Wong sequences V¥ and W/'; the result for
the singular block sEg — Ag follows by considering the (conjugate)
transpose and invoking Lemma 2.3.8. Since K := V" n W = R™
we have WP N K = WP and the claim simplifies again.

The remaining proof is quite simple but the notation is rather cum-
bersome, therefore we accompany the proof with an illustrative exam-
ple:

701 7710
sEp—Ap—sl 010100]—{ 1010001. (2.3.14)
0010 0100
0001 0010
In this example a = 5, &1 = €5 = 0 (indicated by the bars in (2.3.14)),
€3 =¢4 = 1 and €5 = 3. Denote by Ky, ko, ..., K, the position where a

new P-(s) block begins in sEp — Ap, for the example this is k1 = 1,
Ko =2, k3 = 3, kg = b, Ky = 7. By definition

W =ker Ep = imey,, €ry, - - - €5,] = im W,



76 2 Decomposition of matrix pencils

where e, denotes the f-th unit vector. This shows a = dim W} =
dim (W) N K).

Let v;, i =0,1,2,...,mp be the number of P.(s)-blocks of size i in
sEp — Ap, for our example (2.3.14) this means vy = 2, vy = 2, 15 = 0,
v3=1,v4=0, v5 =0. Then

P _
APW1 - 07 s '707617 s oy G 1, Gy 3 el/1+2(l/2—1)) SEE)
L"_/W

Yo %% 12
6V1+2I/2+...+<77’LP7I)I/mP_l+17 ceey el/l+21/2+u.+(mp71)Vmp_l+mp(1/mP71)]'

Vi p

For (2.3.14) this reads as
h
Alep = [ 1] .

Denote by 3; the smallest index such that €5, > 1, if it exists, 81 = a+1

otherwise (for our example, 8; = 3). It then follows that

WY = Ep~(ApWF)

WP

- Wl @D lm[eﬁﬁl+17 eli/al+1+17 ] eh‘,,,+1]

= lnl[emﬂ ey eh”,;;l,1 ) els‘,gl ) eh‘,gl+17 eﬁ31+1 9 6K51+1+17 R eh‘,,ﬂ eh’,a+1
= im WY

For the example (2.3.14) this is
Wi =W @ imley, g, es] = imley, €3, e3, €4, €5, €, €7, €5).

Since Ag = dim W} —dimW! =a— (Bi—1) and ey = ... =¢5,1=0
we have shown that ¢; = ... =¢,.2, = 0.

With f; being the smallest index such that eg, > i (or 5; = a+1if it
does not exist) and with an analogue argument as above we inductively
conclude that

Wﬁ_l =W-eo €y 165 Crp i - o5 Crgtils 8= 2,3,
In the example we obtain o = 3 =5and Sy =5 =... =06 and
Wi = WF @ imleg),
Wi = WF @ im[ey),
WE=wl, wh=wr, ...
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Hence A;—y; = dimW;; — dimW, = a — (f; — 1) and by induction
A; =a—(Biy1—1). By definition, e5,_, = ... = €31 = ¢ and therefore
Ea—Njy = -+ = 5&7(A171) =1. []

Note that A;_; = A; or Aj_; = A, is possible for some 7. In that
case there are no minimal indices of value i because the corresponding
index range is empty. Furthermore, once A; = 0 or A; = 0 for some
index 7 or 7 then Aipj = 0 and ﬁ;@ =0 for all 7 > 0 and 3 > 0. In
particular, there are no minimal indices with values larger than ¢ and
/i\, respectively.

The proof of Theorem 2.3.22 uses the KCF and therefore, in particu-
lar it uses Lemma 2.3.14 and Corollary 2.3.15 which provide an explicit
method to obtain the KCF for the full rank matrix pencils sEp — Ap
and sEg — Ag in the QKF (2.1.5). However, if one is only interested
in the singular part of the KCF (without the necessary transforma-
tion), Theorem 2.3.22 shows that knowledge of the Wong sequences is
already sufficient; there is no need to carry out the tedious calculations
of Lemma 2.3.14 and Corollary 2.3.15.

In the following we show that the index (of the nilpotent part) of the
matrix pencil and the degrees of the infinite elementary divisors may
be obtained from the Wong sequences as well.

Proposition 2.3.23 (Index and infinite elementary divisors).
Consider the Wong sequences V; and W; and the notation from Theo-
rem 2.3.1 and the form (2.1.4). Let

vi=min{ieNy | V' + W, =V"+ W, }.

Ifv > 1, then v is the index of nilpotency ofAjleN, i.e., (AjleN)” =0
and (AN Ex)' "1 #0. Ifv =0, then ny = 0, i.c., the pencil sEx — Ay
is absent in the form (2.1.5).

Furthermore, if v > 1, let

Ay =dim(V* + W) —dim(V*+W;) >0, i=0,1,2,... .

Then A; 1 > A;, 0 = 1,2,...,v and, for ¢ = Ag, let the numbers
01,09, . ..,0. € Ny be given by (where in case of A;_1 = A; the respec-
tive index range is empty)

U(zfAi71+1:-~~:UcfAi:Z'7 iZl,?,...,l/.

Then (En, An) = (N, I) where N = diag (Ny,, Ny, ..., Ny,).
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Proof: Asin the proof of Theorem 2.3.22 we may assume, without loss
of generality, that sE — A is in KCF (2.1.6). Decomposing the Wong
sequences into the four parts corresponding to each type of blocks in
the QKF (2.1.5), that is

Vi=VEx VI x VN x V2 W = WP x W x W x W¢,

and supposing that sEp — Ap, sEj— Ay =sl—J, sEy— Ay =sN —1
and sEg — Ag are in KCF, we find that:

(i) V= A M (im Ep) = Ap'K" =K = Vi>0: V' =K.
(i) V/ = JIKY =K%Y = Vi>0: V/ =KWv.
(iii) VN =im N and V¥, = NV¥ = Vi>0: V¥ =im N’

(iv) For the derivation of Vl-Q , we assume for a moment that sEg— Ag
consists only of one block, that is sEg — Ag = Q,(s) for some

1n € Ny. Then
nQ . y 0
wex (0)=() )

:{l’GK"Q |$1:0},

Ve = Ap!(im Eg) = { r € K™

and, iteratively, V¢ = {z €K™ |2y =...=2;,=0}. For a
higher number of blocks the calculation is analogous, but what
matters is that there exists some j € Ny such that VQ {0}.
The above yields that
V' =K" x K" x {0}"™ x {0}"e.
Now observe that:
(i) WY =ker N and WY, = N"WN — Vi>0: WY =ker N,
(ii) WY =ker Eg = {0} = Vi>0: W< = {0}"e.
The assertion of the proposition is then immediate from

V' 4+ W, = K™ x K™ x ker N' x {0}"¢, i>0. 0
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Remark 2.3.24 (Wong sequences determine infinite and singular
structure).

From Proposition 2.3.23 and Theorem 2.3.22 we see that the degrees
of the infinite elementary divisors and the row and column minimal
indices corresponding to a matrix pencil sE — A € K[s]"™*" are fully
determined by the Wong sequences corresponding to sE — A. It can
also be seen from the representation of the Wong sequences for a ma-
trix pencil in KCF that the degrees of the finite elementary divisors
cannot be deduced from the Wong sequences. However, they can be
derived from a modification of the second Wong sequence (similar to
Definition 2.2.15) as shown in the following.

Proposition 2.3.25 (Finite elementary divisors).
Consider the Wong sequences V; and W; and the notation from Theo-
rem 2.3.1 and the form (2.1.4). Consider, for A\ € C, the sequence

Wy = {0}, WA, = (A—A\E) {(EW}) CK" (2.3.15)
Then we have, for all A € C, the characterization
X spec(sEy—Ay) <= W]} CW" (2.3.16)

Consider now the notation from Corollary 2.3.21 so that S(sE — A)T
is in KCF (2.1.6) and reorder J)(s), ..., Jy(s) as T (s), ...,

P11

jp‘z;l(s), Tp2(8)s ooy T2 (8), ooy Tk (8),es Tk () with prj <

Phby.2 Pby.k
oo Zppy g forally=1,... k and cu, ..., ap pairwise distinct, where

Ty (s) = (s = M) = N, € Crovuifs] j=1... k i=1,...b.
Let
A= dm(W AW ) —dim(W WS, j=1,...k, i=0,1,2,....
Then A} =b;, A | > Al and
Poynl w1y = =Py ai; =0 F=1. .k i=1,2,3,...

Proof: Similar to the proof of Proposition 2.3.23 we may consider
sE — A in KCF. Then

W =K" x {0} x K™ x {0}.
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The proof now follows from the observation that, for all A € C and
1 € Ny,

W AW =K" x | X (ker j‘fj},()\))i x K™ x {0}"@

and ker 7, (\) = {0} for A # a;. O

Remark 2.3.26 (Jordan canonical form).

In case of a pencil sI — A, the following simplifications can be made
in Proposition 2.3.25: W* = {0}, and hence W} = ker(A — \I)'.
Then (2.3.16) becomes the classical eigenvalue definition

A€ o(A) < ker(A— ) # {0},
Furthermore,
AJ = dimker(A — N\ 1) — dimker(A — A\ 1),

and hence we obviously obtain the Jordan canonical form of A, that is
the sizes and numbers of Jordan blocks, from Proposition 2.3.25.

Remark 2.3.27 (Determination of the KCF).

The results presented in this subsection show that the KCF of a pencil
sE — A (without the corresponding transformation matrices) is com-
pletely determined by the Wong sequences:

(i) The row and column minimal indices 7; and ¢; are given by The-
orem 2.3.22, which directly give the KCF of the singular part of
the matrix pencil.

(ii) The degrees o; of the infinite elementary divisors are given by
Proposition 2.3.23 yielding the KCF of the matrix pencil sFEy —
An.

(iii) Finally, the finite eigenvalues can be determined by deriving the
roots of det(AE; — A;) or using (2.3.16), and the degrees p; of
the finite elementary divisors (corresponding to the above eigen-
values) are given by Proposition 2.3.25. This yields the Jordan
canonical form of Ele s completing the KCF.
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2.4 Solution theory

In this section we study the DAE
LEx(t) = Az(t) + f(t) (2.4.1)

corresponding to the matrix pencil sE — A € R[s|™*". Note that we
restrict ourselves here to the field K = R, because 1) the vast majority
of DAEs arising from modeling physical phenomena are not complex-
valued, 2) all the results for K = R carry over to K = C without
modification (the converse is not true in general), 3) the case K = Q is
rather artificial when considering solutions of the DAE (2.4.1), because
then we had to consider functions f: R — Q or even f: Q — Q.

In Subsection 2.4.1 we show that a complete characterization of the
solutions of the DAE (2.4.1) can be given in terms of the QKF, hence
only using the Wong sequences. This result is based on using a unimod-
ular extension of the underdetermined (overdetermined) part of sF — A
and the inverse of it. While this is a simple and general characteriza-
tion, the drawback of this approach is that, due to non-uniqueness of
the extension and hence the unknown degree of the inverse, we have to
require that all functions involved are infinitely times (weakly) differ-
entiable. To resolve this problem we use the KCF in Subsection 2.4.2
and derive a characterization with minimal smoothness requirements.

The results of Subsection 2.4.1 are partly contained in a joint work
with STEPHAN TRENN [40].

2.4.1 Solutions in terms of QKF

In this subsection we will show (see Theorem 2.4.8 and Remark 2.4.9)
that the Wong sequences are sufficient to completely characterize the
solution behavior of the DAE (2.4.1) including the characterization of
consistent initial values as well as constraints on the inhomogeneity f.
Although (versions of) the Wong sequences appear frequently in the
literature (see Section 2.5 (1)), it seems that their relevance for a com-
plete solution theory of DAEs associated to a singular matrix pencil
has been overlooked and the present characterization is novel.

We first have to decide in which (function) space we consider the
DAE (2.4.1). We consider the space L] ., because we like to allow for

loc?
step functions as inhomogeneities and, in the later chapters, as inputs of
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DAE control systems. However, we require the solution z € £} .(R;R")
to be smooth in the sense that Ex € Wﬁ)’i(R; R™). This leads to cer-
tain smoothness requirements on the inhomogeneity and excludes the
possibility of derivatives of step functions to appear in the solution,
which would require distributional solutions. A distributional solu-
tion setup (from a control theoretic point of view) has been considered
in [101,188,200] for instance, see also [77]. A typical argumentation in
these works is that inconsistent initial values cause distributional so-
lutions in a way that the state trajectory is composed of a continuous
function and a linear combination of Dirac’s delta impulse and some of
its derivatives. However, some frequency domain considerations in [182]
refute this approach (see [229] for an overview on inconsistent initializa-
tion). This justifies that we do only consider integrable solutions. For
a mathematically rigorous approach to distributional solution theory of
linear DAEs we refer to [227,228] by TRENN, see also Section 2.5 (iii).
We have motivated the following definition.

Definition 2.4.1 (Solutions of DAEs).
Let sE — A € R[s]™", ty) € R, 2" € R" and f € L] (R;R™). Then

z € L] (R;R") is called a solution of the initial value problem (2.4.1),
x(ty) = 2°, if, and only if, Fx € Wﬁ,‘g(R;R’”), 2(0) = 2°, and (2.4.1) is
satisfied for almost all ¢ € R.

x is called a solution of the DAE (2.4.1) if, and only if, there exist ¢, €
R, 2° € R" such that x is a solution of the initial value problem (2.4.1),
x(tg) = 2°.

If f € C®(R;R™), then the initial value 2 is called consistent at t,
for (2.4.1) if, and only if, the initial value problem (2.4.1), z(ty) = 29,
has at least one solution z € C*°(R; R"™).

Note that the existence of a solution of (2.4.1) may automatically
require a higher (weak) differentiability of (components of) the inho-
mogeneity f. This is also reflected in the definition of consistent initial
values: since solutions are in general only unique almost everywhere,
more smoothness of f and the solution x is required here.

Before stating our main results concerning the solution theory of the
DAE (2.4.1), we need a preliminary result about polynomial matrices.
A (square) polynomial matrix U(s) € K[s]"*" is called unimodular if,
and only if, it is invertible over the ring K[s]"*", i.e., there exists V(s) €
K[s]™" such that U(s)V(s) = I. We will say that P(s) € K[s]™*" can
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be extended to a unimodular matrix if, and only if, in the case m < n,

there exists Q(s) € K[s]"~™*" such that [ggi” is unimodular, in the

case m > n, there exists Q(s) € K[s]"*("~") such that [P(s), Q(s)] is
unimodular and, in the case m = n, P(s) itself is unimodular.

Lemma 2.4.2 (Unimodular extension).

A matriz P(s) € K[s|™" can be extended to a unimodular matriz if,
and only if, tke P(\) = min{m,n} for all A € C.

Proof: Necessity is clear, hence it remains to show that under the full
rank assumption a unimodular extension is possible. Note that K[s] is
a principal ideal domain, hence we can consider the Smith form [222]
of P(s) given by

Pl =) |74 f] v

where U(s),V(s) are unimodular matrices and X(s) =

diag (o1(s),...,0.:(s)), r € Ny, with nonzero diagonal entries. Note
that rke P(A) = rke 2(A) for all A € C, hence the full rank condi-
tion implies r = min{m, n} and o1(s), ..., o,(s) are constant (nonzero)

polynomials. For m = n this already shows the claim. For m > n, i.e.,
P(s)=U(s) [E"t)(‘*)] V(s), the sought unimodular extension is given by

Penael =t [P |9 V5]
and, for m < n,

N O

We are now in a position to derive unimodular matrices which con-
stitute a right (left) inverse and kernel of a given matrix pencil.

Lemma 2.4.3 (Existence of unimodular inverse).

Consider a matriz pencil sSE—A € K[s]™" withm # n andrtk \E—A =
min{m, n} for all A € C. Then there exist polynomial matrices M(s) €
K[s]™™ and K(s) € K[s|"*™, n/,m' € Ny, such that, if m < n,
[M(s), K(s)] is unimodular and

(SE - A)[M(S)v K(S)} = [Imv 0]7
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or, if m >mn, [K@)} is unimodular and

M(s) s
] ez =[5
Proof: Let Q(s) be any unimodular extension of sE — A according
-1
Sg@)A] and if

m > n, let [%((f” = [sE— A, Q(s)] . -

to Lemma 2.4.2. If m < n, choose [M(s), K(s)] = [

In order to prove a complete characterization of the solutions
of (2.4.1) we need the following lemmas, which characterize the so-
lutions of DAEs in the case of full rank pencils. Note that we have to
assume a certain differentiability of the inhomogeneity f and the solu-
tion z for the characterization, which is due to the unknown degree of
the unimodular right (left) inverse and kernel. Smoothness issues are
investigated in more detail in Subsection 2.4.2.

Lemma 2.4.4 (Full row rank pencils).

Let sE — A € R[s|™" such that m < n and rkc(AE — A) =
for all A € CU {oo}. According to Lemma 2.4.3 choose M(s)
R[s]™™ and K(s) € R[s]"*"™™) such that (sE — A)[M(s), K(s)]
[1,0] and [M(s), K(s)] is unimodular. Then, for all inhomogeneities
f e W R:R™), = € WU R, R") is a solution of (2.4.1) if, and

loc loc

only if, there exists u € W, 1( R;R"™™™) such that

v = M(§)(f) + K(§) ().

Furthermore, if f € C*°(R;R™), then, for any ty € R, all initial values
2% € R" are consistent at ty for (2.4.1).

N m 3

Proof: Step 1: We show that z = M($)(f) + K (£)(u) is a solution
of (2.4.1) for any u € Wﬁi’l(R; R"™). This is clear since

(GF —A) (MG () + K@) =f+0=f

and we may define t; := 0 and 2 := x(0).
Step 2: We show that any solutlon x of ( 4.1) can be reprebented as
above. To this end let u := [0, I][M (%), K($)] 'z € WH(R; R™),
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which is well-defined due to the unimodularity of [M(s), K(s)]. Then

EGE = A (B = M), KM (G), K(G) e

t

o

and therefore, invoking also continuity of all involved functions, it fol-
lows that

MG+ K (= (M), K(3)

Step 3: Let f € C®(R;R™). We show that every initial value is
consistent. Write K (s) = Ko+ Kis+ ...+ Kps?, p € Ny, and let K be
the singular chain subspace of sEF — A as in Corollary 2.3.11.

Step 3a: We show im[K, K7,. .., K,] = K = R". Remark 2.3.2 and
Lemma 2.3.12 yields R" = V*NW* = K. From (sE — A)K(s) =0 it
follows that

0= AKy, EKy = AK,,..., EK, | = AK,, EK, =0,

hence the i-th column vectors of Ky, K1,...,K,,i=1,...,n—m, form
a singular chain. This shows im[Ky, K, ..., K,] C K.
For showing the converse inclusion, we first prove im Ky = ker A. From
AKy = (\E — A)K()\)‘A:O = 0 it follows that im K, C ker A. By uni-
modularity of [M(s), K(s)] it follows that K (0) = K must have full
rank, i.e. dimim Ky = n — m. Full rank of (sE — A) for all s € C also
implies full rank of A, hence dimker A = n —m and im K, = ker A is
shown.
Let (zg,21,...,2;), | € Ny, be a singular chain. Then Az, = 0, i.e.
xg € ker A = im K. Proceeding inductively, assume xg, x1,...,2; €
im[Ky, K71, ..., K], for some i € Ny with 0 < ¢ < [. For nota-
tional convenience set K; = 0 for all j > p. From Awz;yy = Ex; €
iHl[EKQ, EKl, ey EK;] = 1m[AK1, AKQ, ceny AK1+1] it follows that
xip € ker AHim[Ky, Ky, ..., K; 1] = im[Ky, K7, . .., K;;1]. This shows
that each singular chain is contained in im[Ky, Kq, ..., I{,].

Step 3b: We show existence of a solution € C*(R;R") such that
z(tg) = 2°. By Step 3a there exist ug, uy, ..., u, € R"™™ such that

Koug + Kiuy + ...+ Kyu, = 2% — M($)(f)(to). (2.4.2)
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Let

t—t9)? t—to)?
( ) + ...+ ( ) U

2 p!
Then we have that v € C*(R; R"™) and

u(t) == ug + (t — to)us +

K (L) (u)(t) = Kouo + Ky + ... + Ky, P27 2 = M(L)(F) (ko)

(2.4.3)

which implies that the solution z = M(%)(f) + K(%)(u) € C(R; R")
satisfies N

z(to) = M(%)(f)(to) + K(%)(U)(to) — 0. 1

Remark 2.4.5 (Full row rank and eigenvalue oo).

A careful analysis of the proof of Lemma 2.4.4 reveals that for the
solution formula the full row rank of AE — A for A = oo is not necessary.
The latter is only necessary to show that all initial value problems have
a solution.

Lemma 2.4.6 (Full column rank pencils).

Let sE — A € R[s]™"™ such that m > n and tkc(AE — A) = n for
all A € CU{oo}. According to Lemma 2.4.3 choose M(s) € R[s ]"X’”
and K(s) € R[s]™ " such that [ (S)} (sE—A) =[}] and [ ;))}
is unimodular. Then, for all f € W YR:R™), z € WI?Cl(R R™) is a
solution of (2.4.1) if, and only if,

v=M(G)(f) and K(g)(f)=0.

Furthermore, every component or linear combination of f is restricted

in some way, more precisely K (s)F has no zero column for any invert-
ible ' e R™™,

Proof: The characterization of the solution follows from the equiva-
lence

GE-awe s = [E] de- e [
=[t]

and continuity of the involved functions. To show that K(s)F does
not have any zero column, write K(s) = Ko+ Kis + ... + K,s".
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Since (sET — AT)K(s)" = 0 it follows with the same arguments as
in Step 3a of Lemma 2.4.4 that im[K{, K ,. ..,K;] = R™. Hence,
ker[Ky, K| ,...,K,]" = {0} which shows that the only v € R™ with
Ky =0foralli=1,...,pis v =0. This shows that K(s)F does not
have a zero column for any invertible F' € R"™*"™. O

Remark 2.4.7 (Full column rank and eigenvalue co).

Analogously, as pointed out in Remark 2.4.5, the condition that \F'— A
must have full column rank for A = oo is not needed to characterize
the solution. It is only needed to show that the inhomogeneity is ‘com-
pletely’ restricted.

The following theorem gives a complete characterization of the solu-
tion behavior of the DAE (2.4.1) just based on the QKF (2.1.5) without
a knowledge of a more detailed structure (e.g., some staircase form or
the KCF of some of the blocks).

Theorem 2.4.8 (Complete characterization of solutions in terms of
QKF).

Let sE— A € R[s]™™ and use the notation from Theorem 2.3.3 so that
S(sE — A)T is in QKF (2.1.5). Let f € WX'R;R™) and
(f;,f},f;,fgf = Sf, where the splitting corresponds to the block
sizes in (2.1.5). According to Lemma 2.4.3 choose unimodular matrices
[MP(S),KP(S)] c R[S}npx(mp+(npfmp)); |:ZI»([§;(<§;:| c R[ ](nQ+ mq—ng))xXmq
such that

(sEp= AR M), K9] = 10] and [0 (sEg=0) = ]

Then there ewists a solution = € WS (R;R™) of the DAE (2.4.1) if,
and only if,

(Ko(3)(fo) =0.] (2.4.4)
If f € C®R;R™) and (2.4.4) holds, then an initial value
T
0 = T(m%T,ang, 9VT, OQT) is consistent at ty € R for (2.4.1) if,
and only if,

‘x% - (MQ(%)(JCQ)) (to)‘ and

vl 2.4.5
oy =— <Z(A;9EN) (5" (fN>>< 0). 24

k=0




88 2 Decomposition of matrix pencils

If (2.4.4) and (24.5) hold, then x = T(xp',z;" an", Z‘QT)T
e W (R;R™) is a solution of the initial value problem (2.4.1), z(t) =

20, if, and only if. we have

rp = MP(%)(JCP) +KP(%)(UI%)7

Ty = 6E;1A‘,<<fto)xg+ft'ﬂ B A9 £ 1(5) ds,
;— _ k X

o o= =20 (AVEN) () (),

zg = Mo($)(fo)

where g, € WS (R R =) is such that

(KP(%)(%%)) (to) = 2 — (Mp($)(fp)) (to)- (2.4.7)

Proof: The first statement of the theorem about existence of solutions
of (2.4.1) follows from Lemma 2.4.6. In order to prove the second
statement about consistent initial values let f € C*>°(R; R™) and observe
that:

Step 1: Assume that z° is consistent at to for (2.4.1). Then there
exists a solution z € C®(R;R") of (2.4.1), z(tg) = 2". Clearly, by
Lemma 2.4.6, ), = xq(ty) = (Mg(£)(fq)) (to). For the second condi-
tion we calculate

(2.4.6)

(AN En)zn(to) — fx(to)
(AV'En) (5 (AN En)zn(to) — fa(to)) — fn(to)

oy = an(ty) =

&l &~

- (Z_ (ANIEA')k(%)k’(fN)> (to)-

k=0

Step 2: Assume that (2.4.5) holds true. We show that there exists
a solution x € C*(R; R") of (2.4.1), z(tg) = 2°. Clearly z as in (2.4.6)
is a solution of (2.4.1), where existence of u, € C*(R;R"™ ") is
guaranteed by Lemma 2.4.4, and the initial value conditions in (2.4.5)
are satisfied.

The last statement of the theorem about the representation of so-
lutions of initial value problems follows from the above considerations
and the fact that due to Lemma 2.4.4 it is always possible to choose
Uy, € W (R; R =) such that (2.4.7) is satisfied. 0
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Remark 2.4.9 (Characterization in terms of QKTF).

A similar statement as in Theorem 2.4.8 is also possible if we only con-
sider the QKTF (2.1.4). The corresponding conditions for the @Q-part
remain the same, in the condition for the N-part the inhomogeneity
fnis rep.laced by fx — (S Eng N Ang)(zg), in the J—dpart the inhomo-
gCIlCity fJ is replaccd by f] — (éEJN — AJN)(JZN) — (EEJQ — AJQ)(JSQ)
and in the P-part the inhomogeneity fp is replaced by fp — (%Ep J—
Apy)(wy) = (Bpng — Apv)(an) — (Epol; — Apo)(2q)-

Remark 2.4.10 (Solutions on (finite) time intervals).

The solution of a DAE (2.4.1) on some time interval I C R can be
defined in a straightforward manner (compare Definition 2.4.1). From
Theorem (2.4.8) we can infer that any solution  on some finite time
interval I C R can be extended to a solution on the whole real axis
provided the inhomogeneity f is defined on R.

2.4.2 Solutions in terms of KCF

In this subsection we aim to derive a characterization of solutions
of (2.4.1) without any further smoothness requirements on the solu-
tion using the KCF. However, we cannot use the KCF of the whole
pencil; we use the QKF and transform all parts except for the ODE
part into KCF. This can be achieved by combining Theorem 2.3.3,
Lemma 2.3.14, Corollary 2.3.15 and the Jordan canonical form of a
nilpotent matrix and leads to the following result.

Corollary 2.4.11.
For any sE — A € R[s]™""™ there exist S € GL,(R) and T € G1,(R)
such that, using the notation from Definition 2.1.7,

S(sE — A)T = diag (sl — J,P-,(s), ..., P-,(5), Ny, (s),
o NG(8), Qp(), - Quuls)), (2.4.8)

where k € Ny and J € RF*F,

This leads to the separate consideration of the DAEs corresponding
to each type of blocks:
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(i)

(i)

The ODE block s/ — J corresponds to the ODE Sz (t) = Ja(t) +
f(t) whose solution satisfies

t
2(t) = e’ (ty) + / D f(r)dr, teR.

to

In particular, solvability is guaranteed by f € £} (R;R™). The
initial value z(ty) € R" can be chosen arbitrarily; the prescription
of f € L} (R;R™) and z(ty) € R" guarantees uniqueness of the

. loc
solution.

Solutions of the DAE corresponding to a block N, (s) = sN, — I,
namely $N,z(t) = 2(t) + f(t), can be calculated as done in the
proof of Theorem 2.4.8:

xa:(‘%Nnx_fd:O%No(%Nﬁx_f)_f

o—1
GNP (Nox = ) = AN f = F L SN,
k=0

(2.4.9)

Here, only the property of z being a solution of (2.4.1) (and hence
Nyx € Wlts (R;R7)) and no further smoothness is used. However,
the solution requires a certain smoothness of the inhomogeneity,

expressed by

7
[V}

N (EN,)Ef e Wol(R;R7). (2.4.10)
0

=~
I

In fact, we can prove that for f € £} (R;R?) there exists a so-

lution z € L} (R;R%) of $N,z(t) = x(t) + f(t) if, and only if,

condition (2.4.10) holds: The ‘="-part follows from pre-multiply-
ing (2.4.9) with N, and the fact that N,z € W5 (R;R?). The

loc
‘«"-part follows by defining = := — Z;é(%Ng)k f and observ-
ing that by (2.4.10) z is indeed well-defined and satisfies © €
Ll (R;R%) and N,z € Wli)’g(]R; R7), thus = is a solution of
o (t) = x(t) + f(1).
Note that, similar to Theorem 2.4.8, for f € C*°(R;R”) an initial
value 2° € R7 is consistent at t, € R for %Ngx(t) =a(t) + f(t)



2.4 Solution theory 91

(iii)

if, and only if,

- ( ) (%Ng)k(f)) (t).
k=0

However, solutions to initial value problems may even exist for
inconsistent initial values, see Example 2.4.12.

An underdetermined block P.(s) = sL..; — K.41 corresponds to
a DAE %LEHJJ = K.z + f. Using the structure of L.,; and
K..1 and

T2

Let1

we may rewrite this equation as

Sa_(t) = Now_(t) + exm(t) + f (1)

and e; is the first unit vector. Hence, a solution exists for all f €
Ll (R;R°) and all 71 € L] (R;R) as well as x2(tg), . . ., ze+1(to)-
This system is therefore underdetermined in the sense that one
component as well as all initial values can be freely chosen. Hence
any existing solution for fixed inhomogeneity f and fixed initial
value z(tp) is far from being unique.

An overdetermined block Q,(s) = sL,,, — K, corresponds to

a DAE 4 LU_H:E = K,/,;x + f. Using the structure of L;H and

7
x

we obtain the equivalent equation

%er+1$+(t) = () + f(1).

KnT 1 and denoting

Hence we obtain x; = — 377 0( N,+1)F f, which gives

n

2 1,01 (5 Ny)"S

k=0
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together with the consistency condition on the inhomogeneity
(which is a special case of (2.4.4)):

n

epi1 Z(%Nuﬂ)kf =0. (2.4.11)
k=0

The smoothness condition

n—1
Nyt (SN, F € Wl (R RTH
0

o~
Il

is therefore not enough to guarantee existence of a solution; the
additional constraint formed by (2.4.11) has to be satisfied, too.
Furthermore, as in (ii), consistency of the initial value 2° at tg is
restricted by the inhomogeneity f.

Example 2.4.12 (Inconsistent initial values).
Consider the simple DAE

0= 2(t) + f(t) (2.4.12)

for f € C*(R;R). Clearly, 2° € R is consistent at ¢, € R for (2.4.12)
if, and only if, 2 = —f(¢;). However, the solution of (2.4.12) is
only unique almost everywhere since any y € £} (R;R) which satisfies
y(t) = —f(t) for almost all ¢ € R is a solution of (2.4.12). Therefore,
any initial value problem (2.4.12), z(ty) = 2°, with arbitrary 2° € R
has a solution, but only % = — f(#;) is consistent.

Summarizing the above considerations we obtain the following the-
orem which characterizes existence of solutions of a DAE (2.4.1) by
smoothness and consistency conditions on the inhomogeneity. The
smoothness conditions reflect the limits of the solution setup using
integrable functions only: if any component of the inhomogeneity does
not obey these conditions this directly leads to Dirac impulses in the
solution and hence the requirement for a distributional solution setup,
see also Section 2.5 (iii). We omit the characterization of consistent
initial values; this can be concluded from (i)—(iv) above.

Theorem 2.4.13 (Characterization of solutions of the DAE in terms
of KCF).
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Let sE — A € R[s]"™" and use the notation from Corollary 2.4.11 so
that (2.4.8) holds. Let f € LI (R;R™) and, according to the block
structure of (2.4.8),

(f}raf};rl, '7f1:—’r,(1,7f;,17- . ~7.f;‘m fg,la" '7f(3,d)T = Sf

Then there exists a solution x € LL (R;R™) of (2.4.1) if, and only if,
the smoothness conditions

o;—2
Vi=1,...,c: 2Ngl(%NJl)k’fN,ieWﬁi(R;R@) and
ni—
Vi=1,...,d: ZN,H< Ny foi € Wk (R R
(2.4.13)

and the consistency condition

\V/izl,..., . ,7+1Z 771+1 sza—eO

are satisfied.

Note that the smoothness conditions (2.4.13) in Theorem 2.4.13 im-
plicitly require a higher (weak) differentiability of certain components
of f so that (2.4.13) is satisfied.

2.5 Notes and References

(i) The Wong sequences can be traced back to DIEUDONNE [87],
however his focus is only on the first of the two Wong sequences.
BERNHARD [42] and ARMENTANO [7] used the Wong sequences
to carry out a geometric analysis of matrix pencils. In [185] the
first Wong sequence is introduced as a ‘fundamental geometric
tool in the characterization of the subspace of consistent initial
conditions’ of a regular DAE. Both Wong sequences are intro-
duced in [184] where the authors obtain a quasi-Kronecker stair-
case form; however, they did not consider both Wong sequences
in combination so that the important role of the spaces V*NW*,
V*+ W*, EV* N AW*, EV* + AW* (see Definition 2.2.1, Fig-
ure 2.1 and Theorem 2.3.1) is not highlighted. They also appear
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(iii)

in [3,4,151,233]. In control theory, modified versions of the Wong
sequences (where im B is added to EV; and AW; resp.) have
been studied extensively for not necessarily regular DAESs, see
e.g. [3,11,13,14,92,159,167,188,200] and they have been found
to be an appropriate tool to construct invariant subspaces, the
reachable space and provide a Kalman decomposition, to name
but a few features.

The notion of consistent initial values as in Definition 2.4.1 is most
important for DAEs and therefore as old as the theory of DAEs
itself, see e.g. [100]. The space of consistent initial values is often
used and sometimes called viability kernel [45], see also [9, 10].

Since solutions of a DAE (2.4.1) might involve derivatives of the
inhomogeneities, jumps in the inhomogeneity might lead to non-
existence of solutions due to a lack of differentiability. This is
characterized by the smoothness conditions in Theorem 2.4.13.
However, this is not a ‘structural non-existence’ since every
smooth approximation of the jump could lead to well defined
solutions. Therefore, one might extend the solution space by
considering distributions (or generalized functions) as formally
introduced by SCHWARTZ [218]. The advantage of this larger so-
lution space is that each distribution is ‘smooth’, in particular
the unit step function (Heaviside function) has a derivative: the
Dirac impulse. Unfortunately, the whole space of distributions
is too large, for example it is in general not possible to speak of
an initial value, because evaluation of a distribution at a specific
time is not defined. To overcome this obstacle one might con-
sider the smaller space of piecewise-smooth distributions Dpyce
as introduced in [227,228]. For piecewise-smooth distributions a
left- and right-sided evaluation is possible, i.e., for D € D¢~ the
values D(t—) € R and D(t+) € R are well defined for all ¢t € R.

Distributional solutions for time-invariant DAEs have already
been considered by CoBB [75] and GEERTs [101, 102] and for
time-varying DAEs by RABIER and RHEINBOLDT [202] and
KUNKEL and MEHRMANN [152].
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In this chapter we consider linear differential-algebraic control systems
of the form

LEx(t) = Az(t) + Bu(t),

with E, A € R>*" B € R>™; the set of these systems is denoted by
i nm, and we write [E, A, B] € ¥;,,,. We do not assume that the
pencil sE — A € R[s]"*" is regular.

The function v : R — R™ is called input; x : R — R"™ is called
(generalized) state. Note that, strictly speaking, x(t) is in general not
a state in the sense that the free system (i.e., u = 0) satisfies a semi-
group property [145, Sec. 2.2]. We will, however, speak of the state x(t)
for sake of brevity, especially since x(t) contains the full information
about the system at time ¢. Furthermore, one might argue that (espe-
cially in the behavioral setting) it is not correct to call u an ‘input’,
because due to the implicit nature of (3.1.1) it may be that actually
some components of u are uniquely determined and some components
of = are free, and only the free variables should be called inputs in
the behavioral setting. However, the controllability concepts given in
Definition 3.1.5 explicitly distinguish between z and u and not between
free and determined variables. We feel that, in some cases, it might
still be the choice of the designer to assign the input variables, that is
u, and if some of these are determined, then the input space has to be
restricted in an appropriate way.

By virtue of Definition 2.4.1, a trajectory (x,u) : R — R" x R"
is said to be a solution of [E, A, B] if, and only if, it belongs to the
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behavior of [E, A, B:
Bipap = {(z,u) € LL(R;R" x R™) | Ex € Wiy (R;R)

loc
and (z,u) satisfies { Ex(t) = Az(t) + Bu(t)
for almost all t € R}.

Note that, by linearity of the system [E, A, B], (g 4,5 is a vector
space. This chapter is organized as follows.

In Section 3.1 the concepts of impulse controllability, controllabil-
ity at infinity, R-controllability, controllability in the behavioral sense,
strong and complete controllability, as well as strong and complete
reachability and stabilizability in the behavioral sense, strong and com-
plete stabilizability will be defined and described in time-domain. In
the DAE literature these notions are not consistently treated; for a
clarification see Section 3.7. Some relations between the concepts are
also included in Section 3.1.

In Section 3.2 we concentrate on decompositions under state space
transformation and, further, under state space, input and feedback
transformations. We introduce the concepts of system and feedback
equivalence and state decompositions under these equivalences, which
for instance generalize the Brunovsky form. It is also discussed when
these forms are canonical and what properties (regarding controllability
and stabilizability) the appearing subsystems have.

The generalized Brunovsky form enables us to give short proofs of
equivalent criteria, in particular generalizations of the Hautus test, for
the controllability concepts in Section 3.3, the most of which are of
course well-known - we discuss the relevant literature.

In Section 3.4 we revisit the concept of feedback for DAE systems
and prove new results concerning the equivalence of stabilizability of
DAE control systems and the existence of a feedback which stabilizes
the closed-loop system. Stabilization via control in the behavioral sense
is investigated as well.

In Section 3.5 we give a brief summary of some selected results of the
geometric theory using invariant subspaces which lead to a represen-
tation of the reachable space and criteria for controllability at infinity,
impulse controllability, controllability in the behavioral sense, complete
and strong controllability.

Finally, in Section 3.6 the results regarding the Kalman decomposi-
tion for DAE systems are stated and it is shown how the controllability
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concepts can be related to certain properties of the Kalman decompo-
sition.

The results of this chapter have been published in a joint work with
TiMo REIs [38].

3.1 Controllability concepts

In this section we introduce and investigate controllability concepts for
control systems

LEx(t) = Az(t) + Bu(t), (3.1.1)
where [E, A, B] € ¥;,,,,. The following spaces play a fundamental role
in this chapter:

(a) The space of consistent initial states

3(z,u) € By ap :

_ 0 n
Vieas) = { TERY| e WIRERY A 2(0) =2 }

(b) The space of consistent initial differential variables

E(JJ U)E%EAB]:
ze Wo(R;R") A Exz(0)=Ex® |-

loc

V[dEi{TA,B] - { xO S Rn

(¢) The reachable space at time t > 0

(w,u) €Bpap € W1 | (R; R™) }
Az(0)=0 A x() Y

RfE,A,B] == { .Z'O S Rn
and the reachable space

R[EﬁAﬁB] = U RfE,A,B]-

>0
(d) The controllable space at time t > 0
3 (x,u) € Dipap : x € Wi (R;R") }
=0

loc

A z(0) =2 A x()

C[tE,A,B] = { CUO S Rn
and the controllable space

Clpap = UCfE,A,B]-

t>0
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Remark 3.1.1 (Fundamental spaces).

(i)

(iii)

Note that by linearity of the system, Vig 4.5} V[‘}ELHA B RfE AB] and
C[tE’ A ATe linear subspaces of R™. We will show that RI[}; AB =
RZE%,A,B] = C[%’A’B] = CFJQE,A,B] for all ¢1,t5 > 0, see Lemma 3.1.4.
This implies Rg a5 = RfE’A’B] = CEE,A,B] = Cip,ap forall t > 0.

In the definition of the above spaces we require that
x € WIIO’CI(R; R™). If we had assumed that for (z,u) € Bjp 4 p) the
state x belongs to L], (R;R"), and not necessarily to )/Vlloc1 (R;R™),
then any initial state z(0) = 2° € R™ would be consistent for the
equation 0 = x. However, it is desirable that the only consis-
tent initial value of 0 = z is 2° = 0, which is guaranteed by
2 € WEIR RY).

Likewise, the reachable and controllable spaces for the equation
0 = z should be i()} as well, which again is reflected by the
requirement x € W,! (R; R").

ocC

We have that Vip 45 C V[d]}f’fA B] and the inclusion is in general
strict (cf. Lemma 3.1.4). Consider for example

3l o] (i) = o 3 C6) [ o

i . 0
Vig,ap =10} and V[‘lEffA7 p = im [J )

Note that the sets of solutions in the definitions of Vig 4 5 and
VﬁfA B] coincide, but in VﬁfA ) We may take x¥ ‘larger’, so that

it is not an initial value.

where

Since the matrices in (3.1.1) are time-invariant, the behavior is shift-
invariant, that is (o.x,0.u) € Bpap for all 7 € R and (z,u) €
V(g 4,5 Therefore, we have for all t € R that

V[E,A,B] :{ .730 cR"

%

El(lau) E %[EﬂAA,B] .
r € WhHIR;RY) A a(t) =2 [’ (3.1.2)

| ({L',U) S %[E,AA,B] :
r e WoL(R;RY) A Ex(t) = Ex® [

(5.4,8 = { i’ e R
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In the following three lemmas we clarify some of the relations between
the fundamental spaces, before we state the controllability concepts.

Lemma 3.1.2 (Inclusions for reachable spaces).
For [E,A,B] € 3y m and t1,to > 0 with t1 < ta, the following holds
true:

(a) REAB] c RIEJZEAB]

(0) If Rl sp = Ripapy then Rip 4p = Rigag for allt € R with
t> tl

Proof:

(a) Let T € R[E 4.5 By definition, there exists some (z,u) € Bip,a,p
with 2 € WEI(R;R"), 2(0) = 0 and (t;) = Z. Define (21, u;) :

loc

R — R"™ x R™ such that

(w(t—t2+t1),u(t—t2+t1)), if t >ty — 1

(21(t), w(t)) = {(070)’ it <ty—t

Then #(0) = 0 implies that x; is continuous at to — ¢;. Since,

furthermore,
1,1 ,
:E1| —00,ty—t1] Wloc((_oo7 ty — il]’ R”)
and @1, ) € Wia ([t2 — t1,00); R™),

we have (r1,u1) € Wﬁ)cl (R;R") x £} (R;R™). By shift-invariance,
LEx1(t) = Azi(t) + Buy(t) holds true for almost all ¢ € R, i.e.,
(x17 u1) € By a,p- Then, due to 21(0) = 0 and T = x(t1) = z1(l2),
we obtain = € R[§7A7B]

(b) Step 1: We show that R[EAB] REJQ;,A,B] E,A,B

= RIF2AH), By (a), it suffices to show the inclusion “2”. As-

(E.A.B
sume that T € Rtgjg t) , i.e., there exists some (21, u1) € Bjp 4,5

with z; € Wloc (R, Rn), 1(0) =0 and Il(tl + 2(t2 — tl)) = Z. Since
x1(te) € RE’ZE,A,B] = REE,A,B]’ there exists some (2, us) € Bjp 4,p)

implies ’R[
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with zo € )/\/110’C1(R;R”)7 29(0) = 0 and x2(t1) = x1(t2). Now con-
sider the trajectory

(z2(), ua(t)), ift <t
(.ijl(t—l—(tg—tl)),ul(t+(t2—t1))), if t >t

(@(t), u(t)) = {

Since z is continuous at ¢;, we can apply the same arguments as in
the proof of (a) to infer that z € WE!(R; R") and (z,u) € B(p.A,B)

loc
The result to be shown in the present step is now a consequence of

x(0) = 22(0) = 0 and

T =ai(t+2(t — 1)) = 2(t2) € R4 = Ripag:

Step 2: We show (b): From the result shown in the first step, we

may inductively conclude that R'E}E aB = RE}E AB] implies
Ripap = Ripiy ™ foralli € N. Let t € R with t > ¢;. Then

there exists some ¢ € N with ¢ < #; 4+ i(ty — ;). Then statement
(a) implies

t ¢ titi(ta—ts)
R[EAB] < 7z[E,A,B] < RlEAé] Y
and, by R[ bAB = REFQ g] ") we obtain the desired result. 0

Now we present some relations between controllable and reachable
spaces of [E, A, B] € ¥, and its backward system [—E, A, B] € X .
It can easily be verified that

B_pap =1 (oz,0u) | (x,u) EBpap }- (3.1.3)

Lemma 3.1.3 (Reachable and controllable spaces of the backward
system).
For [E,A,B] € ¥, and t > 0, we have

REE,A,B] = Cf-E,A,B]a and C[tE,A,B] = RE—E,A,B]'

Proof: Both assertions follow immediately from the fact that (z,u) €
B(g,4,8), if, and only if, (04(0r), o1(ou)) € B_p a5 O

The previous lemma enables us to show that the controllable and
reachable spaces of [E, A, B] € ¥;,,,,, are even equal. We further prove
that both spaces do not depend on time ¢ > 0.
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Lemma 3.1.4 (Initial conditions and controllable spaces).
For [E, A, B] € Zy,.m, the following holds true:

(a) Riyam = Ripap for allti,ts > 0.
(b) Rip 4p = Clpap forallt>0.

(c) V%HAB Vip,a,p) + kerr E.
Proof:

(a) By Lemma 3.1.2 (a), we have

t 2t nty

Rn+1 C Rn +1 C Rn+1 C Rf

[E,A,B] (.48 S [E,A,B] 248 S S

b

and thus

2t;

0 < dimRy, 5 < dmRy, 5 <

- < dim 72”+ < dim Rh

(E,A,B] pAB SN

As a consequence, there has to exist some j € {1,...,n+ 1} with

ity G+Dty

dim R["ET,lA,B] dim R[é';f B

Together with the subset inclusion, this yields

gt G+t
n+1 n+1
7?'[E,A B 73’[E A,B]"

Lemma 3.1.2 (b) then implies the desired statement.

(b) Let z € RTEE_’A_B]. Then there exists some (21,u1) € By 4,p With
z1 € WELR;R™), 21(0) = 0 and () = Z. Since, by (a), we have
x1(2t) € RfEAB] there also exists some (3, us) € By 4,5 with
x9 € Wﬁ)g(R R"™), 29(0) = 0 and z2(t) = x1(2t). By linearity and
shift-invariance, we have

(Z‘,U) = (0}561 — X9, 03U — ’LLQ) € %[E,A.B] AN S WIZ’CI(R; R").
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The inclusion RZEE’ ap € CfE’ 4.p) then follows from
2(0) = 21(t) —22(0) =7, x(t) = 21(2t) — 29(¢) = 0.

To prove the opposite inclusion, we make use of the previously
shown subset relation and Lemma 3.1.3 to infer that

Clean =Rl pan SClpam=Riean:
(¢) We first show that V[‘gf,fA’B] C Vig,a,8 + kerg E: Assume that 2’ e
V[dbif’fA’B], ie., Ex’ = Exz(0) for some (z,u) € Bpap with z €
WELR; R™). By z(0) € Vig,a.5), ©(0) — 2° € kerg E, we obtain

2" = 2(0) + (2" — 2(0)) € Vip.ap + kerg E.

To prove Vip 4. +kerg E2 C V[“ng’B], assume that 2° = 2(0) + 7 for
some (r,u) € Bjp 4,p With z € Wllo’g(R; R") and Z € kerg E. Then

% € Vil p is a consequence of Bz’ = E(z(0) + 7) = Ex(0). [l

By Lemma 3.1.4 it is sufficient to consider only the spaces Vg 4.p
and R(p 4,p in the following. We are now in the position to define
the central notions of controllability, reachability and stabilizability
considered in this thesis.

Definition 3.1.5.
The system [E, A, B] € ¥, is called
(a) controllable at infinity
= Va' e R" I(z,u) € Bip.ap
x € WIL’S(R; R") A 2(0) = 2°
(or, equivalently, Vip 4.5 = R").

(b) impulse controllable

= Va' e R" I(z,u) €Bipap :
r e W (R;RY) A Ex® = Ex(0)

(or, equivalently, V[‘}zif’fA’ 5 =R").
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()

controllable within the set of reachable states (R-controllable)
= ng,xf S V[E,A,B] 4t >0 H(x,u) S %[E,A,B] :
T € Wllo’i(R; R") A z(0) =zp A z(t) = zy.
controllable in the behavioral sense

<= V(l’l,ul), (I'Q,UQ) S ‘%[E,A,B] 47 >04 (x,u) S %[E,A,B] :

. (£C1(t),ul<t)), ift < 0,
(2(t), () = {(:vg(t)mg(t)), itt> T

stabilizable in the behavioral sense

= V(v,u) €Bpap I(T,1U) € Bpap :

a.

(z, ’u‘)|(7oo,0) = (., ﬂ’)|(7oo,0)
A Jim essesupy o [|2,2) = 0.
completely reachable
= Jt>0VzyecR" I(v,u) € Bigap :
x € WIZ’S(R; R") A 2(0) =0 A z(t) = zy
(or, equivalently, R’[E 4.5 = R" for some t > 0).
completely controllable
= Jt>0Vagzr € R" I(z,u) € B ap :
z € WHRRY) A 2(0) =20 A z(t) = 2.
completely stabilizable
= Vao € R" I(2,u) € Bpap:
r e WELR;R™) A z(0) =9 A lim (1) = 0.
L —OQ

strongly reachable

= Jt>0Var;cR" I(z,u) € Bipap:
Exz(0) =0 A Ex(t) = Exy.
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(j) strongly controllable

< dt>0 VCE(),ZEf c R"” H(I,U) S %[E,A.B] :
Exz(0) = Exg N Ex(t) = Exy.

(k) strongly stabilizable (or merely stabilizable)

<— Vo R"” H(x,u) € %[E,A,B] :
Exz(0) = Exy A lim Ex(t) = 0.
t—o0

For the development of the controllability and stabilizability concepts
of Definition 3.1.5 see Section 3.7. In particular, for an explanation of
the origin of the names ‘controllability at infinity’ and ‘impulse con-
trollability’ see Section 3.7 (v).

Remark 3.1.6 (Controllability concepts).

In the definition of behavioral controllability and stabilizability and
strong reachability, controllability and stabilizability, different from
the other concepts we do not require that = € Wltcl (R;R™). In the
behavioral setting this is indeed not needed and for the strong con-
trollability concepts we have that the considered function Ex satisfies
Ezx e WILLI (R;RY). The resulting continuity of Ex also justifies the
limit in the definition of strong stabilizability.

The following dependencies hold true between the concepts from Def-
inition 3.1.5. Some further relations will be derived in Section 3.3.

Proposition 3.1.7.
For any [E, A, B] € ¥y, the following implications hold true:
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controllable completely : e complletely
. . 3 : control- > : : stabiliz-
at infinity i : i reachable !
i : lable ] ; ] ] able
. strongly strongly
impulse i 1 : strongly T
controllable sl : i reachable b

lable able

If ‘=7 holds, then “<=7 does, in general, not hold.

Proof: Since it is easy to construct counterexamples for any direction
where in the diagram only “=" holds, we skip their presentation. The
following implications are immediate consequences of Definition 3.1.5:

completely controllable = controllable at infinity = impulse con-
trollable,

completely controllable = strongly controllable = impulse control-
lable,

completely controllable = completely reachable = strongly reach-
able,

strongly controllable = strongly reachable,

completely stabilizable = controllable at infinity,

strongly stabilizable = impulse controllable,

completely stabilizable = strongly stabilizable.
It remains to prove the following assertions:

(a) completely reachable = completely controllable,
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(b) strongly reachable = strongly controllable,
(¢) completely reachable = completely stabilizable,

(d) strongly reachable = strongly stabilizable.

(a) Let xo,z; € R". Then, by complete reachability of [E, A, B], there
exist ¢t > 0 and some (21,u1) € Bjp 4,5 With 21(0) = 0 and z1(t) =
wg. Further, there exists (v, u2) € Byp 4 p With 29(0) = 0 and
x5(t) = oy — 1(2t). By linearity and shift-invariance, we have

(z,u) = (o121 + 22, 03Uy + u2) € BypA,B)

On the other hand, this trajectory fulfills z(0) = z1(t) +22(0) = x
and x(t) = x1(2t) + 22(t) = zy.

(b) The proof of this statement is analogous to (a).

(¢) By (a) it follows that the system is completely controllable. Com-
plete controllability implies that there exists some ¢t > 0, such that
for all 7y € R" there exists (x1,u1) € Bjp 4,5 with 21(0) = 2 and
x1(t) = 0. Then, since (z,u) with

(x1(7),us(7)), ifr<t

(a7 u(r) = { 00 o

satisfies (x,u) € Byp a,p (cf. the proof of Lemma 3.1.2(a)) , the
system [E, A, B] is completely stabilizable.

(d) The proof of this statement is analogous to (c). 0

3.2 Solutions, relations and decompositions

In this section we give the definitions for system and feedback equiva-
lence of DAE control systems (see [103,211,241]) and state a decom-
position under system and feedback equivalence (see [167]).
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3.2.1 System and feedback equivalence

We define the essential concepts of system and feedback equivalence.
System equivalence was first studied by ROSENBROCK [211] (called re-
stricted system equivalence in his work, see also [241]) and later became
a crucial concept in the control theory of DAEs [34,35,103,104, 113].
Feedback equivalence for DAEs seems to have been first considered
in [103] to derive a feedback canonical form for regular systems, little
later also in [167] (for general DAEs) where additionally also derivative
feedback was investigated and respective canonical forms derived, see
also Subsection 3.2.3.

Definition 3.2.1 (System and feedback equivalence).
Two systems [E;, A;, Bi] € Ey.m, @ = 1,2, are called

o system equivalent if, and only if,

IW € GL(R),T € GL,(R) :

)

[sEy — Ay By| =W [sEy — Ay By {T 0}

O [’I n

we write
W
(B, A, Bi] ~ee [Ea, Ay, By

e feedback equivalent if, and only if,

dW e Gll(R)7 T € Gln(R), Ve GIW(R)’ F e R™™ .

T 0} (3.2.1)
-FV

7

[SEI - A1 Bl] =W [SEQ — AQ BQ] |:

we write
W.I,V,F
(B, A, Byl ~% [E», Ay, By].

It is easy to observe that both system and feedback equivalence

are equivalence relations on %, ,,. To see the latter, note that if

W.T,V.F
[El,Al,Bl] "\’f(z [EQ,AQ,BQ},then

WLl y-1 _y-1pp-t
[Ey, Ay, Bs] ~fe [Ey, A, Byl
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The behaviors of system and feedback equivalent systems are connected
via
w,T
If [Elv Ala Bl] ~se [EQ; A27 BQ]? then

(.’If,u) S %[ELAMBJ = (T.’If,u) S %[EZ;AZA,BZ]
(3.2.2)

If[El,Al,Bl] WE%F [EQ,AQ,BQ], then

(w,u) €Bp, a,,8) e (To, Fr+ Vu) € Bg, 4, 5,)-

In particular, if [Ey, Ay, Bi] INVST; [E2, Ay, By, then

V[El,Al,Bl] = T_1 : V[Ez-,Az,Bz]’ RfEl,Al,Bl] = T_l : Rsz,Ag,Bz]'

Furthen if [E17 Al y Bl] Vv;zi;/e’F [EQ, A27 BQL then

Vg, ALB) = T VB2, A2,B5)» RZEEl,Al,Bl] =7 'RfEQ,Ag,BZ]a

and properties of controllability at infinity, impulse controllability, R-
controllability, behavioral controllability, behavioral stabilizability,
complete controllability, complete stabilizability, strong controllabil-
ity and strong stabilizability are invariant under system and feedback
equivalence.

Remark 3.2.2 (Equivalence and minimality in the behavioral sense).

(1) Another equivalence concept has been introduced by WILLEMS
in [246] (see also [198, Def. 2.5.2]): Two systems are called equiv-
alent in the behavioral sense, if their behaviors coincide. This
definition however, would be a bit too restrictive in the frame-
work of this thesis, since the two systems

ol (9] fa] o

would not be equivalent in the behavioral sense as in the first
system any function which vanishes almost everywhere belongs
to the behavior, while the behavior of the second system consists
only of the zero function. This is due to the requirement that
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(iii)

Ex ¢ lecl (R; R!) in the definition of the behavior. To resolve this
problem, we say that [E;, A;, Bi] € Xy, m, ¢ = 1,2, are equivalent
in the behavioral sense if, and only if,

Bip, 4,8 NCT(R;R" x R™) = B(g, 4, 8, NCT(R;R" x R™).

It is shown in [198, Thm. 2.5.4] that for a unimodular matrix
U(s) € R[s]*! and [E,A,B] € %, it holds that (z,u) €
Bip,a,8 NCP(R;R" x R™) if, and only if,

U($)4Ex =U($) Az 4+ U(S)Bu.

The unimodular matrix U(s) can be chosen such that

U(s) [sE—A, —B] = [R‘”O(S) R“O(s)} ,

where [Ry(s) Ru(s)] € R[s]*"*™) has full row rank over
R(s) [198, Thm. 3.6.2]. It is shown that R,($)z + Ry (4)u =0
is minimal in the behavioral sense, i.e., it describes the behavior
by a minimal number of k differential equations among all behav-
ioral descriptions of Br 4 p. By using a special decomposition,
we will later remark that for any [E, A, B] € X;,,,, there exists
a unimodular transformation from the left such that the resulting
differential-algebraic system is minimal in the behavioral sense.

Conversely, if two systems [E;, A;, Bi] € Xy, 5m, @ = 1, 2 are equiv-
alent in the behavioral sense, and, moreover, [; = Iy, then there
exists some unimodular U(s) € R[s]""*%t such that

U(S) [SEl — Al, 7B1] = [SEQ — AQ, 7B2] .

If [E;, A;, Bi] i = 1,2, contain different numbers of equations (such
as, e.g. l; > ly), then one can first add [; — I3 equations of type ‘0 =
0’ to the second system and, thereafter, perform a unimodular
transformation leading from one system to the other.

Provided that a unimodular transformation of & Ex(t) = Az (t)+
Bu(t) again leads to a differential-algebraic system (that is, nei-
ther a derivative of the input nor a higher derivative of the state
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occurs), the properties of controllability at infinity, R-controllabi-
lity, behavioral controllability, behavioral stabilizability, complete
controllability, complete stabilizability are invariant under this
transformation. However, since the differential variables may be
changed under a transformation of this kind, the properties of
impulse controllability, strong controllability and strong stabiliz-
ability are not invariant. We will see in Remark 3.2.12 that any
[E, A, B] € ¥, is, in the behavioral sense, equivalent to a sys-
tem that is controllable at infinity.

For the purpose of this chapter we need a version of the quasi-
Kronecker form from Theorem 2.3.3 where the nilpotent, the under-
determined and the overdetermined part are in Kronecker canonical
form and the transformation matrices are real-valued. Due to this re-
quirement we cannot use the KCF of the whole pencil; we use the QKF
and transform all parts except for the ODE part into KCF as carried
out in Corollary 2.4.11; we state this result again here. For the notation
used in the following proposition see the List of Symbols.

Proposition 3.2.3 (Quasi-Kronecker form).
For any matriz pencil sE — A € R[s]"" there exist W € GL(R), T €
Gl1,(R) such that

sl,, — A 0 0 0
B 0 sN, — IM 0 0
W(sE— A)T = 0 0 sKy— L 0
0 0 0 SK,YT — LI
(3.2.3)

for some Ay € R™*"s and multi-indices « € N" 3 € N ~ &€ N,
The multi-indices a, B,y are uniquely determined by sE — A. Further,
the matriz Ag is unique up to similarity.

The components of « are the orders of the infinite elementary divi-
sors, the components of £ are the column minimal indices and the com-
ponents of v are the row minimal indices of the matrix pencil sE— A, see
Subsection 2.3.4. The number of column (row) minimal indices equal to
one corresponds to the dimension of kerg ENkerg A (kerg ' Nkerg A")
or, equivalently, the number of zero columns (rows) in a QKF of sE— A.
Further, note that s/,,, — A; may be further transformed into Jordan
canonical form to obtain the finite elementary divisors.
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Since the multi-indices o € N g € N™ v € N" are well-defined
by means of the pencil sE — A and, furthermore, the matrix A is
unique up to similarity, this justifies the introduction of the following
quantities.

Definition 3.2.4 (Index of sE — A).
Let the matrix pencil sE — A € R[s]”" be given with QKF (3.2.3).
Then the indexr v € Ny of sE — A is defined as

v =max{ay, ..., Qa), V- Vi) 0}

The index is larger or equal to the index of nilpotency ¢ of N,, i.e.,
¢ <v, NS =0and N;7! # 0. By means of the QKF (3.2.3) it can be
seen that the index of sF — A does not exceed one if, and only if,

imp A Cimp F+ A - kerg E. (3.2.4)

This is moreover equivalent to the fact that for some (and hence any)
real matrix Z with img Z = kerg E, we have

img[E, AZ] = img[E, A]. (3.2.5)

Since each block in sKg — Lg (SKJ - LWT) causes a single drop of the
column (row) rank of sE — A, we have

U(B) =n—r1kp(sE—A), (y)=1—1kgy(sE —A). (3.2.6)
Further, A € C is an eigenvalue of sE — A if, and only if,

thke(AE — A) < tkg(y)(sE — A).

3.2.2 A decomposition under system equivalence

Using Proposition 3.2.3 it is easy to determine a decomposition under
system equivalence. For regular systems this decomposition was first
discovered by ROSENBROCK [211].

Corollary 3.2.5 (Decoupled DAE).
Let [E, A, B] € Xy,,m. Then there exist W € GL(R), T € G1,(R) such
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that
L, 0 0 0 A, 0 0 0] [B,
wr ||0 N, 0 0 0 Iy 0 0 |B
(B, A B ~e g g Ks 0|0 0 Ls 0| [B,]]"
0 0 0 K 0 0 0 Lj| |B

(32.7)
for some B, € R**™, By € Rlebm B, e RUSHE)m B, e Rhbm,
Ay € R ™ and multi-indices « € N 5 € N" ~ € N™. This is
interpreted, in terms of the DAE (3.1.1), as follows: (x,u) € Bjp 4 p
if, and only if,

(x;r, :L"JI, SCI, [EI)T =Tz
with
Tr Zul1] Lo[1]
Ty = : y o Ly = y Lo = :
L) Tult(8)] Lole(v)]
solves the decoupled DAEs
da,(t) = Asa(t) + Bsu(t),
a, (t) xf[l](t)+Bf[l]u(t) fOT‘Z':]_,...,g(Oé),
Kﬁll}” (t) = Lﬂixu[i](t) + Bu[i] u(t) fori=1,...,0(5),
GG wo(t) = Lywe(t) + Bogju(t) — fori=1,...,0(y)

with suitably labeled partitions of By, B, and B,.

Note that the form (3.2.7) is not a canonical form in the sense of
Definition 2.2.20 since it is not a unique representative within its equiv-
alence class. Compared to the above derived decomposition under sys-
tem equivalence, more information can be gathered from the decompo-
sition under feedback equivalence obtained in the next subsection.

3.2.3 A decomposition under feedback equivalence

A decomposition under feedback transformation (3.2.1) was first stud-
ied for systems governed by ordinary differential equations by
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BRUNOVSKY [48]. In this subsection we present a generalization of the
Brunovsky form for general DAE systems [E, A, B] € %, ,, from [167].
For more details on the feedback form and a more geometric point of
view on feedback invariants and feedback canonical forms see [143,167].

Theorem 3.2.6 (Decomposition under feedback equivalence [167]).
Let [E, A, B] € Xy ,m. Then there exist W € GL(R), T € GL,(R),V €
Gl,,(R), F' € R™" such that

W,T,V,F
[E>AaB] ~fe
I,y 0O 0 0 0 O NJOOOOO
0 Ksg 0 0 0 0 0Ly 0 0 0 0 %88 (3.2.9)
0 0Ll 0 0 0 0 0K 0 00 0 E, 0 -
000 0K/ 0 o0f” 0o o0 0L 0oo0]|"[000 ’
00 0 0 N, O 0 0 0 0 IO 900
00 0 0 0 I, 00 0 0 0 A

for some multi-indices « € N g € N ~ e N § € N € N and
a matriz Az € R"*" . This is interpreted, in terms of the DAE (3.1.1),
as follows: (v,u) € Bjp 4 p) if, and only if,

<xj’$zym;axja$;7$§f = T,
(ue s gy, usT)T = V(u— Fux),
with
T Ue[1) Tof1]
Te = ’ Ue = Ly = ,
Let(a) Ue[t(a)] Tuje()]
l'ab[l] uob[l] mo[l]
Toh = s Uph = . Ty = ’
Iob[(f("l)] ’u’ob[ﬁ('\/)] xo[((é)]
Zrn)
Ty = .

Lfle(r))
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solves the decoupled DAEs

)= N, z(t)+ egj"] ue)(t) fori=1,....0(a) (3.2.10a
)= Lgzuu(t) fori=1,...£(8), (3.2.10b
iLTxab[i] t) = K;xob[ () + ehz Ugpp) fori=1,...,£(y), (3.2.10c
LK op(t) = Ly xop(t) fori=1,...,0(5), (3.2.10d

)
)
)
)
ANz p(t) = zo(t) fori=1,....0(k) (3.2.10e)
)

Las(t) = Aca(t). (3.2.10f

Note that the decomposition (3.2.9) is not a canonical form in the
sense of Definition 2.2.20. However, if we apply an additional state
space transformation to the block [I,,., Az, 0] which puts Az into Jordan
canonical form, and then prescribe the order of the blocks of each type,
e.g. from largest dimension to lowest (what would mean a; > ay >

. > oy(q) for o for instance), then (3.2.9) becomes a canonical form.

Remark 3.2.7 (DAEs corresponding to the blocks in the feedback
form).

The form in Theorem 3.2.6 again leads to the separate consideration
of the differential-algebraic equations (3.2.10a)-(3.2.10f):

(i) (3.2.10a) is given by [In,, N, e[ﬁ]], and is completely control-
lable by the classical results for ODE systems (see e.g. [230,
Sec. 3.2]). This system has furthermore the properties of be-
ing R-controllable, and both controllable and stabilizable in the
behavioral sense.

(i) (3.2.10b) corresponds to an under-determined system with zero
dimensional input space. From Subsection 2.4.2 we know that
with

Loyfi],Bi—1
we may rewrite this equation as

L2 (t) = N3 12 (8) + e wugn (),
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(iii)

(vi)

where we can treat the free variable z,( 3 as an input. Then
system (3.2.10b) has the same properties as (3.2.10a).

Lob[i
= (1)

(3.2.10c) can be rewritten as

NS Zopgi () = 2opfi) (1),

Denoting

from which it follows that zu; 20 and Ny zop € Wﬁ)cl (R;RY)
as it can be deduced from Subsection 2.4.2. Hence,

%[LT KT

T e

{(m,u)eﬁlloc(R;R"”’l xR) |2=0 A u=0 }

The system [LL K, ! ebj]] is therefore completely controllable if,
and only if, 7, = 1 In the case where 7; > 1, this system
is not even impulse controllable. However, independent of ~;,
[LATZ , K:,: , em]} is R-controllable, and both controllable and stabi-

lizable in the behavioral sense.

Similarly, we have

Byx7 17 050 = {0}
whence, in dependence on §;, we can infer the same properties as
in (iii).

Similar to (iii) we find that
o | NezeWHI(R
%[Nmisjniyor:i,o] = { T e [:llOC(R7R L) IOC( 3; 3 } )

and hence the system [N,,, I,,, O,%O] is never controllable at infin-
ity, but always R-controllable and both controllable and stabiliz-
able in the behavioral sense. [Ny, I, 0y, o] is strongly controllable
if, and only if, x; = 1.

The system [I,,., A, 0z] satisfies

Bt el = { 72" [ 2" €R™
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whence it is controllable at infinity, but neither strongly control-
lable nor controllable in the behavioral sense nor R-controllable.
The properties of complete and strong stabilizability and sta-
bilizability in the behavioral sense are attained if, and only if|
o(4:) CC._.

By using the implications shown in Proposition 3.1.7, we can deduce the
properties of the systems arising in the feedback form, see Figure 3.1.

Corollary 3.2.8.
A system [E, A, B] € Xy, ,,, with feedback form (3.2.9) is

(a) controllable at infinity if, and only if, v = (1,...,1), d = (1,...,1)
and {(k) = 0;

(b) impulse controllable if, and only if, v = (1,...,1), § = (1,...,1)
and k= (1,...,1);

(¢c) strongly controllable (and thus also strongly reachable) if, and only
if, v=(1,...,1),6=(,...,1), sk =(1,...,1) and nz = 0;

(d) completely controllable (and thus also completely reachable) if, and
only if, y=(1,...,1), 6 =(1,...,1) and £(k) = nz; = 0;

(e) R-controllable if, and only if, nz = 0;
(f) controllable in the behavioral sense if, and only if, nz = 0;

(g) strongly stabilizable if, and only if, v = (1,...,1), 6 = (1,...,1),
(k) =0, and 0(Az) CC_;

(h) completely stabilizable if and only if, v = (1,...,1), 6 = (1,...,1),
k=(1,...,1), and o(A;) CC_;

(i) stabilizable in the behavioral sense if, and only if, o(Az) C C_.

Remark 3.2.9 (Parametrization of the behavior of systems in feedback
form).

With the findings in Remark 3.2.7, we may explicitly characterize the
behavior of systems in feedback form. Define

Vy(s) =[1,s,...,5" € R[s]”!, q€N,
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Lo, N el | (K5, Lo, 05, -10] | (L1 KT 0] [K3 L3050 | [Nuis Ly O 0] | [z Aes Oco]

€

control-
lable at v v ey=1|e§=1 X v
infinity

impulse
control- v v Sy=1|6=1| =1 v
lable

complete- i
ly con- v v &y = = 0=1 X X
trollable

complete-
ly reach- v v Sv=1] £4=1 X X

able

strongly i
control- v v Sy=1e6=1|r=1 X

lable

strongly v v Sy=1]e86=1 =1 X
reachable

complete- R & o(Az
ly stabi- v 4 en=1)eui=1 X Q((C2
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the  be- v v v v v cc.
havioral
sense

Figure 3.1: Properties of the subsystems arising in the feedback form (3.2.9).



118 3 Controllability

and, for some multi-index g1 = (p1, ..., pg) € N7,

Vi(s) =diag (Vy,(s), ..., V,,(s)) € R[s] 1w,
W,(s) = diag (s, s") € R[s] W<,

Further let g+ k :== (puu + k, ..., pug + k) for k € Z, and

WELR; R (= WHLR;R) x -+ x WO R R)

loc loc loc

and define
Z(R;RY) : {feﬁlOCRRq ’f }

Then the behavior of a system in feedback form can, formally, be writ-
ten as

Big 4,8

Vor() 0 0 0 o0 o] _
0 Vaa(d) o0 0 0 Wl (R; RU®)
0 0 0 0 0 0 Wi rRW)
0 0 0 0 0 0 ” ,

R

0 O E. 0 0 0 (R’f{ )
0 0 0 e 0 0 R

(50 0 0 0 0 Z(R;R')
0 0 0 0 Iy 0 Ll (R:RS)

0 0 0 0 0 I

where the sizes of the blocks are according to the block structure in the
feedback form (3.2.9), & = m — £(a) — £(7), and the horizontal line is
the dividing line between z- and u-variables. If the system [E, A, B] €
Yin,m is not in feedback form, then a parametrization of the behavior
can be found by using the above representation and relation (3.2.2)
expressing the connection between behaviors of feedback equivalent
systems.

For general differential behaviors, a parametrization of the above
kind is called image representation [198, Sec. 6.6].

Remark 3.2.10 (Derivative feedback).
A canonical form under proportional and derivative feedback (PD feed-
back) was derived in [167] as well (note that PD feedback defines an
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equivalence relation on %, ,,). The main tool for doing this is the
restriction pencil (see Section 3.7 (xi)): Clearly, the system

SNEz = NAuz,
u = BT(%E@*AIE)
is equivalent under PD feedback to the system
4NExz = NAuz,
u = 0.

Then putting sNE — N A into KCF yields a PD canonical form for the
DAE system with a 5 x 4-block structure.

We may, however, directly derive this PD canonical form from the
decomposition (3.2.9). To this end we may observe that the system

(Lo, NJ, e([fj]] can be written as
%Ka,-fc[z](t) - L‘%xc[i](t)’ %xc[i],ai (t) = uc[i](t)a

and hence is, via PD feedback, equivalent to the system

55 )

On the other hand, the system [L], K|, ef[;ﬁl]} can be written as

LN 1Zop (B) = Zopy (1), S@opi e, (8) = iy (£),

and hence is, via PD feedback, equivalent to the system

(51 15

A canonical form for [E, A, B] € ¥, under PD feedback (for the
proof see [167]) is therefore given by

K; 0 0 0] [ZLs 0 0 0] [o o

0 K 0 0 0 L] 0 0| |00
[E,A,B] ~pp [|0 0 N, 0|,|0 0 I, 0],|0 0|],

0 0 0 I, |0 0o 0 A |0 o0

0 0 0 0 00 0 0| [Io
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where Az is in Jordan canonical form, and the blocks of each type are
ordered from largest dimension to lowest.

Note that the properties of complete controllability, controllability at
infinity and controllability in the behavioral sense are invariant under
PD feedback. However, since derivative feedback changes the set of
differential variables, the properties of strong controllability as well as
impulse controllability may be lost/gained after PD feedback.

Remark 3.2.11 (Connection to Kronecker form).
We may observe from (3.2.1) that feedback transformation may be
alternatively considered as a transformation of the extended pencil

s€—A=[sE—A -B], (3.2.11)

that is based on a multiplication from the left by W = W € GI(R),
and from the right by

T 0
T: |:_F V:| S Gln+7n(R).

This equivalence is therefore a subclass of the class which is induced by
the pre- and post-multiplication of s€ — A by arbitrary invertible ma-
trices. Loosely speaking, one can hence expect a decomposition under
feedback equivalence which specializes the QKF of s€ — A. Indeed, the
latter form may be obtained from the feedback form of [E, A, B] by sev-
eral simple row transformations of s€ —.A which are not interpretable as
feedback group actions anymore. More precisely, simple permutations
of columns lead to the separate consideration of the extended pencils
corresponding to the systems (3.2.10a)-(3.2.10f): The extended pen-

cils corresponding to [1,,, N, e and [Ky,, Ly, 0a,0] are sK,, — L,
and sKp — Lg,, resp. The extended matrix pencil corresponding to
the system [L], K, eLZI]] is given by sN,, — I,. The extended matrix
pencils corresponding to the systems [K,, Ly, 05, 0], [Ny, L., Ox, 0] and
(£, Az, 0z] are obviously given by sK; — L, sN,, — I, and sI,, — Az,
respectively. In particular, A € C is an eigenvalue of s€ — A, if, and
only if, A € o(A4z).

Remark 3.2.12 (Minimality in the behavioral sense).

(i) According to Remark 3.2.2, a differential-algebraic system
[E, A, B] € ¥;,,, is minimal in the behavioral sense if, and only
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(i)

(i)

if, the extended pencil s€ — A as in (3.2.11) has full row rank
over R(s). On the other hand, a system [E, A, B] € X;,,,, with
feedback form (3.2.9) satisfies

k(g (s€ — A) =1 = L(5).

Using that rkp(,)(s€ — A) is invariant under feedback transfor-
mation (3.2.1), we can conclude that minimality of [E, A, B] €
Yi.nm in the behavioral sense corresponds to the absence of blocks
of type (3.2.10d) in its feedback form.

The findings in Remark 3.2.7 imply that a system in feedback
form is, in the behavioral sense, equivalent to

7T
ERTIEE B I R
0 Kz000 0 G 0 00
0 00000 00K, 0 00 0 E, 0
A AN RN
0 00001, 0.0 0 0 Q0 000
‘ 00 0 0 0 A

This system can alternatively be achieved by multiplying the ex-
tended pencil (3.2.11) in feedback form (3.2.9) from the left with
the polynomial matrix

vy—1 Ve—1
( ) dlag <]|(Y ]|3| 0B —Z SkNAk, P(s ZSka (),

where v, = max{71,..., %)}, Vx = max{si, ..., fy}, and
5—2 .
Ps(s) = diag ([051_1’17 _ Z Sk(Ng_l) ] ) .
k=0 j=1,...,0(0)

Let a differential-algebraic system [E, A, B] € ¥;,.,, be given.
Using the notation from (3.2.9) and the previous item, a behav-
iorally equivalent and minimal system [Eys, Ay, Bar] € Xi_o(5),0m
can be constructed by

[sEy — Ay, —Bu| = Z(s)W [sE— A, —B].

It can be seen that this representation is furthermore control-
lable at infinity. Moreover, it minimizes, among all differential-
algebraic equations representing the same behavior, the index and
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the rank of the matrix in front of the state derivative (that is,
loosely speaking, the number of differential variables). This pro-
cedure is very much related to index reduction [152, Sec. 6.1].

3.3 Criteria of Hautus type

In this section we derive equivalent criteria on the matrices I/, A € R>*™,
B € R™™ for the controllability and stabilizability concepts of Defini-
tion 3.1.5. The criteria are generalizations of the Hautus test (also
called Popov-Belevitch-Hautus test, since independently developed by
Porov [199], BELEVITCH [18] and HAuTUS [112]) in terms of rank
criteria on the involved matrices. Note that these conditions are not
new — we refer to the relevant literature. However, we provide proofs
using only the feedback form (3.2.9).

First we show that certain rank criteria on the matrices involved in
control systems are invariant under feedback equivalence. After that,
we relate these rank criteria to the feedback form (3.2.9).

Lemma 3.3.1.
Let [En, A1, B1], [Es, Ag, Bo] € Xy be given such that for W € GL(R),
T € GL,(R), V € GL,,(R) and F € R™" we have

W, T.V.F
[E17A17B1] ~fe [E27A27BQ]'

Then, for all A € C,

imp By +img A1 +imp By =W (imR Ey +imp Ay + imp Bg) ,
img Fy + Ay kerg By + img By =W (img Ey + As kerg Fs + imp Bo) ,

img By + img By =W (img Ey + img Bs) ,
imc(AE, — Ay) + im¢ 31 W (img(AEy — Ag) + ime Bs)
imps)(sE1 — Ay) + impg( (nnR (sEy — A) + impy) Bg) )
Proof: Immediate from (3.2.1). 0

Lemma 3.3.2 (Algebraic criteria via feedback form).
For a system [E, A, B] € ¥}, with feedback form (3.2.9) the following
statements hold true:
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(a)
imp £ +imrp A+ img B = img F + imp B
— ~v=(1,...,1), 6=(1,...,1), ¢(r)=0.

(b)
imp £ +imp A +imp B = imp E + A - kerg £ + imp B
— y=(1,...,1), 0=(1,...,1), k=(1,...,1).

(c)
imc £ 4 imc A + img B = im¢(AE — A) 4+ im¢ B
— d=(1,...,1), A ¢ a(Ao).

(d) For A € C we have

dim (imp(y (sE — A) + img(,) B)
— dim (imc(AE — A) + imc B)
= A¢o(4).

Proof: It is, by Lemma 3.3.1, no loss of generality to assume that
[E, A, B] is already in feedback form. The results then follow by a sim-
ple verification of the above statements by means of the feedback
form. O]

Combining Lemmas 3.3.1 and 3.3.2 with Corollary 3.2.8, we may
deduce the following criteria for the controllability and stabilizability
concepts introduced in Definition 3.1.5.

Proposition 3.3.3 (Algebraic criteria for controllability /stabili-
zability).
Let a system [E, A, B] € ¥y, be given. Then the following holds:

[E, A, B] is ‘ if, and only if,

controllable at

infinity img F + img A + imp B = imp F + imp B.
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impulse control- img £ +1imp A + img B = img E + A - kerg £ + imp B.

lable

completely con- img F+imp A+imp B=img F+imp B

trollable A img E4+ime A+ime B=imc(AE — A)+im¢ B VA € C.
strongly control- iHl]R E+1mR AJriIll]R B=A- kerR EJriHl]R B

lable A im¢c E4+ime A+ime B=imc(AE — A)+im¢ B V) € C.
completely stabi- img F+imp A+imp B=img E+img B

lizable A ime E+ime A+img B=imc(AE — A)+ime B Y\ € C,.
strongly stabiliz- img F+imp A+imp B=img E+ A - kerg F+img B

able A ime E+ime A+img B=imc(AE — A)+ime B Y\ € C,.

controllable in
the behavioral tkp(g)[sE — A, B] = 1ke[AE — A,B] VAeC.

sense

stabilizable in _
the behavioral tkp(y[sE — A, B] =1ke[AE — A, B] VA€ C,.

sense

The above result leads to the an extension of the diagram in Propo-
sition 3.1.7, which is shown in Figure 3.2. Note that the equivalence of
R~controllability and controllability in the behavioral sense was already
shown in Corollary 3.2.8.

In the following we consider further criteria for the concepts intro-
duced in Definition 3.1.5.

Remark 3.3.4 (Controllability at infinity).
Proposition 3.3.3 immediately implies that controllability at infinity is
equivalent to

imp A C imp E + imp B.

In terms of a rank criterion, this is the same as
tkg[F, A, B] = rkg[E, B]. (3.3.1)

Criterion (3.3.1) has first been derived by GEERTS [101, Thm. 4.5] for
the case tk[F, A, B] = [, although he does not use the name ‘controlla-
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controll- completely

completely

bl P p— L 3 completely 5y

e ] i control E ¢ reachable ] stabiliz
infinity E i lable : ] E . able

i strongly : . strongly

impulse 3 : i : strongly a7

controllable : control ] > \ reachable | stabiliz
i1 lable i ] 1 i able

controllable stabilizable

in the be- : ¢ R-control- : : in the be-
havioral : lable i havioral

sense ] ] ] i sense

Figure 3.2: Relations between the controllability concepts.
bility at infinity’.
In the case of regular sE — A € R[s]"*", condition (3.3.1) reduces to

rkg[E, B] = n.

Remark 3.3.5 (Impulse controllability).
By Proposition 3.3.3, impulse controllability of [E, A, B] € %;,,, is
equivalent to

imp A Cimg £+ A -kerg E + img B.

Another equivalent characterization is that, for one (and hence any)
matrix Z with img Z = kerg F/, we have

rke[E, A, B] = rkg|E, AZ, B]. (3.3.2)

This has first been derived by GEERTS [101, Rem. 4.9], again for the
case rk[E, A, B] = [. In [130, Thm. 3] and [117] it has been obtained
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that impulse controllability is equivalent to

E 0 0
rkR |:A E B] = I‘k]R[E,A, B] + fk]R E,
which is in fact equivalent to (3.3.2). It has also been shown in [130,
p. 1] that impulse controllability is equivalent to

kg (s€ — A) = 1kg[E, A, B].

This criterion can be alternatively shown by using the feedback
form (3.2.9). Using condition (3.2.5) we may also infer that this is
equivalent to the index of the extended pencil s& — A € R[s]!*("+m)
being at most one.

If the pencil sE — A is regular, then condition (3.3.2) reduces to

tkr[E, AZ, B] = n.
This condition can be also inferred from [80, Th. 2-2.3].

Remark 3.3.6 (Controllability in the behavioral sense and R-control-
lability).

The concepts of controllability in the behavioral sense and R-control-
lability are equivalent by Corollary 3.2.8. The algebraic criterion for
behavioral controllability in Proposition 3.3.3 is equivalent to the fact
that the extended matrix pencil s& — A € R[s]”*("*™) has no eigenval-
ues, or, equivalently, in the feedback form (3.2.9) we have nz = 0.

The criterion for controllability in the behavioral sense is shown in [198,
Thm. 5.2.10] for the larger class of linear differential behaviors. R-
controllability for systems with regular sE — A was considered in [80,
Thm. 2-2.2], where the condition

tkc[AE —A,Bl=n VA eC

was derived. This is, for regular sE — A, in fact equivalent to the
criterion for behavioral stabilizability in Proposition 3.3.3.

Remark 3.3.7 (Complete controllability and strong controllability).
By Proposition 3.3.3, complete controllability of [E, A, B] € X, is
equivalent to [E, A, B] being R-controllable and controllable at infin-
ity, whereas strong controllability of [E, A, B] € ¥, is equivalent to
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[E, A, B] being R~controllable and impulse controllable.

BANASZUK et al. [12] already obtained the condition in Proposi-
tion 3.3.3 for complete controllability considering discrete systems.
Complete controllability is called H-controllability in [12]. Recently,
ZUBOVA [260] considered full controllability, which is just complete
controllability with the additional assumption that solutions have to
be unique, and obtained three equivalent criteria [260, Sec. 7], where
the first one characterizes the uniqueness and the other two are equiv-
alent to the condition for complete controllability in Proposition 3.3.3.
For regular systems, the conditions in Proposition 3.3.3 for complete
and strong controllability are also derived in [80, Thm. 2-2.1 & Thm. 2-
2.3].

Remark 3.3.8 (Stabilizability).

By Proposition 3.3.3, complete stabilizability of [E, A, B] € X;,,,, is
equivalent to [E, A, B] being stabilizable in the behavioral sense and
controllable at infinity, whereas strong stabilizability of [F, A, B] €
Yinm Is equivalent to [E, A, B] being stabilizable in the behavioral
sense and impulse controllable.

The criterion for stabilizability in the behavioral sense is shown in [198,
Thm. 5.2.30] for the class of linear differential behaviors.

3.4 Feedback, stability and autonomous
systems

State feedback is, roughly speaking, the special choice of the input
as a function of the state. Due to the mutual dependence of state
and input in a feedback system, this is often referred to as closed-loop
control. In the linear case, feedback is the imposition of the additional
relation u(t) = Fx(t) for some F' € R™*". This results in the system

LEx(t) = (A+ BF)x(t).

Feedback for linear ODE systems was studied by WONHAM [251], where
it is shown that controllability of [I, A, B] € X, .., is equivalent to any
set A C C which has at most n elements and is symmetric with respect
to the imaginary axis (that is, A € A < X € A) being achievable by
a suitable feedback, i.e., there exists some F' € R"*" with the property
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that (A + BF') = A. In particular, the input may be chosen in a way
that the closed-loop system is stable, i.e., any state trajectory tends to
zero. Using the Kalman decomposition [138] (see also Section 3.6), it
can be shown for ODE systems that stabilizability is equivalent to the
existence of a feedback such that the resulting system is stable.

These results have been generalized to regular DAFE systems by COBB
[74], see also [80,96,162,163,189,191]. Note that, for DAE systems,
not only the problem of assignment of eigenvalues occurs, but also the
index may be changed by imposing feedback.

The crucial ingredient for the treatment of DAE systems with non-
regular pencil sE — A will be the feedback form by LOISEAU et al. [167]
(see Thm. 3.2.6).

3.4.1 Stabilizability, autonomy and stability

The feedback law u(t) = Fz(t) applied to (3.1.1) results in a DAE in
which the input is completely eliminated. We now focus on DAEs with-
out input, and we introduce several properties and concepts. Consider,
for matrices £, A € R™", the DAE

L Ea(t) = Ax(t); (3.4.1)

the set of these systems is denoted by %;,,. Its behavior is given by

ExeWEN(R; RY) and x satisfies (3.4.1) }

% — c El R, Rn,
[E,A] {x toc( ) for almost all t € R

Definition 3.4.1 (Stability/Stabilizability concepts for DAEs). A lin-
ear time-invariant DAE [E, A] € ¥, is called

(a) completely stabilizable

<= on cR"3zx € %[E,A] :
z € WH(R;R A z(0) =2 A tlim x(t) = 0.

—00

(b) strongly stabilizable

e Va' €R" Iz € Bpay: Ex(0) = B2’ A lim Ex(t) = 0.
) —00
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(c) stabilizable in the behavioral sense

= Ve %[E.A] dxg € %[E,A] :

a.e.

35‘(—00.0) = 330|(—oo,0) A }E}}o €S5-SUPJ1 ) ||J}0|| =0.

(d) autonomous

= le,mQ S %[E,A] : ‘r1|(7oo,0) El x2|(7oo,0) - I = x9.
(e) completely stable

o {20 ’ 7€ By VWS (RRY) } =R”

loc

A Vo € Byp g NWELHRRY) ¢ lim z(t) = 0.

t—00

(f) strongly stable

& {Ez(0) |z €Bpa} =impE A Vo € Bjpy: lim Ex(t) =0.

t—00

(g) stable in the behavioral sense

= Vo ey : thjéé ess-supy ) ||z = 0.

Remark 3.4.2 (Stabilizable and autonomous DAEs are stable).

The notion of autonomy is introduced by POLDERMAN and WILLEMS
in [198, Sec. 3.2] for general behaviors. For DAE systems & Ex(t) =
Ax(t) we can further conclude that autonomy is equivalent to any x €
B|p, 4 being uniquely determined (up to equality almost everywhere)
by x|, for any open interval I C R. This gives also rise to the fact that,
for

%[EA,A] ::{ [Z]:{.TE%[EA] ’Zg'x} ‘ZE%[EA] },

autonomy is equivalent to dimg %w_ 4] < n, which is, on the other hand,
equivalent to dimg %[E, 4] < 0o. Autonomy indeed means that the DAE
is not underdetermined.
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Moreover, due to possible underdetermined blocks of type
(K3, L3, 015-¢(5),0], in general there are solutions x € B|p, 4 which grow
unboundedly. As a consequence, for a QKF of any completely stable,
strongly stable or behavioral stable DAE, it holds ¢(8) = 0. Hence,
systems of this type are autonomous. In fact, complete, strong and be-
havioral stability are equivalent to the respective stabilizability notion
together with autonomy, cf. also Proposition 3.4.3.

In regard of the considerations in Subsection 2.4.2 we can infer the
following.

Proposition 3.4.3 (Stability/Stabilizability criteria and QKF).
Let [E,A] € 3, and assume that the QKF of sE — A is given by
(3.2.3). Then the following holds true:

[E, A] is if, and only if,

completely stabi- | £(a) =0, v=(1,...,1) and o(As) C C_.
lizable

strongly  stabiliz- | o= (1,...,1), v=(1,...,1) and o(As) CC_.
able

stabilizable in the
behavioral sense

autonomous (p)=0.

completely stable | ((a) =0, £(B) =0, v=(1,...,1) and o(A,) C

strongly stable a=(1,....,1), 4pB) =0, v=(1,...,1) and

stable in the
behavioral sense

The subsequent algebraic criteria for the previously defined notions
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of stabilizability and autonomy follow from Proposition 3.4.3 by us-
ing the invariance under transformation and the direct verification of
the criteria by means of the QKF — similar to the argumentation in
Section 3.3.

Corollary 3.4.4 (Algebraic criteria for stabilizability).
Let [E, A] € 3,,. Then the following holds true:

[E, A] is if, and only if,

imp A Cimp F and

completely - stabi- | ) (SE — A) = tke(AE — A) for all A € Ty,

lizable

imp A Cimg £+ A -kerg E and

strongly  stabiliz= | ) o (SE — A) = tke(AE — A) for all A € T,y

able

stabilizable in the

behavioral sense rkR(s)(sE — A) = rk@()\E - A) forall X € @Jr.

autonomous kerg(y) (s — A) = {0}.

Corollary 3.4.4 leads to the following implications:

: : stabilizable
completely : : strongly ] H—
- ] | I : i in the be-
stabiliz- = stabiliz- = .
: : : ¢ havioral
able : 1 able
] : sense
ﬂ ” B T
........................ 5 bl
completely : ¢ strongly E ©in the
stable i stable i behavioral
E ] ;  sense
index at

most one
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Remark 3.4.5.

(i) Strong stabilizability implies that the index of sFE — A is at most
one. In the case where the matrix [E, A] € R”?" has full row
rank, complete stabilizability is sufficient for the index of sEF— A
being zero.

On the other hand, behavioral stabilizability of [E, A] together
with the index of sE— A being not greater than one implies strong
stabilizability of [E, A]. Furthermore, for systems [E, A] € ¥,
with rkg[F, A] = [, complete stabilizability is equivalent to be-
havioral stabilizability together with the property that the index
of sEF — A is zero.

For ODEs the notions of complete stabilizability, strong stabiliz-
ability, stabilizability in the behavioral sense, complete stability,
strong stability and stability in the behavioral sense are equiva-
lent.

(ii) The behavior of an autonomous system [E,A] satisfies
dimg 5[3 4] = ns, where n, denotes the number of rows of the
matrix Ay in the QKF (3.2.3) of sE — A. Note that regularity of
sE — A is sufficient for autonomy of [F, A].

(iil) Autonomy has been algebraically characterized for linear differen-
tial behaviors in [198, Sec. 3.2]. The characterization of autonomy
in Corollary 3.4.4 can indeed be generalized to a larger class of
linear differential equations.

3.4.2 Stabilization by feedback

A system [E, A, B] € ¥, can, via state feedback with some F' €
R™ " be turned into a DAE [E, A+ BF| € ¥;,,. We now present some
properties of [E, A+ BF| € ¥;,, that can be achieved by a suitable
feedback matrix 7 € R™*". Recall that the stabilizability concepts for
a system [E, A, B] € ¥;,,,, have been defined in Definition 3.1.5.

Theorem 3.4.6 (Stabilizing feedback).
For a system [E, A, B] € ¥y, the following holds true:

(a) [E, A, B] is impulse controllable if, and only if, there exists F €
R™ " such that the index of sE — (A + BF') is at most one.
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(b) [E, A, B] is completely stabilizable if, and only if, there exists F €
R™* " such that [E, A+ BF] is completely stabilizable.

(c) [E, A, B] is strongly stabilizable if, and only if, there exists F €
R™™ such that [E, A+ BF| is strongly stabilizable.
Proof:

(a) Let [E, A, B] be impulse controllable. Then [E, A, B] can be put
into feedback form (3.2.9), i.e., there exist W € GL;(R), T € GI,(R)
and F' € R™" such that

W(sE — (A+BFT YT

sl ~NJ 0 0 0 0 0
0  sKszg—Ls 0 0 0 0
oo 0 SLT-KT 0 0 0 (3.4.2)
o 0 0 0 sK{-L{ 0 0
0 0 0 0 Js‘N,,r-,*I‘,{‘ 0
0 0 0 0 0 sly—As

By Corollary 3.2.8 (b) the impulse controllability of [E, A, B] im-
plies that v = (1,...,1),6 = (1,...,1) and x = (1,...,1). There-
fore, we have that, with F' = FT~!, the pencil sE — (A + BF) has
index at most one as the index is preserved under system equiva-
lence.

Conversely, assume that [E, A, B] is not impulse controllable. We
show that for all F € R™*" the index of sE — (A + BF) is greater
than one. To this end, let ' € R™*" and choose W € GL;(R),T €
GL,(R) and F € R™" such that (3.2.9) holds. Then, partitioning
VIET = [Fjjliz1..3,j=1...¢ accordingly, we obtain

sE— A:=W(sE—(A+BF + BFT™ )T
= W(sE — (A+ BFTY)T —WBVV'FT

$ljo)—(NJ +EoF11) —EoFis —EoFi3 —EoFiy —EoFis —EoFig
0 sKs—Lg 0 0 0 0
_ —E,Fy —ByFy sLT—(KT+EyFys) —EyFy —EyFas —E,Fa
0 0 0 sKg—-L] 0 0
0 0 0 0 SNl 0
0 0 0 0 0 sl —As
(3.1.3)

Now the assumption that [E, A, B] is not impulse controllable leads
toy#(1,...,1),0 # (1,...,1)ork # (1,...,1). We will now show
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that the index of sEE — (A4 BF + BFT”) is greater than one by
showing this for the equivalent pencil in (3.4.3) via applying the
condition in (3.2.5): Let Z be a real matrix with img Z = kerg E.
Then

foz o0 0 0]

100 00 Z 0] °

where im Z; = ker Kg = im Ej3 and im Z5 = ker N, = im E),. Tak-
ing into account that img E, C img L], we obtain that

Z

i [Oja)—t@)+181-e8)0 Lnj+ioitlsl Otn) [E AZ]
Ly 0 0 EFysZ
=img | 0 K] 0 0
0 0 N. Z

On the other hand, we have

img [Oaf—s(o) 1182310 Litioirisl Oune) [E A]
LT 0 0 K]+EF;3 EFy EF;
=img | 0 K; 0 0 L; 0
0 0 N, 0 0 Iy

Since the assumption that at least one of the multi-indices satisfies
v#1,...,1),0 #(1,...,1), or k # (1,...,1) and the fact that
im Zs = im F,, lead to

) LT 0 0 E,FyZ; ) LI 0 0 K]+E,Fos EyFoy B Fys
IR | 0 K 0 0 Cimg | 0 K7 0 0 o |,
0 0 No 2y 0 0 N, 0 0 I

and thus o o

imp [E AZ] Cimg [E A],
we find that, by condition (3.2.5), the index of sE — (A + BF +
BEFT!) has to be greater than one. Since F' was chosen arbitrarily

we may conclude that sE — (A + BF) has index greater than one
for all ' € R™*" which completes the proof of (a).

If [E, A, B] is completely stabilizable, then we may transform the
system into feedback form (3.4.2). Corollary 3.2.8 (h) implies v =
(1,...,1), 0 = (1,...,1), £(k) = 0, and o(Az) € C_. Further,
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by [230, Thm. 4.20], there exists some Fy; € Rlab<t(@) guch that
U(Na + EaFu) C C_. Setting Fi= [Ej]izl ,,,,, 3.j=1,...6 with E]‘ =0
for i # 1 or j # 1, we obtain that with F = FT-! + VET! the
system [E, A+ BF)] is completely stabilizable by Proposition 3.4.3
as complete stabilizability is preserved under system equivalence.

On the other hand, assume that [E, A, B] is not completely stabi-
lizable. We show that for all F' € R™ " the system [E, A+ BF]
is not completely stabilizable. To this end, let F' € R™" and
observe that we may apply a transformation as in (3.4.3). Then
the assumption that [E, A, B] is not completely stabilizable yields
v # (L...,1), 6 # (1,...,1), (k) > 0, or 0(4z) € C_. If
y#(1,...,1),0 #(1,...,1) or £(x) > 0, then img A Z img E, and
by Corollary 3.4.4 the system [E , fl] is not completely stabilizable.
On the other hand, if v = (1,...,1), d = (1,...,1), {(k) = 0, and
A € o(4z) NC,, we find ime (/\E — fl) C imc E, which implies

rke(AE — A) <tk BE=n— () — (k) =n—(3) “2 rkp,) (sE — A).

Hence, applying Corollary 3.4.4 again, the system [FE, A] is not
completely stabilizable. As complete stabilizability is invariant un-
der system equivalence it follows that [E, A+ BF + BFT '] is not
completely stabilizable. Since F' was chosen arbitrarily we may
conclude that [E, A + BF] is not completely stabilizable for all
F € R™" which completes the proof of (b).

(¢) The proof is analogous to (b). O
Remark 3.4.7 (State feedback).

(i) If the pencil sE—A is regular and [E, A, B] is impulse controllable,
then a feedback F' € R™*" can be constructed such that the
pencil sE — (A + BF) is regular and its index does not exceed
one: First we choose W, T, F such that we can put the system
into the form (3.4.2). Now, impulse controllability implies that
v =1(1,...,1),0 = (1,...,1) and x = (1,...,1). Assuming
((6) > 0 implies that for all ¥ € R™" any QKF of the pencil
sE — (A+ BET' + BF) satisfies £(y) > 0 (in the form (3.2.3)),

as the feedback £ cannot act on this block, which contradicts
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regularity of s&/ — A. Hence it holds ¢(0) = 0 and from | = n we
further obtain that £(v) = ¢(5). Now applying another feedback
as in (3.4.3), where we choose Fyy = EJ € R{*IAl and F; = 0
otherwise, we obtain, taking into account that E., = Iy, and that

the pencil {SKBgTLﬁ} is regular, that sE — (A + BF) is indeed
B

regular with index at most one.

(ii) The matrix Fi; in the proof of Theorem 3.4.6 (b) can be con-
structed as follows: For j =1,...,{(«), consider vectors

Ixa
a; = —[aju],,l,...,ajo} € RV,

Then, for
Fiy = diag (a1, - . ., ayq)) € R

the matrix N, + E,F1; is diagonally composed of companion ma-
trices, whence, for

p;i(s) = 8% + ajo,—15% " + ... + ajo € R]s]

the characteristic polynomial of N, + F,F}; is given by
()
det(sIjq — (Na + EoF11)) = [ [ pi(5)-
j=1

Hence, choosing the coefficients aj;, j =1,...,0(a), i =0,...,q;
such that the polynomials pi(s), ..., pra)(s) € R[s] are all Hur-
witz, i.e., all roots of pi(s), ..., pya)(s) are in C_, we obtain sta-
bility.

3.4.3 Control in the behavioral sense

The hitherto presented feedback concept consists of the additional
application of the relation u(t) = Fa(t) to the system &Ex(t) =
Az(t) + Bu(t). Feedback can therefore be seen as an additional al-
gebraic constraint that can be resolved for the input. Control in the
behavioral sense or, also called, control via interconnection [248] gener-
alizes this approach by also allowing further algebraic relations in which
the state does not necessarily uniquely determine the input. That is, for
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given (or to be determined) K = [K,, K,| with K, € R?*" K, € RT*"™,
we consider the interconnected behavior

B ()" u(t)")" € kerg K
‘%EAB = { (z,u) € Byp,ap for almost all t € R
=B 4,8 NB)

K, K]

q,n

We can alternatively write

%EAB %[EK‘AK],

ean= (29[22

The concept of control in the behavioral sense has its origin in the works
by WILLEMS, POLDERMAN and TRENTELMAN [19, 198,231,247, 248],
where differential behaviors and their stabilization via control by in-
terconnection is considered. The latter means a systematic addition
of some further (differential) equations such that a desired behavior is
achieved. In contrast to these works we only add equations which are
purely algebraic. This justifies to speak of control by interconnection
using static control laws. We will give equivalent conditions for this
type of generalized feedback stabilizing the system. Note that, in prin-
ciple, one could make the extreme choice K = I,,,,, to end up with
a behavior

Bfiap € { (@) € LLRR xR | (@,0) =0 },

where

which is obviously autonomous and stable in the behavioral sense. This,
however, is not suitable from a practical point of view, since in this in-
terconnection, the space of consistent initial differential variables is
a proper subset of the initial differential variables which are consistent
with the original system [F, A, B]. Consequently, the interconnected
system does not have the causality property - that is, the implementa-
tion of the controller at a certain time ¢ € R is not possible, since this
causes jumps in the differential variables. To avoid this, we introduce
the concept of compatibility.

Definition 3.4.8 (Compatible and stabilizing control).
Let [E, A, B] € Xy, The control matrix K = [K,, I{,] € R?”*" xR
is called



138 3 Controllability

(a) compatible for [E, A, B] if, and only if, for any 2 € V[(gffA, p)» there
exists some (x,u) € %fgﬁAﬁB] with Ex(0) = Ex°.

(b) stabilizing for [E, A, B] if, and only if, [EX, AX] € ¥4 is sta-
bilizable in the behavioral sense.

Remark 3.4.9 (Compatible control).

Our definition of compatible control is a slight modification of the
concept introduced by JULIUS and VAN DER SCHAFT in [134] where
an interconnection is called compatible, if any trajectory of the system
without control law can be concatenated with a trajectory of the in-
terconnected system. This certainly implies that the space of initial
differential variables of the interconnected system cannot be smaller
than the corresponding set for the nominal system.

Theorem 3.4.10 (Stabilizing control in the behavioral sense).

Let [E,A,B] € Xym. Then there exists a compatible and stabilizing
control K = [K,, K,] € R" x R for [E, A, B], if, and only if,
[E, A, B] is stabilizable in the behavioral sense. If [E, A, B is stabiliz-
able in the behavioral sense, then the compatible and stabilizing control
K can moreover be chosen such that [EX, AX] is autonomous, i.e., the
interconnected system [EX, AR is stable in the behavioral sense.

Proof: Since, by definition, [E, A, B] € X, is stabilizable in the
behavioral sense if, and only if, for s€ — A = [sE — A, —B], the DAE
[€, A] € ¥),4.m is stabilizable in the behavioral sense, necessity follows
from setting ¢ = 0.

In order to show sufficiency, let K = [K,, K,] € R x R”™ he a
compatible and stabilizing control for [E, A, B]. Now the system can
be put into feedback form, i.e., there exist W € GL(R), T' € GL,(R),
V e Gl,(R) and F € R™*" such that

sE—A B] _[W o0][sE-A B][T o0
_f(z f(u B 0 I _Kr Ku -F V|’
where [E, A, B] is in the form (3.2.9). Now the behavioral stabilizabil-
ity of [EX, AX] implies that the system [EX, AX] .= [[g 0], [Ié F4 ”

is stabilizable in the behavioral sense as well. Assume that [E, A, B] is
not stabilizable in the behavioral sense, that is, by Corollary 3.2.8 (i),
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there exists A € o(Az) N C,. Hence we find 2J € R" \ {0} such that
Aez) = Ax. Then, with z(-) := (0,...,0, (e* :cg)T)T, we have that

(,0) € Big a5 Asz(0) € V%HA 5= =T V[dblHAB the compatibil-

ity of the control K implies that there exists (Z,a) € %E_A_B with
E%(0) = ETx(0). This gives (WET)T'2(0) = WETx(0) and writ-
ing T71%(t) = (21(t)",...,%(t)") " with vectors of appropriate size,
we obtain 7(0) = 2. Since the solution of the initial value problem
v = Azy, y(0) = 23, is unique, we find 74(t) = eMa for all t € R. Now
(T2, -V FT "2+ V'a) € Bigx jx) and as for all (,4) € Biax i«
with (2(t),a(t)) = (T7'%(t), =V FT 1 + V-'a(t)) for almost all
t < 0 we have #4(t) = Z¢(t) for all t € R, and Z6(t) /4 0 as t — oo since
A € C, this contradicts that [EK AI‘] is stabilizable in the behavioral
sense.

It remains to show the second assertion, that is, for a system
[E,A,B] € %, that is stabilizable in the behavioral sense, there
exists some compatible and stabilizing control K such that [EX, AX] is
autonomous: Since, for [Ey, Ay, By, [E2, A2, Bs] € ¥y, with

WI,V,F
(B, A1, Bi] ~ye [Ea, Ay, Bo,

Ky € R0 and Ky = Ky [T 0}

vy

the behaviors of the interconnected systems are related by

T 0| gk, K,
|:F V:| %[El A1,B1] = [Es,As,Bs)

it is no loss of generality to assume that [E, A, B] is in feedback
form (3.2.9), i.e

msl~Na 0 0 0 0 0
sKg—Lsz 0 0 0 0
T T
sE — _ g 9K7,0 L T0 0 0 :
sK{—L] 0 0
0 0 0 SN,cfl‘,‘ 0
0 0 0 0 sl—As
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Let Fj; € RU@xlal he such that det(slja| — (No + EoF11)) is Hurwitz.

Then the DAE

IR ARG
is stable in the behavioral sense. Furthermore, by reasoning as in Re-
mark 3.4.7 (ii), for

aj = lajg,-2,...,aj0,1] € RY*A
with the property that the polynomials

pi(s) =% + a]-ﬁj,ls“gfl +...+aj € R[s]
are Hurwitz for j = 1,...,¢(«), the choice
K, = diag(ay, ..., ayp) € RYA)*18]

leads to an autonomous system

HECRFEC

which is also stable in the behavioral sense. Since, moreover, by Corol-
lary 3.2.8 (i), we have o(A;) C C_, the choice

Fry 00000 =y 0 0
K=|0 K, 0000 0 0 0
0 0 00O0O 0 0 Ln—ea)—e(y)

leads to a behavioral stable (in particular autonomous) system. Since
the differential variables can be arbitrarily initialized in any of the
previously discussed subsystems, the constructed control is also com-
patible. M

3.5 Invariant subspaces

This section is dedicated to some selected results of the geometric the-
ory of differential-algebraic control systems. Geometric theory plays
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a fundamental role in standard ODE system theory and has been in-
troduced independently by WONHAM and MORSE and BASILE and
MARRO, see the famous books [16,252] and also [230], which are the
three standard textbooks on geometric control theory. In [159] LEWIS
gave an overview of the to date geometric theory of DAEs. As we
will do here he put special emphasis on the two fundamental sequences
(V)ien, and (W));en, of subspaces defined as follows:

Vo :=R", Vij1 = A"Y(EV; +img B) CR", V= m Vi,
i€Ng

Wo = {0}, Wit = BN AW +img B) CR", W= | Wi
i€Np

Compared to the Wong sequences for matrix pencils in Definition 2.2.1,
in the definition of the sequences (V;);en, and (W);en, the image of B
is added before taking the pre-image. If B = 0, then we end up with
the Wong sequences. However, if B # 0, then (V;);en, and (W,)ien,
are in general not Wong sequences corresponding to any matrix pencil.
This justifies to call (V;)ien, and WV;)ien, augmented Wong sequences
with respect to the control system (3.1.1).

The reachable space of a system [E, A, B] can be represented by the
intersection of the limits of the augmented Wong sequences.

Proposition 3.5.1 (Reachable space [200, Sec. 4]).
For [E, A, B] € X, and limits V* and W* of the augmented Wong
sequences we have

R[E,A,B] =V nw

It has been shown in [13] (for discrete systems), see also [11, 14,45,
188], that the limit V* of the first augmented Wong sequence is the
space of consistent initial states. For regular systems this was proved
in [158].

Proposition 3.5.2 (Consistent initial states [13]).
For [E,A,B] € ¥, and limit V* of the first augmented Wong se-
quence we have

V[E,A,B] =V*.

Various other properties of V* and W* have been derived in [13] in
the context of discrete systems.
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For regular systems OZGALDIRAN [187] showed that V* is the supre-
mal (A, F, B)-invariant subspace of R" and W* is the infimal restricted
(E, A, B)-invariant subspace of R". These concepts, which have also
been used in [3,13,158,175] are defined as follows.

Definition 3.5.3 ((A, E, B)- and (E, A, B)-invariance [187]).
Let [E, A, B] € ;. A subspace V C R" is called (A, E, B)-invariant
if, and only if,

AY C EV +img B.

A subspace W C R" is called restricted (E, A, B)-invariant if, and only
if,
W = E7Y (AW + img B).

It is easy to verify that the proofs given in [187, Lems. 2.1 & 2.2]
remain the same for general £, A € R™*" and B € R>™ - this was
shown in [13] as well. For V* this can be found in [3], see also [175]. So
we have the following proposition.

Proposition 3.5.4 (Augmented Wong sequences as invariant sub-
spaces).

Consider [E, A, B] € ¥y, and the limits V* and W* of the augmented
Wong sequences. Then the following statements hold true.

(a) V* is (A, E, B)-invariant and for any V C R™ which is (A, E, B)-
invariant it holds V C V*;

(b) W* is restricted (E, A, B)-invariant and for any YW C R™ which is
restricted (E, A, B)-invariant it holds W* C W.

It is now clear how the controllability concepts can be characterized
in terms of the invariant subspaces V* and W*. However, the state-
ment about R-controllability (behavioral controllability) seems to be
new. The only other appearance of a subspace inclusion as a charac-
terization of R~controllability that the author is aware of occurs in [70]
for regular systems: if A = I, then the system is R-controllable if, and
only if, img EP C (EP|B), where E is the Drazin inverse of E, cf.
Section 3.7 (iv).

Theorem 3.5.5 (Geometric criteria for controllability).
Consider [E, A, B] € ¥y, and the limits V* and W* of the augmented
Wong sequences. Then [E, A, B] is
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(a) controllable at infinity if, and only if, V* =R";

(b) impulse controllable if, and only if, V* + kerg E = R™ or, equiva-
lently, EV* = imp E;

(¢) controllable in the behavioral sense if, and only if, V* C W*;
(d) completely controllable if, and only if, V* N W* = R";

(e) strongly controllable if, and only if, (V* N W*) + kerg E = R" or,
equivalently, E(V* NW*) = img E.

Proof: By Propositions 3.5.1 and 3.5.2 it is clear that it only remains
to prove (c¢). We proceed in several steps.

Step 1: Let [Ey, Ay, Bi], [E2, Ag, Bo] € 3y, such that for some W €
GL(R), T € GL,(R), V € GL,(R) and F € R™" it holds

W.I,V.F
(B, A, Bi] ~p [Es, As, Bs].
We show that the augmented Wong sequences V!, W} of [Ey, Ay, Bi]
and the augmented Wong sequences V2, W7 of [Es, Ay, Bs] are related
by
VieNg: V=TV A W =T"'W2

We prove the statement by induction. It is clear that Vj = T V3.
Assuming that V} = T~1V? for some i > 0 we find that, by (3.2.1),

Vi = ATNEWV! +img By)
Jy eV JueR™:
= { reR" ' }
W (AT + BT)x = WETy + WByVu
= { reR" | JzeV?IveR™: AyTw = Fyz + Byv }
= T (AyN(EV} +img By)) =TV, .

3

The statement about W! and W? can be proved analogous.

Step 2: By Step 1 we may without loss of generality assume that
[E, A, B] is given in feedback form (3.2.9). We make the convention
that if o € N¥ is some multi-index, then o — 1 := (@ — 1,..., a5, — 1).
It not follows that

VieNyg: V=R xR ximg N!_; x img(N,_,)" x img N} x R"™,
(3.5.1)
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which is immediate from observing that K Tx = LTy + E,u for some
x,y,u of appropriate dimension yields x = ]\77 wand Liz = Ky for
some z,y yields z = N; ,y. Note that in the case 7; = 1 or §; = 1,
i.e., we have a 1 x 0 block, we find that N, _; and Ns,_; are absent, so
these relations are consistent.

On the other hand we find that

Vi€ Ny :
W; = kerg N/, x kerg N} x kerg Nf;fl x {0}940) ¢ kerg N x {0},
(3.5.2)
which indeed needs some more rigorous proof. First observe that
img F, = kerg N, kerg K3 = kerg Ng and (LD_I(imR E,))=img E, 4
= kergp Nn,,l‘ Therefore we have

W1 (1m]R B)
= kerR N, x kerg N x kerg N,_1 X {0}“5‘_2(5) x kerg N, x {0}"=.

Further observe that NN = N,NNi~! for all i € N and, hence, if
= N y+ E,u for some x,u and y € kerR Ni-Lit follows x € kerR NL.
Likewise, if LTm = KTy + E u for some x, u and y € kerg th we ﬁnd
T = NT W+ E _qu and hence z € kerg an 1~ Finally, if Kgz = Lgy
for some x and some y € kerg N ? it follows that by adding some zero
rows we obtain Ngx = NgNﬁTy and hence, as above, x € kerg NZ;. This
proves (3.5.2).
Step 3: From (3.5.1) and (3.5.2) it follows that

Y* = Rlel « RIS « imR{o}I"/lff(v) ~ {0}\5\4(& % {O}IHI x R,
W =Rl 5 RIF 5 imp RI0) 5 {03PI60) 5 RIFE 5 {0},

As by Corollary 3.2.8 (f) the system [E, A, B] is controllable in the
behavioral sense if, and only if, nz = 0 we may immediately deduce that
this is the case if, and only if, V* C W*. This proves the theorem. [

Remark 3.5.6 (Representation of the reachable space).
From Proposition 3.5.1 and the proof of Theorem 3.5.5 we may imme-
diately observe that, using the notation from Theorem 3.2.6, we have

RiE,a,8)
=71 (R\al « RII % hnR{O}Mfé(w) ~ {0}\5H<6> ~ {O}IHI ~ {O}HE> )
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3.6 Kalman decomposition

Nearly fifty years ago KALMAN [138] derived his famous decomposition
of linear ODE control systems. This decomposition has later been
generalized to regular DAEs by VERGHESE at al. [241], see also [80]. A
Kalman decomposition of general discrete-time DAE systems has been
provided by BANASZUK et al. [14] (later generalized to systems with
output equation in [11]) in a very nice way using the augmented Wong
sequences (cf. Section 3.5). They derive a system

En Byl [An Awr| |Bi
el s 2] ee
which is system equivalent to given [E, A, B] € ¥;,,,, with the prop-
erties that the system [Ej;, Ajq, By] is completely controllable and the
matrix [E)1, Aj1, By] has full row rank (strongly H-controllable in the
notation of [14]) and, furthermore, Rg,, 4,,0) = {0}
This last condition is reasonable, as one should wonder what prop-

erties a Kalman decomposition of a DAE system should have. In the
case of ODEs the decomposition simply is

A Ap By _
H 0 AQJ ’ {() H ,  where [Aj1, By] is controllable.

Therefore, an ODE system is decomposed into a controllable and an
uncontrollable part, since clearly [Ag, 0] is not controllable at all. For
DAEs however, the situation is more subtle, since in a decomposi-
tion (3.6.1) with [Eyy, A1y, Bi] completely controllable (and
[Ev1, A1, Bi] full row rank) the conjectural ‘uncontrollable’ part
[Ea9, Agg, 0] may still have a controllable subsystem, since systems of
the type [K, Lg, 0] are always controllable. To exclude this and ensure
that all controllable parts are included in [Ey, A1y, Bi] we may state
the additional condition (as in [14]) that

R[Ezz,Azz,U] - {O} :

This then also guarantees certain uniqueness properties of the Kalman
decomposition. Hence, any system (3.6.1) with the above properties
we may call a Kalman decomposition.
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Definition 3.6.1 (Kalman decomposition).
A system [E, A, B] € ¥, is said to be a Kalman decomposition if,
and only if|

| [Eu B [An Awr| |B
where EH,AH € Rllxn17 Elg,Alg S RZ]XM’ EQQ,AQQ € Rlxm and B, €

RO*™such that [Fi1, Aig, Bi] € 0,0, is completely controllable,
rkR[Eu, Au, Bl} = ll and ,R’[Ezz.,Azz,Olz.,m] = {0}

We cite the result of [14] and sketch the proof.

Theorem 3.6.2 (Kalman decomposition).
For [E, A, B] € Xjm, there exist W € GL(R), T € Gl,(R) such that
[WET,WAT,W B| is a Kalman decomposition 3.6.2.

Proof: The Kalman decomposition (3.6.2) can be derived using the
limits V* and W* of the augmented Wong sequences presented in Sec-
tion 3.5. It is clear that these spaces satisfy the following subspace
relations:

E(WV nwW*) C (EV*+img B) N (AW" + img B),
AV W) C (EV*+img B) N (AW + img B).

Therefore, if we choose any full rank matrices Ry € R"*™ P, € R™*"2,
Ry, € Rl Py € R guch that

imR Rl = V* N W*, imR R1 D iHlR Pl = Rn, iIIl]R RQ (S5 imR PQ = Rl7
img Ry = (EV* + img B) N (AW" + img B),

then [Ry, Pi] € GL,(R) and [R,, P»] € GI(R), and, furthermore, there
exist matrices E11, A;1 € RV™M | By Ay € R oy Agy € REX™
such that

ER, = RoLEh, ARy = RyA,
EP = RoEy+ PoEy, AP = RyAip+ PyAg.

Since img B C (EV*+1img B) N (AW* +1img B) = img Ry, there exists
B; € R guch that B = RyB;. All these relations together yield
the decomposition (3.6.2) with W = [Rs, ] and T = [Ry, P\]~'. The



3.6 Kalman decomposition 147

properties of the entries in (3.6.2) essentially rely on the observation
that by Proposition 3.5.1

R[E,A,B] =V NnW= iIIl]R R] = T_l(Rnl X {0}”’2).
We omit the proof of this and refer to [14]. 0

Remark 3.6.3 (Kalman decomposition).
It is important to note that a trivial reachable space does not necessarily
imply that B = 0. An intriguing example which illustrates this is the

system
san-[[LEH e

Another important fact we like to stress by means of this example is
that B # 0 does no necessarily imply n; # 0 in the Kalman decompo-
sition (3.6.2). In fact, the above system [F, A, B] is already in Kalman
decomposition with [y = lo = 1,n1 = 0,ny = 1,m =1 and E» = 1,
Ajg =0, By =1 as well as Fy = 0, Ay = 1. Then all the required
properties are satisfied, in particular rkg[E1;, Ay1, Bi] = rkg[1l] = 1 and
the system [F4y, Aq1, Bi] is completely controllable as it is in feedback
form (3.2.9) with v = 1; complete controllability then follows from
Corollary 3.2.8. However, [E, A1, By] is hard to view as a control
system as no equation can be written down. Nevertheless, the space
R(Ey,,A,1,8,) has dimension zero and obviously every state can be steered
to every other state.

We now analyze how two forms of type (3.6.2) of one system [E, A, B]
€ Xy differ.

Proposition 3.6.4 (Uniqueness of the Kalman decomposition).

Let [E, A, B] € 3y, be given and assume that, for all i € {1,2}, the

systems [F;, A;, By %:Q [E, A, B] with

sE; — A; = SEn,z‘ - A11,7: SE12,7: - Al?,i:| . B = |:B1,i:|

0 5F9y; — A 0

where By, An; € RhX™i By Apyy € RG24 Fyg i) Agy € RI2i7m24
By; € R gre Kalman decompositions.
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Then 1171 = l1,2, 12,1 = l272, 71171 = TLLQ, 712’1 = TL272. M07”€01]67“, fO?”
some WH € GIZH(R), W12 S RlLlez‘l, Wzg (S Gllzy](R)y TH = Glnm (R),
Ty € RMxm21 Thy € Gl (R), we have

1 [Wi W 1 (T T
Wl [o wll =

In particular, the systems [Eh11, Ai11, Bia], [E112, Ai12, Bia] and, re-
spectively,
[Ea1, A221,0], [E2, Ases, 0] are system equivalent.

Proof: It is no loss of generality to assume that W, = I, Ty = I,,.
Then we obtain

R™1 x {0} = R[EhAlaB]] = TQR[E%AZ’BQ] = TQ(R”LZ X {0})
This implies ny; = n; 2 and

T, = {TOH ?2} for some Ty € Gl,, ,, Tip € R™M17™21 Thy € Gl .
22 ’ '

Now partitioning

W Wll W12 I/V11 c Rluxh,z’ W12 c IR11,1><12,27
9 =
Wa Wa|”’ Wy € RZZ'IXILZ, Was € RZQTIXIM,

the block (2,1) of the equations W1 EN\T1 = Ey, W1 A\Ty = Ay and
W1 B, = B, give rise to

0=Wy [Bis Az Bigl.

Since the latter matrix is supposed to have full row rank, we obtain
Ws1 = 0. The assumption of W5 being invertible then leads to [ 1 <1y 5.
Reversing the roles of [Ey, Ay, By] and [FE», As, By, we further obtain
li2 < Iy, whence l12 = ;1. Using again the invertibility of W, we
obtain that both Wi, and Ws, are invertible. Il

It is immediate from the form (3.6.2) that [E, A, B] is completely
controllable if, and only if, n; = n. The following result character-
izes the further controllability and stabilizability notions in terms of
properties of the submatrices in (3.6.2).
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Corollary 3.6.5 (Properties induced from the Kalman decomposi-
tion).
Consider [E, A, B] € Xy, with

W = 7o | B Bl [Aun Al |Bi
a3 B3 4[]

such that [E,fl, B} 1s a Kalman decomposition. Then the following
statements hold true:

((l) rkR(s)(SEQQ — Agg) =N3.

(b) If sE — A is regular, then both pencils sE1y — Ay and sFEay — Ag
are reqular. In particular, it holds Iy = ny and ly = no.

(c) If [E, A, B] is impulse controllable, then the index of the pencil
sE9 — Agg is at most one.

(d) [E, A, B] is controllable at infinity if, and only if, img Ass Cimpg Fas.

(e) |[E, A, B] is controllable in the behavioral sense if, and only if,
rkR(s)(SEQQ — A22) = rk(c()\EQQ — Azg) f07“ all \ € C.

(f) [E,A, B] is stabilizable in the behavioral sense_if, and only if,
rkg(s)($E2s — Ass) = ke (A By — Ag) for all X € Cy.

Proof:

(a) Assuming that rkg(y(sE2 — Ag) < na, then, in a QKF (3.2.3)
of sEy — Ag, it holds ¢(3) > 0 by (3.2.6). By the findings of
Remark 3.2.7 (i), we can conclude Rig,, 4,0, ] 7 {0}, a contra-
diction.

015,m

(b) We can infer from (a) that ny < ly. We can further deduce from the
regularity of sEE — A that no > ly. The regularity of sEj; — Aj; and
$F9y — Agg then follows immediately from det(sE — A) = det(W -
T) . det(sE11 — AH) . det(SEQQ — AQQ)‘

(¢) Assume that [E, A, B] is impulse controllable. By Proposition 3.3.3
and the invariance of impulse controllability under system equiva-
lence this implies that

i A Ap C i | B0 B2 Bi AnZy+ AaZy
BLO Ay = %l 0 Ep 0 A2 '
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where Z = [Z],Z)]" is a real matrix such that imgZ

= kerg [E(}‘ gzi] The last condition in particular implies that

imp Z9 C kerg E99 and therefore we obtain
img A9 C imp Loy + Ay kerg Foo,
which is, by (3.2.4), equivalent to the index of sFs — Ass being at

most one.

Since rkg[E11, A11, Bi] = I and the system [Eyy, Ay, By is con-
trollable at infinity, Proposition 3.3.3 leads to rkr[E11, B1] = ;.
Therefore, we have

) Ey Ei Byl oo
imp [ 0 By 0]- R™ x img Eos.
Analogously, we obtain

impg {En Ey Ay Apn B

_ N . .
0 E22 0 AQQ 0 :| =R" x (Hn]R E22 + 1mpg AQQ) .

Again using Proposition 3.3.3 and the invariance of controllabil-
ity at infinity under system equivalence, we see that [F, A, B] is
controllable at infinity if, and only if,

RZ] X (lmR E22 + imR AQQ) = ]Rll X imR EQQ,
which is equivalent to img Ags C impg Fos.

Since rk]R[ElhAlhBl] = ll and [EH,AH,Bl] S le,nl,m is com-
pletely controllable it holds

rkc[)\Eu — AH, Bl] = ll for all A S C.
Therefore, we have

AEN — A AEww — Ap By
0 AE9 — Ags 0
=11 + rke(AEg — Ag),

I“k(c[/\E - A7 B} = I"k(c

and, analogously, rkg([sE — A, B] = I} + kg (L2 — Az). Now
applying Proposition 3.3.3 we find that [E, A, B] is controllable in
the behavioral sense if, and only if, rkgs) (s Faz — Azz) = rke(A By —
AQQ) for all A € C.
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(f) The proof of this statement is analogous to (e). O

Remark 3.6.6 (Kalman decomposition and controllability).

Note that the condition of the index of sEs — Ags being at most one
in Corollary 3.6.5(c) is equivalent to the system [E9s, Ags, 01,,,] being
impulse controllable. Likewise, the condition img Agy C imp E9 in (d)
is equivalent to [E9y, Ag, 0y, ,,] being controllable at infinity. Obviously,
the conditions in (e) and (f) are equivalent to behavioral controllability
and stabilizability of [Eas, Asg, 0p, ], rESD.

Furthermore, the converse implication in (b) does not hold true. That
is, the index of sFyy — A9y being at most one is in general not sufficient
for [E, A, B] being impulse controllable. For instance, reconsider sys-
tem (3.6.3) which is not impulse controllable, but sFsy — Ags = —1 is
of index one. Even in the case where sF — A is regular, the property of
the index of sFy — Agg being zero or one is not enough to infer impulse
controllability of sE — A. As a counterexample, consider

mn=[fo o) )

3.7 Notes and References

(i) The controllability concepts are not consistently treated in the
literature. For instance, one has to pay attention if it is (tacitly)
claimed that [E, B] € R>*("*™) or [E, A, B] € R»*+m) have full
rank.

For regular systems we have the following:

concept coincides with no- | called [...] in
tion in
controllability at infinity | see item (v) reachability at oo
in [158]
impulse controllability [77] and [121, | controllability at
Rem. 2] oo in [158]; con-

trollability at in-
finity in [6,7,241]

R-controllability [70, 80, 254] and | —
[121, Rem. 2]
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complete controllability | [70,80,254] controllability
in [77]
strong controllability [241] and [121, | impulse controlla-
Rem. 2] bility in [103]
Some of these aforementioned articles introduce the controlla-
bility by means of certain rank criteria for the matrix triple
[E, A, B]. The connection of the concepts introduced in Def-
inition 3.1.5 to linear algebraic properties of E, A and B are
highlighted in Section 3.3.
For general DAE systems we have:
concept coincides with no- | called [...] in
tion in
controllability at infinity | — -
impulse controllability [101,117,130] controllability at
infinity in [52]
R-controllability - -
complete controllability | [18§] controllability
in [98]
strong controllability - controllability
in [188]

Our behavioral controllability coincides with the framework which
is introduced in [198, Definition 5.2.2] for so-called differential be-
haviors, which are general (possibly higher order) DAE systems
with constant coefficients. Note that the concept of behavioral
controllability does not require a distinction between input and
state. The concepts of reachability and controllability in [12-15]
coincide with our behavioral and complete controllability, resp.
(see Sec. 3.3). Full controllability of [260] is our complete con-
trollability together with the additional assumption that solutions
have to be unique.

Stabilizability in the behavioral sense is introduced in [198, Def-
inition 5.2.2]. For regular systems, stabilizability is usually de-
fined either via linear algebraic properties of E, A and B, or
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(iii)

(iv)

by the existence of a stabilizing state feedback, see [50, 51, 96]
and [80, Definition 3-1.2.]. Our concepts of behavioral stabi-
lizability and stabilizability coincide with the notions of inter-
nal stability and complete stabilizability, resp., defined in [177]
for the system £2(t) = Az(t) with &€ = [E, 0], A = [A, B],
2(t) = [2"(t), u" ()]

Other concepts, not related to the ones considered in this chapter,
are e.g. the instantaneous controllability (reachability) of order k
in [188] or the impulsive mode controllability in [117]. Further-
more, the concept of strong controllability introduced in [230, Ex-
ercise 8.5] for ODE systems differs from the concepts considered
in this thesis.

The reachable and controllable spaces are some of the most im-
portant notions for (DAE) control systems and have been con-
sidered in [158] for regular systems. They are the fundamental
subspaces considered in the geometric theory, see Section 3.5.
Further usage of these concepts can be found in the following:
in [190] generalized reachable and controllable subspaces of regu-
lar systems are considered; ELIOPOULOU and KARCANIAS [92]
consider reachable and almost reachable subspaces of general
DAE systems; FRANKOWSKA [98] considers the reachable sub-
space in terms of differential inclusions.

A nice formula for the reachable space of a regular system has
been derived by Y1P et al. [254] (and later been adopted by
CoBB [77], however called controllable subspace): Consider a
regular system [E, A, B] € &, .., with (E, A) in QWF (2.1.1) (in
fact, the WCF is considered in [254], but the calculation is the
same) and B partitioned accordingly, that is

(5, © {70 B
e s (A R ]

where N is nilpotent. Then [254, Thm. 2]
Ripap = (J|B1) x (N|B),

where (K|L) := img[L, KL,..., K" 'L] for some matrices K &
R™ " [ € R™™. Furthermore, we have [254, Thm. 3]

V[E,A,B] =R™ x <N|BQ>
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This result has been improved later in [70] so that the QWF is
no longer needed. Denoting by E” the Drazin inverse of a given
matrix E € R™" (see [66]), it is shown [70, Thm. 3.1] that, for
A=1,

Rip.ap = EP(EP|B) ® (I — EE")(E|B),

where the consideration of A = [ is justified by a certain (time-
varying) transformation of the system [192]. We further have [70,
Thm. 3.2]

Vip.ap = img E” & (I — EEP)(E|B).

Yet another approach was followed by CoBB [73] who obtains
that
Ripap = (@B — A)'E|(aE — A)"'B)

for some o € R with det(aFE — A) # 0. A simple proof of this
result can also be found in [259].

Impulse controllability and controllability at infinity are usu-
ally defined by considering distributional solutions of (3.1.1), see
e.g. [77,101,130], sometimes called impulsive modes, see [20,117,
241]. For regular systems, impulse controllability has been intro-
duced by VERGHESE et al. [241] (called controllability at infinity
in this work) as controllability of the impulsive modes of the
system, and later made more precise by COBB [77], see also AR-
MENTANO [6,7] (who also calls it controllability at infinity) for a
more geometric point of view. In [241] the authors do also de-
velop the notion of strong controllability as impulse controllability
with, additionally, controllability in the regular sense. COBB [74]
showed that under the condition of impulse controllability, the
infinite eigenvalues of regular sE — A can be assigned via a state
feedback u = Fz to arbitrary finite positions. ARMENTANO [6]
later showed how to calculate F. This topic has been further
pursued in [150] in the form of invariant polynomial assignment.
The name ‘controllability at infinity’ comes from the claim that
the system has no infinite uncontrollable modes: Speaking in
terms of rank criteria (see also Section 3.3) the system [E, A, B] €
Yi.n,m is said to have an uncontrollable mode at % if, and only if,
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(vii)

(viii)

(ix)

tklaFE + SA, B] < tk[E, A, B] for some a, 8 € C. If § = 0, then
the uncontrollable mode is infinite. Controllability at infinity has
been introduced by ROSENBROCK [211] - although he does not
use this phrase - as controllability of the infinite frequency zeros.
Later COBB [77] compared the concepts of impulse controllabil-
ity and controllability at infinity, see [77, Thm. 5]; the notions we
use in the present thesis go back to the distinction in this work.
The concepts have later been generalized by GEERTS [101]
(see [101, Thm. 4.5 & Rem. 4.9], however he does not use the
name ‘controllability at infinity’). Controllability at infinity
of (3.1.1) is equivalent to the strictness of the corresponding dif-
ferential inclusion [98, Prop. 2.6]. The concept of impulsive mode
controllability in [117] is even weaker than impulse controllability.

For a discussion of distributional solutions for DAEs see Sec-
tion 2.5. We briefly refer to [227, 228], where the notions of
impulse controllability and jump controllability are introduced,
which coincide with our impulse controllability and behavioral
controllability, resp.

R-controllability has been first defined in [254] for regular DAEs.
Roughly speaking, R-controllability is the property that any con-
sistent initial state zy can be steered to any reachable state zy,
where here xy is reachable if, and only if, there exist ¢ > 0
and (z,u) € Bjp 4 p such that z € Wllo’i(R;R”), z(0) = 0 and
x(t) = xy; by (3.1.2) the latter is equivalent to zy € Vi 4 5, as
stated in Definition 3.1.5.

The concept of behavioral controllability has been introduced by
WILLEMS [245], see also [198]. This concept is suitable for gener-
alizations in various directions, see e.g. [53, 67,120, 153,203, 248,
253]. Having found the behavior of the considered control sys-
tem one can take over the definition of behavioral controllability
without the need for any further changes. From this point of view
this appears to be the most natural of the controllability concepts.
However, this concept also seems to be the least regarded in the
DAE literature.

The controllability theory of DAE systems can also be treated
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(xi)

(xii)

(xiii)

with the theory of differential inclusions [9, 10] as showed by
FRANKOWSKA [98].

KARCANIAS and HAYTON [141] pursued a special ansatz to sim-
plify the system (3.1.1): provided that B has full column rank,
take a left annihilator N and the left inverse B = (BT B)"'B'
of B (ie., NB = 0 and B'B = I) such that W = [J/] is in-
vertible and then pre-multiply (3.1.1) by W, thus obtaining the
equivalent system

LANEz = NAuz,

u = BT(%EQS — Ax).

The reachability (controllability) properties of (3.1.1) may now
be studied in terms of the pencil sSNE — NA, which is called
the restriction pencil [133], first introduced as zero pencil for the
investigation of system zeros of ODEs in [147,148], see also [144].
For a comprehensive study of the properties of the pencil sNFE —
NA see e.g. [140-143].

BANASZUK and PRZYLUSKI [15] have considered perturbations
of DAE control systems and obtained conditions under which the
sets of all completely controllable systems (systems controllable in
the behavioral sense) within the set of all systems ¥, ,, contain
an open and dense subset, or its complement contains an open
and dense subset.

For regular systems which are completely controllable, two canon-
ical forms of [E, A, B] € ¥, under system equivalence have
been obtained: the Jordan control canonical form in [104] and,

later, the simpler canonical form in [113] based on the Hermite
canonical form for controllable ODEs [I, A, B].

It is known [12,103] that the class of regular DAE systems is not
closed under the action of state feedback. Therefore, in [219] the
class of regular systems is divided into the families

Yo ={(E,AB)€e X, ,m | det(cosd E—sinf A)#0 },

for 6 € [0, ), and it is shown that any of these families is dense in
the set of regular systems and the union of these families is exactly
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(xiv)

the set of regular systems. The authors of [219] then introduce
the ‘constant-ratio proportional and derivative’ feedback on Yy,
ie.

u= F(cost x —sinf &)+ v.

This feedback leads to a group action and enables them to obtain
a generalization of Brunovsky’s theorem [48] on each of the sub-
sets of completely controllable systems in ¥y, see [219, Thm. 6].

GLUSING-LUERSSEN [103] derived a canonical form under the
unchanged feedback equivalence (3.2.1) on the set of strongly
controllable (called impulse controllability in [103]) regular sys-
tems, see [103, Thm. 4.7]. In particular it is shown that this set
is closed under the action of a feedback group.

For regular systems [E, A, B] € X, ,,,, with det(sE — A) € R[s] \
{0} the usual Hautus and Kalman criteria can be found in a
summarized form e.g. in [80]. Other approaches to derive con-
trollability criteria rely on the expansion of (sE — A)~! as a
power series in s at sy = 0, which is only feasible in the regu-
lar case. For instance, in [178] the numerator matrices of this
expansion, i.e., the coefficients of the polynomial adj (sE — A),
are used to derive a rank criterion for complete controllability.
Then again, in [146] Kalman rank criteria for complete control-
lability, R-controllability and controllability at infinity are de-
rived in terms of the coefficients of the power series expansion
of (s£& — A)~!. The advantage of these criteria, especially the
last one, is that no transformation of the system needs to be per-
formed as it is usually necessary in order to derive Kalman rank
criteria for DAEs, see e.g. [80].

However, simple criteria can be obtained using only a left trans-
formation of little impact: if v € R is chosen such that det(awE —
A) # 0, then the system is complete controllable if, and only
if, [259, Cor. 1]

kg [(aE — A)7'B, ((aE — A)'E)(aE— A)7'B, ...
(@B = A)'E)" (0B - A)‘lB} —n,
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(xvi)

(xvii)

and it is impulse controllable if, and only if, 259, Thm. 2]
img(aF — A)"'E 4 ker(aFE — A)7'E + img(aE — A)'B =R".

The result concerning complete controllability has also been ob-
tained in [70, Thm. 4.1] for the case A =1 and a = 0.

Yet another approach was followed by KUCERA and
ZAGALAK [150] who introduced controllability indices and char-
acterized strong controllability in terms of an equation for these
indices.

The augmented Wong sequences (for B # 0) have been exten-
sively studied by several authors, see e.g. [158,174,175,186, 187,
189, 190, 238] for regular systems and [3, 11,13, 14,44, 45,92, 159,
167,188,200] for general DAE systems. FRANKOWSKA [98] did a
nice investigation of systems (3.1.1) in terms of differential inclu-
sions [9, 10], however requiring controllability at infinity (see [98,
Prop. 2.6]). Nevertheless, she is the first to derive a formula for
the reachable space [98, Thm. 3.1], which was later generalized
by PRzYLUSKI and SOSNOWSKI [200, Sec. 4] (in fact, the same
generalization has been announced in [167, p. 296], [159, Sec. 5]
and [11, p. 1510], however without proof); it also occurred in [92,
Thm. 2.5].

A characterization of the limits V* and W* of the augmented
Wong sequences in terms of distributions is given in [200]: V* +
kergp E is the set of all initial values such that the distributional
initial value problem [200, (3)] has a smooth solution (z,u); W*
is the set of all initial values such that [200, (3)] has an impul-
sive solution (x,u); V* + W* is the set of all initial values such
that [200, (3)] has an impulsive-smooth solution (z, u).
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In this chapter we study linear differential-algebraic control systems of
the form .
GEx(t) = Ax(t) + Bu(t)
y(t) = Cx(t),

where E, A € R, B € R>*™ C € RP*™. The set of these systems is
denoted by X, ., and we write [E, A, B, C] € ¥, m . We put special
emphasis on the non-regular case, i.e., we do not assume that sEl — A
is regular.

Compared to the class of systems studied in Chapter 3, here we allow
for an additional output equation y(t) = Cx(t). The functions u: R —
R™ and y : R — RP are called input and output of the system, resp.
By virtue of Definition 2.4.1, a trajectory (z,u,y) : R — R" x R™ x RP
is said to be a solution of [E, A, B, C] if, and only if, it belongs to the
behavior of [E, A, B, C:

B anc = {(2,4,y) € LL(R;R" x R" x R?) | Ex € Wy (R;R!)
and (z,u) satisfies $Ex(t) = Az(t) + Bu(t),

y(t) = Cx(t) for almost all t € R}.

Particular emphasis is placed on the zero dynamics of [E, A, B, C].

These are, for [E, A, B,C| € £} ,,m,, defined by

2P apc = { (,1,y) € Bppa,B.0) ‘ y =0 }

By linearity of [E, A, B, C], ZDg a,p,c) is a real vector space.

The zero dynamics of [E, A, B, C] are called autonomous if, and only
if,

Vwi,we € ZDp apc) VI C R open nonempty interval :

a.e. a.e.
wil; = wa|; = w1 = wy;
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and asymptotically stable if, and only if|
¥(2,u.y) € ZDjpancr: Jim essesupyq [z, )] = 0.

Note that the above definitions are within the spirit of the behavioral
approach [198] and take into account that the zero dynamics ZD(p 4 p ¢
are a linear behavior. In this framework the definition for autonomy
of a general behavior is given in [198, Sec. 3.2] and the definition of
asymptotic stability in [198, Def. 7.2.1].

(Asymptotically stable) zero dynamics are the vector space of those
trajectories of the system which are, loosely speaking, not visible at
the output (and tend to zero).

For convenience we call the extended matrix pencil [‘@E)A _UB ] the
system pencil of [E, A, B,C| € ¥ m,. In Section 4.1 we will derive
a so called ‘zero dynamics form’ of [F, A, B, C| within the equivalence
class defined by system equivalence (in generalization of the concept
introduced in Definition 3.2.1): two systems [E;, A;, B;, Ci] € Xy, mp.
1 =1,2, are called system equivalent if, and only if,

35 € GL(R),T € GL,(R) :

S 0 SEl—Al Bl T 0 o SEQ—AQ BQ .
0 1, C 010 L, | ©y 0/’

we write

[Ey, Ay, By, Cy] % [Ey, Ay, By, Cy].
It is easy to see that system equivalence is an equivalence relation
on Xiump X Linmp- The notion of system equivalence goes back to
ROSENBROCK [211], cf. also Section 3.2.

This chapter is organized as follows: In Section 4.1 we study au-
tonomous zero dynamics and derive several important characterizations
for it as well as one of the main results of this chapter, the zero dy-
namics form (ZDF) in Theorem 4.1.7; this form is obtained by using
the largest (A, F', B)-invariant subspace included in ker C. The ZDF is
then refined in Theorem 4.2.7 in Section 4.2, where concepts of system
invertibility are introduced and studied in relation to the zero dynam-
ics. We also show how the inverse system can be calculated and under
which condition a system with autonomous zero dynamics is right-
invertible. This class of systems is then considered in Section 4.3 and
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it is shown in Theorem 4.3.12 that its elements have asymptotically
stable zero dynamics if, and only if, the conditions stabilizability in the
behavioral sense, detectability in the behavioral sense and the absence
of transmission zero in the closed right complex half-plane are satisfied;
these concepts are rigorously introduced and characterized. The result
of Theorem 4.3.12 is then exploited for stabilization via compatible
control in the behavioral sense in Theorem 4.4.3 in Section 4.4. It is
shown that the Lyapunov exponent of the interconnected system can
be assigned to the Lyapunov exponent of the zero dynamics.

The results of Sections 4.1, 4.2 and 4.3 are partly contained in the
submitted manuscript [28]. The submitted work [29] contains (parts
of) Sections 4.3 and 4.4. Lemma 4.3.11 has already been published in
a joint work with AcuiM ILCHMANN and Timo REIs [35].

4.1 Autonomous zero dynamics

In this section we investigate autonomy of the zero dynamics of control
systems

d

G Ex(t) = Ax(t) + Bu(t)

y(t) = Cux(t),

where [E, A, B,C| € ¥,,,,. We derive several important character-
izations of autonomous zero dynamics and, as the main result of this
section, the so called zero dynamics form in Theorem 4.1.7. The follow-
ing observation is immediate from the definition of autonomous zero
dynamics.

(4.1.1)

Remark 4.1.1 (Autonomous zero dynamics).

Since ZD(p 4,p,c) 1s a real vector space, the zero dynamics ZD g 4.,
are autonomous if, and only if, for any w € ZD|p 4 p,c) which satisfies
w|; = 0 on some open interval I C R, it follows that w * 0.

In order to characterize (autonomous) zero dynamics we use the
concept of (A, E, B)-invariance from Definition 3.5.3. For a system
[E, A, B,C| € X mp, we define the set of all (A, E, B)-invariant sub-
spaces included in ker C' by

L(E, A, B;kerC) := {v CR"

V is (A, E, B)-invariant subspace
of R" and V C ker C' ’
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It can easily be verified that L(F, A, B; ker C) is closed under subspace
addition and thus L(E, A, B; ker C) is an upper semi-lattice relative to
subspace inclusion and addition. Hence, by [252, Lem. 4.4], there exists
a supremal element of L(E, A, B; ker C'), namely

max(E, A, B;kerC) :=sup L(E, A, B;ker C) = max L(FE, A, B; ker C').

We show that max(E, A, B;ker C') can be derived from a sequence of
subspaces which terminates after finitely many steps. These sequences
can be viewed as a modification of the (augmented) Wong sequences
from Definition 2.2.1 (see also Section 3.5).

Lemma 4.1.2 (Subspace sequences leading to max(F, A, B; ker C')).
Let [E, A, B,C| € Eyym,p and define Vy :=ker C' and

VieN: Vi:= A YEV, | +imB)NkerC.
Then the sequence (V;)ien, satisfies

Jk*eNVjeN:
Vo2V 2 2V = Viyj = A (EVp +im B) Nker C. (4.1.2)

Furthermore,
Vi» = max(E, A, B; ker C') (4.1.3)

and, if (x,u,y) € ZD g ), then
for almost allt € R : x(t) € V.

Proof: It is easy to see that (4.1.2) holds true and (4.1.3) follows
from [187, Lem. 2.1]. For the last statement let (z,u,y) € ZDp 4 p)-
Then we have

Ax(t) = $Ex(t) — Bu(t) and x(t) € kerC

for almost all ¢ € R. Since, for any subspace S C R", if 2(t) € S for
almost all t € R, then & Ex(t) € ES for almost all t € R, we conclude

2(t) € A ({LEx(t)} +im B) Nker C C V; for almost all ¢t € R.

Inductively, we obtain x(t) € Vi~ for almost all ¢ € R. O
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For later use we collect the following lemma about the quasi-Kron-
ecker form from Proposition 3.2.3.

Lemma 4.1.3 (Full column rank and quasi-Kronecker form).
Let sE — A € R[s]"™ and consider any QKF (3.2.3) of sl — A. Then
((B) = 0 if, and only if, tkgyy sE — A =1.

Proof: The assertion is immediate from (3.2.6) and rkg( sE— A =
rkR(s) SE - 1/4\ ]

As an immediate consequence of Lemma 4.1.2 we infer that the
state x of any trajectory (z,u,y) € ZDapc) evolves in
max(FE, A, B; ker C).

Proposition 4.1.4 (Characterization of zero dynamics).
Let [E7 A7 B7 C] S El,n,m,p [f (‘TJ U,y) € %[E.A.Bﬁcb then

(1'7 u, y) € Z,D[E,A,BA,C]
—  z(t) € max(E, A, B;ker C')  for almost allt € R.

Next, we state some important characterizations of autonomous zero
dynamics in terms of a pencil rank condition (exploiting the QKF)
and some conditions involving the largest (A, E, B)-invariant subspace
included in ker C.

Proposition 4.1.5 (Characterization of autonomous zero dynamics).

Let [E,A,B,C| € Yjmp- Then the following three statements are
equivalent:

(i) ZDiga,B,c) is autonomous.

. E—-A -B
(ii) rkgpy {S 0 ] =n+m.
(iii) (A1) rk B =m,
(A2) ker E Nmax(FE, A, B;ker C') = {0},
(A3) im BN Emax(E, A, B;ker C') = {0} .
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Proof: In view of Proposition 3.2.3, there exist S € GlL1,(R),T €
Gl (R) such that

s, — A, 0 0 0
SSE*A —-B T — 0 SNQ—[M 0 0
-C 0 0 0 sKs— Lg 0
0 0 0  sK]—-L]
(4.1.4)

(1)=-(ii): Suppose that (ii) does not hold. Then Lemma 4.1.3 yields
¢(B) > 0. Therefore, we find z € C*(R,R?)\ {0} and I C R open
interval such that z|;, = 0 and ($Ks — Lg)z = 0. This implies that

|:(€lt E—A B

T T _
o O}T(O,z ,0,0)7 =0,

which contradicts autonomous zero dynamics.
(ii)=-(i): By (ii) and Lemma 4.1.3 it follows that ¢(3) = 0 in (4.1.4).
Let w € ZD[E,A,B,O] and / C R be an open interval such that w|1 0.

Then, with
(v),v9,v3) " := T 1w, we have
%Ins - As 0 0 U1
571 0 %Na - IM 0 (%]
0 0 SKT—LT| \vs
ac. [SE—A —B]| ae
e | ve.
[ _C 0| v 0,

and thus (7, — A)v; =0, (SN, — 1,2 =0, and (& K] —L])vs =
4N, — IM)vg B O and
(dtKT LT)Ug €0 (cf. also Subsection 2.4.2) gives vs = 0 and vz = 0.

Since vl|1 =0 it follows that v; = 0. So we may conclude that w 0,
by which the zero dynamics are autonomous.

(i)=(iii): Step 1: (A1) follows from (ii).

Step 2: We show (A2). Let V € R™* with full column rank such
that im V' = max(E, A, B; ker C). By definition of max(E, A, B; ker C)
there exist N € R¥* M € R™* such that AV = EVN 4+ BM and
CV = 0. Therefore, we have

(L o]l o) ] =[5 enom

0. Then, successively solving each block in (
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By (ii) we find sy € C such that [SOF(}A 7 | has full column rank and
sol — N is invertible. Let y € ker ENmax(FE, A, B; ker C). Then there
exists © € R¥ such that y = Vo and EVz = 0. Therefore,

252 e [

This implies that [ "] (so/x — N) 'z = 0 and since V has full column
rank we find z = 0.

Step 3: We show (A3). Choose W € R™ ("% such that [V, W] €
Gl1,(R). Then

[sE—A —B} [[v, W] o} B [S[Ev, EW] — [AV, AW] —B}

-C 0 0 In|l [0, Cy] 0

and since E'V has full column rank by Step 2, there exists S € GL;(R)
such that SEV = [[], thus

e e - [B AL AT

(4.1.5)
Since AV = EV N + BM, we obtain SAV = SEV N + SBM, whence

HEEEE
Therefore,
o o) [t T 2 ot 1
AR
[0, Cy) 0

Now, let v € RF and w € R™ be such that EVv = Bw € im B N
Emax(F, A, B;ker ('), hence

v o o o Blw
<0> = SEVv=SBw = <32w> .
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For sy as in Step 2 we find

sol — N sgFy— Ay By —(80] — N)71U
0 S()E4 - A4 B2 0 = 0,
0 CQ 0 w

and so v =0 and w = 0.
(iii)=-(i): By (A2) we obtain that (4.1.5) holds. Incorporating (A3)
gives

{0} =im BN Emax(F, A, B;ker C)

=imSBNIimSEV =im By Nim L ,
By 0
by which By = 0. From (A1) it follows that By has full column rank.

Now, let (z,u,y) € ZDp ap,c) and I C R an open interval such that

(z,u)]; = 0. Applying the coordinate transformation (z],z) )" =

[V, W] 'z and observing that, by Proposition 4.1.4, x(t) € imV for
almost all ¢t € R, it follows Wzy(t) = z(t) — V2 (t) € imW NimV =
{0} for almost all + € R. Therefore, 2z = 0 and w = 2 + Eyz €
Wllo’i(R; R*) satisfies w = 2z;. Furthermore, A;z = Ayw, Azz = Azw
and since Eyzy € Wllo’cl(R;R"_k) we find %E422 £ 0. Then (4.1.5)
implies that

&
@

%w = Aw,
0 = Asw + Bou,
hence
w|; = 21 = V| =0
gives w = 0 and therefore u = 0. O

The characterization in Proposition 4.1.5 was observed for ODE sys-
tems
(I,A,B,C) € X, mm by ILCHMANN and WIRTH (personal communi-
cation, 2012). The following zero dynamics form in Definition 4.1.6 was
derived for ODE systems (I, A, B, C) by ISIDORI [131, Rem. 6.1.3]. In
Theorem 4.1.7 we derive the zero dynamics form for DAE systems with
autonomous zero dynamics; in [131] it is not clear that the assumptions
(A1), (A3) are equivalent to autonomous zero dynamics (note that (A2)
is superfluous for ODEs).
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Definition 4.1.6 (Zero dynamics form).
A system [E, A, B,C] € ¥ ,,m, is said to be in zero dynamics form if,
and only if|

I Es Ay Ay 0
E=1|0 Ey|, A= |A; A, B=|I,|, C=[0,Cy (4.1.6)
0 Es 0 Ag 0

such that k = dimmax(FE, A, B; ker C),

max (Eﬂ , [ﬁﬂ , [[g] .,02) — {0}, (4.1.7)

and Al e Rk B, € R0k 4, € R’“X k) A, € Rk By €
Rmxn k) A4 c Rmx(n k) = R(l k—m)x(n— 7 A6 c Rl k—m)x (n k)’
Cy € RP<-h),

Theorem 4.1.7 (Zero dynamics form).

Consider [E, A, B,C] € ,mp and suppose that the zero dynamics
ZDp.apc) are autonomous. Let 'V € R™* be such that imV =
max(E, A, B;ker C) and tkV = k. Then there exist W € R™ (=)
and S € G1;(R) such that [V, W] € G1,(R) and

(.4, 5.C] K"

[E, A, B, C), (4.1.8)
where [E’,/L B, é] is in zero dynamics form.
For uniqueness we have: If [E, A, B,C|, [E,A,B,C] € ¥j,m,p are
in zero dynamics form and
[E,A,B,C] X [E,A,B,C] for some S € GL(R),T € GL,(R),
(4.1.9)
then S s
1 0 53 ~1
S = 0 ]m SG y T= |:S(1) g2i|7
0 0 Sy ‘
where S € le(R),Sg € Gll,k,m(R),Tzl € Gln,k(R) and Sg,S(;,TQ
are of appropriate sizes. In particular the dimensions of the matrices
in (4.1.6) are unique and Ay is unique up to similarity, hence o(Ay) is
unique.
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Proof: Step 1: We prove (4.1.8) and (4.1.6). By Proposition 4.1.5,
autonomous zero dynamics are equivalent to the conditions (A1)—(A3).
These conditions imply that £ +m < [. Then we may find W €
R™("=F) such that [V,W] € GI1,(R). Considering the transformed
system (E[V,W], A[V,W], B,C|V, VV])7 we find that C'V = 0, since
imV C ker C. Further observe that EV has full column rank by (A2)
and, since B has full column rank by (Al) and im EV Nim B = {0}
by (A3), we obtain that [EV, B] has full column rank. Hence, we find
S € GL(R) such that

I, 0
SIEV,B]= |0 I,
0 0
Therefore,
15, A, B,c] *%" (SEWV, W], SA[V, W], SB,C[V,W])

Iy E A Ay 0
= 0 FEy, Az Ay s | Im a[0702]
0 FEg As Ag 0

By (A, E, B)-invariance of im V| there exist N € R** M € R™* such
that AV = EVN + BM, thus

Ay I 0
S|4yl =AV=EVN+BM=S1|0|N+S*!|IL,| M,
A 0 0

which gives A5 = 0.
Step 2: We show (4.1.7). Let (E, A, B,C) := ([%] , [ﬁf] ) [Ig‘] ,C5)
and ¢ € Ny, Z € R(9)x4 X € R™*¢| Y € R™* be such that

AZ=FZX+BY AN CZ=0.
We show that V := im[V,WZ] is (A, E, B)-invariant and included in

ker C'.
Step 2a: We show (A, E, B)-invariance of V. Since AV = EV A+ BA;,
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this follows from

AV, WZ]
. A
= |EVA, + BA;, St AL Z
. _AG
[ [ Az
= |EVA, +BA;, S |EJZX +Y
I | EsZX
i Ey AsZ — ExZ X i
= |EVA, +BA;, SV | |Ey| ZX + 0 + BY
Fs 0

— [BVA, + BAs, EWZX + EV(AyZ — B,ZX) + BY|
A AoZ — EB2ZX

=BV, Wz [ I

+ B[A43,Y].

Step 2b: We show that V is included in ker C'. This is immediate from
ClV,WZ]=10,C:Z] = 0.

Now, since im V' is the largest (A, F, B)-invariant subspace included in
ker C, if follows that im[V, WZ] C im V and hence, since im VNim W =
{0} and W has full column rank, Z = 0. This implies (4.1.7).

Step 3: We show the uniqueness property. To this end we first show
that

max(SET, SAT, SB;ker CT) = T~ ' max(E, A, B; ker C).

Let V € R™ with full column rank such that imV =
max(F, A, B;ker C). By definition of max(FE, A, B;ker C') there ex-
ist N € RF*k M e R™F such that AV = EVN + BM and CV = 0.
Then

(SAT)(T™'V) = SEVN + SBM = (SET)(T"'V)N + (SB)M

and (CT)(T~'V) = CV = 0, which proves the assertion. This shows
in particular that

dimmax(SET, SAT, SB;ker CT) = dimmax(E, A, B; ker C')
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and hence the block structures of [E, A, B, C] and [E, A, B, C‘] coincide.
We now show that

0
(41.10)

max(F, A, B;ker C') = max(SET, SAT, SB; ker CT) = im {Ik} .
First, we consider max(F, A, B; ker C'). Since

4
A M — || =E m A+ BA;, A C [Ik’] 0,
0 0 0 0
we find that im [ %] is (A, E, B)-invariant and included in ker C. In
order to show maximality, let V = [%] e R4 N e R M e R
be such that

AV =FEVN+BM A CV=0.

In particular, this implies that

A E [777
[Aﬂ Vy = [Ej VaN + [0] [M,A3Vi] A CyVo =0,
and hence (4.1.7) implies that V5 = 0, thus imV C im [%]. Since
[SET,SAT,SB,CT] has the same block structure as [E, A, B, C], we
have proved (4.1.10).

From (4.1.10) we obtain

im [{)k] = max(SET, SAT, SB; kerCT) =

T 'max(E, A, B;kerC) = imT* {Iok} ,
by which T takes the form 7' = [ 2], Ty € GLi(R), Ty € G1,_1(R).
Moreover,

0 0 [(S1 0 S5
I.| =B=SB=S|I,|, andhence S=|Sy I, S
0 |0 |57 0 S
Now, _
Iy, I I 5114
0| =F S]:SET[&"]: STy |,
0 L S7T4
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by which 77 = S, Sy = 0 and S; = 0. This completes the proof of
the theorem. O

Remark 4.1.8 (Zero dynamics form).

The name ‘zero dynamics form’ for the form (4.1.6) may be justified
since the zero dynamics are decoupled in this form. If (z,u,y) €
ZD\g,a,B,), then, applying the coordinate transformation (=], ZQT )T =
[V, W] 1z from Theorem 4.1.7, gives z = V2, + Wz and from Propo-
sition 4.1.4 we obtain #(¢) € imV for almost all ¢ € R. Then im V' N

im W = {0} gives 2 = 0 and w := z + Fyzy € W2 (R; R¥) (which

loc

. a.e.
satisfies w = z;) and u solve

—w = Ayw,

O = A3w+u.

Therefore, w as the solution of an ODE characterizes the ‘dynamics’
within the zero dynamics (almost everywhere) and z; and u are given
by algebraic equations depending on w.

Remark 4.1.9 (How close is the ZDF to a canonical form?).

Recall the definition of a canonical form from Definition 2.2.20. In
the present setup, the group is G = Gl(R) x Gl,(R), the consid-
ered set is & = Yy, and the group action o((S,T), [E, A, B,C]) =

[SET,SAT,SB,CT] corresponds to i However, Theorem 4.1.7 does
not provide a mapping . That means the ZDF is not a unique repre-
sentative within the equivalence class and hence it is not a canonical
form. The entries Fs, Ay, 'y, Ay are not even unique up to matrix
equivalence (recall that two matrices M, N € R>" are equivalent if,
and only if, there exist S € GL(R),T € GL,(R) such that SMT = N):
it is easy to construct an example such that (4.1.9) is satisfied and in
the respective forms we have, e.g., Ay = 0 and Ay # 0. However, the
last statement in Theorem 4.1.7 provides that Ay, Az, Eg, Ag and Cy
are unique up to similarity or equivalence, resp.

Next we characterize the condition (4.1.7) in Definition 4.1.6 by triv-
ial zero dynamics and by left invertibility of the system pencil; this
becomes important for a further refinement of the ZDF (4.1.6) in The-
orem 4.2.7.
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Proposition 4.1.10 (Invariant subspace, trivial zero dynamics and
system pencil).

Let [E,A,B,C| € i mp. Then the following statements are equiva-
lent:

(i) tk B =m and max(FE, A, B;ker C') = {0},

loc

(i) ZDpapc) C { w € L] (R;R" x R™ x R™) ‘ = }}

(iil) [SEE,A _OB} is left invertible over R[s].

Proof: (i)=(ii): Let (z,u,y) € ZDgapc) and observe that by
max(E, A, B;ker C') = {0} and Proposition 4.1.4 we have z = 0. Then
rk B = m implies u = 0 and (ii) is shown.

(ii)=-(iii): Since the zero dynamics are trivial (almost everywhere),
they are autonomous, and by Proposition 4.1.5 the system pencil has
full column rank. Hence, invoking Lemma 4.1.3, in a QKF (4.1.4) of
the system pencil it holds £(3) = 0. Furthermore, we obtain ns; = 0,
since otherwise we could find nontrivial solutions of the ODE 2 = A,z
which would lead to nontrivial trajectories within the zero dynamics.
Now,

(sNo = Jjap) " = —Lja) = sNo — ... — 8" "N,
where v is the index of [SIE’CA K ] Furthermore, by a permutation of
the rows of sKJ — LI we may achieve that there exists S € Gl},|(R)
such that }
Ty = |5V~ hiza)
S(eky = Ly) = [ k-1 } ’

where N e R0 =*(W=40) is nilpotent and K, L are matrices of
appropriate sizes. Then sK| — L has left inverse [(sN —1I}, _¢,)) "%, 0]S
over R[s].

(iii)=(i): Clearly, (iii) implies tkB = m. In order to show
max(E, A, B;kerC) = {0} we prove that for all k € N, V & R,
N € R¥* and M € R™* the implication

(AV=EVN+BM A CV=0) = V=0
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holds. If the left hand side holds true, then we have

et B[] [ e

By existence of a left inverse L(s) € R[s]tm)x(4p) of [s£A-B] we
find that

] = [ = (RO EE TN

with Li(s) = Y7, s'Lt € R[s]"*! and Ly(s) € R[s]"*!. Comparison of
coefficients of the first equation gives

V = -ILYEVN, IYEV = LiEVN, L{EV = LiEVN,
, LY'EV = LYEVN, L'EV =0,

and backward solution yields V' = 0, which concludes the proof of the
proposition. [

Remark 4.1.11 (Zero dynamics and system pencil/Kronecker form).
We stress the difference in the characterization of autonomous and
trivial zero dynamics in terms of the system pencil as they arise from
Propositions 4.1.5 and 4.1.10: The zero dynamics are autonomous if,
and only if, the system pencil has full column rank over R[s]; they are
trivial if, and only if, the system pencil is left invertible over R]s].

Using the quasi-Kronecker form, it follows that the zero dynamics
ZD\p aB,c) are

(i) autonomous if, and only if, in a QKF (4.1.4) of the system pencil
no underdetermined blocks are present, i.e.; £(5) = 0. The dy-
namics within the zero dynamics are then characterized by the
ODE z = A,z.

(ii) trivial if, and only if, in a QKF (4.1.4) of the system pencil no
underdetermined blocks and no ODE blocks are present, i.e.,
((8) = 0 and ny = 0. The remaining nilpotent and overdeter-
mined blocks then have trivial solutions only.

The ZDF also allows to derive a vector space isomorphism between
the largest (A, F, B)-invariant subspace included in ker C' and the zero
dynamics provided that the lower right corner in the ZDF has unique
solutions.
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Corollary 4.1.12 (Vector space isomorphism).
Suppose that [E, A, B,C € ¥;,,m, satisfies the following:

(i) The zero dynamics ZDip 4 ) are autonomous.

(ii) Using the notation from Theorem 4.1.7 and the form (4.1.6) it

holds that 5 N
4 4
o (5] )

Then the linear mapping, described in terms of Theorem 4.1.7,

¢: max(F, A, B;ker C')
— ZDpapc N (CHR;R") x C(R;R™) x C(R; RY)),
° = (2, Fz, Cx),
where F = [~ A3, 0] [V, W] ! and x solves
Ei=(A+ BF)z, 2(0) = 2°,

i a vector space isomorphism.

Proof: Step 1: We show that ¢ is well-defined, that means to show
that for arbitrary 2° € max(FE, A, B;ker C), the (continuously differ-
entiable) solution of

Ei=(A+BF)z, 2(0)=21" (4.1.11)
is unique and global and satisfies
(z,u,y) := (2, Fr,Cx) € ZD(g 4 B ,0)- (4.1.12)

Applying the coordinate transformation (z],z, )" = [V, W] 'z from
Theorem 4.1.7 and invoking

0 0 0
BF = S7' L, | [~ A3, 0][V,W] =87 | —=A; of [V, W]},
0 0 O
we find
214+ Eazy = Ayz + Asz,
Eyzy = Ayzo,

Egzn = Agzo,
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and the initial value satisfies
Vz1(0) + W29 (0) = 2(0) € im V.

Therefore, Wzy(0) = 2(0) — Vz(0) € imW NimV = {0}, by which
W z9(0) = 0 and hence, invoking the full column rank of W, z5(0) = 0.
Now, by (ii), Proposition 3.2.3, Lemma 4.1.3 and a straightforward
calculation of the solution of the system in QKF, we find that [gﬂ Y=
[ﬁz] y satisfies uniqueness, i.e., any local solution y € C(I;R"™%),
I C R an interval, can be extended to a unique global solution on
all of R. This yields zo = 0. Therefore, x = V2z; and z; satisfies
Z = A1z1, 21(0) = [It, 0][V, W]™12(0), which is a unique and global
solution. Finally, z(t) = V2 (t) € im V' C ker C for all ¢ € R and hence
y=Czx=0.

Step 2:  We show that ¢ is injective. Let 2',2% €
max(E, A, B;ker C')(0) so that ¢(2)(-) = ¢(2?)(-). Then

(@', %,%) = p(x") ()],_y = 9(=*) )],y = (@2, %, %).
Step 3: We show that ¢ is surjective. Let
(z,u,y) € ZDpapc N (CHR;R") x C(R;R™) x C(R; R?))..

Then Proposition 4.1.4 yields that x(t) € max(E, A, B;ker C') for all
t € R. Hence, applying the coordinate transformation (z;,z )" =
[V, W] Lz from Theorem 4.1.7 to (4.1.1) gives Vz; (t)+ Wz (t) = x(t) €
imV for all t € R and, similar to Step 1, we may conclude 2z, = 0.

Therefore,

4 = Az,

0 = Azz +u. (4.1.13)

The second equation in (4.1.13) now gives
u=—Azz = —A3[1,0|[V,W] 'z = Fa.

Finally, a simple calculation shows that @ = Vz; satisfies Ex = (A +
BF)x and, clearly, x(0) = V21(0) € max(FE, A, B; ker C). O

In the remainder of this section we derive a representation of the
zero dynamics in terms of the ZDF, show that the behavior can be
decomposed into a direct sum of the zero dynamics and some summand,
and prove that the zero dynamics are a dynamical system.
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Remark 4.1.13 (Representation of zero dynamics).

Let [E, A, B,C] € Yinmyp have autonomous zero dynamics and use
the notation from Theorem 4.1.7 and the form (4.1.6). Invoking the
considerations in Remark 4.1.8, the zero dynamics may be written as

ZDpaBc) = {(.r,u,y) € EIIOC(R; R"xR™" xRP) | z =Vz + Wz,
21 € Lio(R;RY), 25 € L, (R;R"),
21+ Eozg = eAl'z?, z? S Rk, 29 = 0,

uE —Agz, Yy = 0}.

Remark 4.1.14 (Zero dynamics and behavior).

It may be interesting to see that for any [E, A, B, C| € ¥, ,,, with au-
tonomous zero dynamics the (continuous part of the) behavior Bz 4 5.¢)
can be decomposed, in terms of the transformation matrix [V, W] from
Theorem 4.1.7, into a direct sum of the zero dynamics and summand
as

Bip.anpc N (CHR;R") x C(R;R™) x C(R; RY))
= ZDpanc) N (CY(R;R") x C(R;R™) x C(R; RP))
& {(z,u,y) € C'(R;R") x C(R; R™) x C(R; R?) | (z,u,y)
solves (4.1.1) and [I;, 0][V, W] '2(0) = 0}

This decomposition is immediate from Remark 4.1.13.

Remark 4.1.15 (Zero dynamics are a dynamical system).
Let [E, A, B, C] € ¥y, have autonomous zero dynamics and use the
notation from Theorem 4.1.7 and the form (4.1.6). Define

0
X :_{ (I()) c Rner
u

D, =R xRx X x {0}.

2 € max(FE, A, B;ker C)
A u® = A3V, 0)[V, W]~ ta®

and

Then, let the state transition map be defined as

20 Ve t=t)(1, 0][V, W] 'a?
p: D, — X, (t,th (u0> ,U()) — <A3V€A1(t_f’°)[]k70][v, W]_lx()) )
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and the output map as
20
n:Rx X x {0} - R (t, (u0> ,u()) — 0.

Invoking that 2° € max(FE, A, B;ker C') = im V if, and only if, 2° = V2!
for some 2) € R¥ | it is readily verified that the structure (R, R™, {0}, R",
RP p,n) is an R-linear time-invariant dynamical system as defined
in [115, Defs. 2.1.1, 2.1.24, 2.1.26].

By Remark 4.1.13 we have that

(z,u,y) € ZDp ap,c) N (C'(R;R") x C(R;R™) x C(R; RP))
if, and only if,
e = () ) -0 0)

and hence the map

U:D,o— ZDpapc N (CHR;R") x C(R;R™) x C(R;RP)) ,

o 20

where

Dy = {(0,0, (gﬁ) ,u(-)> € Dyﬁ} CD,,

is a vector space isomorphism. In this sense, we may say that
ZDp.apc N (CHR;R") x C(R;R™) x C(R; R?))

is a dynamical system.

4.2 System inversion

In this section we investigate the properties of left-invertibility, right-
invertibility, and invertibility of DAE systems and relate them to the
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zero dynamics. In order to treat these problems we derive a refinement
of the zero dynamics form from Definition 4.1.6.

In the following we give the definition of left- and right-invertibility
of a system, which are from [230, Sec. 8.2] - generalized to the DAE
case. A detailed survey of left- and right-invertibility of ODE systems
can also be found in [205].

Definition 4.2.1 (System invertibility).
[E, A, B,C] € 3 ,m,p is called

(i) left-invertible if, and only if,

V (1, ur, y1), (22, U, y2) € Bp,ap.c)
[yl = Yz N E.??l(O) = E.’L’Q(O) = O] - U1 = Us.

(i) right-invertible if, and only if,

Vy € C(R;R?) I(z,u) € Li (R;R") x LI (R;R™) :
($7 U, y) € %[E,A,B,C]'

(iii) invertible if, and only if, [F, A, B, C] is left-invertible and right-
invertible.

Remark 4.2.2 (Left-invertibility).
By linearity of the behavior Bz 4 p,c), left-invertibility of [E, A, B, C] €
X1n,m,p is equivalent to

e

V(z,u,y) €Bpapc: [¥=0 A Ex(0)=0] = u=0. (4.2.1)

Remark 4.2.3 (Inverse system).

For ODE systems, the problem of finding a realization of the inverse
of a system [I, A, B,C] € ¥, mm is usually described as the prob-
lem of finding a realization for the inverse of its transfer function
C(sI—A)"'B, provided it exists, see e.g. [136, p. 557]. This means that
in the corresponding behaviors inputs and outputs are interchanged.
In the differential-algebraic setting we may generalize this in the fol-
lowing way: a system [E, A, B,C] € %; is called the inverse of

l,n,p,m
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[E,A,B,C| € X,mp if, and only if,
V (1, 9) € Lino(R;R™) x L (R;RP) :
3z € LiL(R;R") : (2,u,y) € Bipapc]
= [3&: e LL(R;R™) : (&,y,u) € %[E,A,Bc]]- (4.2.2)

In fact, in the differential-algebraic framework condition (4.2.2) is so
weak that it is possible to show that any system [E, A, B,C] € X,
has an inverse - thus, the existence of an inverse is in no relation to the
notion of invertibility of the system.

Let [E, A, B,C] € X,m,p with tk B = ¢ < m. Then there exist
Sy € R¥L Sy € RUZOX! and T € GL,,(R) such that S;BT = [I,,0]
and S;BT = 0. Let (z,u,y) € Bp ap,c) with @ =T u = (4], ay)",
where @1 € Lj (R;R?), 4y € L] (R;R™79). Then

©
o

(;—II‘SlE(E == 51A$ + ’l~1,1
y = Cu.

Now, u; depends on the derivative of S1FEz, so we introduce the new
variable w € L] (R;R?) such that w *= S Ex; and 1, is the vector
of free inputs (which are free outputs in the inverse system), so we
introduce the new variable z := 9, which will not be restricted in the
inverse system. Clearly, adding these equations to the original system
does not change it. Switching the roles of inputs and outputs and using
the new augmented state (z",w",2")T € £} (R;R"*7*(m=9)) we may

rewrite the system as follows:

o
o

w
SQA:L’
—Cx+y

%SlE[IJ
%SQEx

o
@

&

o

&

@

—S1Ax +w

~

o

zZ.

Therefore, an inverse of [E, A, B, C] is
0 I,0
[ENEHRES
—C 00

S1E00
SoE 00
0 00

Iq
0
0

0
0
IP

I, 0

0 [mq}:l c El+p.n+m,p,m-
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Note also that for (z7,w ", 27)" € £} (R;R"+m=0) we have

loc
SlE 00 T
premii) o (56 0 0| (u) e
0O 00 z

Next, we will show that a DAE system with autonomous zero dy-
namics is left-invertible. However, the converse does, in general, not
hold true as the following example illustrates.

Example 4.2.4.
Consider the system (4.1.1) with

100 010 0
p=[3 09 a2 %) 5= [ c- oo

Let (z,u,y) € ZDpapc) and & = (x1,29,23) . Then y 0 and
hence 23 = 0 and u = 0, but z; € Wllo’j(R; R) is free and 9 =
d

571 Therefore, the zero dynamics are not autonomous. However,

[E, A, B, (] is left-invertible since (4.2.1) is satisfied.

Lemma 4.2.5 (Autonomous zero dynamics imply left-invertibility).
If[E, A, B,C| € Zy,mp has autonomous zero dynamics, then it is left-
invertible.

Proof: We show that (4.2.1) is satisfied. To this end let (z,u,y) €
Bip.ap,c) With y £ 0 and E2(0) = 0. Hence, (z,u,y) € ZDp,a.8,)
and applying the coordinate transformation (2,2 )" = [V, W] '

Prop. 4.1.4
from Theorem 4.1.7 yields Vz(¢) + Wza(t) = x(t) e imV for

almost all ¢ € R. Therefore, 2o %2 0 and we have that w := z; + Eyzy €
WELR; RY) satisfies w = 2; and Sw = Ajw. Since Ex(0) = 0 we
obtain from (4.1.6) that w(0) = 0, and hence it follows that w = 0 and

thus 21 = 0 and u = — A3z = 0. O

In the following we investigate right-invertibility for systems with
autonomous zero dynamics. In order for [E, A, B,C] € ¥, to be
right invertible it is necessary that C' has full row rank (i.e., imC =
RP). This additional assumption leads to the following system inversion
form for [E, A, B, C] specializing the zero dynamics form (4.1.6); the
derivation of the system inversion form is the main result of this section
and proved in Theorem 4.2.7.
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Definition 4.2.6 (System inversion form).
A system [E, A, B,C] € ¥y, is said to be in system inversion form
if, and only if,

I 0 0 O Ay 0 0
|0 Ey FEyx _|An Ax O s -
E=ly m WA= | B= ] o= 000
0 Ep Eg 0 Ap O 0

(4.2.3)
such that k = dimmax(E, A, B;kerC') and N € R"*" ng =n—k—p,

is nilpotent with N = 0 and N*~! #£ 0, v € N, Eg, Ay € R™ and
all other matrices are of appropriate sizes.

Theorem 4.2.7 (System inversion form).
Let [E, A, B,C] € Ej,mp have autonomous zero dynamics and tk C' =
p. Then there exist S € GL(R) and T € GL,(R) such that

(E,A,B,0) ¥ [B,A4,B,0), (4.2.4)

where [E’,/L B, é] is in system inversion form.
Proof: By Theorem 4.1.7 system [E, A, B,C] is equivalent to
[E, A, B,C] in zero dynamics form (4.1.6). Since C' and therefore Cy

has full row rank, there exists T € Gl,_ #(R) such that CoT = [1,,0].
Hence,

[E, A, B, C]
[ % I, E:le Ew 14:111 14:112 z‘:hs 0
0 B Ea|, |Aun Awn Al [In|, [0,1,,0]
0 B3 FEs 0 Az Ass 0

Now, since

Eoyy Eog| [Asa Asz| |In B
nl&x([E32 Egg] [A32 A33] [ ] ker[lp70]>—{0}

by Theorem 4.1.7 and (4.1.7), we may infer from Proposition 4.1.10
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that there exists X (s) € R[s]"#m=#)x(4+p=F) guch that

Xu(s) Xia(s) Xus(s)| [sEw — Agy 5By — A 1L
Xoi(s) Xaa(s) Xos(s)| |sEzp— Azp sEzz— Az 0

X31(s) Xaa(s) Xas(s) I, 0 0
L, 0 0
0 L, ©
O 0 [771

Obviously, X21(s) = 0 and hence X22(3)(3E33 - 12133) = I_j_p le.,
5 F33— Asg is left invertible over R[s]. This implies that in a QKF (3.2.3)
of sE33 — Asg it holds ns = 0 and ¢(8) = 0. By a permutation of the

rows in the block sK| — L] we may achieve that there exists S e
Gl w(R), T € Gl,_4_,(R) such that $(sEs; — Ass)T = [EA‘fA }
where N is nilpotent. Hence,

i

[E, A, B,C]
I, @12 13713 f:hl /:112 /113 0
0 By Eg Ag Ay Asg I,
0 Es N |’ 0 Az Ip, ’
0 Ep B 0 Ay Ag

Applying additional elementary row and column operations we obtain
that

S

(E,A,B,0] ¥ [E,A,B,C]

for some S € GL;(R) and T € GL,(R), where

I, 0 E Q Ap O 0
= |0 By Eyu| — (A Axn 0| = |[In]| = _
E=|y oo ¥ A= 0 | B= | C=050
0 Egp FEi3 0 Ap O 0

It only remains to show that by an additional transformation we can
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obtain that i3 = 0. To this end consider

) (I) ? AQLL 8 o NPT
S:= 2! , T==10 I 0|, L:i=) QEuN',
00 I 0 0 0 / -
00 0 I 0

and observe that SB = B = Bz CT =0C = C and SET, SAT have
the same block structure as E, A and N is nilpotent. O

Remark 4.2.8 (Uniqueness).

Uniqueness of the entries in the form (4.2.3) may be analyzed similar
to the last statement in Theorem 4.1.7. It is easy to see that @ is
unique up to similarity, and that there are entries which are not even
unique up to matrix equivalence (cf. Remark 4.1.9). In particular, the
form (4.2.3) is not a canonical form.

Remark 4.2.9 (DAE of system inversion form and inverse system).
Let [E, A, B, C] € ¥;,,m, have autonomous zero dynamics and rkC' =
p. The behavior of the DAE (4.1.1) may be interpreted, in terms of
the system inversion form (4.2.4), (4.2.3) in Theorem 4.2.7, as follows:
(z,u,y) € Bpapc) N (WhHR;RY) x L1 (R;R™) x WiHH(R; RP)) if,
and only if, (Tx,u,y) solves

= Qup+ Ay
0 = —Esy— Si_t EosN*Egoy ™2 4 Agyary + Aggy + u 425)
r3 = Z;(l) N¥ Egoyk+1) -
0 = —Eupi— Yy BN Eay+2) 4+ Agy,

where Tz = (2], y7,23)T € WEI(R; RF7+75): see also Figure 4.1.
From the form (4.2.3), also the inverse system can be read off immedi-
ately. Introducing the new variables 9 = y and x4 = é—lf (E22m2+E23x3) ,

an inverse system, with state (o, x;, :C;:, :EI)T, is given by

L 000 QA 0 0 0 ar1 7T

0 Ess Eas 0 0 0 0 I, 0 —4z

0 Ep NOof,[0 0 Iy , 10, —Ax S ElJr‘z)er’rn,;[),NL-
0 Eg Eg3 0 0 Apm 0 0 ? P

0 0 00 0—-1, 0 0 P m
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1
i Fee — A
u Ty 1 Y
D —Axn / D A l
d 1
qi s Gl
dn b o d d
dt dt dtr*
3 D Fn VR D D
® ® —D ®

Figure 4.1: System [E, A, B, C] € £ ,,m, In form (4.2.3)

Remark 4.2.10 (Index of nilpotency).

The index of nilpotency v of the matrix N in the system inversion
form (4.2.3) from Definition 4.2.6 may be larger than the index of the
pencil sE — A: Consider

00 0 1
sE—A=10 -1 s |, B=|0o|, C=][100].
s 0 —1 0

It is easy to see, that [E, A, B,C] is in the form (4.2.3) with & = 0,
ng =2, B3 = [{], N = [J}] and all other entries in E in (4.2.3) are
zero or not present. Hence v = 2, but the index of sE — A is 1, since
there exist S, T € Gl3(R) such that

SKIT—LIT 0

S(SE_A)T: 0 SK3—L3 )

i.e., we have an overdetermined block of size 1 x 0 and an underdeter-
mined block of size 2 x 3 (cf. the QKF 3.2.3).

The next corollary follows directly from Theorem 4.2.7 and the
form (4.2.3).

Corollary 4.2.11 (Asymptotically stable zero dynamics).
Let [E, A, B,C] € Xy,,mp have autonomous zero dynamics and tk C' =
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p. Then, using the notation from Theorem 4.2.7 and the form (4.2.3),
the zero dynamics ZD|g 4 p,c) are asymptotically stable if, and only if,
o(Q) CC_.

As discussed in Remark 4.2.9, a realization of the inverse system can
be found for [E, A, B, C] € ¥, ., with autonomous zero dynamics and
tk C' = p. However, due to the last equation in (4.2.5), [E, 4, B,C] is
in general not right-invertible. Necessary and sufficient conditions for
the latter are derived next.

Proposition 4.2.12 (System invertibility).
Let [E, A, B,C| € X .m, have autonomous zero dynamics. Then, in
terms of the form (4.2.3) from Theorem 4.2.7,

tkC =p, Fyp=0,A15=0 and
EisNiE3 =0 forj=0,...,v—1.

Proof: By Lemma 4.2.5, [E, A, B, C| is left-invertible, so it remains to
show the equivalence for right-invertibility.

= It is is clear that rkC' = p, otherwise we might choose any
constant y = y° with ¢* ¢ im C, which cannot be attained by the
output of the system. Now, by Theorem 4.2.7 we may assume, without
loss of generality, that the system is in the form (4.2.3). Assume that
Ay # 0. Hence, there exists y° € R? such that Agpy® # 0. Then, for
y=y'andallz € L] (R;R"), u € L} (R;R™), it holds that (z,u,y) &
Bip.ap,c) (since the last equation in (4.2.5) is not satisfied), which
contradicts right-invertibility. Therefore, we have Agps = 0. Repeating
the argument for Eyp and EiN/ E3y with y(t) = ty° and y(t) = t/1%)°,
resp., yields that Ej» = 0 and EsN/E3, =0, 5 =0,...,v — 1.

<« This is immediate from (4.2.5) since y € C*(R;RP). O
Remark 4.2.13.
Let [E, A, B,C| € ¥,,m, have autonomous zero dynamics. If [ = n,
p=m and tk C = m, then [E, A, B, C] is invertible. This can be seen
using the form (4.2.3) from Theorem 4.2.7.

[E, A, B, C] is invertible < {

4.3 Asymptotically stable zero dynamics

In this section we give a characterization of asymptotically stable zero
dynamics and introduce the concepts of transmission zeros and de-
tectability in the behavioral sense. These are exploited to prove the
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main result of this section, that is that for the class of right-invertible
systems with autonomous zero dynamics, the asymptotic stability of
the zero dynamics is equivalent to the three conditions: stabilizability
in the behavioral sense, detectability in the behavioral sense, and the
condition that all transmission zeros of the system are in the open left
complex half-plane.

4.3.1 Transmission zeros

In this subsection we introduce the concept of transmission zeros for
systems [E, A, B,C| € %;,,,, with autonomous zero dynamics and
give a characterization for them.

In order to define transmission zeros, we need the concepts of poles
and zeros of rational matrix functions. To this end, we introduce the
Smith-McMillan form.

Definition 4.3.1 (Smith-McMillan form [136, Sec. 6.5.2]).
Let G(s) € R(s)™*? with kg, G(s) = r. Then there exist unimodular
U(s) € GL1,,(R[s]), V(s) € GL,(R[s]) such that

U(s)G(s)V (s) = diag @11((;)) o ; ((Z)) , o<mr>x<pr>> ,

where €;(s),1;(s) € R[s] are monic, coprime and satisfy £;(s)|e;1(s),
Yiy1(s)|ei(s) for i = 1,...,7 — 1. The number s, € C is called a zero
of G(s) if, and only if, £.(sg) = 0 and a pole of G(s) if, and only if,
wl(S()) = 0.

In the following we give the definition of transmission zeros for the
system [E, A, B,C]. In fact, there are many different possibilities to
define transmission zeros of control systems, even in the ODE case,
see [97]; and they are not equivalent. We go along with the definition
given by Rosenbrock [210]: For [I, A, B,C]| € £, ,m,, the transmis-
sion zeros are the zeros of the transfer function C'(sI — A)~"'B. This
definition has been generalized to regular DAE systems with transfer
function C'(sE— A)~!'B in [35, Def. 5.3]. In the present framework, we
do not require regularity of sE — A and so a transfer function does in
general not exist. However, it is possible to give a generalization of the
inverse transfer function if the zero dynamics of [E, A, B,C| € X ,m,
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are autonomous: Let L(s) be a left inverse of [*£4 " F] over R(s)
(which exists by Proposition 4.1.5) and define
H(s):=—[0,1,]L(s) L(.)] € R(s)™. (4.3.1)
P

We show that H(s) is independent of the choice of the left inverse
L(s) and if sE — A is regular and m = p, then H(s) = (C(sE —
A)’IB)fl, ie., H(s) is indeed the inverse of the transfer function in
case of regularity.

In the following we parameterize all left inverses of the system pencil
for right-invertible systems with autonomous zero dynamics; this is
important to read off some properties of the block matrices in the
form (4.2.3). Furthermore, it is shown that the lower right block in
any left inverse is well-defined and therefore H(s) in (4.3.1) is well-
defined. The existence of a left inverse of the system pencil over R(s)
is clear, since by Proposition 4.1.5 autonomous zero dynamics lead to
a full column rank of the system pencil over R[s].

Lemma 4.3.2 (Left inverse of system pencil).

Let [E, A, B,C] € Yinmp be right-invertible and have autonomous zero
dynamics. Then L(s) € R(s)"*(F0) s ¢ left inverse of [*F* <P if,
and only if, using the notation from Theorem 4.2.7 and the form (4.2.3),

L(s) =
(SI], — Q)_l 0 0 X14(S) X15(8)
T o 0 0 0 Xoa(s) I, S0
[O I"J 0 0 (sN I7L3)71 Xsa(s) Xss(s) |:O [p:|’
X41(5) I, X43(5) X44(S) X45(8)

(4.3.2)
where [X14(5) ", Xoa(s) ", X34(s) T, Xua(s) )T € R(s)ntm)x(tp=n=m) 44

X15(8) = (S[ — Q)ilAlg, X35(S) = —S(SN — I)ilEgz.‘
X41(S) = A21<S[ — Q)_l, X43(S) = —SE23(SN — I)_l,
X45(8) = —(SE22 — AQQ) + Agl(SI — Q)71A12 + 82E23(8N — ])71E32,

and L(s) is partitioned according to the block structure of (4.2.3).
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If Li(s), Lo(s) € R(s)T™*H0) gre two left inverse matrices of
[S‘?E)A ’OB] , then

0.0,0105) |7 | = 0. 1l2ato) [

Proof: By Proposition 4.2.12 we have tkC' = p and hence the as-
sumptions of Theorem 4.2.7 are satisfied. The statements can then be
verified by a simple calculation. O

Remark 4.3.3 (Regular systems).
Let [E, A, B,C] € 2, mm be such that sE — A is regular. If L(s) is a
left inverse of the system pencil, then we have

1;)” (sE —IA)lB] _L(s) [SEEA —OB] ﬁ) (sE —]A)IB}
= L(s) [SE_CA —C(sEO— A)lB} :

and therefore C(sE — A)™!'B is invertible over R(s), and H(s) as
in (4.3.1) satisfies H(s) = (C(sE — A)’IB)fl, ie., H(s) is exactly
the inverse transfer function of the system [E, A, B, C]. Note that, if
sE — A is not regular, then the transfer function C'(sE — A)™'B does
not exist.

Remark 4.3.3 and the fact that the zeros of H(s)™! are the poles of
H(s) and vice versa motivate the following definition.

Definition 4.3.4 (Transmission zeros).

Let [E, A, B,C| € ¥, have autonomous zero dynamics, L(s) be a
left inverse of [*£4 “F] over R(s) and let H(s) be given as in (4.3.1).
Then sy € C is called transmission zero of [E, A, B, C] if, and only if,
sp is a pole of H(s).

Concluding this subsection we characterize the transmission zeros in
terms of the form (4.2.3).

Corollary 4.3.5 (Transmission zeros in decomposition).
Let [E, A, B,C] € ¥y m,p be right-invertible and have autonomous zero
dynamics. Let L(s) be a left inverse of [‘“E;A _UB] over R(s) and let
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H(s) be given as in (4.3.1). Then, using the notation from Theo-
rem 4.2.7 and the form (4.2.3),

H(s) = sE» — Ap — Ani(sly — Q)" A1z — s Ens(sN — I,,) ™' s

and sy € C is a transmission zero of [E, A, B,C| if, and only if, so is
a pole of
Ag (sl — Q)M Ay,

Proof: The representation of H(s) follows from Lemma 4.3.2 and the
characterization of transmission zeros is then immediate since sEyy —
Agg — 52E23(5N — I)’1E32 is a polynomial as NV is nilpotent and hence

(sN—I)"'=—1—sN—... —s"IN"L (4.3.3)
O

4.3.2 Detectability

In this subsection we introduce and characterize the concept of de-
tectability in the behavioral sense. Detectability has been first defined
and characterized for regular systems in [20]. For general DAE sys-
tems, a definition and characterization can be found in [118]; see also
the equivalent definition in [198, Sec. 5.3.2]. The latter definition is
given within the behavioral framework, however it is yet too restrictive
for our purposes and it is not dual to the respective stabilizability con-
cept from Definition 3.1.5. We use the following concept of behavioral
detectability.

Definition 4.3.6 (Detectability).
[E, A, B,C] € X,,m,p is called detectable in the behavioral sense if, and
only if|

V(2,0,0) € Bipapc) 3(7,0,0) €Bpapc:

x|(7oo,0) = i‘|(7oc,0) A tlgrolc €SS-SUD ) [z] = o0.

In order to characterize behavioral detectability we derive a duality
result for detectability and stabilizability in the behavioral sense. To
this end, we also use the concept of behavioral stabilizability introduced
for DAEs [E, A] in Definition 3.4.1. We call a system [E, A, B,C] €
Y1 n.myp stabilizable in the behavioral sense if, and only if, [E, A, B] is
stabilizable in the behavioral sense as in Definition 3.1.5.
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Lemma 4.3.7 (Duality).
Let [E,A,B,C| € X mp. Then the following statements are equiva-
lent:

(i

) [E, A, B, C)] is stabilizable in the behavioral sense.
(ii) [[E,0],[A, B]] is stabilizable in the behavioral sense.
)

(i) [[&'], [SIH is stabilizable in the behavioral sense.

(iv) [ET,AT,CT,B'] is detectable in the behavioral sense.

Proof: It follows from the definition that (i)<(ii) and (iii)<(iv). By
Corollary 3.4.4, (ii) is equivalent to

VA€ Cy: the[AE — A, —B] = rkg(y)[sE — A, —B].

Since ranks are invariant under matrix transpose, we find that (ii) is
equivalent to

— AET — AT sET — AT

vYaeC,: rk(c|: _BT :| —I'kR(s)|: _RBT ,

which, again by Corollary 3.4.4, is equivalent to (iv). This completes

the proof. m|

In view of Lemma 4.3.7 and Corollary 3.4.4 we may infer the follow-
ing.
Corollary 4.3.8 (Characterization of stabilizability and detectabil-
ity).
Let [E,A,B,C] € ¥ mp- Then [E, A, B,C] is detectable in the behav-
toral sense if, and only if,

vxec+:ﬁCP€5A}:wM®F€5A}

4.3.3 Characterization of stable zero dynamics

In this subsection we derive some characterizations of asymptotically
stable zero dynamics and, in particular, the main result of this section,
that is Theorem 4.3.12.

In terms of the system pencil we get the following characterization
of asymptotically stable zero dynamics.



4.3 Asymptotically stable zero dynamics 191

Lemma 4.3.9 (Characterization of asymptotically stable zero dynam-
ics).
Let [E,A,B,C] € ¥ nmp. Then

ZD\p.a,B,c) are asymptotically stable
AN —A —B

— ‘v’/\eC+:rkC[ _C 0

}:n—i—m.

Proof: =: Suppose there exist A € C, and 2° € R", u’ € R™ such

that
ANE—A —=B] (2"\ _ 0
—C 0 ul )
Let  : R = R”, t—eMazl and u: R — R, t — eMu’. Then
LEBx(t) = eM(AE2") = V(42" + Bu’) = Ax(t) + Bu(t), Cu(t) =0,

hence (z,u,0) € ZDg 4 p |, which contradicts asymptotic stability of
ZDp.a.Bc)

< The rank condition implies that the system pencil must have full
column rank over R[s]. Therefore, by Lemma 4.1.3, in a QKF (4.1.4)
of the system pencil it holds that £(5) = 0. It is also immediate that
o(As) € C_. The asymptotic stability of ZDg 4 g ¢) then follows from
a consideration of the solutions to each block in the OKF (4.1.4). O

Remark 4.3.10 (Asymptotically stable zero dynamics are auto-
nomous).

If follows from Lemma 4.3.9 that for any [E, A, B,C] € X, with
asymptotically stable zero dynamics, the system pencil must have full
column rank for some and hence almost all s € C. This implies full col-
umn rank over R[s]. Therefore, by Proposition 4.1.5, the zero dynamics
ZD\p,a,B,c) are autonomous.

For the proof of the main result of this section, that is Theorem 4.3.12,
we first show the following technical lemma.

Lemma 4.3.11 (Eigenvalues and poles).
Consider [I,, A, B,C] € ¥, ,myp and assume that p € o(A) is not a
pole of C(sI — A)~'B € R(s)?*™. Then

vke [l — A, Bl<n VvV tke[ul — AT, CT) <n.
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Proof: Without loss of generality, we assume that A is in Jordan
canonical form and A, B, C' are partitioned as follows

/\1]n1+N1 By
A= ) B = ) C:[Clv SRS Ck]a
Al Ny By,

where 0(A) = {A\1,..., \e}y A1, ..., Ap pairwise distinet, p = A\; and
Ny, ..., Ny are nilpotent with indices of nilpotency vy, ..., and ap-
propriate formats. Then

C(sI—A)'B = Z

and the set of poles of C'(sI — A)"'B is given by
{ nea) ‘ie{l...,k} A3jEf0.. -1} GNIBi#0 ).

Suppose 1 is not a pole of C(sI — A) LB and rke [ul — AT, CT] = n;
then CyN/""'B; = 0 and tk [N, C{] = n;. Since

N o
[Ci:| (Nl 1Bl) =0,

we conclude N{’“lBl =0 and so
Ny '[Ny, Bi]=0.

Since N{'rl # 0, it follows that rk [Ny, B;] < ny and thus rke [ —
A, Bl <n.

Analogously, one may show that ‘u is not a pole of C(sI — A)~'B and
ke [ul — A, B] = n’ yields tke [ul — AT, C'T] < n; this is omitted.
This completes the proof of the lemma. O

Theorem 4.3.12 (Stable zero dynamics vs. transmission zeros, de-
tectability & stabilizability).

Let [E, A, B,C] € i nm, be right-invertible and have autonomous zero
dynamics. Then the zero dynamics ZDg 4 pc) are asymptotically sta-
ble if, and only if, the following three conditions hold:
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(i) [E, A, B,C| is stabilizable in the behavioral sense,
(i) [E, A, B,C] is detectable in the behavioral sense,
(iii) [E, A, B,C] has no transmission zeros in C, .

Proof: Since right-invertibility of [E, A, B,C] implies, by Proposi-
tion 4.2.12, that rk C' = p, the assumptions of Theorem 4.2.7 are sat-
isfied and we may assume that, without loss of generality, [F, A, B, C]
is in the form (4.2.3).

=: Step 1: We show (i). Let

I 0 0 0
0 I 0 0
Ti(s):=| J L0 | € Glien(®ls)

—Ao1 sEyp — Axy skhy —1Ip,
and observe that, since Fjo = Ays = 0 by Proposition 4.2.12,
ka — Q —A12 0 0

0 0 0 I,
[SE - A7 *B}Tl(‘s) - 0 SE32 sN — ]’7L3 0
0 0 sEy3 0
Then, with
I (s —Q)'Ap, 00
0 I 0 0
I(s) = |, 0 I, € Gluem(R(s),
0 0 0 -1,
and
I, 0 0 0
T3(S) T 0 _S(SN — In:5)71E32 In:; 0 © Ganrm(R[SD’
0 0 0 _Im

where we note that it follows from (4.3.3) that T5(s) is a polynomial,
we obtain

s —Q 0 0 0

0 0 0 I,

[sE — A, —B]T1(s)Ts(s)T5(s) = 0 0 sN—1I, 0
0 X(S) $E43 0
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where X(s) = —s*Eg3(sN — I,,,)"'F3y = 0 by Proposition 4.2.12
and (4.3.3). Finally,
I, 0 0 0
o g, 0 0
Sy (s) := 0 L, o | € GL, ., (R[s])
0 0 —8E43(SN— 17115)71 -1,
yields

sl,—Q 0 0 0
o 0 0 I,
0 0 sN—1I, 0
0 0 0 0

S

Si(s)[sE — A, —B]Ty(s)Ts(s)T3(s) =

and hence rkg,)[sE — A,—=B] = k +ng+m = n + m — p, since
n3 = n —k — p by Theorem 4.2.7. Now let A € C, and observe
that, by Corollary 4.2.11, A}, — @ is invertible. Hence, the matrices
T1(N), To(N), T5(N) and S1(A) exist and are invertible. Thus, using the
same transformations as above for fixed A € C, now, we find that
tkc[AE — A, —B] = n+m — p. This proves (i).
Step 2: We show (ii). Similar to Step 1 it can be shown that

—-C

YAeC, : rke [)\E_A}

= I‘kR(s) |:8EE,A:| =n.

Step 3: We show (iii). By Corollary 4.3.5, the transmission zeros of
[E, A, B, C] are the poles of

F(S) = Agl(slk - Q)ilAlg.

Every pole of F(s) is also an eigenvalue of Q. In view of Corol-
lary 4.2.11, we have that o(Q) C C_ and so (iii) follows.

<: By Corollary 4.2.11, we have to show that if A € ¢(Q), then
A e C_. Let A € 0(Q). We distinguish two cases:

Case 1: Xis a pole of F(s). Then, by Corollary 4.3.5, A is a trans-
mission zero of [E, A, B, C] and by (iii) we obtain A € C_.

Case 2: X is not a pole of F(s). Then Lemma 4.3.11 applied to
[I1, Q, Aja, Agy] and X yields that

(a) the[M, — Q, Ap] <k or (b) tke]A\ —Q', Aj)] < k.
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If (a) holds, then there exists v; € C*\ {0} such that
v M — Q, Apg] = 0.
Let vy € CU=M+P=m) he arbitrary and define
v 1= =) Eig(AN — ;)%

Now observe that

AN —Q —Ap 0 0
—A AEy — A AE 1
T T ,T 21 22 22 23 m| _ T
(U170,’U3,1}4) O )\E32 )\N*Ing 0 _(Oaw ,0,0),
0 0 AEy3 0

where
wT = —’UirAlg + )\’U;E‘gg = —)\QUIE43()\N - [n3)71E32 =0

by Proposition 4.2.12 and (4.3.3). This implies that I := ker [A\E —
A, —B]" C C! has dimension dim K > (I —n) + (p —m) + 1. Therefore,

tke[A\E — A, —B] <l—dimK <n+m-p—1
= rkR(S> [SE — A7 —B] —1< rkR(s) [SE — A, —B], (434)

where rkg(g)[sE — A, —B] = n 4+ m — p has been proved in Step 1 of
“=”. Hence, (4.3.4) together with (i) implies that A € C_.

If (b) holds, then there exists v; € C*\ {0} such that v [\ —
Q', Aj;] = 0. Therefore,

My, —Q —Ap 0
—Ao AEx» — Ay A3 U1
0 A3y AN — I, 0]1=0
0 0 AEy3 0
0 I, 0
and thus \ p p
rke [ E;E, } < n = rkg() {SE_Z, ] , (4.3.5)

where rkg) [SIE’CA] = n has been proved in Step 2 of “=". Hence,
(4.3.5) together with (ii) implies that A € C_. This completes the

proof of the theorem. OJ
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For regular systems with invertible transfer function we may charac-
terize asymptotic stability of the zero dynamics by Hautus criteria for
stabilizability and detectability and the absence of zeros of the transfer
function in the closed right complex half-plane (recall Definition 4.3.1
for the definition of a zero of a rational matrix function).

Corollary 4.3.13 (Regular systems).

Let [E, A, B,C] € Sy pnmm be such that sE — A is regular and G(s) :=
C(sE — A)7'B s invertible over R(s). Then the zero dynamics
ZDg.a,p,c) are asymptotically stable if, and only if, the following three
conditions hold:

(i) VA€ Cy : the[A\E — A, —B] =n,

(i) VA € C, @ ke [AEE,A} =n

(iii) G(s) has no zeros in C,.

Proof: Since G(s) € Gl,(R(s)) it is a simple calculation that
rkgiy [ ¥ ] = n + m and hence it follows from Proposition 4.1.5
that ZD|p 4 p ) are autonomous. Furthermore, rkC' = m and hence
we may infer from Remark 4.2.13 that [F, A, B, C] is right-invertible.
Now, we may apply Theorem 4.3.12 to deduce that ZDg 4 p ) are
asymptotically stable if, and only if,

(a) [E, A, B, (] is stabilizable in the behavioral sense,
(b) [E, A, B, (] is detectable in the behavioral sense,
(¢) [E, A, B,C] has no transmission zeros in C,.

Since regularity of sE — A gives that rkg(,)[sE— A, —B] = rkg() [ 2]
= n, we find that (i)<(a) and (ii)<(b). (iii)<(c ) follows from the fact
that by Remark 4.3.3 we have H(s) = G(s)™! for H(s) as in (4.3.1)
and that transmission zeros of [E, A, B, C] are, by definition, exactly
the poles of H(s). O
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4.4 Stabilization

In this section, we introduce the Lyapunov exponent for DAEs and
show that for any right-invertible system with autonomous zero dy-
namics there exists a compatible control such that the Lyapunov expo-
nent of the interconnected system is equal to the Lyapunov exponent
of the zero dynamics of the nominal system.

In order to get a most general definition of the Lyapunov expo-
nent, we use a definition similar to the Bohl exponent for DAEs in [26,
Def. 3.4], not requiring a fundamental solution matrix as in [165].

Definition 4.4.1 (Lyapunov exponent).
Let £, A € R™". The Lyapunov exponent of [E, A] is defined as

IM, > 0V e Dy for aa. s
kL(E,A):_inf{ueR‘ g v g, O 88 b= S }

()] < Myuert=)jx(s)|
Note that we use the convention inf () = +o0.

The (infimal) exponential decay rate of the (asymptotically stable)
zero dynamics of a system can be determined by the Lyapunov expo-
nent of the DAE [[£9],[4 B]].

Lemma 4.4.2 (Lyapunov exponent and stable zero dynamics).

Let [E, A, B,C] € ¥y,,mp have autonomous zero dynamics and rk C' =
p. Then, using the notation from Theorem 4.2.7, the form (4.2.3) and
k = dimmax(E, A, B;ker C), we have

kr(ZDig.a,B,1)
= inf{ nweR ’

< ([ o] [ )

_[max{ReX [Ae€o(Q)}, if k>0
_{—oo, if k=0.

M, >0Vw e ZDip apc) for a.a. t > s: }
lw(®)]] < Me = w(s)]|

Proof: The first equality follows from the fact that the trajectories in

ZD|g,a,B,c) can be identified with those in the behavior %HE 0] [é B]|-
’ 00llco
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The second equality can be seen by using the decomposition (4.2.3):
Since the Lyapunov exponent is invariant under transformation of the
system (see e.g. [26, Prop. 3.17]) we may assume that, without loss
of generality, [E, A, B,C] is in the form (4.2.3). Now observe that
(v,u,y) € ZD|p.a.p.c), Where v = (v1,y,x3), if, and only if, y =,
r3 = 0 and , € W2 (R;RY), u € £ (R; R™) satisfy

§01E Qu, uE = Ay,
This equivalence of solution trajectories yields the assertion. O

Note that it follows from Corollary 4.2.11 and Lemma 4.4.2 that
asymptotic stability of the zero dynamics implies exponential stability
of the zero dynamics, i.e., any trajectory tends to zero exponentially.

We are now in a position to prove the main result of this subsection,
which states that for right-invertible systems with autonomous zero
dynamics there exists a compatible control such that the Lyapunov ex-
ponent of the interconnected system is equal to the Lyapunov exponent
of the zero dynamics of the nominal system; in particular, this shows
that asymptotic stability of the zero dynamics implies that the system
can be asymptotically stabilized in the sense that every solution of the
interconnected system tends to zero. Recall the concepts of compatible
control and interconnected system (behavior) from Subsection 3.4.3;
we call a control K € R”*("+) compatible for [E,A,B,C) € X ,mp if,
and only if, K is compatible for [E, A, B] as in Definition 3.4.8.

Theorem 4.4.3 (Compatible and stabilizing control).

Let [E, A, B,C] € X .m, be right-invertible with autonomous zero dy-
namics. If dimmax(FE, A, B;ker C') > 0, then there exists a compatible
control matriz K = [K,, K,] € R*" x R"™ for [E, A, B, C] such that

E o] [A B
h ([0 0} ' {K KD = kL(ZDp.a5.0))- (4.4.1)

If dimmax(E, A, B;ker C) = 0, then for all u € R there exists a com-
patible control matriz K = [K,, K,| € R?" x R™™ for [E, A, B,C]

such that
E 0 A B
& QO 0} ’ [K KD < p (4.4.2)
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Proof: Since the Lyapunov exponent is invariant under transformation
of the system (see e.g. [26, Prop. 3.17]) we may, similar to the proof of
Theorem 4.3.12, assume that, without loss of generality, [E, A, B, C] is
in the form (4.2.3). Then, with similar transformations as in Step 1 of
the proof of Theorem 4.3.12, it can be shown that

Ay — Ay Aoy I,
WAEC: tke | ABp  AN—T, 0
0 AEs 0
sE9y — Ags 5By Iy
= rkR($> SE32 sN — [ng 0 s
0 8E43 0

and hence, by Proposition 3.3.3, the system

o Eoy Ebs A 0 I
[E,AB,C} =By N|.|0 I,].]0],[L.0]
0 Eg| |0 o] |o

is controllable in the behavioral sense.

We will now mimic the proof of Theorem 3.4.10 without repeating
all of its arguments: It follows from the above controllability in the
behavioral sense and Corollary 3.2.8 that in the feedback form (3.2.9)
of [F, A, B] we have n = 0. Therefore, for any given p € R and € > 0,
it is possible to choose Fi; and K, in the proof of Theorem 3.4.10 such
that the resulting control matrix K = [K, K] € RIX(=F) 5 Rax™ ig

compatible for [171 A, B, C’} and satisfies

(B2 e

‘We show that
K = [K, | K,] = [KyAy, K | Ky) € RPF x RIX (k) o Raxm.

is compatible for [F, A, B, C| and satisfies (4.4.1) or (4.4.2), resp.
Step 1: We show compatibility. Let

loc

0 0 n
xE{xER A Ez(0) = Ex®

3 (Ivuv y) € Q’)(4.1.1) Lre WLI(R; R”) }
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and partition 2° = ((29)7, (:US)T)T with 20 € R¥, 23 € R"* Then
there exist ; € Wi (R;RF), 25 € WEH(R; R"F) and u € L] (R; R™)
such that e
4oy = Quy+ [Ar, Olzy,

d — a.e A21 t ™

EECL‘Q = 8 1 + Axy + Bu, (444)

Il(o) = I(1]7

Exy(0) = Ex).

Therefore,

loc

0 0 n
€ eR - -
2 { 2 A Ex4(0) = Ex)

3 (5U2a U, OCL'Q) S %[E,A,Bﬁ] L X9 € WIJ(]R; Rn—k) }

and by compatibility of [K7, K5] for [E, A, B, C‘} there exists (z2,v) €

%[Kth]

(5.4.5] such that

o
o

flxz + B’U7
Kizs + Kyv,

(—IEJZQ

de 4.4.5
: (445

®
®

and Exy(0) = ExY. Define
¢
z1(t) = ezl +/ QU= A1y, 0]zo(s) ds, teR,
0

which is well-defined since x5 € L] (R; R"), and let u := v — Ay 2.
Then (x1, 29, u) solves (4.4.4) and satisfies

KyAgix + K29 + Kou e KyAgix + Kixo + Kov — KoAg 1y a3 0,
which proves that [KyA, Ky, K5 is compatible for [E, A, B, C].

Step 2: We show that (4.4.2) is satisfied in case that k& =
dim max(F, A, B;ker C') = 0. This follows from (4.4.3) since

(B 2 - £ =

with arbitrary p € R and € > 0.
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Step 3: We show that (4.4.1) is satisfied in case that k& > 0. Denote

pi=ki(ZDpape) =" max{Re A | A € 0(Q) }

and let p > 0 be arbitrary. Then there exists M, > 0 such that, for all
t>0, [le < Meltert,

Step 8a: We show “>” in (4.4.1). Since, for any solution z; €
WELR; RF) of 421 = Q1 we have

loc

((II7 O)T, —Azll‘l, 0) S %[I(Ey_A‘B],

kL(ﬁ 8} ’ {fé I?D =

Step 3b: We show “<” in (4.4.1). Let (z,u) € %[IE_’A_’B] and write

v = (2],23)" with z; € WE(R; RF) and 25 € L] (R;R"*). Then we
have

it follows that

o

d a.
dtxl

" Q1+ [Arz, O]y,
A21 N N
0 | x1 + Azs + Bu,
0
KQAQlfL'l + K]l‘g + Kzu.

&
®

d
EE.I‘Q

©
@

0

Observe that (9, w := u + Agyr1) solves (4.4.5) and hence, by (4.4.3)
for p and some € > 0, there exists M; > 0 such that

Gl

fora.a.t>s: H (i}z(t)) H < Myelr—a)t=s)

g
Therefore,
t
@ < B oo+ [ 12 W0l - (527) | o
< M)z (s)| ‘

t
#3020, a0l - | (23))| [ ar

<1/e
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for almost all ¢, s € R with ¢ > s. This implies that

w([5 [2 2]) e

and since p > 0 is arbitrary the claim is shown. g

Remark 4.4.4 (Construction of the control).

The construction of the control K in the proof of Theorem 4.4.3 relies
on the construction used in Theorem 3.4.10. Here we make it precise.
We have split up the procedure into several steps.

(i) The first step is to transform the given system [F, A, B,C| €
i nmp into the form (4.2.3). The first transformation which has
to be applied in order to achieve this is the ZDF stated in The-
orem 4.1.7 and uses the maximal (A, F, B)-invariant subspace
included in ker C'. This subspace can be obtained easily via a sub-
space iteration as described in Lemma 4.1.2. The second trans-
formation which has to be applied is stated in Theorem 4.2.7.
Denote the resulting system by

K Bl e[

(ii) Next we have to consider the subsystem

o Eyy FEys Ay 0 I,
[EA,B,C} =|Ex N|,|0 5,|.|0]|.1,0
0

0 Eg 0 0

and transform it into a feedback form (3.2.9). Since [E, A, B]
is controllable in the behavioral sense and rk B = m this form
can be simplified, i.e., there exist S € GL,_;(R), T € Gl,_,(R),
V € G1,(R), F € R™ (k) guch that

s 48 =sim- 281 D).
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(iii)

where
[, A, B]
Iy 0.0 0 0 Nl 0 0 0 0 5
0 Ks 0 0 0 0Ly 0 0 0 0&8
— al
- OUL'—VFOO> OOAWOOaOE‘Y I
00 0 KJ O 00 0 L] O 88
0 0 0 0 N 0 0 0 0 Iy

for some multi-indices «, 3,7, J, k.

Let p € R be arbitrary. We construct a compatible control in the
behavioral sense for [E A, é} such that the interconnected system
has Lyapunov exponent smaller or equal to p. Let Fj; € RA@)xlol
be such that

max{ Re A | A € (N, + E,F11) } < p.

This can be achieved as follows: For j = 1,..., {(«), consider
vectors

aj = *[Cljaj_l, ey (lj()] e RY>a,
Then, for

Fll = dlag (al, ey af(a)) c R[(Ot)X‘lJt‘j

the matrix N, + E,F; is diagonally composed of companion ma-
trices, whence, for

pi(s) = 5% + ajo,- 18" + ...+ ajo € R[s]

the characteristic polynomial of N, + FE,F}; is given by
()
det(sIio — (Na + EaF11)) = [ [ pi(s).
j=1

Hence, choosing the coefficients a;;, 7 =1,...,0(a),i=0,...,q;
such that the roots of the polynomials pi(s),...,pea)(s) € R[s]
are all smaller or equal to p yields the assertion.

Now we find that

I 0] [Na E,
([ 0] 7 ) <o



204

4 Zero dynamics

Furthermore, by the same reasoning as above, for
aj = [aj5,-2, .. azo, 1] € RV
with the property that the roots of the polynomials
pi(s) = 8% +aj5,_18" T + ..+ a0 € R[s]
are all smaller or equal to p for j =1,...,¢(«), the choice

K, = diag (al, Cey ag(g)) S R[(ﬁ)x‘m

(5] 6]) =

Therefore, the control matrix

Fit 0 000 —Iyy 0
0 K, 000 0 0

leads to

K = [Ky, K] = [ ] € R*(k) ¥

where ¢ = {(a) 4 ¢(3), establishes that

" qg 8} ’ [zél ;{ib <

Since the differential variables can be arbitrarily initialized in any
of the previously discussed subsystems, the constructed control
K is also compatible for [E, A, B].

(iv) We show that K leads to a compatible control K for [E, A, B]

such that the interconnected system has Lyapunov exponent-
smaller or equal to p. Observe that

St 0] [sE—A B T 0
0 I, K, K| |VFT ! Vv
[ sE-A B
B K+ ngilFTl K2V71
and hence, by invariance of the Lyapunov exponent under trans-

formation of the system (see e.g. [26, Prop. 3.17]), we find that
for

(K1, K] = [Ky + KOV FT! KoV € RUUH o<,
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([0 o] [ ) =

(v) If k = dimmax(E, A, B;ker C') = 0, then we can choose i € R as
we like and obtain

(B b e 7))

(B £

If k> 0, then we can choose pt < kr(ZDjg 4p,)) and obtain,
with

(K, | K] = [KoAgy, Ky | Ky € ROF 5 ROM=R) 5 Raxm,

kr ([? 8} , [?x EJ) = kL(ZDp.aB.c))-

This is shown in the proof of Theorem 4.4.3.

we have

(vi) The desired compatible control K for [E, A, B,C] is now given
by
K=[K,Q ' K,.

Note that the practical computation of the decompositions in (i) and (ii)
is in general not numerically stable. This can be achieved by using or-
thogonal transformations and condensed forms as in [49]. It seems that
with some effort the form (4.2.3) in (i) can also be obtained with or-
thogonal transformations, but this needs to be investigated in detail.
Instead of the feedback form (3.2.9) in (ii) a condensed form from [49]
could be used. However, in the present thesis we do not focus on the
numerical aspect.

Remark 4.4.5 (Implementation of the control). As explained in Sub-
section 3.4.3, the control law

Kyx(t)+ Kyu(t) =0

cannot necessarily be solved for w(t). This rises the question for the
implementation of the controller. There are basically two perspectives
in this regard:
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(i)

In order to implement the controller it is necessary that all free
variables of the open-loop system <& Ex(t) = Ax(t)+ Bu(t) can be
manipulated. The free variables of the system can be identified
via the quasi-Kronecker form (see Proposition 3.2.3) of the pencil
s[E,0] — [A, B]; each underdetermined block sKs — Lg, in the
quasi-Kronecker form yields one free variable, i.e., there are £(3)
free variables in the system. The set of free variables may consist
of input variables as well as state variables and not necessarily all
input variables are free variables. For the implementation of the
control, the free variables are treated as controls and the control
law can be solved for the free variables. A similar approach has
been discussed in [65].

For an alternative approach, where we do not wish to reinterpret
variables, we use the fact that (cf. also Remark 4.4.4(iii)) the
control law can be rewritten in the form

Kl L« 0 Ui t

el o[ 0] () -
where a suitable input space transformation has been performed.
Then we may solve the first row for ui(¢) and implement this
control. It only remains to implement the algebraic condition
Kyx(t) = 0. In practice, this relation can be implemented by
integrating appropriate components (such as dampers or resis-
tors) into the given plant. In particular, it is not necessary to
(actively) manipulate specific state variables, only the implemen-

tation of an algebraic relation between some of the state variables
is necessary.

Theorem 4.4.3 shows that right-invertible systems [E, A, B,C| €
X1n,mp With asymptotically stable zero dynamics can be stabilized by
a compatible control so that any solution of the interconnected system
tends to zero. It is well known [131, Rem. 6.1.3] that any linear ODE
system with asymptotically stable zero dynamics (and p = m) is sta-
bilizable by state feedback, i.e., the compatible control is of the form
u = Fux, cf. also Subsection 3.4.2. For time-invariant (nonlinear) ODE
systems, stabilization by state feedback is well investigated [55,57,131].
For regular DAE systems this has not been investigated yet.
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Proposition 4.4.6 (Regular systems and state feedback).
If sE — A € R[s|™" in Theorem 4.4.3 is regqular, then the compatible
control K can be chosen as a state feedback in each case, i.e., K =

[K:v:

_[m] c RMXn x RMXm

Proof: We use the procedure presented in Remark 4.4.4 and modify
it at some instances.

(i)

(i)

(iii)

Consider the system [E, A, B, C] from Remark 4.4.4 (i) and ob-
serve that, using the same argument as in Remark 3.4.7 (i), we

obtain £(9) = 0 and £(5) = £().
For any multi-index n € N let
F, := diag (e[lm, o e[lm}) e R

A straightforward calculation yields that there exists a permuta-
tion matrix P € R*¢, € := |B] + || — (), such that

Kz O Lg 0
(IR
0 LI|~ |BE.F] K]

where N € R&*¢ is nilpotent.

Changing the control matrix K in Remark 4.4.4 (iii) to

K = [Ky, K|
B {FM 0 000 —Ijy O

c Rmx(n—k) % Rme7
0 F; 000 0 —1,3<Wj

where it is worth noting that ¢(a) 4+ ¢() = m, and invoking the
observation in (ii), we obtain the same result for the Lyapunov
exponent, and the control can be equivalently expressed as a state

feedback
T
u = Fuz, up = Fj x9.

Since Ky = —I,, we can write [K, K] in Remark 4.4.4 (iv) as
(K, Ko = VK, — FT',—1,]

and, furthermore, we have K, = —I, in Remark 4.4.4 (vi).
Therefore, the compatible control K is a state feedback. [l
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4.5 Notes and References

(i)

(i)

(iv)

Autonomous zero dynamics seem to have their first appearance
in [257], where it is mentioned that in the Byrnes-Isidori form
(BIF) of a nonlinear ODE system the equation for the internal
dynamics describes autonomous zero dynamics in case of zero out-
put. However, it seems that this concept was not perceived very
well within the control theory community and the only real uti-
lization (except for the previously published results of the present
thesis) seems to be [195], whose authors use it for the analysis
of inverted pendulum systems. However, as mentioned in Sec-
tion 4.1, it were ILCHMANN and WIRTH who recognized that the
assumptions imposed by ISIDORI in [131, Rem. 6.1.3], in order
to derive conditions for the stabilization of linear systems, are
equivalent to autonomous zero dynamics after all.

The name ‘zero dynamics form’ is also used in the literature as a
synonym for the Byrnes-Isidori form for linear ODE systems, see
e.g. [156,179]. The BIF was originally developed in [131, Sec. 5.1]
for nonlinear systems; for time-invariant multi-input multi-output
systems see [127], for time-varying systems see [122]. In fact, this
can be justified because in the BIF the zero dynamics of the sys-
tem are decoupled, similarly to the ZDF (4.1.6), cf. Remark 4.1.8.

System inversion for linear ODE systems was first discussed
in [256] and already well investigated in the sixties [47, 88, 220].
For DAEs, only few results are available: for regular systems, sys-
tem inversion was first studied by LEWIS [157] and investigated
further in [160, 226]; nonregular systems have been investigated
in [91], although several additional assumptions are made on the
DAE system. Left- and right-invertibility, as introduced in Defi-
nition 4.2.1, have been studied in [160] for regular DAE systems.

Zero dynamics have been the essential tool for the theory of sta-
ble system inversion developed in [69,258]. Compared to right-
invertibility as in Definition 4.2.1, according to [69] we may call
a system (4.1.1) stably invertible if, and only if, for any suffi-
ciently smooth reference trajectory y with compact support (i.e.,
y(t) =0forallt e R\ K, K C R compact) there exists an input
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u and a state x, both continuous, such that (z,u,y) € By 4,50
and limy_,q ||u(t)]] = limyseo [|2(t)]| = 0. It is clear that sta-
ble invertibility implies right-invertibility. Furthermore, as it can
be deduced from Theorem 4.2.7 and Corollary 4.2.11, a system
[E,A,B,C] € ¥j,m,p with autonomous zero dynamics is stably
invertible if, and only if, its zero dynamics ZD g 4 p ¢ are asymp-
totically stable.
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5 High-gain and funnel control

In this chapter we study high-gain and funnel control for linear differ-
ential-algebraic control systems

dEe(t) = Ax(t) + Bul(t)

where E, A € R>*" B € R>*™ (C € R™", ie., we assume that the
number of inputs and outputs coincide. As in Chapter 4 we use the
notation X, ., for the set of these systems.

Throughout this chapter we restrict ourselves to right-invertible sys-
tems
[E, A, B,C] € ¥ ,mm with autonomous zero dynamics. An important
property which will be exploited is asymptotically stable zero dynam-
ics; this property has been investigated in detail in Section 4.3 for the
considered class of systems. We will show in Section 5.1 that constant
high-gain output feedback (1.4.1) (cf. also Section 1.4) achieves sta-
bilization of the system for sufficiently large k& > 0 (we say that the
system has the high-gain property), provided that the zero dynamics
are asymptotically stable and the matrix I" in (5.1.2) exists and satisfies
I' =TT > 0. This specializes the stabilization results of Section 4.4 in
a certain sense: under the given assumptions, the compatible control
K,r + Kyu = 0 in Theorem 4.4.3 can be chosen as u = —kCx = —ky
for some k > 0, i.e., K, = kC and K,, = I,,,.

A drawback of high-gain control (1.4.1) is that it is not known a
priori how large the constant k£ > 0 must be chosen. This problem
can be resolved by the funnel controller (1.4.3) introduced in [125] (cf.
Section 1.4). For feasibility of funnel control it is not necessary to know
specific parts of the system or to use an identification method; only
structural assumptions have to be made. We will show in Section 5.2
that funnel control is feasible for right-invertible systems [E, A, B, C| €
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X1 nm,m with asymptotically stable zero dynamics for which I' in (5.1.2)
exists and satisfies ' = I'" > 0. The proof of this result exploits that
systems within this class have the high-gain property.

In the context of vector relative degree, as discussed in Section 5.3
for regular systems, the above assumption of existence of I" as in (5.1.2)
turns out to be satisfied, provided that the vector relative degree is com-
ponentwise smaller or equal to one. High-gain and funnel control for
regular system with positive strict relative degree and positive definite
high-frequency gain matrix is studied as well in Section 5.3.

The funnel control results of this chapter are illustrated by a sim-
ulation of position and velocity control of a ‘real world” mechanical
system in Subsections 5.2.2 and 5.3.3. To point out the peculiarities of
the singular case, a simulation of an academic example is also included
in Subsection 5.2.2.

Parts of Sections 5.1 and 5.2 and Subsection 5.3.1 are contained in
the manuscript [28] and the short note [27], which are submitted for
publication. The results of Subsection 5.3.2 were obtained in a joint
work with AcHIM ILCHMANN and TiMO REIs [34], which also con-
tains the simulations of the mechanical system from Subsections 5.2.2
and 5.3.3.

5.1 High-gain control

In this section we consider constant high-gain proportional output feed-
back given by

u(t) = —ky(t) (5.1.1)
applied to DAE systems [E, A, B,C| € X, mm- It is our aim to derive
conditions which guarantee high-gain stabilizability.
Definition 5.1.1 (High-gain stabilizability).
A system [E, A, B,C| € Xy, .m is called high-gain stabilizable if, and
only if,

Jk* > 0VEk > kK*Vxe %[E,AkaC] ﬂCl(R, Rn) : thm J}(ﬁ) =0.
—00

Roughly speaking, in view of Definition 5.1.1, a system [E, A, B, C] €
Yinmm is high-gain stabilizable if, and only if, the closed-loop sys-
tem (4.1.1), (5.1.1), that is £ Exz(t) = (A—kBC)z(t), is asymptotically
stable.
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In order to prove high-gain stabilizability for a certain class of sys-
tems, we derive a simplification of the form (4.2.3) under the condition
that for a left inverse L(s) of [*¥:A “F] the matrix

T = — lim s 1[0, 7,,]L(s) m e R™P (5.1.2)

exists. This simplified form then provides an integral-differential-alge-
braic equation as shown in Lemma 5.1.3. Note that by Lemma 4.3.2 we
have that if I' in (5.1.2) exists, then it does not depend on the choice
of L(s).

For single-input, single-output systems with transfer function g(s) =
% € R(s)\ {0}, the matrix I in (5.1.2) exists if, and only if, deg ¢(s) —
degp(s) <1, i.e., g(s) has strict relative degree smaller or equal to one
(cf. Section 5.3). For a connection of the existence of I' in (5.1.2) to the
(vector) relative degree of the system [E, A, B, C] see Subsection 5.3.1.

Now we investigate the consequences of the assumption of existence
of I'in (5.1.2).

Lemma 5.1.2 (Consequences of existence of I').

Let [E, A, B,C] € 3y, be right-invertible and have autonomous zero
dynamics. Suppose that, for a left inverse L(s) of [*E A B] over
R(s), the matriz T in (5.1.2) exists. Then, using the notation from
Theorem 4.2.7 and Definition 4.2.6, we have

Vk=0,...,v—1: EyNFE3 =0. (5.1.3)
and, furthermore, I' = Fos.

Proof: The left inverse L(s) is given in (4.3.2) and I' is independent
of the choice of L(s) by Lemma 4.3.2. By existence of I' the matrix
5710, I,,]L(s)[0, I,] " is proper, which implies that

871X45(S) = _(E22_871A22)+571A21(S[—Q)71A12+8E23(8N_[)71E32

is proper. Hence, sFy3(sN — )" E3y = Z;(l) FE93N*F505"+1 has to be
proper. This yields (5.1.3) and the last statement is then an immediate
consequence of I' = — limg oo s Xy5(8) = Eao. OJ

The following simplification of the form (4.2.3) relies on partially
solving the equations (4.2.5) using the condition (5.1.3) derived in
Lemma 5.1.2. This form is used in the proofs of Theorems 5.1.4
and 5.2.3.
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Lemma 5.1.3 (Behavior and underlying equations).

Let [E, A, B,C] € Xy m, be right-invertible and have autonomous zero
dynamics. Suppose that, for a left inverse L(s) of [‘“?’CA ’OB] over
R(s), the matriz T' in (5.1.2) exists. Then, using the notation from
Theorem 4.2.7 and Definition 4.2.6, for any (z,u,y) € Bpapc) N
(CHR;R") x C'(R;R™) x C""H(R;RP)) and Tz = (z],y",z3)" €
C (R; RF+P¥73) (T, u, y) solves

T1(t) = Qui(t) + A y(t)
Ly(t) = Azy(t) + U(21(0),y)(t) + u(t)
o , (5.1.4)
I’g(t) = k:ONkEggy(kJrl)(t),
0 =0,

where
y - Rk % CV(R; Rm) N CI/+1(R; Rm)7

t
(21,y) = (t > Age?al + / Ag1 %t Ay y(T) dT) .
0

U s linear in each argument and, if 0(Q) C C_, then U has the prop-
erty

W (RF x (L% (R; R?) NC(R; RY))) C L2(R; R")NC” L (R;R™). (5.1.5)

Proof: The assumptions of Theorem 4.2.7 are satisfied and, invok-
ing Lemma 5.1.2, it is clear that the respective first and third equa-
tions in (4.2.5) and (5.1.4) coincide. By Proposition 4.2.12 and right-
invertibility of [E, A, B, C], the fourth equation in (4.2.5) reads 0 = 0.
Therefore, it remains to show that under the additional assumption
of existence of I', the second equation in (5.1.4) follows from (4.2.5).
To this end, observe that by Lemma 5.1.2, namely (5.1.3), the second
equation in (4.2.5) reads

Insertion of the solution of the first equation in (4.2.5) into (5.1.6) then
yields the assertion.
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Statement (5.1.5) about ¥ is obvious from the representation of ¥
and the fact that if 0(Q) C C_, then there exist yu, M > 0 such that

Vi>0: e < Me M. O
We are now in the position to prove the main result of this section.

Theorem 5.1.4 (High-gain control).

Let [E, A, B,C| € Xy, m.m be right-invertible and have autonomous zero
dynamics. Suppose that, for a left inverse L(s) of [SIE’CA P overR(s),
the matriz T in (5.1.2) ezists and satisfies T =T > 0. Then

ZDip.ap,c) 18 asymptotically stable
= [E, A, B,C] is high-gain stabilizable.

The converse implication is in general false even for ODE systems.

Proof: We prove “=". By virtue of Lemma 5.1.3 we may without
loss of generality consider [E, A, B, C] in the form (5.1.4) with Agxy =
U(21(0),y) and @ = T~ Yz, y", 2d)" € CH(R; R¥P7). Application of
the high-gain controller (5.1.1) leads to

1(t) = Qui(t) + Apy(t)
Ly(t) Agra1(t) + (Ao — kL) y(t) (5.1.7)
r3(t) = Z;é NF EgoyE+D(¢).

Since I' = I'" > 0, there exists an orthogonal matrix V € GIL,(R)
and a diagonal matrix D € R™*™ with only positive entries for some
0 < my < m, such that

<D o
FV[OJV

In order to decouple the second equation in (5.1.7) we introduce the
new variables yi(-) = [Ln,, 0]Vy(-) and ya(-) = [0, L, ]Vy(-). Rewrit-
ing (5.1.7) and using AV = [A}, Ay] € RF*™ 5 RF¥(m=m1) apd

1{111 1{112
A21 A22

3

VT AV = [ ] Ay e R Ay, ¢ Rmm)xnom)
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this leads to the system, without the third equation in (5.1.7),

@1(t) Qu1(t) + Aryi(t) + Agya(t)
yl(t) = [D71~, O}VTAQL”L'l(t) + Dil(All - kl'rnq)yl(t) + D71A1292(t)
0 = [0, Lo, |V Agy1 (t) + Aqn (t) + (Agy — kLy_m, )1 (t).

Assuming that k > || Ag|| we may solve the third equation for ys, i.e.,

y?(t) = _(A22 - klmfml)il ([07 ]mfmJVTAﬂxl(t) + AQlyl (t)> )
(5.1.8)
and insert this into the first and second equation, thus obtaining

i1(t) = (Q — As(Asy — kL) "Y0, Lo, |V T Agi) 1 (2)
+(Ay = Ap(Agy — kL)) Asy) i ()

g(t) = ([D10)VT Ay — D' Ayy(Agy — k)~ (5.1.9)
X[0, Ly VT Aoy )21 () + (D~ (A — ki)
—D 1 Apo(Agy — kly—yny) " A )i (2).

In order to show asymptotic stability of (5.1.9) we use a Lyapunov
function approach. By ¢(Q) C C_ and [212, Thm. 7.10] there exists a
solution P € GI;(R) with P = P" and

Bl < P < Boly, B, 2 >0, (5.1.10)
of the Lyapunov equation
Q'P+ PQ = —1I.
Define the Lyapunov function
VRN X R™ SR, (z1,51) — 2 Pry + 4] y1.

Then, for any solution (z1,1) € CHR;RF x R™) of (5.1.9) and all
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t € R, we have
SV (21(t), 1 (1))
::QMQWP(@Q—AﬂAm—kmkwyﬂuh%wﬂﬁAmﬁmﬂ
+(Ay = Ag(Agy — Ky ) Y As) (t))
+2yﬂﬂT([VlﬂLmJﬂVTAﬂ——Am(ﬁﬂ——khhmﬂfl
[0, L VT Aot )1 (t) + D~ ((Avg — k)
ﬂ&ﬂﬁw—kthJ4AmMﬂﬂ)

Observe that there exist positive constants Mj, ..., M5 such that the
following inequalities hold:

— 221 (t) " PAy(Agy — k) M0, Ly, |V T Agyei ()
n _ M,
< Mi|(Asz = kL) Mllza (@) < ——— a1 (1)1,
k —[| Azl
— 2$1(t)TPA2(A22 — ]C]m,ml)ilfiglyl(t)

Mo @l @ <

< PRy (I + g (DI,

e 2
k — || Agal|

. 1
221(8) " P A () +25 ()T [D, 01V T Az (1) < 5 [l (01 + Msllan (1)1

— 21 (t) "D Aa(Agy — kL)) O, Ly, ]V T Agrey (1)

4 2 2
< ———(llz1 @[] + [l (D)),
k — || Ass]
Tr-14 (A4 -1 4 M; 2
—2y1(t) D™ Ara(Aze — kL) Antn (t) < ——— w1 ().
k— [ Aga|l

Furthermore, since D~! is positive definite, there exist a > 0 and
Mg > 0 such that

251(t) "D (Ary — kL, )y (t) < Molly(8)[1> — okl (2)]|*.
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Incorporating these inequalities we find that

K 1
d 1 2
@V (@(0), @) < | = = =)
! k— || Al 2
—_————
= (k)
K 9
k — || Aga||
=2(k)
Now let k* > [|Ag|| be such that v = —v(k*) > 0 and ~, :=

—v(k*) > 0, and define v := min {;;—;, 72} > 0. Then, for all k£ > k¥,
. (5.1.10) . .
V@), n®) < =y (@) Pai(t) +ui(t) 'ni(t))
=V (z1(t), 1(2)).

By integrating both sides of the inequality and using (5.1.10) we may
conclude that

tliglo 1) =0 A tlinolo yi(t) = 0.

Invoking (5.1.8), this implies lim;_,o y2(t) = 0 and, since y; and y,
decay exponentially, lim;,» x3(t) = 0. Therefore,
. o “1, T T TNT _
Jim z(t) = lim Ty, y - 25) 0 = 0.
We have shown that [E, A, B, C] is high-gain stabilizable.
To see that “«<” does, in general, not hold true, consider
system (4.1.1) for

E=1 A= [? _01 B = m C =10,1], (5.1.11)

which is in form (4.2.3) and in particular [E, A, B, C] is right-invertible
with autonomous zero dynamics. We may observe that () = 0 and
therefore the zero dynamics of (5.1.11) are not asymptotically stable.
However, the closed-loop system (5.1.11), (5.1.1) takes the form

Lo(t) = Apa(t) = {(1) _,ﬂ z(t),
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which is, since o(Ay) = {—k;/2 + k?/4 — 1}, asymptotically stable
for all k£ > 0. This shows that [E, A, B, C] is high-gain stabilizable. [

5.2 Funnel control

In this section we show that funnel control is feasible for the class
of right-invertible systems [E, A, B, C] € X, .m» With asymptotically
stable zero dynamics for which I' in (5.1.2) exists and satisfies I" =
I'" > 0. It was shown in Section 5.1 that this class has the high-gain
property - this is exploited here. We conclude the section with some
illustrative simulations.

5.2.1 Main result

We consider funnel control for systems [E, A, B,C] € ;. For a
motivation of funnel control we consider some classical control strate-
gies: One possibility is constant high-gain control (5.1.1) as considered
in Section 5.1. High-gain stabilization can be achieved under the as-
sumptions of Theorem 5.1.4. However, it is not known a priori how
large the high gain constant must be and the transient behavior is not
taken into account.

An alternative strategy, that is adaptive high-gain control (1.4.2) as
discussed in Section 1.4, has the advantage that it resolves the above
mentioned problem by adaptively increasing the high gain. However,
the gain function is monotonically increasing and potentially so large
that the input is very sensitive to output perturbations.

To overcome these drawbacks, the concept of ‘funnel control’ is in-
troduced (see [123] and the references therein): For any function ¢
belonging to

p(0) =0, ¢(s)>0
P = p € C*(Rsp;R) N BHR5;R) | for all s > 0 and
liminf, . ©(s) > 0

for € N, we associate the performance funnel

Foim {(t.€) € Rog x R"| (t)e]l < 1}, (5.2.1)
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1

Figure 5.1: Error evolution in a funnel F, with boundary ¢(t)~' which has

a pole at t = 0.

see Figure 5.1. The control objective is feedback control so that the
tracking error e = y — Yy, where o is the reference signal, evolves
within F, and all variables are bounded. More specific, the transient
behavior is supposed to satisfy

Vi>0: fe(t)ll <o),

and, moreover, if ¢ is chosen so that ¢(t) > 1/ for all ¢ sufficiently
large, then the tracking error remains smaller than \.

By choosing ¢(0) = 0 we ensure that the width of the funnel is
infinity at t = 0, see Figure 5.1. In the following we only treat ‘infinite’
funnels for technical reasons, since if the funnel is finite, that is ¢(0) >
0, then we need to assume that the initial error is within the funnel
boundaries at t = 0, i.e., p(0)[|Cz" — y,e¢(0)|] < 1, and this assumption
suffices.

As indicated in Figure 5.1, we do not assume that the funnel bound-
ary decreases monotonically. Certainly, in most situations it is conve-
nient to choose a monotone funnel, however there are situations where
widening the funnel at some later time might be beneficial, e.g., when
it is known that the reference signal varies strongly.

To ensure error evolution within the funnel, we introduce, for k> 0,
the funnel controller:

u(t) = —k(t) e(t), where e(t) = y(t) — yret(t)
k (5.2.2)
O = el
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If we assume asymptotically stable zero dynamics, we see intuitively
that, in order to maintain the error evolution within the funnel, high
gain values may only be required if the norm |le(¢)|| of the error is
close to the funnel boundary ¢(#)~!: k increases if necessary to ex-
ploit the high-gain property of the system and decreases if a high gain
is not necessary. This intuition underpins the choice of the gain k()
in (5.2.2), where the constant k> 0is only of technical importance,
see Remark 5.2.1. The control design (5.2.2) has two advantages: k is
non-monotone and (5.2.2) is a static time-varying proportional output
feedback of striking simplicity.

We will show that funnel control for systems (4.1.1) is feasible under
the following structural assumptions:

e [E, A, B, C] has asymptotically stable zero dynamics,
e [E, A, B, (] is right-invertible,

e the matrix

I'=— lim s 1[0, ,,] L(s) [O} € R™™ (5.2.3)

§—00 [m

exists and satisfies ' = I'T > 0, where L(s) denotes a left inverse
of [*EAF] over R(s),

e kin (5.2.2) satisfies

k>

§—00

lim ([O,Im]L(s) LO] +sr) H (5.2.4)

Note that by Lemma 4.3.2, T' is independent of the choice of L(s).

The condition (5.2.4) on k seems undesirable, since at first glance it
is not known how large k must be chosen; this is just the drawback of
high-gain control that we seek to avoid by the introduction of funnel
control. However, condition (5.2.4) turns out to be structural, since
—[0, I,,) L(s)[0, I,] " is a generalization of the inverse transfer function
(cf. Remark 4.3.3) and we only need a bound for the norm of the
constant coefficient in its Laurent series. In several important cases it
is indeed possible to calculate the bound explicitly, see Remark 5.2.1.
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Remark 5.2.1 (Initial gain).

The condition (5.2.4) is specific for DAEs and already appears in [34,
35], but not in the ODE case, see [125]. A careful inspection of the
proof of Theorem 5.2.3 shows that we have to ensure that the matrix
/122 —k(t)I,, is invertible for all ¢ > 0, and in order to avoid singularities
we choose, as a simple condition, the ‘minimal value’ k of k to be larger
than || Ag|| > ||Agl||. We perform the calculation of the lower bound
for k in (5.2.4) for some classes of ODEs: Consider the system

#(t) = Ax(t) + Bu(t),
y(t) = Cz(t) + Du(t),

where A € R™™" B,CT € R D € R™™. System (5.2.5) can be
rewritten in the form (4.1.1) as

b6 o] (o) =10 5] () + [o] w0
v = e (1)

Observe that s [Id 8] — [61 _(}m] is regular, and hence applying Re-

mark 4.3.3 gives

-1
o sI—A 0] '[B
U= lim s <[C’[][ 0 I} [DD

= lim s ! (C(SI — A)le + D)

5§—00

(5.2.5)

-1

Assume now that D € Gl,,(R), i.e., the system has strict relative
degree 0 (cf. Section 5.3). Then

— 1 —1—1OC_—1 _ Ay-1nYr
I'=lim s~'D kz_%( D 'O(sI— A)'B)" =0,

and

. 0
lim <[O7I,,L]L(5) [L’J +5F>

_ 1 1 -1
—&ILHOlCDZ C(sI — A) )—D.
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Therefore, (5.2.4) reads k > ||[D7!||. If D = 0 and CB € Gl,,(R), i.c.,
the system has strict relative degree 1 (cf. Section 5.3), then similar

calculations lead to I" = (C’B)f1 and (5.2.4) simply reads k > 0: the

latter is a general condition compared to the choice k = 1 in [125].
For single-input, single-output systems the above conditions can also
be motivated by just looking at the output equation y = cx + du,
¢’ € R",d € R. If a feedback u = —ky, k > 0 is applied, then
(14 dk)y = cx and in order to solve this equation for y it is sufficient
that either & > 0 (no further condition) if d =0, or k > |d~!| if d # 0.

Before we state our main result, we need to define consistency of
the initial value of the closed-loop system and solutions of the latter.
Compared to Chapters 2-4, here we require more smoothness of the
trajectories.

Definition 5.2.2 (Consistent initial value).

Let [E, A, B,C] € Y pmm, ¢ € ®! and yer € B (R0; R™). An initial
value z° € R" is called consistent for the closed-loop system (4.1.1),
(5.2.2) if, and only if, there exists a solution of the initial value prob-
lem (4.1.1), (5.2.2), z(0) = 2°, i.e., a function z € C'([0,w); R") for
some w € (0,00], such that z(0) = 2° and z satisfies (4.1.1), (5.2.2) for
all t € [0,w).

Note that, in practice, consistency of the initial state of the ‘un-
known’ system should be satisfied as far as the DAE [E, A, B, C] is the
correct model.

We are now in a position to state the main result of this section.

Theorem 5.2.3 (Funnel control).

Let [E,A,B,C] € X mm be right-invertible and have asymptotically
stable zero dynamics. Suppose that, for a left inverse L(s) of [SIE’CA ’OB]
over R(s), the matriz T in (5.2.3) exists and satisfies T = I'T > 0.
Let k > 0 be such that (5.2.4) is satisfied. Using the notation from
Theorem 4.2.7 and Definition 4.2.6, let ¢ € ®** define a performance
funnel F,.

Then, for any reference signal Yot € B'2(R=0; R™) and any consis-
tent initial value x° € R", the application of the funnel controller (5.2.2)
to (4.1.1) yields a closed-loop initial-value problem that has a solution
and every solution can be extended to a global solution. Furthermore,
for every global solution x,
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(i) x is bounded and the corresponding tracking error e = Cx — Yyt
evolves uniformly within the performance funnel F,; more pre-
cisely,

Je>0VE>0: |le(d)] <o)t —ce. (5.2.6)

(i) the corresponding gain function k given by (5.2.2) is bounded:

k
Vit>0: k(t)gw.

Proof: Note that I' is well-defined by Lemma 4.3.2. We proceed in
several steps.

Step 1: By Lemma 5.1.3, the closed-loop system (4.1.1), (5.2.2) is,
without loss of generality, in the form

.fl (t) = Q Il(t) + A12 €(t> + A12 yref(t)
Fet) = (A22 = k() 1) e(t) + Az yres (t) = T res (1) + P (a9, €)(1)
l’g(f) = NkE32 e k+1 ( ) + Z NkEgg yfg;rl)(t)

k(t) = W’

(5.2.7)
where 29 = [I;,,0,0]T 2" and

U(ad, ) (1) = (e, o) (1) + (2, yoet) (1) — Anieat), £ > 0.

Note that, as [0,1,]L(s)[0,L,]7 = Xus(s) for the representation
n (4.3.2),

k>

lim ([0, 1] L(5)[0, L))" + sT) H = || As].

§—00

By consistency of the initial value 2 there exists a local solution
(z1,e,23,k) € CH[0, p); R™™) of (5.2.7) for some p > 0 and initial
data
0
T2 — | et (0)

(xl7e>x37k)(0) = 0 )
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where the differentiability follows since yet € B*2(Rs0; R™) and ¢ €
C" "' (Rsp;R). It is clear that (¢,e(t)) belongs to the set F, for all
t € 10, p). Even more so, we have that

Ve 0,0) 1 (¢, 21(t), e(t), w3(t), k(2))
€D := { (t,x1,e,23,k) € Rsg X R ‘ o(t)|lel <1 }

We will now, for the time being, ignore the first and third equation
in (5.2.7) and construct an integral-differential equation from the sec-
ond and fourth equation, which is solved by (e, k). To this end, observe
that by I' = I'" > 0, there exists an orthogonal matrix V € Gl,,(R)
and a diagonal matrix D € R™*™ with only positive entries for some
0 < my < m, such that

o +[Do
e 2

In order to decouple the second equation in (5.2.7) into an ODE and an
algebraic equation, we introduce the new variables e;(+) = [I,,,0]Ve(+)
and ey(+) = [0, Ly, |Ve(:). Rewriting (5.2.7) and invoking |le(t)]|? =
[Ve@)||? = ller(t)]|* + [|e2(t)]|?, this leads to the system

) = 1000 ko) (1)

(

+[D71, 0]V O1(ex, e2)(t

0 = [0, Iy, |VARVT (e1 t;) _EBes(t) (5.2.8)
Jr[ov Im—'ml]v @1(61, €9 (t)

_ k
k(t) = L=p(®)*([lex (D[P +[le2(2)[]*)?

on R~ where
@1 . CV(Rzo; le) X CV(Rz(); Rmiml) — CV+1(R20; Rm),
(ex,e2) = (= A (1) = Tir(t) + B, V(€] ) )(0))

Introduce the set

(ta k7617€2) S
D= { Rog X []AC 00) x R™ x Rm=m @(t)z(Hﬁ”Q + ||62H2) <1
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and define

fi:DXR" = R™, (t,k,er,e,6) = [D70[(VARVT — k) <Zl)
2
+[D7hVe
By differentiation of the second equation in (5.2.8), and using
0

[mfml

AQQ = [07 [m—mJVAQZVT |: 0

:| ) A21 - [0 ]m ml]VAZQVT |: m1:| )

we get

0:A21é1 (t)—l—flmeg(t)—k(t)eg(t)—k(t)eg(t)—i—[o, [m,m]]V %@1(61, 62)(t>

(5.2.9)
Observe that the derivative of k is given by
=2k (1 P(les ()12 + lea(t)]%)
( (1) (t)(||61( )II2 +lle2(O)]%) + () (ex(t) Ter(t) + ea(t) Tea(1))) -
(5.2.10)

Now let

M :D — Glmfml(R), (t, I{?, €1, 62) —
(Ao =k (s + 200 (1= 0O leal + lle2)) " e ) )

Oy : C"(R5p; R™) x C"(R5p; R™™™) — C"(Rxo; R™),

(e1,€2) > (t = Ago Yret (1) — T djres(t) + i‘11(:10(1), Yret) (1)
/0 Ay QeQtT AL VT (eigig) dT)

f? D x R™ x R™ — ]R(mfml)7 (t, k, e, €, 6175) —

2k (1 - (t)2(||€}|\2 +lleal®) * (eB)e () (fleal® + fleall?)
+ @(t) (61 61))62 — Ag1éy — [0, Im_ml]V (A21A12VT(61 ,62) + g)

and
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We show that M is well-defined. To this end let

G:-D — R(mfml)x(mfml)’
-2
(t, ks ex e2) = 20(8)* (1= @()*(llea]]” + llez®)) ~ ezes

and observe that G is symmetric and positive semi-definite every-
where, hence there exist V : D — R<m””“)f<7”’ml>, V' orthogonal ev-
erywhere, and D : D — RO=—m)x(m=—mi) ) o diagonal matrix with
nonnegative entries everywhere, such that G = V-'DV. Therefore,
(I+G)'=V~"YI+ D)V and (I + D)"! is diagonal with entries in
(0, 1] everywhere, which implies that ||(/ + G)7!|| < 1. Then, for all
(t,k,e1,e9) € D, we obtain

1B + G(t, kyer, e9)) " Ano|| < B[ Ago|| < k7Y Asof| < 1.
and hence k~1(I + G(t, ey, eg))*lflgg — [ is invertible, which gives in-
vertibility of

M(t,k,e1,e3) = Apy — k(I + G(t, k, €1, €2)).

Now, inserting k from (5.2.10) into (5.2.9) and rearranging according
to é9 gives

M (t,k(t), ex(t), ea(t)) éa(t) = folt, k(t), ex(t), e2(t), é1(t), Oa(er, €2)(t))-
With
f~2 SD x R” x R™ —s R(miml)’ (tv k’ e1, 62,51, 52) —
M(t7 ka €1, 62)71f2(t7 k7 €1, €2, fl(t> k: €1, €2, §1)7 52)7

and

f3:DxR"xR™ = R, (t,k,e1,e2,&1,&) —
2k (1= (&) (lleall® + lleal®) ~ (@) (Ilex* + leall?)
+ () (e] filt, koer e0,61) + €3 folt, ke 2,61, 6)))
we get the system
é(t) = fi(t,k(t), ex(t), e2(t), ©1(ex, €2)(t))
E(t) = folt,k(t), ex(t), est), Or(er, e2)(1), Oa(er, e2)(t))  (5.2.11)
k() = fslt,k(1), ex(t), ea(t), Or(er, e2)(1), Os(er, e2)(1)).
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(k,er,ea) € CH[0, p); R™ 1) obtained from (e, k) is a local solution
of (5.2.11) with

(. e1, €2)(0) = <I<: V([0, 1, 017120 — ymf(o))) = (5.2.12)

and
Vte|0,p): (L k(t),e(t),et)) €D.

Step 2: We show that the local solution (z1, e, z3, k) can be extended
to a maximal solution, the graph of which leaves every compact subset
of D.

With z = (k,e],eq)" and appropriate F': D x R*" — R™*! we may
write (5.2.11), (5.2.12) in the form

2(t) = F(t, 2(t), (T2)(1)), z(0) =, (5.2.13)

where Tz = (O1(e1,e2)",02(e1,e9)")" and T : C(Rsp; R™) —
C(Rsp; R?™) is an operator with the properties as in [124, Def. 2.1]
(note that in [124] only operators with domain C(Rx¢;R) are consid-
ered, but the generalization to domain C(Rso; R?) is straightforward).
It is immediate that T satisfies properties (i)—(iii) in [124, Def. 2.1];
(iv) follows from the fact that o(Q) C C_ by the asymptotically stable
zero dynamics (cf. also (5.1.5)) and gt € B"2(Rso; R™).

Furthermore, for ;1 := max{1, v} and the functions defined in Step 1,
we find that f; and f, are p-times continuously differentiable (since ¢ €
C""(R>p; R)). Furthermore, M is p-times continuously differentiable
and invertible on D, hence M~} is p-times continuously differentiable
as well. Finally, this gives that fy and f3 are p-times continuously
differentiable and hence we have F' € C#(D x R*™; R™ 1),

Let 2 = (k,ef,eq)" € CL[0,p);R™1) be the local solution
of (5.2.11) obtained at the end of Step 1. Then Z solves (5.2.13).
Observe that, since F' is p-times continuously differentiable and T' is
essentially an integral-operator, i.e., it increments the degree of differ-
entiability, we have z € C**1([0, p); R™™). Then [124, Thm. B.1]}
applicable to the system (5.2.13) and we may conclude that

(a) there exists a solution of (5.2.13), i.e., a function z € C([0, p); R™*1)
for some p € (0,00] such that z is locally absolutely continuous,

'In [124] a domain D C Rx( x R is considered, but the generalization to the higher dimensional
case is only a technicality.
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2(0) =mn, (t,2(t)) € Dforall t € [0, p) and (5.2.13) holds for almost
all t € [0, p),

(b) every solution can be extended to a maximal solution z €
C([0,w); R™*1Y) ie., 2 has no proper right extension that is also
a solution,

(c) if z € C([0,p); R™) is a maximal solution, then the closure of
graph z is not a compact subset of D.

Property (c) follows since F is locally essentially bounded, as it is at
least continuously differentiable. Clearly Z is a solution (in the context
of (a)) of (5.2.13), hence by (b) it can be extended to a maximal solu-
tion 2 € C([0,w); R™™). Similar to 2, 2 is (u + 1)-times continuously
differentiable.

We show that the extended solution 2 leads to an extended solution
of (5.2.7). Clearly, 2 is a solution of (5.2.11). Integrating the equations
for k and ey in (5.2.11) and invoking consistency of the initial values
gives that (k, ey, e2) also solve the problem (5.2.8) and this leads to a
maximal solution (z1, e, x3, k) € C([0,w); R"™), w € (0,00], of (5.2.7)
(extension of the original local solution (21, e, z3, k) - for brevity we use
the same notation) with graph (z1, e, z3, k) C D. Furthermore, by (c)
we have

the closure of graph (x1, e, x3, k) is not a compact subset of D.
(5.2.14)
Step 3: We show that k is bounded. Seeking a contradiction, assume
that k(t) — oo for t — w. Using ei(-) = [Inm,,0]Ve(:) and es(-) =
[0, Ly—m,|Ve(-), we obtain from (5.2.8) that
l[ea(B)]] <

~ -1 ~
(Ao = k() ) W (I Az11 ()] 4+ 10, L] VOL(er, e2) (1))
Observing that, since || Ag|| < || A < k,

1(Asz = k() L) " | = K@) ] (L, — k() Ang)

<k —— <}
1= k()" A
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and invoking boundedness of e; (since e evolves within the funnel) and
boundedness of 1 (e1, e) (since yyer € B 72(R50; R™) and (5.1.5) holds)
we obtain

llea(®)Il <
k A
B(0) " (I Azier oo + 10, Lo [V (e1,e2)c ) — 0.
k= [| Aga|l e
(5.2.15)
Now, if m; = 0 then e = ey and we have lim,_,, ||e(¢)]| = 0, which im-

plies, by boundedness of ¢, lim;_,, p(t)?|le()||* = 0, hence limy_,,, k(t) =
1%7 a contradiction. Hence, in the following we assume that m; > 0.
Let 6 € (0,w) be arbitrary but fix and X := inf,c(g) (t)" > 0.
Since ¢ is bounded and lim inf, ., ¢(¢) > 0 we find that & @l 15.00) ()t
is bounded and hence there exists a Lipschitz bound L > 0
of <p|[5’oo) ()7L, Furthermore, let Apy = [Ln,, 0]V AV T [1,,,,0]T, Apy =

[[m17 O]VAQQVT[O, ]m_mJT and

= D Aullller]loe + I[D71 0V O (1, €2) s

(0%

B = DAy,

7= i (el + 10 L VO (o1 )
K = %>0,

where opa(T) denotes the largest eigenvalue of the positive semi-
definite matrix I and oy (I") > 0 since my > 0.
Choose € > 0 small enough so that

¢ < min {;\, min (<,0(7f)71 - ||€1(t)|)}

t€[0,0]

and
K
L<—a—pye+ - (5.2.16)

We show that

Ve (0,w): o) —le®)] >e. (5.2.17)
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By definition of € this holds on (0, §]. Seeking a contradiction suppose
that
It € [f,w): o)™ = |les(t)]| < e.

Then for
to:=max{ t €[0,t;) | e = [lea(®)]| =< }

we have for all ¢ € [to, ;1] that

e = lleas®l <e and fla@®)l =) —e=A—e>

DO | >

and

o S 1=t

T

k() = 1

\/

2llea(®)]l?

> K > )\—];
T+ e@la@] = 2200 = 2

~| T

~ (=l
Now we have, for all ¢ € [ty, t,],
thH eat)F = et) ér(t)
= e (D7 (An = k() )er (1) + D™ Avses(t)
HD L0V 6 (er,e2)(1))

< ale®)] + 1D~ Awlllex®)ler(t)]| - ¥ (BTD e (0)T
< aflei(®)] + 1D Aplles®)lex()]] - ng%nel(t)u?.

max

Moreover, from the inequality in (5.2.15) we obtain that, for all ¢ €
[to, t1], )

es(t)]| < k() Ty < —ne.

llea(t)]] < k(1) v
This yields that

1 5.2.16)

Lala@IP < (a+ s1e - ) el S ~Lla®.
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Therefore, using

1
saller®1” = lex®llFlea(®)]l

we find that

t1 1 B
llex(t)ll = llex (o)l :/t Sler®l g lea®] at

< =Lt — to) < —lp(t1) ™ = @(to) | < o(t1) ™ = o(to) ",

and hence

e =p(to) " — lea(to) | < @(t1)~" — [lex(tr)|| < e,

a contradiction.

Therefore, (5.2.17) holds and by (5.2.15) there exists ¢ € [0,w) such
that |[es(t)|| < e for all t € [f,w). Then, invoking £ < 3, we obtain for
all t € [t,w)

le@)l* = lles@®I* + le2(O)* < ()™ = €)* + €
< @(t) 2 —2eN+ 2% < p(t) 2 - 26%

This implies boundedness of k, a contradiction.

Step 4: We show that x; and x3 are bounded. To this end, ob-
serve that 2 = (k, e/, eq )" solves (5.2.13) and, by Step 3, z is bounded.
Using (5.1.5) and g € BY"%(Rs0; R™) we find that Tz is bounded
as well. This implies, since F' is continuously differentiable, that Z is
bounded. Then again, we obtain that %(Tz) is bounded and differen-

d
tiating (5.2.13) gives boundedness of 2. Tteratively, we have that

Vi=0,...,v+1:
(aco,...,cj S0vte [0,w): 2] <co.... |29 < cj)

— (ac Sovte[o,w): [(T2)9 )] < c)

and successive differentiation of (5.2.13) finally yields that z, Z, ...,
2+ are bounded. This gives boundedness of e, ¢, ..., e ™). Then,
from the first and third equation in (5.2.7) and the fact that o(Q) C C_
and yr € B2 (R5o; R™), it is immediate that z; and x3 are bounded.
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Step 5: We show that w = co. First note that by Step 3 and Step 4
we have that (z1,e,23,k) : [0,w) — R is bounded. Further noting
that boundedness of k is equivalent to (5.3.21) (for ¢t € [0,w)), the
assumption w < oo implies existence of a compact subset K C D such
that graph (z1, e, 23, k) C K. This contradicts (5.2.14).

Step 6: It remains to show (ii). This follows from

VES 05 k() = b+ 0ROl L

+h()e(t)(p(0) 7 =€) =k + k()1 - p(t)e)’. O

T

Remark 5.2.4.

(i) The problem of finding a solution of (5.2.13) with the properties
(a)—(c) as in the proof of Theorem 5.2.3 is not solved just by the
consistency of the initial value, i.e., existence of a local solution,
since it is not clear that this solution can be extended to a maxi-
mal solution which leaves every compact subset of D. Solvability
for any other initial value (for (5.2.13)) is required for this.

(ii) Note that v in Theorem 5.2.3 is in general not known explicitly.
However, we have, by Theorem 4.2.7, the estimate v < ng =
n — k —m, where k = dimmax(FE, A, B; ker C'). Hence, choosing
@ and Yt to be (n —m + 2)-times continuously differentiable will
always suffice.

(iii) The differentiability assumption yef € B“7*(Rs0; R™) in Theo-
rem 5.2.3 can in general not be relaxed in order to avoid Dirac
impulses in the state variables. For an example consider the sys-
tem

r1+u=0, x1=x9, To=2x3 Y=2.

Application of the funnel controller (5.2.2) leads to the equation
- 7yref(t)a

where k(t) > k>1.If Yret 18 continuous, but not continuously
differentiable (v = 2 here), then x5 = ¢ has jumps and in x5 = i
we will have Dirac impulses. By adding equations of the form
i1 = &; we may construct systems with Dirac impulses in its
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solutions for any et € CF(Rso; R™) \ CH1(Rso; R™).

It is not in the scope of Theorem 5.2.3 to treat these impulses, but
combining the theory of the present thesis with a distributional
solution theory for DAEs as in [227] might result in an appropriate
treatment of less smooth reference trajectories.

5.2.2 Simulations

Position control of a mechanical system

We consider a mechanical system, see Figure 5.2, with springs, masses
and dampers with single-input spatial distance between the two masses
and single-output position of one mass. I am indebted to Profes-
sor P.C. Miiller (BU Wuppertal) for suggesting this example.

E"\Cf\l/] mll U(t) m|2 Efjf}_{
d d
12’1 " ‘ 2
y(t) = () |

Figure 5.2: Mass-spring-damper system

The masses my, ms, damping constants di, do and spring constants
1, ¢y are all assumed to be positive. As output y(t) = 29(t) we take
the position of the mass ms. The input is chosen as u(t) = z(t) —
z1(t), i.e., the spatial distance between the masses m; and my. The
mechanical system in Figure 5.2 may then be modeled by the second-
order differential-algebraic equation

(5.2.18)

where A(-) is a constraint force viewed as a variable. Defining the state

2(t) = (21(8), 21(8), 2(t), 22(8), A1), (5.2.19)
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model (5.2.18) may be rewritten as the linear differential-algebraic
input-output system (4.1.1) for

s -1 0 0 0 0 0] "
ci smi+d; 0 0 -1 0 0
sE—A= 0 0 s -1 ol B=lol,c=11
0 0 co smo+ds 1 0 0
—1 0 1 0 0 1 0
(5.2:20)

We may immediately see that the pencil sE — A is regular and has
index v = 3. The zero dynamics of (5.2.20) are asymptotically stable:
setting y = 0 in (5.2.18) yields zo = 0, A = 0, 2y = —u and my z(t) +
d121(t) + c121(t) = 0 for all t > 0; positivity of my, d; and ¢; then gives
limy o 21 () = limy o0 21(t) = 0. Right-invertibility of (5.2.20) can be
casily read off (5.2.18). The transfer function

mys® +dis + ¢

Gls) = C(sE — A)ilB - (my + ma)s® + (dy + d2)s + (c1 + ¢2)

has proper inverse: lim, ,o, G~1(s) = (my +ms)/my. Therefore, invok-
ing Remark 4.3.3,
['= lim s'G(s)™" = 0.

$§—00
Summarizing, system (5.2.20) satisfies the assumptions of
Theorem 5.2.3.
As reference signal y,f : R>g — R, we take the first component of the
solution of the following initial-value problem for the Lorenz system

&(t) = 10(&(t) — &(1), &(0) =5
&(t) = 286(1) — &i(1) &(t) — &(t),  &(0)=5 (5.2.21)
&(t) = &(t)&(t) —5t&s(t), &(0) =5.

This may be viewed as a rather academic choice, however it is well
known (see for example [224, App. C]) that the Lorenz system is chaotic
(and thus the reference signal is rather ‘wild’), the unique global so-
lution of (5.2.21) is bounded with bounded derivative on the positive
real axis (and thus our assumptions on the class of reference signals are
satisfied). The solution of (5.2.21) is depicted in Figure 5.3.

The funnel F, is determined by the function

0 :Rsg = Rsg, t+—0.5te" +2 arctant. (5.2.22)
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50

a0

30

-30
o

Figure 5.3: Components ; of the Lorenz system (5.2.21)

Note that this prescribes an exponentially (exponent 1) decaying funnel
in the transient phase [0, 7], where T' &~ 3, and a tracking accuracy
quantified by A = 1/ thereafter, see e.g. Figure 5.4d.

Spring and damping constants, masses and their initial positions are
chosen, for the simulations, as

7’TL1:].7 m2=3, 61:2, 62:1, d1:3, d2:5,
’ (5.2.23)
21(0) =101, 2(0) =21 and k=75.

Straightforward calculations show that the closed-loop system (5.2.2),
(5.2.18) has uniquely determined initial velocities 21(0), 22(0) as well
as initial constraint force A(0) and that the initialization is consistent.

Since .
F=5>4=lin G'(s) = |

5—00

: -1
lim (G(s)™" + sT) H :

all assumptions of Theorem 5.2.3 are satisfied and we may apply the
funnel controller (5.2.2) with funnel boundary specified in (5.2.22) and
reference signal y,or = & given in (5.2.21).

All numerical simulations are performed in MATLAB (solver: odel5s,
relative tolerance: 107!, absolute tolerance: 107°). The simulations
over the time interval [0, 10] are depicted in Figure 5.4: Figure 5.4a
shows the output y tracking the rather ‘vivid’ reference signal 1.
within the funnel shown in Figure 5.4d. Note that the input u in
Figure 5.4c as well as the gain function k in Figure 5.4b have spikes at
those times ¢ when the norm of the error |le(t)]] is ‘close’ to the funnel
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Figure d: Norm of error |e| and fun-
nel boundary ¢~

Figure c: Input u

Figure 5.4: Simulation of the funnel controller (5.2.2) with funnel boundary
specified in (5.2.22) and reference signal y,er = &1 given in (5.2.21)
applied to the mechanical model (5.2.18) with data (5.2.23).

boundary ¢(#)~!; this is due to rapid change of the reference signal.
We stress that the gain function £ is nonmonotone.

Singular academic example
For purposes of illustration we consider an example of a singular differ-

ential-algebraic system (4.1.1), where T" is neither zero nor invertible.
Consider system (4.1.1) with

1
[E,A,B,C]:= |0
0
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It is immediate that [E, A, B,C] is right-invertible and in the
form (4.2.3), has asymptotically stable zero dynamics, and the matrix

1 -1
=]
satisfies (5.2.3) and T =TT > 0. We set

fim2> 2= H [(1) ﬂ H = 45| = || 1im (10, 2, E(5)[0, 2]+ 7).

(5.2.25)
where L(s) is an inverse of the system pencil, see also Step 1 in the
proof of Theorem 5.2.3 for the latter equalities. The (consistent) initial
value for the closed-loop system (5.2.24), (5.2.2) is chosen as

2’ =(-4,3,-2)". (5.2.26)

As reference signal yf : Rsg — R2?, we take the first and second
component of the solution of the Lorenz system (5.2.21). The funnel
F, is determined by (5.2.22).

The simulation has been performed in MATLAB (solver: odelbs,
relative tolerance: 10714, absolute tolerance: 107°). In Figure 5.5 the
simulation, over the time interval [0, 10], of the funnel controller (5.2.2)
with funnel boundary specified in (5.2.22) and reference signal y,of =
(€1,&) " given in (5.2.21), applied to system (5.2.24) with initial
data (5.2.25), (5.2.26) is depicted. Figure 5.5a shows the output com-
ponents y; and y» tracking the reference signal s within the funnel
shown in Figure 5.5d. Note that an action of the input components uy
and us in Figure 5.5¢ and the gain function k in Figure 5.5b is required
only if the error |le(t)| is close to the funnel boundary ¢(¢)~!. It can
be seen that initially the error is very close to the funnel boundary and
hence the gain rises sharply. Then, at approximately ¢ = 0.2, the dis-
tance between error and funnel boundary gets larger and the gain drops
accordingly. After ¢ = 2, the error gets close to the funnel boundary
again which causes the gain to rise again. This in particular shows that
the gain function k& is nonmonotone.
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Figure a: Solution components y; Figure b: Gain k
and y»

— Vel + el

2 4 6 8 10
t

Figure c¢: Input components u;
and uo

4 6 8 10
t

Figure d: Norm of error [le|| and
funnel boundary ¢!

Figure 5.5: Simulation of the funnel controller (5.2.2) with funnel bound-
ary specified in (5.2.22) and reference signal y.of = (&1,6)7
given in (5.2.21) applied to system (5.2.24) with initial
data (5.2.25), (5.2.26).

5.3 Regular systems and relative degree

In this section we consider systems [E, A, B,C| € X, for which
sE — A is regular and hence the transfer function

G(s) = C(sE — A)7'B € R(s)P*™ (5.3.1)

is well defined. We will introduce the notions of vector and strict rela-
tive degree and show that systems with a vector relative degree which
is componentwise smaller or equal to one can be treated within the
frameworks of Theorems 5.1.4 and 5.2.3. Furthermore, we show that
for systems with positive strict relative degree, high-gain and funnel
control is feasible provided the controllers are modified in order to ac-



240 5 High-gain and funnel control

count for output derivatives.
As a preliminary result we derive some characterizations of autono-
mous zero dynamics and right-invertibility for regular systems.

Proposition 5.3.1 (Autonomous zero dynamics and right-invertibil-
ity).

Let [E,A,B,C] € ¥, ,mp be such that sE — A is reqular and let G(s)
be as in (5.3.1). Then the following statements hold true:

(i) ZDp.a.pc) is autonomous <= rkgpy G(s) = m.
(ii) [E, A, B,C] is right-invertible <= rkgyy G(s) = p.

(i) If p = m, then the following conditions are equivalent:
(a) ZDip,a.B,c) 15 autonomous,
(b) [E, A, B, C] is right-invertible,
(c) G(s) € GL,(R(s)).

Proof: (i): We show “=": If the zero dynamics are autonomous, then
the system pencil has a left inverse over R(s) and it can be concluded,
using the same calculation as in Remark 4.3.3, that G(s) has a left
inverse over R(s). Equivalently, rkg(y G(s) = m.

We show “«<”: By assumption there exists G (s) € R(s)"*? such that
Gr(s)G(s) = I,. Calculating

|:(sE7A)‘1 7(5E7A)‘1BGL(5):| { I, 0 } [sEfA 7B]
C(sE—A -c

0 7GL(S) )71 Im 0
_ | sE=A)"Y —(sE-A)"'BGL(s) sE—-A -B -7
- 0 —Gp(s) 0 —G(s)| — 4ntms

yields that the system pencil [SIE’CA ’OB] is left invertible over R(s).
Hence, by Proposition 4.1.5, the zero dynamics are autonomous.

(ii): We show “=": Seeking a contradiction assume that rkg(, G(s) <
p. Hence, there exists q(s) € R(s)?\ {0} such that ¢(s)"G(s) = 0. Let
p(s) € R[s] \ {0} be such that §(s) := p(s)q(s) satisfies

(G(s)"C(sE— A1 G(s)")" € R[s]"™.
Now there exists y € C®(R;RP) such that (j(%

Ty # 0. By right-
invertibility of [E, A, B,C] we find (z,u) € L}, (R;R" x

R™) such that
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(x,u,y) € B|p.4.p,c)- Therefore, heeding that all poles in the rational
functions are canceled out,

a contradiction.

We show “«<”: By assumption there exists Gr(s) € R(s)™*P such
that G(s)Gr(s) = I,. Similar to (i) we may calculate that that the
system pencil [“?’CA X ] is right invertible over R(s). Then applying
Lemma 4.1.3 to its transpose yields that ¢(y) = 0 in a QKF (4.1.4) of
the system pencil. Let y € C*(R;R?) and S(0,y")" =: (v, vy9,y3)"
according to the block structure of (4.1.4). Then, by Theorem 2.4.13,

there exist bolutionb 21 € L‘loc(]R R™), z € Ll (R; R‘a‘), z3 €
Ll (R; R of 4 Lo = Az + oy, dtN 29 = 2z 4+ 1o and tKng =
Lgzs + ys3. Therefore
d
O e [ A0 0 2
=95 0 ENQ — ]\a\ 0 22
y 0 0 %Kﬁ — Lg zZ3
and hence (2", u")" :=T(2], 2,2y )" satisfies (z,u,y) € Bip a,p,-
(iii): The assertlon is immediate from (i) and (ii). m

A consequence of Proposition 5.3.1 is that the class of regular sys-
tems with proper inverse transfer function can be treated within the
frameworks of Theorems 5.1.4 and 5.2.3.

Definition 5.3.2 (Proper rational matrix function).

A rational matrix G(s) € R(s)?*™ is called proper if, and only if,
lim, o G(s) = D for some D € RP*™. Tt is called strictly proper if,
and only if, lim, o G(s) = 0.

Corollary 5.3.3 (Proper inverse transfer function).

Let [E,A,B,C] € Zynmm be such that sE — A is regular and that
G(s) as in (5.3.1) is invertible over R(s) and G(s)™! is proper. Then
[E, A, B,C] is right-invertible, has autonomous zero dynamics and T'
as in (5.2.3) ewxists and satisfies I' = 0.
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Proof: Right-invertibility and autonomy of the zero dynamics follow
from Proposition 5.3.1. The last assertion is a consequence of Re-
mark 4.3.3 by which

I'= lim s 'G(s) ' = 0. ]

S§—00

5.3.1 Vector relative degree

In this subsection we give the definition of vector relative degree for
transfer functions of regular systems [E, A, B, C] € X, ,,.m, and relate
this property to the frameworks of Theorems 5.1.4 and 5.2.3.

Definition 5.3.4 (Vector relative degree).
We say that G(s) € R(s)?*™ has vector relative degree (p1,...,pp) €
ZY*? if, and only if, the limit

D := lim diag (s*,...,s”) G(s) € RP”™

S§—00
exists and satisfies tk D = p.
Remark 5.3.5 (Vector relative degree).

(i) Tt is an easy calculation that if G(s) € R(s)?*™ has a vector rel-
ative degree, then the vector relative degree is unique. However,
a vector relative degree does not necessarily exist, even if G(s) is
(strictly) proper; see Example 5.3.7.

(ii) ISIDORI [131, Sec. 5.1] introduced a local version of vector rela-
tive degree for nonlinear systems. Definition 5.3.4 coincides with
ISIDORI’s definition if strictly proper transfer functions are con-
sidered. In this sense, Definition 5.3.4 is a generalization to arbi-
trary rational transfer functions. For linear ODE systems a global
version of the vector relative degree has been stated in [180]. It
is straightforward to show that [1,,, A, B, C| € X, ,,m.m has vector
relative degree (pi,...,p,) in the sense of [180, Def. 2.1] if, and
only if, C(sI — A)~'B has vector relative degree (pi, ..., pp).

In the following we show that a regular system with transfer function
which has componentwise vector relative degree smaller or equal to
one, is right-invertible, has autonomous zero dynamics and I" in (5.2.3)
exists.
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Proposition 5.3.6 (Vector relative degree < 1 implies existence of I').

Let [E,A,B,C] € Xy nmm be such that sE — A is regular and G(s)
in (5.3.1) has vector relative degree (pi,...,pm) with p; < 1 for all
i=1,...,m. Then

(i) ZD.1.1) are autonomous,
(i) [E, A, B,C] is right-invertible,

(iii) SEfEVA _OB} has inverse L(s) over R(s) and the matriz T

in (5.2.3) exists and satisfies

Vi=1,...,m:
lim diag (s 0 Gs)) e, i
Te; = (5550 iag (s, 5”) (S)) e =L (550

Proof: Step 1: We show that G(s) is invertible over R(s). To this end,
let F(s):=diag(s™,...,s")G(s). Since
D := lim F(s) = lim diag (s™,...,s”)G(s) € G1,,(R)
§—00 §—00
exists, Ggp(s) = F(s) — D € R(s)™™ is strictly proper, i.e.,
lim, o, Ggp(s) = 0. Since D is invertible, F(s) is invertible as well,
as by the Sherman-Morrison-Woodbury formula (see [105, p. 50])

F(s)™' = D™ = D71 Gy(s)(I+ D' Gip(5)) D" € R(s)™ ™. (5.3.3)

It is then immediate that G(s) has inverse G(s)™' =
F(s)"tdiag (s, ..., s") over R(s).
Step 2: In view of Step 1, (i) and (ii) follow from Proposition 5.3.1.
Step 3: We show (iii). As in Remark 4.3.3 we may conclude that
[0, L,) L(8)[0, I,,) T = —G(s)~! and

s71G(s) ! = (diag (s, .., s”)G(s)) 'diag (s"71,..., 77
O (D1 DTG (5)(T+ D" Gep(s)) 1D diag (s, ..., 5771,
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Hence, using p; < 1 for i = 1,...,m, we obtain existence of
I'= lim s 'G(s)' € R™™,
§—00

where T'e; = D7 'e; if p; = 1 and I'e; = 0 if p; < 1, for all j =
1,...,m. [l

)

We illustrate the vector relative degree and Proposition 5.3.6 by
means of an example.

Example 5.3.7.
Consider system (4.1.1) with

10 12
N T P s

It can be seen that sE — A is regular and

. s—1 =21 [A -5
G(s)=C(sE—A)"'B= { 0 _3} = {901 3_(511)] )
3

We calculate

2
D := lim diag(s,1) G(s) = [1 _f] € GL(R),

and hence G(s) has vector relative degree (1,0). Proposition 5.3.6 then

implies that ZD(, ) are autonomous, [E, A, B, C] is right-invertible,

and I" in (5.2.3) exists. In fact, it is easy to see that the zero dynamics

are asymptotically stable and

i ol |10
['=lm s7G(s) _[0 0

satisfies (5.3.2): Tey = D7 te; = [(1) :?,,] ey and ey = 0. Since ' =TT >
0, the assumptions of Theorems 5.1.4 and 5.2.3 are satisfied.

We like to stress that, compared to the above, the regular sys-
tem (5.2.24) from Subsection 5.2.2 does not have a vector relative de-
gree: while its transfer function G(s) is proper, the limit

. 1111
I Gls) =3 [1 1]

does not have full row rank. Nevertheless, as shown in Section 5.2.2,
funnel control is feasible.
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5.3.2 Strict relative degree

In this subsection we introduce the concept of strict relative degree,
which is a special vector relative degree, and develop high-gain and
funnel controllers for systems with positive strict relative degree.

Definition 5.3.8 (Strict relative degree).
We say that a square matrix function G(s) € R(s)™ ™ has strict relative
degree srdeg G(s) = p € Z if, and only if,

D := lim s" G(s) € GL,,(R).

5—r00

The matrix D is called high-frequency gain matriz.
Remark 5.3.9 (Strict relative degree and high-frequency gain).

(i) If G(s) € R(s)™ ™ has vector relative degree (py, . .., pm) € Z™,
then p = p1 = ... = p,, if, and only if, G(s) has strict relative
degree p.

(ii) If g(s) = p(s)/q(s), for p(s) € R[s] and q(s) € R[s]\{0}, is a scalar
rational function, then the strict relative degree always exists and
coincides with the well-known definition of relative degree:

srdegg(s) = degq(s) — degp(s).

(iii) An ODE system [E, A, B,C| = [I,, A, B, C] € X, ,mm has trans-

fer function
G(s)=C(sI = A)'B=CBs '+ CABs >+ CA’Bs*+ ...
and therefore strict relative degree p € N, if, and only if|

det(CA?'B)#0 and, if p>1, Yk =0,...,p—2: CA*B=0.

(iv) For systems [E, A, B,C] € X, ,m.m with regular sE — A, trans-
fer function G(s) as in (5.3.1) and strict relative degree p €
N we have: If p = 1, then by Proposition 5.3.6, I in (5.2.3)
exists and we have, from the proof of Proposition 5.3.6, I' =
(limy—yo0 8G(8))717 i.e., I is exactly the inverse of the high-fre-
quency gain matrix. Since, furthermore, I' is also defined when no
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high-frequency gain matrix exists, we may view the definition of
I" an appropriate generalization of the high-frequency gain matrix
to DAEs which do not have a strict relative degree. In particular,
if G(s) has proper inverse, then I' = 0.

In order to derive high-gain and funnel controller, we first present a
zero dynamics form (5.3.4) for DAE systems with positive strict relative
degree. This form is a special case of the forms from Theorems 4.1.7
and 4.2.7 using the Byrnes-Isidori form for ODE systems with strictly
proper transfer function derived in [127], see also [131, Sec. 5.1]. The
form (5.3.4) can be viewed as a generalized Byrnes-Isidori form for
regular DAE systems.

Theorem 5.3.10 (Zero dynamics form for systems with positive strict
relative degree). Let [E, A, B,C] € X, . mm be such that sE — A is reg-
ular and the transfer function G(s) in (5.3.1) has strict relative degree
p € N. Then there exist W, T € Gl,(R) such that

E,4,B,0] "% B, A, B,C
with
sE— A
[sl, —I, 0 - 0 0 0 0
0 sly, —I, 0 0 0 0
o o sh,  —I, 0 0 0
—Rl —RQ —Rp,1 S[m — Rp -5 0 0
—P 0 0 0 sI,—Q 0 0
0 0 0 0 0 sN.—1,, ~sNg
| 0 0 0 0 0 0 sNe—1I,, |
B=[0 0 ---0 D" 0|B 0]}
C=[L,0--00 0[]0 C]J,

(5.3.4)
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where, for some ng,ng € No, and pp =n —n. — ng — pm,

D = lim s” G(s) € Gl,,(R) is the high-frequency gain matrix,

5—00
= Rmxu’ Pc RNX’7”7 Q c R#XH7 [Rl, e Rp] c Rmxpm7
Bc c Rncxm’ CE c IRmxnn7 NCE c Rncxnc
N, € R"*" Nz € R"™" are nilpotent, and k| N., B.] = n..
(5.3.5)
The entries Ry, ..., R, are unique, system [I,Q, P, S| is unique up
to system equivalence T;’T, and the matrices N. and Nz are unique up
to similarity.
If E is invertible, then n. = ngz = 0, this means only the upper left
block in E is present.

The form (5.3.4) is called zero dynamics form of (4.1.1). The trans-

fer function satisfies, where Ry := —1,
p+l -1
G(s)=—|Y_Ris"' +S(sI,-Q)'P| D. (5.3.6)
i=1

For the proof of Theorem 5.3.10 we need the following preliminary
lemma.

Lemma 5.3.11 (Decomposition for systems with strictly proper trans-
fer function).

Let [E,A,B,C| € Xy mm be such that sE — A is reqular and the
transfer function G(s) in (5.3.1) is strictly proper. Then there exists
W, T € G1,(R) such that

[E, A, B,C)|
o W 00 A, 00 B,
~ 0 Ne Ng|.|0 L, 0 |,|Bgl|,[Cs 0 Cgl
0 0 N 0 0 I, 0

(5.3.7)

fO’f' some A9 c Rn,xns’ B9 c Rndxm; Ct9 c Rrrzxns7 N(: c RWCXW(:’ Nc@ c
R7sextse - Nz € RWee B € RYe*™ and Crz € R™* e where N., Nz
are nilpotent and rk[ N., By.| = ns.. The dimensions ng,ns.,ng € Ny
are unique, the matrices Ay, N. and Nz are unique up to similarity.
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Furthermore, system [E, A, B,C] has strict relative degree p € N if,
and only if,

det(CLAP'B) #0 and, if p>1, Yk=0,...,p—2: C,A"B,=0.
(5.3.8)

Proof: Step 1: We show that there exist W, T € GI,(R) such
that (5.3.7) holds true. It follows from Theorem 2.2.5 that there exist
Wy, Ty € GL,(R) such that

wr | |L,, 0 A, 0 By
[E,A,B,C] ~ |:|:0 N:|7|:0 Inf:|7|:Bf:|7[Cs Cf]:|’

fOI' some Be 6 Rnfx”b’ Bf E RTLfXTTL7 C’9 6 R”ans’ Of e R”ans’ AS 6
R and nilpotent N € R™*"™. Then [80, Sec. 2-1.] yields that
system [N, I,,,, By, C'y] may be decomposed into controllability form so
that, for some T3 € GL,,(R),

[N, IL,,, By, Cy]

o || No Ne I, 0 By,
5 2} o o]
where N, € RWexnre, N, € RU>Mz Nyg € Rz B, € RU™,
Cy. € R™ e and Cyz € R+ such that N, Ng are nilpotent and
rk[NC, Bf,;} = Nfe.

We show that C'y. = 0: Since the transfer function is invariant under

system equivalence we have, using (sN.—I,,,) ' = —I,, — sN — s*N? —
_ SV*INV*I’
v—1
G(s) = C(sE — A)"'B = Cy(sl,, — A,) 'B, = > _ s"Cy.N!'By.,
k=0

and since G(s) is strictly proper, it follows that C;.N!By. = 0 for
i =1,...,v— 1. The nilpotency of N. gives Cy.N’'[N., Bs.] = 0,
whence Cy.N?~' = 0. Repeating this argumentation v — 1 times, we
obtain C'y. = 0.
Setting W := W, [é TQO”} and T := [{ £ ] T}, we obtain (5.3.7).

Step 2: We show that the dimensions n,, ny., nye: € Ny are unique and
that the matrices A, N, and N; are unique up to similarity: Assume
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that

I, O 0 Aq O 0 Bg
0 Ncl NCEI ) 0 ]nfcl 0 ) chl ) [091 0 CfEl]
0 0 Na 0 0 I 0

Nye1

I, O 0 Ao 0 0 B

~ 0 Nc2 NCEQ ; 0 ]nfcz 0 ) ch? ) [052 0 CfE?}
0 0 Ng 0 0 I 0

nfe2
Remark 2.2.6 gives that ny, = ng as well as the similarity of Ay
and Ag. Remark 2.2.6 also yields the existence of T1; € R™Merx"fez,
Ty € Rserxnfm To € R and Thy € R22M22 guch that

_|Tu T Neo Nea| [T The
= {Tm T22:| € GL,,(R), and {0 Nm} [Tm Tzz]

_ {Tu T12:| |:N(32 N002:| {de] _ [Tu T12] {chz]
Toy T | O Nea|’| O Toy To| | O |7

Therefore, 0 = T51 By and 151N = NziTs1. Hence, for k=1,...,v—
1, we have TglNngCQ = NZ],CngleCQ = O, and so TQlN:{l[NCQ ch?] =
0, whence Ty N ! = 0. Repeating this argumentation v — 1 times, we
obtain T5; = 0. Then T" € Gl,,(R) yields nyeo < ngq. By reversing
the roles of the above matrices, we analogously obtain ny.q < ny. and
thus e = nye, Npe1 = nyee. This shows that 77 and T3, are square.
Together with T € Gl,,5, we obtain T1; € Gl,, (R) and Ty € Gl,,(R).
Hence N1, N and Nz, Nz are similar, respectively.

Step 3: We show that [E, A, B, C] has strict relative degree p > 0
if, and only if, (5.3.8) holds. This is an immediate consequence of the
fact that, due to Step 1, the transfer function has the representation
G(s) = C(sE— A)'B = Cy(sl,, — A;) ' B,. This completes the proof
of the lemma. [l

nfe

Proof of Theorem 5.3.10: We proceed in several steps.

Step 1: We show that there exist W, T € GIL,(R) such that

[E, A, B,C] k& [E,A,B,C) for [E,A,B,C] as in (5.3.4). Since a

positive strict relative degree implies that G(s) is strictly proper, we
may apply Lemma 5.3.11 to obtain (5.3.7) for some W1, T} € G1,(R).
Furthermore, (5.3.8) holds and hence we may transform [I, Ay, B, Cy]
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into Byrnes-Isidori form (see [127, Lemma 3.5]), i.e., there exists Th €
Gl,, (R) such that

[IaAS7BS7CS}
0 I, 0 - 0 01 To0] [L]1"
0 0 I, 0 0 0 0
T;LTZ I, ’ ’

0 0 0 I, 0 0

Ri R, R, 1 R, S D

P 0 0 0 Q] [o] [o0]

i (5.3.9)

Set W = W, [é Tgl} and T := [{ ] T1. Since N, N; are nilpotent
and rk[ N., By.| = ny., the claim follows.

Step 2: For the proof of the uniqueness statements see [31, Thm. 2.5]
or [37, Thm. B.7] in combination with Lemma 5.3.11. In particular, D
is uniquely determined.

Step 3: Tt remains to prove (5.3.6) and that D = lim, ., s” C(sE —
A)71B.

We prove (5.3.6): Determine the solution X (s) of the linear equation

s-lm _Im Xl(s) 0

s, —1I, : =10

R, ... —R,y sl,—R, —S X,(s) D

—-P 0 0 sl,— Q| | Xpa(s) 0
(5.3.10)

A simple iterative calculation yields

fori=1,...p—1: sX;(s) = Xi1(s),
p—1
— > RiX(s) + (sIn — R, X,(s) — SX,11(s) = D,
i=1
_PXI(S) + (5]/1, - Q)Xp+1(s) = 0,
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and this is equivalent to

X(s) (Xa(ls)T, sX1(s)T, . 577X (s) T, Xppa(s)T) |
D - ; Ris™ ' X1(s) + (sI, — R,)s" 1 X1(s) — SX,11(s),
Xpa(s) = (sl — Q) 'PXi(s).

(5.3.11)
Since the transfer function is invariant under system equivalence we
have

C(sE—A)'B=C(sE—A)'B

Lo
0,0 ~ 00
00 I, O 0
= [Im U 0] 81"7”.fc*”f5_ 00 « 0 ]mg 0
Ri Ry - R, 1 R,
PO 0 0 Q D
0
- -1
sN.—1I,. SNz B
3 c Nfe cc fe
+ [0 Cf(;} _ 0 SNC—]nfc] { 0 } .
0L, 0 « 00 1|0
00 I, O 0
= I:I’” 0 - 0] 81"7”.fc*”f6_ 00 - 0 ]m 0 0
Ry Ry - Rp—l Rp S D
PO - 0 0Q
0
5.3.10 5.3.11),R,1=—1 o B
B0 Xy (g) PHVET IS R 4 S(s1, - Q)P D
i=1
This proves (5.3.6). Finally,
p+1
IR TIN il -l
D = }grolo ;R%s +5(sl, — Q) "P|G(s)

P
= — Z R; lim s ' G(s) + lim s* G(s) — lim S(sI, — Q) ' PG(s)
§—00 §—00

- §—00
i=1

= lim s’ G(s)

§—00
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and the proof of the theorem is complete. 1

Remark 5.3.12 (Zero dynamics form for DAEs).

An immediate consequence of Theorem 5.3.10 is the simplified repre-
sentation of system [E, A, B,C] € X, mm: If v denotes the index of
sE — A, then a trajectory satisfies

(z,u,y) € Bpapc N (C'R;R") x C" 1 (R;R™) x C°(R; R™))

-
if, and only if, Tz = (yT, T y(”’l)T, n'x), :L;) € CHR;R")
fulfills

y(t) = f%&y“‘”(tﬂ Sn(t) + Tu(t)

s LP,%E?JF Q@n(t) (5.3.12)
z(t) = — X NiBauf(t)

wt) = 0.

See Figure 5.6.

High-gain control

In this subsection we consider high-gain control for DAE systems with
positive strict relative degree. From the form (5.3.4) we deduce that
the input « only influences the pth derivative of the output y. Hence
we need derivative output feedback in order to achieve stabilization.
We consider the high-gain controller

u(t) = —kp(5) y(t), (5.3.13)

where k > 0 and p(s) € R[s] is Hurwitz, i.e., all roots of p(s) are in C_.
We show that asymptotically stable zero dynamics are sufficient, but

not necessary, for the closed-loop system (4.1.1), (5.3.13) to be asymp-

totically stable. For [E, A, B,C] € ¥, m.m, the system (4.1.1), (5.3.13)

is called asymptotically stable if, and only if, for all x € C*(R;R") the

following implication holds:

dpy = Ax — kp((%)BC’x = lim z(¢t) = 0.

dt t—00
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n=Qn+Py Y Y
§=25n
gl. & N
LE=Y R&+i| &=y M1 3
u i=1 al 1 " dt
+CA'Bu
& oo &b
B. L=y
[:' fp — y(pfl)

d d . .
dt Ne &Nc L
A N A Te
g AU L
Tz
0 p——

Figure 5.6: Zero dynamics form for systems with positive strict relative de-
gree

Theorem 5.3.13 (High-gain control).

Let [E, A, B,C] € ¥, mm be such that sE — A is regular, the trans-

fer function G(s) in (5.3.1) has strict relative degree p € N and the

high-frequency gain matriz (cf. (5.3.5)) is positive definite. Let p(s) =
Z-p;(} pis' € R[s] be Hurwitz and p,—; > 0. Then

ZDig,a,B,c) s asympt. stable
JE*>0VE >k
— i
‘(4.1.1) & (5.3.13)" is asympt. stable.

The converse implication is in general false even for ODE systems.
For the proof of Theorem 5.3.13 a lemma is required.

Lemma 5.3.14 (High-gain lemma). - B
Consider, for D € Gl1,(C), R € C™™, ST P € C=mxm Q ¢
C=m)x(n=m) “the parameterized matric

R—kD S
L= ~ ~ > 3
A, [ P Q} , k>0
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Denote the spectra of D and Q by

o(D)={7,--.,vm} € C\{0} and o(Q) = {qmn+1,---,q.} € C, resp.

Then there exist zy, ...z, € C and 0 > 0 with the following property:
For all e > 0 and all 0 € (0,0) there exist 1 > 0 and x* > 1 such
that, with a suitable enumeration of the eigenvalues \1(Ay), ..., \n(Ay)
of A, we have, for all Kk > K*,

(i) B(zi — wvi,r+K0) N B0, 1/e) =0 for i=1,...,m,
(ii) Ni(Ap) e UiLy B(z — vy r +10)  for i=1,....m,
(iii) N\;(A,) € U?:mHB(qj,s) for i=m+1,...,n,

where B(z,e) = {w e C | |z —w| <e } denotes the ball of radius ¢
around z in C.

Proof:? Let
0 := fmin {|nl,....|[vml} >0 (5.3.14)

and choose arbitrary 6 € (0, é) Let Uy € GL,(C), Us € Gl,,_,,,(C) such
that, for appropriately chosen dy,...,0,-1 € {0,1}, we have Jordan
forms

Al 61 qm+1 5m+1
UlDUle , UQQU{lZ ’ )
Fm—1 6m7 1 qn—1 5n71
TYm an

Set

Ty := diag (6,6% ...,0™) and T, :=diag(a,a’ ...,a" ™) fora >0

2Many thanks to Achim Ilchmann (Ilmenau University of Technology) and Fabian Wirth (Univer-
sity of Wiirzburg) for the proof.
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and transform A, to the similar matrix

[yttt o R—«xD S| [Ty 0O
M(K,Q,Oz) T |: 0 Tanl P Q 0 UZTJI

~ 7 061 R
TglUflRUng — K R 05 ] TglUflSUgTa_l
Ym—1 V0m—1
- B " Gm+1 5m+1/0/ ?
T.,Uy P PULT, [ ]
Gn—1 6n—1/cx

and the off-diagonal column sums

(K, 0, ) Z|MK00¢U j=1,...,n.

Z#J

Fix ¢ > 0. We may now choose o > 0 sufficiently large so that the
effect of the scaling matrix 7}, in the last n —m columns of M (x, 6, o)
is

Vi=m+1,....,n: pj(k,0,a) =pj(a) € [0,¢).

Consider next the first m columns of M(x, 60, a). Noting that every
summand in p;(k, #, «) which involves x must be a product of x and 0,
we find that there exists r = r(a, #) > 0 such that

Vi=1,....mV&>0: pi(r,0,a) <r+rb. (5.3.15)
Define the diagonal entries
= (U{lﬁiUﬂii = (T(;lUfIRUlTe)i/,j, 1= 1, s, M.

We now show that the center of the balls B (z; — kv, r + k0), i =
1,...,m, tends, as kK — 00, to infinity at a faster pace than its radius.
To this end note that using (5.3.14) gives

|2i — kil > ||zl| — 4/{9|
and for x> (r + |z|) /0 we have |z| < k0 and hence

|2 — ki > 360 — | 2] > 260 + 1 > KO + (r + K0) .
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Therefore, )
|zi — kil — (KO +7) > KO,

which implies that B (z; — kv;, r + £ 60) N B(0, k0) = §. Choosing
w > max {1/(20), (r+121) /8, ..., (r + |zn)/0 ]

we obtain assertion (i). Since ; # 0 for all i = 1,..., m, we may now
choose k* > 1 sufficiently large so that

Ve >R UB(z,»—/vyi,r—FK@) N U B(gj,e)=10.
i=1 j=m+1
We are now in a position to apply Gershgorin’s disks, see [115,
Thm 4.2.19], to deduce (ii) and (iii). This completes the proof of the
lemma. ]

Proof of Theorem 5.3.13: We prove “=". By Theorem 5.3.10,
[E, A, B,C] is equivalent to a system in the form (5.3.12). We in-
troduce the ‘new states’

. T
E=pp(gy, x= (yT,yT,~~-,<y(”2)> ,nT> :

and observe that

£(t) = RE(t) + Sx(t) + Dult)

. ~ ~ (5.3.16)
X(t) = P&(t) +Qx(1),
where R, S are matrices of appropriate size and
5 - [A 0
P=10,...,0,1,,0]", =" _
00007 Q= | 0]

0 1

with A= . P=[Po0,...,0].

0 1
_Po g . _Pe3p _Pe2y

Pp-1 Pp—1 Pp—1

Note that o(A) C C_ since p(s) is Hurwitz. The feedback (5.3.13)
reads in the new coordinates

u(t) = —kp(§)y(t) = —kp, 1 £(t), (5.3.17)
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and therefore the application of (5.3.13) to [E, A, B, C| results, in terms
of the new system (5.3.16), in the closed-loop system

)-[r J) e

=:Ay

Note that the closed-loop system (4.1.1), (5.3.13) is asymptotically sta-
ble if (5.3.18) is asymptotically stable. This is due to the fact that
p(s) is Hurwitz and if y decays exponentially so do all derivatives of
y and, by (5.3.12), also u and all derivatives of u, which finally gives
that x. decays exponentially. The variable transformation is feasible
in this case as z € C*(R;R") and hence y = Cz € C*(R;R™) and
u=—kp(§)y € C*(R;R™).

We show that (5.3.18) is asymptotically stable. Note that Q is Hurwitz
since ) is Hurwitz. Therefore, by p,—1 > 0, D positive definite and

0(Q) € C_, we may apply Lemma 5.3.14 to conclude that
JEE>0VE>Ek": o(A4y) CC_.

This proves the claim.

To see that “«<=” does, in general not hold true, consider the coun-
terexample (5.1.11) from the proof of Theorem 5.1.4. It is easy to see
that (5.1.11) is in zero dynamics form (5.3.4) and has strict relative
degree 1, hence the same arguments apply here. OJ

Remark 5.3.15 (High-gain stabilizability).

In case of strict relative degree one, the feedback law (5.3.13) reduces
to the proportional output feedback u(t) = —ky(t), i.e. (5.1.1). If the
system has higher relative degree, (5.3.13) incorporates a compensator
p(s) (and thus derivative feedback) to achieve a relative degree one
system.

For ODE systems, the result is proved in [60] for relative degree one.
By using the form (5.3.4), this result can be generalized to differential-
algebraic systems with positive strict relative degree by using the same
techniques.

Funnel control

In this subsection we consider funnel control for DAE systems with
positive strict relative degree. The form (5.3.4) shows that the input u
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only influences the pth derivative of the output y. Hence, it is not
possible to use the standard funnel controller (5.2.2) in order to achieve
output feedback regulation, but a filter has to be incorporated into the
controller.

Use the notation from Section 5.2.1. The control objective is out-
put feedback regulation in the sense that the funnel controller, ap-
plied to any system [E, A, B,C] € X, ,,,.m with positive strict rel-
ative degree achieves tracking of the output of any reference signal
Yret € BT (R50; R™), where v is the index of the sE — A, with pre-
specified transient behaviour, cf. also Section 5.2.1.

For DAE systems [E, A, B,C] € ¥, mm wWith positive strict rela-
tive degree the higher degree is an obstacle; in (5.3.13) we have used
derivative feedback while now we will incorporate a filter. This idea
goes back to ODEs, it is shown in [126] that funnel control is feasible
if a filter is incorporated in the feedback. This filter is constructed as
follows

__Im ]m 0 0 0 | _0_
0 —1I, I. 0 0 0
0 0 —I, -~ 0 0 0
= e+ | u), #2(0)=2"
0 0 0 —In Iy 0
0 O O 0 _Im ]777,
- ——
=F, =G,

(5.3.19)
with initial data 20 € R@=D™ The feedback law is defined recursively
by the C*-functions

" R xR"™ — R™,
(k,e) — ke,
Y2 @ RxR"xR™ — R™,
(ke,21) = m(k,e) + [[Dy(k, e)*E* (14 [[21]1?)
x(z1 +n(k,e))
and, fori =3,...,p,
Y R R™ x RV S R™ (ke (z,...,2.1)) =
Yic1(kye, (21, .- zim2)) + | Dvic1 (ks e, (21, - -+, zim2)) |12

k* (1 + ||(k’7 e, (Zl, ey Zi—l))||2) (Zy;_l + 'Yi—l(k> e, (2)17 ey Zi_Q))) R
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where D denotes the derivative (Jacobian matrix). For a lengthy dis-
cussion of the intuition for the filter see [126]. Now the funnel controller
(with filter (5.3.19)) for systems [E, A, B, C] € %, ,,, with positive strict
relative degree p € N takes the form

u(t) = (k(t)v e(t)v Z(t»a e(t) = y(t) - yref(t) )
Fpz(t) + Gpu(t), k(t) =

(5.3.20)

N2
—~
~
~—

1
1—p(®)?[le®)]*"

We will show that the assumption of asymptotically stable zero dy-
namics of a system (4.1.1) which has positive strict relative degree and
positive definite high-frequency gain matrix implies feasibility of funnel
control. In view of the fact that such systems are high-gain stabilizable
(see Theorem 5.3.13), intuitively we may believe that if ||e(¢)|| is close
to the funnel boundary ¢(¢)~!, then the high-gain k(t) forces |e(t)]|
away from the funnel boundary. This is the essential property to allow
for funnel control of these systems: k(t) is designed in such a way that
it is large if the the error ||e(t)|| is close to the funnel boundary (t)~!,
hence avoiding contact.

Before stating the main result about funnel control we define consis-
tency of initial values.

Definition 5.3.16 (Consistent initial value).

Let [E, A, B,C] € Spmm, ¢ € ®' and yor € B'(R50; R™). An initial
value z° € R" is called consistent for the closed-loop system (4.1.1),
(5.3.20) if, and only if, there exists a solution of the initial value prob-
lem (4.1.1), (5.3.20), #(0) = 29| i.e., a function = € C*([0,w); R") for
some w € (0, 00|, such that z(0) = 2° and z satisfies (4.1.1), (5.3.20)
for all t € [0,w).

Theorem 5.3.17 (Funnel control).

Let [E,A,B,C| € . mm be such that sE — A is regular, the trans-
fer function G(s) in (5.3.1) has strict relative degree p € N and the
high-frequency gain matriz (cf. (5.3.5)) is positive definite. Suppose
furthermore that [E, A, B, C] has asymptotically stable zero dynamics,
and let v be the index of sE — A. Let ¢ € ®'*! define a performance
funnel F,.

Then, for any reference signal Yot € B" HRs0; R™) and any consistent
initial value ° € R", the application of the funnel controller (5.3.20)
to (4.1.1) yields a closed-loop initial value problem with precisely one
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mazimal continuously differentiable solution z : [0,w) — R"™ and this
solution is global (i.e. w = o0), and all functions x, z, k, u are bounded.
Most importantly, the tracking error e = C'x — yyof Satisfies

Je>0VE>0 @ Jle@®)|| <o)t —¢, (5.3.21)

(that means e evolves within the performance funnel F, and is uni-
formly bounded away from the boundary) and for the same e the gain
1s bounded by )

Vt>0: k(t) < == o
Proof: Without restriction of generality, one may consider [E, A, B, C]
in the
form (5.3.12). Ignoring the bottom two algebraic equations in (5.3.12),
existence and uniqueness of a global solution x and the bound on e
follow from [126, Theorem 2]|. Since 7, is a C*-function, it is easy to
see that u is (v — 1)-times continuously differentiable and all of these
derivatives are bounded functions. Therefore, 2, and Z. in (5.3.12) are
bounded functions. It remains to show the bound on & in (5.3.22):
This follows from the following, which hold for all ¢ > 0:

(5.3.22)

. (5.3.21) .
k(t) = k+ k()@@ le®)® < k+k(b)p(t)?

(p(t)”
=k + k()1 —@(t)e)
U

5.3.3 Simulations

In this subsection we consider velocity control for the mechanical sys-

tem depicted in Figure 5.2. The input is the relative velocity between

the masses m; and ma, i.e., u(t) = 23(t) — 21(t). Then the mechanical

system in Figure 5.2 may, analogous to position control as carried out in

Subsection 5.2.2, be modeled by the second-order differential-algebraic
equation

mlél (t) + dlél (t) + 121 (t) )\(

m222(t) + dQZ"Q(t) + CQZQ(t) + )\(

(t

(

) — 5 (5.3.23)
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Defining the state as in (5.2.19), the model (5.3.23) may be rewritten
as the linear differential-algebraic input-output system (4.1.1) for

0 1 0 0 O
—C —d1 0 0 1
A=]10 0 0 1 0 and E, B, C' as in (5.2.20).
0 0 —C9 7d2 -1
0 1 0 -1 0
(5.3.24)
We may immediately see that the pencil sE — A is regular and has
index v = 2; The transfer function

mys® +dis + ¢
(my +mg)s® + (di + da)s® + (c1 + ¢2)s’
has strict relative degree 1: limg oo s - G(s) = my/(my +ma). As
in Subsection 5.2.2, we may see that the zero dynamics of (5.3.24)

are asymptotically stable, whence we are in the situation of Theo-
rem 5.3.17. We choose the initial velocities

2(0) = —11, %(0) = -3 (5.3.25)

G(s)=C(sE—A)'B=

and clearly there is a unique initial constraint force A(0) and the ini-
tialization of (5.3.20), (5.3.24) is consistent.

Since the system has relative degree one with positive high-frequency
gain D = my/(my + mg) = 1/4, all assumptions of Theorem 5.3.17 are
satisfied and we may apply the funnel controller (5.3.20) with fun-
nel boundary specified in (5.2.22) and reference signal o = & given
in (5.2.21).

The simulations over the time interval [0, 10], which have been per-
formed in MATLAB (solver: odel5s, relative tolerance: 107 absolute
tolerance: 107°), are depicted in Figure 5.7: Figure 5.7a shows the out-
put y tracking the reference signal y,er; the error within the funnel is
depicted in Figure 5.7d. Note that, due to the rather ‘academic choice’
of the example, the input « (in Figure 5.7¢) and the gain function k
(in Figure 5.7b) both take considerable larger values than for position
control as in Subsection 5.2.2. Another reason for this behaviour is
that we have kept the funnel as tight as for position control simulated
in Figure 5.4, and the velocity exhibits a very ‘vivid’ behaviour which
causes the error to approach the funnel boundary faster, resulting in
the high values of the gain function.
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Figure a: Solution y
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Figure d: Norm of error |e| and fun-
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Figure 5.7: Velocity control: Simulation of the funnel controller (5.3.20) with
funnel boundary specified in (5.2.22) and reference signal yrer = &
given in (5.2.21) applied to the mechanical model (5.3.23) with

data (5.2.23), (5.3.25).

5.4 Notes and References

(i) Stabilization of ODE systems by high-gain control strategies came
into the focus of control theory about sixty years ago, mainly
impelled by applications such as stabilization of aircrafts and
missiles. The advantage of high-gain control is that the sys-
tem does not have to be known explicitly, only structural proper-
ties (such as asymptotically stable zero dynamics) are required.
For ODEs, high-gain control strategies are well investigated, see
e.g. [119,123,131,132,181]. For DAESs, high-gain stabilization
techniques have been developed only recently: in contributions
which are part of the present thesis.

(ii) Funnel control has been developed by ILCHMANN, RYAN and
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(iii)

SANGWIN [125] to overcome the disadvantages of high-gain con-
trol with the intuition to incorporate a time-varying gain func-
tion k(-) and use high values k(t) only when required such that
tracking with prescribed transient behavior is guaranteed (cf. Sec-
tion 5.2). Nowadays, funnel controllers have been applied in
a lot of technical areas, such as chemical reactor models [129)],
control of two-mass systems [108, 128], electrical drives [217],
robotics [109] and mechatronics [110]. The simple design and
moderate structural requirements make funnel controllers an em-
inent alternative to standard PI/PID controllers, which are often
used in the engineering sciences.

The definition of vector relative degree given by ISIDORI [131,
Sec. 5.1] is local, i.e., stated for a neighborhood of a nominal
point 2°; for single-input single-output systems a global version
(the uniform relative degree) is given in [131, Sec. 9.1]. An exten-
sion of the uniform relative degree concept to time-invariant non-
linear systems is given by LIBERZON, MORSE and SONTAG [164].
For linear ODE systems, a global version of the vector relative
degree has been stated by MUELLER [180, 181]. The concept of
strict relative degree for multi-input multi-output systems has
been extended to time-varying linear and nonlinear systems by
ILCHMANN and MUELLER [122].
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6 Electrical circuits

In this chapter we consider linear differential-algebraic systems
[E, A, B,C] € 3 nmm of the form

LFx(t) = Az(t) + Bu(t)

which arise from modified nodal analysis (MNA) models of electrical
circuits, cf. Section 1.5. The considered circuits may contain linear re-
sistances, capacitances and inductances. The circuits can be described
by differential-algebraic input-output systems, where the input consists
of voltages of voltage sources and currents of current sources and the
output consists of currents of voltage sources and voltages of current
sources (cf. Section 6.8 (ii) for alternative output assignments).

As amain tool for the study of electrical circuits the notion of positive
real rational functions is introduced and related to certain configura-
tions of circuits in Section 6.1. In order to introduce the MNA modeling
procedure, graph theoretical preliminaries are explained in Section 6.2
and the absence of KC-cutsets and K-loops is characterized in terms of
incidence matrices. The latter is important to derive topological cri-
teria for asymptotic stability of electrical circuits in Section 6.3; for
this result a reduction of the circuit pencil is developed. In Section 6.4
we show that, for models of electrical circuits, asymptotic stability of
the zero dynamics is a structural property. That is, this property can
be guaranteed if the circuit has certain interconnectivity properties.
These criteria do not incorporate any parameter values. In this con-
text, we also characterize the absence of invariant zeros in the closed
right half-plane. Stabilization by high-gain output-feedback is inves-
tigated in Section 6.5. For systems with asymptotically stable zero
dynamics, we prove that funnel control is feasible in Section 6.6. This
result is illustrated by the simulation of a discretized transmission line
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in Section 6.7.
The results in Sections 6.1-6.7 stem from a joint work with TIMO
REIS which is submitted for publication [39].

6.1 Positive real rational functions

In this section we introduce the concept of positive realness for rational
matrix functions and state a representation for this class. We also
derive equivalent conditions for positive realness of matrix pencils and
derive some properties of these pencils. These concepts and findings
will play an important role for the analysis of MNA models.

Definition 6.1.1 (Positive real rational function).

A rational matrix function G(s) € R(s)™*™ is called positive real if,
and only if, G(s) does not have any poles in C; and, for all A € C,,
we have

GO\ +G*(\) > 0.

For the definition of a pole of a rational matrix function see Defini-
tion 4.3.1.

Lemma 6.1.2 (Properties of positive real functions [2, Sec. 5.1]).
Let G(s) € R(s)™™ be positive real. Then there exist wy,...,w; € R,
Hermitian and positive semi-definite matrices My, ..., M € C™™
My, My, € R™™ and some proper and positive real function G4(s) €
R(s)™ ™ which does not have any poles on iR, such that

M(] k

M; M;
) = G(s) + sMa, + 220 i i
G(s) = Gy(s) + sMoo + — +;Siwj+s

In particular, we may characterize the positive realness of matrix
pencils sE — A € R[s]"*™ by means of certain definiteness properties of
the matrices F, A € R™™",

Lemma 6.1.3 (Positive real matrix pencils).
A matriz pencil SE — A € R[s]"*" is positive real if, and only if, E =
ET>0and A+ A" <0.
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Proof: “=": Since sF — A is positive real, Lemma 6.1.2 implies exis-
tence of some additive decomposition

SE — A = sMy + Gs(s),

where G4(s) € R(s)"*" is proper and positive real, and M, € R™"
is symmetric and positive semi-definite. Therefore, we obtain E =
E" = M, > 0, and the constant rational function G,(s) = —A is
positive real. The latter implies, by definition of positive realness, that
A+ AT <o0.

“=": Since E = E" > 0 and A+ AT < 0 we have that, for all
AeCy,

AE—A)+(AE—A)* = AE+AET—A—AT =2Re(\)E—(A+AT) > 0.
(6.1.1)
Therefore, sEE — A is positive real. O

In the following we collect some further properties of positive real
matrix pencils sF — A with the additional assumption that the kernels
of £ and A intersect trivially. This in particular encompasses regu-
lar MNA models of passive electrical networks. Recall that A € C is
an eigenvalue of s/ — A if, and only if,

I"kc(/\E — A) < rkR(s)(sE — A)

Lemma 6.1.4 (Properties of positive real pencil).
Let a positive real pencil sE— A € R[s]"*" be such that ker E Nker A =
{0}. Then the following holds true:

(i) sE — A is reqular.

(ii) (sE — A)~! € R(s)"™ " is positive real.

(#ii) All eigenvalues of sE — A have non-positive real part.

(iv) All eigenvalues of SE — A on the imaginary azis are semi-simple.
(v) The index of sE — A is at most two.

Proof: Step 1: To prove that (i) and (iii) hold true, we show that
ker(AE — A) = {0} for all A € C,. Seeking a contradiction, assume
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that A € C; and x € C" \ {0} are such that (AE — A)x = 0. Then we
obtain

0=2*((AE — A) + (AE — A"z "LV 2Re(\)2" Bx — 2" (A + ATz

Since, by Lemma 6.1.3, we have E > 0, A+ AT < 0 and Re()\) > 0,
it follows 2*Ex = 2*(A + AT)z = 0, whence, in particular, Fx = 0.
Therefore, the equation (AE — A)x = 0 gives also rise to Az = 0 and
consequently, x € ker E Nker A = {0}, a contradiction.

Step 2: We show (ii). This is a consequence of

ANE—A) '+ (\E—-A)"
= (AE— A Y (AE = A"+ (AE - A)(\E — A)~*

C=) (AE — A (2Re(VE — (A+ AT)(AE - A) ",

E >0, A+ A" <0 and Re(\) > 0.

Step 3: It remains to show that (iv) and (v) are valid: Since (sE —
A)~L is positive real by (i), Lemma 6.1.2 gives rise to the fact that
all poles on the imaginary axis are of order one and, moreover, (sE —
A)~t = sM 4 G(s), where G,(s) € R[s]"*" is proper and M € R™".
This in particular means that s~!(sE — A)~! is proper. Let W,T €
G1,(C) be such that W(sE — A)T is in KCF as in Corollary 2.3.21.
Regularity of sE/ — A then gives rise to

(sE— A
= T Mg (T () o ) N () N () I
(6.1.2)

Assuming that (iv) does not hold, i.e., there exists some w € R such
that iw is an eigenvalue of s/ — A which is not semi-simple. Then there
exists some j € {1,...,b} such that \; = iw and p; > 1. Hence, due to

pi—1
1 l

T &)= 2 ey

(=0

the formula (6.1.2) implies that (s£ — A)~! has a pole of order greater
than one on the imaginary axis, a contradiction.
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Assume that (v) does not hold, i.e., the index of sE — A exceeds two.

Then there exists some j € {1,...,c} such that ; > 2 and
Jj*l
Ny(s) t=— Z slN,l,j.
1=0
This contradicts properness of s71(sE — A)~L. O

6.2 Graph theoretical preliminaries

In this section we introduce the graph theoretical concepts (cf. for in-
stance [86]) which are crucial for the modified nodal analysis of electri-
cal circuits. We derive some characterizations for the absence of cutsets
and loops in a given subgraph. These characterizations will be given
in terms of algebraic properties of the incidence matrices.

Definition 6.2.1 (Graph theoretical concepts).
A graphis a triple G = (V, E, ¢) consisting of a node set V and a branch
set E together with an incidence map

SDZE—)VX‘/a eHSD(e):(@l(e)?@Q(e))v

where ¢1(e) # @a(e) for all e € E, i.e., the graph does not contain
self-loops. If (e) = (v1,v9), we call e to be directed from vy to ve. vy
is called the initial node and vy the terminal node of e. Two graphs
Go = (Va, Euy04), Gy = (Vi, By, ) are called isomorphic, if there exist
bijective mappings v : E, = Ep, vy : Vo — Vj, such that ¢, =
/,",1 oppiotLp and g, = /,{/1 0 Pp2 O LE.

Let V' CV and let E’ be a set of branches satisfying

E'CEl, :={e€FE |pile) eV and gs(e) € V' }.

Further let ¢|, be the restriction of ¢ to E’. Then the triple K :=
(VI E', o|p) is called a subgraph of G. In the case where E' = E|,,,
we call K the induced subgraph on V'. If V! =V, then K is called
a spanning subgraph. A proper subgraph is one with F # E'.

G is called finite, if both the node and the branch set are finite.

For each branch e, define an additional branch —e being directed
from the terminal to the initial node of e, that is p(—e) = (pa(e), p1(e))
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for e € E. NowdeﬁgethesetE:{e |le€ Eor —e€ E }. A tuple
w = (wy,...,w,) € E" where fori =1,...,r — 1,

v = p1(v1), v = pa(w;) = p1(wit)

is called path from vy to v,; w is called elementary path, if vy, ..., v, are
distinct. A loop is an elementary path with vy = v,. Two nodes v, v’
are called connected, if there exists a path from v to v'. The graph itself
is called connected, if any two nodes are connected. A subgraph K =
(VI,E', p|) is called a component of connectivity, if it is connected
and K¢:= (V\ V", E\ E', ¢|p, ) is a subgraph.

A spanning subgraph K = (V, E', ¢|) is called a cutset of G =
(V, E, ), if its branch set is non-empty, G — K := (V, E\ E', ¢|p ) 18
a disconnected subgraph and G — K’ is a connected subgraph for any
proper spanning subgraph K’ of K.

For finite graphs we can set up special matrices which will be useful
to describe Kirchhoff’s laws.

Definition 6.2.2 (Incidence matrix).

Let a finite graph G = (V| E, ) with [ branches E = {ey,..., ¢} and
k nodes V = {vy,..., v} be given. Then the all-node incidence matrix
of G is given by Ag = (a;;) € R¥! where

1, if @1(6]‘) = vy,
ai]‘ = —1, if @2(6]‘) = vy,
0, otherwise.

Since the rows of Ay sum up to the zero row vector, one might delete
an arbitrary row of Ay to obtain a matrix A having the same rank as
Ay. We call A an incidence matriz of G.

This section continues with some results on the relation between
properties of subgraphs and linear algebraic properties of corresponding
submatrices of incidence matrices. First we declare some manners of
speaking.

Definition 6.2.3.
Let G be a graph, IC be a spanning subgraph of G, £ be a subgraph of
G, and £ be a path of G.
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(i) L 1is called a K-cutset, if L is a cutset of K.
(i) £ is called a K-loop, if € is a loop of K.

A spanning subgraph /C of the finite graph G has an incidence matrix
A which is constructed by deleting columns of the incidence matrix
A of G corresponding to the branches of the complementary spanning
subgraph G—IC. By a suitable reordering of the branches, the incidence
matrix reads

A=[Ax Agx]. (6.2.1)
The following lemma can be inferred form [209, Lem. 2.1 & Lem. 2.3].
Lemma 6.2.4 (Subgraphs and incidence matrices).
Let G be a connected graph with incidence matriz A € REDXL Fyrther,
let IC be a spanning subgraph. Assume that the branches of G are sorted
in a way that (6.2.1) is satisfied. Then the following holds true:
(i) The following two assertions are equivalent:
a) G does not contain KC-cutsets.
b) ker A, = {0}.

(ii) The following two assertions are equivalent:
a) G does not contain K-loops.

b) ker Ax = {0}.

The following two auxiliary results are concerned with properties of
subgraphs of subgraphs, and give some equivalent characterizations in
terms of properties of their incidence matrices.

Lemma 6.2.5 (Loops in subgraphs [209, Prop. 4.5]).

Let G be a connected graph with incidence matriz A € REDXL - Fyrther,
let K be a spanning subgraph of G, and let L be a spanning subgraph of
K. Assume that the branches of G are sorted in a way that

A= [AL A}C—L Ag,}(] and A;C = [AE A}C—L] .
Then the following two assertions are equivalent:

a) G does not contain KC-loops except for L-loops.
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b) ker Ax =ker A, x {0}.

Lemma 6.2.6 (Cutsets in subgraphs [209, Prop. 4.4]).

Let G be a connected graph with incidence matriz A € RE=DXU Fyrther,
let IC be a spanning subgraph of G, and let L be a spanning subgraph of
K. Assume that the branches of G are sorted in a way that

A= [AL AK,ﬁ Ag,]d and Ag_[; = [AK,[; Ag,]g] .
Then the following two assertions are equivalent:

a) G does not contain K-cutsets except for L-cutsets.

b) kerAg_,C = kerAg_E.

6.3 Circuit equations

It is well-known [83,116] that the graph underlying an electrical circuit
can be described by an incidence matrix A € R*=D*! which can be
decomposed into submatrices

A=[Ac Ar Az Ay Ag]

where AC c R"sX"C7 AR c R"sxng7 A,C c R’”exnﬁ’ AV c Rn,exnv’ AI c
R"*" n, =k —1and | = n¢ + ng + ne + ny + nz. Each submatrix is
the incidence matrix of a specific subgraph of the circuit graph. A¢ is
the incidence matrix of the subgraph consisting of all circuit nodes and
all branches corresponding to capacitors. Similarly, Az, Az, Ay, Az are
the incidence matrices corresponding to the resistor, inductor, voltage
source and current source subgraphs, resp. Then using the standard
MNA modeling procedure [116], which is just a clever arrangement
of Kirchhoff’s laws together with the characteristic equations of the
devices, results in a differential-algebraic system (4.1.1) with

SACcAE:r + ARQA£ As Ay —As 0
sE—A= —A] sC 0|, B=C"=1] 0 0 |,
_A) 0 0 0 -1,
(6.3.1)
T = (TIT7 ZZ i;)—ra u = (127 U\I)Tv Yy = (*7);7 *i;)i (6'3'2)
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where
C c R7zc><nc7g c Rngxng’ﬁ c RTLLXHL’
AC c Rﬂech’ AR c RTLBXTLg?AE c R'nexng’ AV c Rnean’ AI c RHEX’HI’

n=mn.+neg+ny, m=ng+ny.
(6.3.3)
C, G and L are the matrices expressing the consecutive relations of
capacitances, resistances and inductances, 7(t) is the vector of node
potentials, iz (t), iy(t), iz(t) are the vectors of currents through induc-
tances, voltage and current sources, and vy (t), vz(t) are the voltages of
voltage and current sources.

Definition 6.3.1 (MNA model).

For a given linear electrical circuit, any differential-algebraic
system (4.1.1) satisfying (6.3.1)—(6.3.3), which arises from the MNA
modeling procedure [116], is said to be an MNA model of the circuit.

It is a reasonable assumption that an electrical circuit is connected;
otherwise, since the components of connectivity do not physically inter-
act, one might consider them separately. Furthermore, in the present
chapter we consider circuits with passive devices. These assumptions
lead to the following assumptions on the MNA model (6.3.1)—(6.3.3) of
the circuit (compare Lemma 6.2.4).

(Cl) rk [AC AR Aﬁ AV Az] = N,
(C2) C=C">0,L=L">0,G+G" >0.

It is possible that in the circuit equations (4.1.1) there are still re-
dundant equations and superfluous variables, i.e., in general the pencil
sE — A arising from (6.3.1), (6.3.3) is not regular. In the following
we show how this can be overcome by a simple transformation; the
reduced circuit model is regular and positive real. This transformation
is also important to show feasibility of funnel control in Section 6.6.

Theorem 6.3.2 (Reduction of circuit pencil).
Let sE — A € R[s]™" with E, A as in (6.3.1), (6.3.3) be given and
suppose that (C1) and (C2) hold. Let Zerry, Zogrys Zv, Zy, be real
matrices with full column rank such that

im Zerry = ker [Ac Ar A, Ay] ! . im Zy = ker Ay,

im Zpp = im [Ac Ar A, Ay] , im Z{; =imA),.



274 6 Electrical circuits

Then we have

Ziry 0 0 Zegey O
T=| 0 I, 0 0 0]|¢cGlLR), (6.3.4)

0 0 Z, 0 Zy

and - -
T - o sE—A 0
T'(sE— AT = [ 0 O] ,

where the pencil

~ o~ (ZéRLv)T(QAwAT"'ARgA;;) Zigey (Zegey) " Ar (Zerey)TAVZ
sb—A= AL Zh v sL 0
—ZYAY Zigry 0 0
(6:3.5)

is reqular and satisfies ker ENker A = {0}, E=FET>0and A+AT <
0.

Proof: The invertibility of 7" is a consequence of im Zer sy & im Zig )
= R™ and im Zy @ im Z{, = R™. The properties E =E" >0 and
A+ AT <0 follow immediately from the construction of E and A. To
prove that sE Ais regular, it suffices by Lemma 6.1.4 to show that
ker ENker A = {0}: Let 2 € ker E Nker A. Partitioning according
to the block structure of £ and A ie, z = (z],29,25)", and using
that, by (02) C>0,L>0and G+ QT > 0, we obtain from T Ex =
(A + AT)x =0 that 25 = 0 and

AT
|:AT:| ZCRD;JH =0. (636)

Furthermore, Ax = 0 gives rise to

A} Zbgeyrr € ker(Z3)" = (im Z3,)" = (im A))*,
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whence A), Z/z 21 = 0. Together with (6.3.6) and (b) this yields
Zogeyr1 € ker [Ac Ar Ag AV]T =im Zerey = (im Zogpy)*,
and therefore 21 = 0. By (c) we find
AvZyas € ker(Zogpy) " = (i Zog )
—ker[Ac Az Az Ay]' CherA] = (imAy)*,

and thus AVZ{,xg = 0. From this, we obtain
Zyry € ker Ay = (imA))* = (im Z3,)*,
whence x3 = 0. []

We may infer the following characterization of the presence of eigen-
values from Theorem 6.3.2.

Corollary 6.3.3 (Kernel and eigenvalues).
Let sE — A € R[s]"™ with E, A as in (6.3.1), (6.3.3) be given and
suppose that (C1) and (C2) hold. Then

kerR(,,,) sk — A= kerR(S) [AC AR A[: Av]T X {0} X kerR(S) AV.
Furthermore, A\ € C is not an eigenvalue of sE — A if, and only if,
kerc \E — A = kerc [Ac Ar A, AV]T x {0} x kerc Ay.

Proof: Using the transformation matrix 7" in (6.3.4) and accompany-
ing notation from Theorem 6.3.2, we obtain (denoting the number of
columns of Zegry by ki and the number of columns of Zy by ks) that

kerg(q) sE — A = T(kch(s)(SE — /~1) X R(s)kﬁrkz)
—

{0}
= imR(s) Zerey X {0} X ian(s) Zy
= kch(s) [Ac AR A[ AV]T X {0} X kch(s) Av.

Now let A € C and observe that

kerc A\E — A = T(kerc A\E — A x Chthe),
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Recall that A is not an eigenvalue of sE — A if, and only if, rke A\AE— A =
rkp(y) sE — A or, equivalently, dimkerc A — A = dim kerg(,) sE/ — A.
Therefore, A is not an eigenvalue of sE'— A if, and only if, kerc NE—A =
{0} and this implies the last statement of the corollary. O

In the following we will use expressions like V£L-loop for a loop in the
circuit graph whose branch set consists only of branches correspond-
ing to voltage sources and/or inductors. Likewise, a ZC-cutset is a
cutset in the circuit graph whose branch set consist only of branches
corresponding to current sources and/or capacitors.

Corollary 6.3.4 (Regularity of circuit pencil).

Let sE— A € R[s]™" with E, A as in (6.3.1), (6.3.3) be an MNA model
of an electrical circuit and suppose that (C1) and (C2) hold. Then the
following statements are equivalent:

(i) sE — A is regular.
(ii) ker [A¢ Ag A AV]T = {0} and ker Ay, = {0}.
(i) The circuit neither contains V-loops nor I-cutsets.

Proof: The result follows immediately from Corollary 6.3.3 and
Lemma 6.2.4. O

Next we give sufficient criteria for the absence of purely imaginary
eigenvalues of the pencil sE— A as in (6.3.1), (6.3.3). This result can be
seen as a generalization of the results in [209] to circuits which might
contain Z-cutsets and/or V-loops, i.e., where sE — A is not necessarily
regular.

Theorem 6.3.5 (Absence of imaginary eigenvalues).

Let sE — A € R[s]™" with E, A as in (6.3.1), (6.3.3) be an MNA
model of an electrical circuit and suppose that (C1) and (C2) hold.
Furthermore, suppose that at least one of the following two assertions
holds:

(i) The circuit neither contains VL-loops except for V-loops, nor
ICL-cutsets except for TL-cutsets; equivalently

ker [Ay Az] =ker Ay x {0}

6.3.7
and ker [AR AV]T = ker [Ac Ar AV]T. ( )
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(ii) The circuit neither contains IC-cutsets except for I-cutsets, nor
VCL-loops except for VC-loops; equivalently

ker [Ax As Ay] =ker[Ac Ar Az Ay]'

(6.3.8)
and ker [AV Ae Ag] = ker [AV AC} x {0}.

Then all eigenvalues of sE — A are contained in C_.

Proof: The equivalent characterizations of the absence of certain loops
or cutsets in the circuit graph, resp., and kernel conditions on the
element-related incidence matrices follow from Lemmas 6.2.5 and 6.2.6.
By Theorem 6.3.2 and Lemma 6.1.4 all eigenvalues of sE& — A are
contained in C_. Then, using Corollary 6.3.3, we have to show that

VweR: kerc(iwE — A) = kere [Ac Az Az Ay]' x {0} x kerc Ay.

(6.3.9)
Since “O” does always hold true, we show “C”. Let w € R and 7 €
C", x5 € C" and x3 € C™ be such that

vi=(x],1y,75) €kerc(iwE — A). (6.3.10)

By the structure of sE—A as in (6.3.1), relation (6.3.10) implies A),z; =
0 and

0=2a"((iwE — A) + (iwE — A)" )z = —a*(A+ ANz

= —21AR(G + G ") Az,

hence Ajx = 0 since G+ G' > 0 by (C2).

We show that (i) implies (6.3.9): Since z1 € kerc [Ag AV]T we
obtain from (6.3.7) that z; € kerc AJ. Then (6.3.10) implies Apzs +
Ayzs = 0 and by (6.3.7) we find Ayzz = 0 and 25 = 0. The latter

implies that z; € kerc A}. Altogether, we have that (6.3.9) is valid.
We show that (ii) implies (6.3.9): From (6.3.10) we have

Ac(iwCAgm) + Arzo + Apxy =0, (6311)

and by (6.3.8) we obtain x5 = 0. This implies Afz; = 0, hence
11 € kerg [AR A, AV]T which by (6.3.8) yields

[AC AR A(: Av]Tl’l =0.
Now, from (6.3.11) we have Apxs = 0 and (6.3.9) is shown. O
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6.4 Zero dynamics and invariant zeros

In this section we derive topological characterizations of autonomous
and asymptotically stable zero dynamics of the circuit system. The
latter is done by an investigation of the invariant zeros of the system.

Using a simple transformation of the system, properties of the zero
dynamics can be led back to properties of a circuit pencil where voltage
sources are replaced with current sources, and vice versa. To this end,
consider [E, A, B,C| € %, ,mm with (6.3.1), (6.3.3) and define the
matrices W, T € Gl,,.,(R) by

I,, 0 0 0 —Ay I,, 0 0 0 O

0 I,, O 0 0 0 L, 0 0 0
W={|0 0 0 -, 0|, T= 0 0 0 I, O
0 0 O 0 Ip, 0 0 I,, 0 O

0 0 L, O 0 —A; 0 0 0 I,

Then we obtain

SAC'CA;;r + ARQA;E A A7 0 0
—AZ sL 0 0 O
W{SE_CA OB]Tz —AT 0 0 0 0
0 0 0 I,, O
0 O 0 0 ITLV

(6.4.1)

As desired, the upper left part is a matrix pencil which is an MNA
model of a circuit in which voltage sources are replaced with current
sources, and vice versa. We may now derive the following important
properties, which are immediate from Corollary 6.3.3 and (6.4.1).

Corollary 6.4.1 (Kernel and eigenvalues of system pencil).
Let [E,A,B,C] € X, mm with (6.3.1), (6.3.3) be an MNA model of
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an electrical circuit and suppose that (C1) and (C2) hold. Then

kerg,) SEfE,A _OB
x1(8)
_ X 71(s) € kergg [Ac Ar Ag Ag]
5(s) r3(s) € kerg(s) Az
—Apaa(s)

Furthermore, A € C is not an eigenvalue of [SIE’CA ’OB] if, and only if,

{)\E —A —B]
kCI“(C _C 0
€
o 8 1 € kerg [Ac AR Ar AI]T,
o x3 € kerc Az
—A;xl

We now aim to characterize autonomous zero dynamics.

Proposition 6.4.2 (Autonomous zero dynamics).

Let [E, A, B,C] € 3y pnmm with (6.3.1), (6.3.3) be an MNA model of
an electrical circuit and suppose that (C1) and (C2) hold. Then the
following statements are equivalent:

(i) The zero dynamics ZDig 4 p,c) are autonomous.
(i) tkee) [*Zt F] =n+m.
(iii) kerg) [*F* 7] = {0}.
(iv) ker [A¢ Az A AI]T = {0} and ker Az = {0}.
(v) The circuit neither contains Z-loops nor V-cutsets.

Proof: The equivalence of (i) and (ii) follows from Proposition 4.1.5
since the rank over R[s] and over R(s) coincide. (ii)<(iii) is clear and
(iii) < (iv) follows from Corollary 6.4.1. The equivalence of (iv) and (v)
is then a consequence of Lemma 6.2.4. |
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In order to characterize asymptotic stability of the zero dynamics we
need the concept of invariant zeros. An invariant zero of [E, A, B, C] €
Y nmm is defined as an eigenvalue of [SIE’OA ’OB ], see e.g. [176].

Definition 6.4.3 (Invariant zeros).
Let [E, A, B,C] € £, nmm. Then A € C is called an invariant zero of
[E, A, B, (] if, and only if,

AME—A —B sE—A —B
rke _C 0 < rkR(s) —C 0

From Theorem 6.3.5 and (6.4.1) we get the following result on the
location of invariant zeros.

Corollary 6.4.4 (Location of invariant zeros).

Let [E, A, B,C| € X m.m with (6.3.1), (6.3.3) be an MNA model of an
electrical circuit and suppose that (C1) and (C2) hold. Furthermore,
suppose that at least one of the following two assertions holds:

(i) The circuit neither contains ZL-loops except for I-loops, nor
VCL-cutsets except for V.L-cutsets.

(ii) The circuit neither contains VC-cutsets except for V-cutsets, nor
ICL-loops except for ZC-loops.

Then all invariant zeros of [E, A, B, C| are contained in C_.

We are now in the position to characterize asymptotically stable zero
dynamics.

Theorem 6.4.5 (Asymptotically stable zero dynamics).

Let [E, A, B,C| € X, . ;m.m with (6.3.1), (6.3.3) be an MNA model of an
electrical circuit and suppose that (C1) and (C2) hold. Then the zero
dynamics ZDip a.p,c) are asymptotically stable if, and only if,

a) ZDig.aB,c) are autonomous and
b) all invariant zeros of [E, A, B, C] are contained in C_.

Furthermore, suppose that at least one of the following two assertions
holds:
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(i) The circuit neither contains TL-loops, nor VCL-cutsets except for
VL-cutsets with at least one inductor.

(ii) The circuit neither contains VC-cutsets, nor ZCL-loops except for
IC-loops with at least one capacitor.

Then the zero dynamics ZDp ap,c) are asymptotically stable.

Proof: Step 1: We show that asymptotically stable zero dynamics
imply a) and b). a) follows from the fact that asymptotically stable
zero dynamics are autonomous and b) follows from Lemma 4.3.9.

Step 2: We show that a) and b) imply asymptotically stable zero

dynamics. By a) and Proposition 6.4.2 we find that rkg,) [5156‘4 ’OB] =
n + m. Then b) implies that
= AME—A —B sE—A —B
V)\E(C+:rk<c[ C O]ZrkR(s){ C 0}=n+m7

and therefore Lemma 4.3.9 gives asymptotic stability of the zero dy-
namics.

Step 3: We show that (i) or (ii) implies asymptotically stable zero
dynamics. In particular, we have “The circuit neither contains Z-loops
nor V-cutsets” and hence Proposition 6.4.2 implies a). Furthermore, (i)
or (i) from Corollary 6.4.4 holds true and therefore b) is valid. This
yields the assertion of the theorem. OJ

6.5 High-gain stabilization

In this section we consider high-gain output feedback for a system
[E, A, B,C] €%, ,mm which arises from MNA modeling of an electri-
cal circuit. Recall that by Definition 5.1.1, roughly speaking, a system
is called high-gain stabilizable if the closed-loop system

S Ea(t) = (A~ kBO)a(t), (6.5.1)

is asymptotically stable for k£ > 0 large enough. In other words, there
exists £ > 0 such that for all & > & the pencil sE — (A — kBC) is
regular and all of its eigenvalues are contained in C_.
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We will show that for electrical circuits, i.e., [E,A,B,C|
with (6.3.1), (6.3.3), the high-gain need not be high; any positive k
is sufficient. In order to achieve this, note that we have

SAACcAEZr + ARQA;; + kAIA—Zr Ag AV

sE—(A—kBC) = —A} sL 0
—A), 0 kI,
(6.5.2)
Then, for
L, 0 —k'Ay 1, 0 0
W=10 I, 0 , T = 0 I,, 0],
0 0 kI, ET'AL 0 I,
we find that

W(sE — (A—kBC))T
SACCAL + ARGAL + kAZAT + kTAVA] Ay 0
= —A] sC 0 |. (65.3)
0 O Inv

The upper left part is a matrix pencil which is an MNA model of
a circuit in which all current and voltage sources are replaced with
resistances of values k' and k, resp. We may therefore conclude the
following from Corollary 6.3.4.

Corollary 6.5.1 (Closed-loop pencil is regular).

Let [E,A,B,C] € E,mm with (6.3.1), (6.3.3) be given and suppose
that (C1) and (C2) hold true. Then, for all k > 0, the pencil SE —
(A — kBC) is regular.

As a consequence of Theorem 6.3.5, we can furthermore analyze the
asymptotic stability of the closed-loop system.

Theorem 6.5.2 (Asymptotic stability of closed-loop pencil).

Let [E, A, B,C| € X . ;m.m with (6.3.1), (6.3.3) be an MNA model of an
electrical circuit and suppose that (C1) and (C2) hold. Furthermore,
suppose that at least one of the following two assertions holds true:

(i) The circuit neither contains L-loops, nor CL-cutsets except for
L-cutsets.
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(i) The circuit neither contains C-cutsets, nor CL-loops except for
C-loops.

Then, for any k > 0, all eigenvalues of sSE — (A — kBC') are contained
in C_.

Remark 6.5.3 (Asymptotically stable zero dynamics and high-gain).

Let [E, A, B,C] € ypmm with (6.3.1), (6.3.3) be an MNA model of
an electrical circuit and suppose that (C1) and (C2) hold. Then, under
one of the assumptions (i) or (ii) from Theorem 6.4.5, the respective
assumption from Theorem 6.5.2 holds true, but not vice versa. There-
fore, the (topological condition for) asymptotic stability of the zero
dynamics implies high-gain stabilizability, but in general not the other
way round, cf. Theorems 5.1.4 and 5.3.13.

6.6 Funnel control

In this section we consider funnel control for systems [E, A, B,C|] €
E?L,’VL,"Z.W’L
with (6.3.1), (6.3.3). The aim is to achieve tracking of a reference tra-
jectory by the output signal with prescribed transient behavior. We use
the theory developed in Chapter 5 and the notation from Section 5.2.1.
The control objective is output feedback regulation so that the track-
ing error e = y — Yrer, Where y,e is the reference signal, evolves within
a given funnel F, and all variables are bounded; here ¢ belongs to the
class

©(0) =0, ¢(s) >0
®:=1< pelC®Rsy;R)N BI(RZO; R) | forall s > 0 and ,
liminfy o ©(s) > 0

that is, compared to Section 5.2.1, we require that the funnel boundary
¢! is infinitely times continuously differentiable.
To ensure error evolution within the funnel, we use the funnel con-

troller (5.2.2) with k=1

u(t) = —k(t) e(t), where e(t) = y(t) — yret(t)
B 1 (6.6.1)
ROk Ol
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Before we state and prove feasibility of funnel control for electrical
circuits, we need to define consistency of the initial value of the closed-
loop system and solutions of the latter. We also define what ‘feasibility
of funnel control’ will mean.

Definition 6.6.1 (Consistent initial value).

Let [E, A, B,C| € Zppmm, ¢ € © and yer € B®(R>0; R™). An initial
value 2z € R" is called consistent for the closed-loop
system (4.1.1), (6.6.1) if, and only if, there exists a solution of the
initial value problem (4.1.1), (6.6.1), z(0) = 2] i.e., a function z €
CH[0,w); R™) for some w € (0,00], such that z(0) = 2 and x satis-
fies (4.1.1), (6.6.1) for all t € [0, w).

Note that, in practice, consistency of the initial state of the ‘un-
known’ system should be satisfied as far as the DAE [E, A, B, C] is the
correct model.

In the following we define feasibility of funnel control for a system on
a set of reference trajectories. For reference trajectories we allow signals
in B®(Rxp; R™), whereas in Section 5.2.1 signals in B"*2(R5o; R™) are
allowed and v € Ny is a number which can be calculated out of the
system inversion form from Definition 4.2.6. For electrical circuits this
calculation is involved and we omit it here; we restrict ourselves to the
case of B>(Rxo;R™).

Definition 6.6.2 (Feasibility of funnel control).

Let [E,A,B,C] € Znmm and S C B®(Rx0; R™) be a set of refer-
ence trajectories. We say that funnel control is feasible for [E, A, B, C]
on § if, and only if, for all ¢ € ®, any reference signal y,.f € S and
any consistent initial value 2° € R" the application of the funnel con-
troller (6.6.1) to (4.1.1) yields a closed-loop initial-value problem that
has a solution and every solution can be extended to a global solution.
Furthermore, for every global solution x,

(i) « is bounded and the corresponding tracking error e = Cz —
Yret evolves uniformly within the performance funnel F,; more
precisely,

Je>0Vt>0: Jle@®)] <) —e. (6.6.2)

(ii) the corresponding gain function k given by (6.6.1) is bounded.
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Remark 6.6.3 (Bound for the gain).
If funnel control is feasible as stated in Definition 6.6.2, then the gain
function £ is bounded in the following way:

1
Vi>0: k() < ————m———
V= T —emer
where ¢ is given in (6.6.2). For a proof see Step 6 of the proof of
Theorem 5.2.3.

In the following we show that funnel control for systems [E, A, B, C]
€ X, mm with (6.3.1), (6.3.3) is feasible provided that the invari-
ant zeros have negative real part and the reference signal is suffi-
ciently smooth and evolves in a certain subspace. The former means
that the autonomous part of the zero dynamics has to be asymp-
totically stable, but autonomy of the whole zero dynamics is not re-
quired. As a preliminary result we derive that, for positive real systems
[E, A, B,C] € &, ,mm with asymptotically stable zero dynamics, fun-
nel control will be feasible for any sufficiently smooth reference signal.

Proposition 6.6.4 (Funnel control for systems with stable zero dy-
namics).

Let [E, A, B,C] € Sy nmm be such that E=E" >0, A+ AT <0, and
B = CT. Further, assume that the zero dynamics of [E, A, B,C] are
asymptotically stable. Then funnel control is feasible for [E, A, B,C]
on B> (RZU; Rm) .

Proof: We aim to apply Theorem 5.2.3 for k = 1 and to this end verify
its assumptions.

Step 1: The zero dynamics of [E, A, B, C] are asymptotically stable
by assumption.

Step 2: We show that for the (left) inverse L(s) of [*¥:A " F] over
R(s) the matrix ' in (5.2.3) exists and satisfies I' = I'" > 0. By
Lemma 6.1.3, the pencil

sE—A -B| I, 0 sE— A —B
C 0| |0 —I, —-C 0

is positive real. Then L(s) := L(s) K f}m] is the inverse of [ 6,4 -B 1,
and we have

L)+ LN =L ([MAPT + [P Ly >0
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for all A € C,. Furthermore, since [SJEEA _OB ] does not have any in-

variant zeros in C,, L(s) has no poles in C;. This shows that L(s)
is positive real. Hence, H(s) := [0, I,,)L(s)[0, I,] " is positive real and
satisfies H(s) = —[0, I,,] L(5)[0, I,]". Now Lemma 6.1.2 yields that

I' = lim s 'H(s) € R™™,
§—00
exists and satisfies ' =TT > 0.

Step 3: We show that [E, A, B, C] is right-invertible. Since the zero
dynamics of [E, A, B, C] are in particular autonomous it follows from
Proposition 6.4.2 (ii) that rk C' = m and hence right-invertibility can
be concluded from Remark 4.2.13.

Step 4: It remains to show that k in Theorem 5.2.3 can be chosen
as k = 1 and funnel control is still feasible. A careful inspection of the
proof of Theorem 5.2.3 reveals that ‘k large enough’ is needed

a) in Step 1 of the proof of Theorem 5.2.3 to show that the map M(-) =
Agy—k(I+G(:)), where G(-) = G(-)T > 0 pointwise, is well-defined
(i.e., pointwise invertible) for k > k,

b) in Step 3 of the proof of Theorem 5.2.3 to show that Ay — k- k(t) I,
is invertible for all ¢ > 0.

It can be deduced that both a) and b) are satisfied with k& = 1 if
Ay — kI, is negative definite for all £ > 0, where

AZQ = [Oylmfml]VAQQVT |: 0 :| P

Imfml

my and the orthogonal matrix V' have been defined in Step 1 of the
proof of Theorem 5.2.3, and

. 0
Agp = lim ([0, L] L(s) [["J + SF)

stems from the form (5.1.4). We may calculate that

Agy = lim (sI' — H(s)) = —Hy — lim Hg,(s)
§—00 §—00
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where, since H (s) is positive real, by Lemma 6.1.2 the rational function
Hy + Hg,(s) is positive real and lim,_,o Hgp(s) = 0. Hence, it is easy
to derive that Hy > 0 (Hj not necessarily symmetric) and hence

AQQ — kIm = _HO — klm <0

for all £ > 0 (again Ag — kI, not necessarily symmetric). This implies
that Ags — k1, is negative definite for all £ > 0. [l

Before we prove our main result we need to know how feasibility of
funnel control behaves under transformation of the system.

Lemma 6.6.5 (Funnel control under system transformation).
Let E;A € RV B .CT € R™™ and S C B®(Rso; R™). Further, let
W, T € G1,(R), U € 0,,(R), and define

[E,A,B,C)| = [WET,WAT,WBU,U'CT).

Then funnel control is feaszble for [E A,B,C] on S if, and only if,
funnel control is feasible for [E A, B, C} on UTS

Proof: Observe that (z,u,y) € By ap,c) and yr € S if, and only if,
(@,0,9) = (T"'2,UwU'y) €Bdpi55 N Ulna€U'S.

Then the assertion follows from the observation that, for any ¢ € @,
and tracking errors € =y — yef, € = § — Yrer We have, for all £ > 0,

1 B 1
—p@)?le®)* 1))

In the following, in order to show that funnel control is feasible for
circuits where all invariant zeros are located in C_, but the zero dynam-
ics are not necessarily autonomous, we derive a transformation of the
circuit which decouples the ‘nonautonomous part’ of the zero dynam-
ics. This part, in particular, does not affect the input-output behavior
of the system.

]

Proposition 6.6.6 (Decoupling of circuit pencil).
Let [E,A,B,C] € Z,,mm with (6.3.1), (6.3.3) be an MNA model of
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an electrical circuit and suppose that (C1) and (C2) hold. Let Zjp 7 €
R™*k1 - Zoprr € R™¥k2 pith full column rank such that
im ZCRLI = ker [AC AR AL AI] ! s
andim Zip,r = im [Ae Ar A Ag].

Further, let Zy_crer € R™ s, Zy_erey € Rk 7r € Riexhs 71 ¢
R"=%ks with orthonormal columns such that

im ZV*CRCZ' = ker ZgRLIAV7 im ZI = ker AI7

im 2y, _cper = im AEZC’REL im 7 = im A;.

Then we have

Zerer Zeper O 0 0
VI/T = T = 0 0 In[: 0 0 c Gln(R)
0 0 0 Zv-recr Zy-_pecz
(6.6.3a)
and Y
0 7 0
v i € Ou(R), 6.6.3b
Zy gecz 00 ZV_RCU} (R) ( )
and
W(sE — A)T =
’ 0 ZJRLIAVZ{}—CRﬁI
0 SEy. — Z,. (ZéRH)T%VZ{/—CRU.
0
~(Zy_crer) A Zerer [ ~(Zy-cren) AL ez 0, 0] 0
(6.6.4)
and
0 0
WBU=(UTcT) = | 0o B, (6.6.5)
[_Ik47 0] 0
where
E A (Zerer)" (SACCAL+ARGAR ) Zig ez (Zirez)TAc ZinerAvZv-crez
SEr - Ar = Al Zlm et of ) ’
7ZJ—CRLIA;/FZ&RLI 0 0
B, =07 = |:(Z(/ZR£6)TAIZ§ 0
0 Iy

(6.6.6)
Furthermore, the following holds true:
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(b) The zero dynamics of the system |E,, Ay, B,,C,] are autonomous.

(¢c) A € Cis an invariant zero of [E, A, B,C] if, and only if, A is an
invariant zero of [E,, A, B, C,].

Proof: The invertibility of W, T and U is a consequence of
im Zpgpr ®im Zerer
=1im [Ac Ar A, AI] @ ker [Ac Ar A, AI}T = R"f,
im Z{)fRCEI ®im Zy_gerr = im A;ZCRLI @ ker ZgRCIAV =R"™,

im Z @ im Z7 = imA; @ ker Az = R"%.

Furthermore, by choice of Zy_crez, Zy_crrys Z7 and Zj the ma-
trix U is orthogonal. The representation of the transformed system
in (6.6.4), (6.6.5) and (6.6.6) is then a simple calculation.

We prove assertions (a)—(c).

(a) The assertion will be inferred from the fact that both matrices
ZonetAvZyy ez and (Zdn p7Av 2y onper) | have trivial kernels. To
prove the first assertion, let z € ker Z,p .7 AV Z},_crpr- Then

/ T : T 1 . ! 1
Zy_crer® € ket ZogprAy = (Im Ay Zerer)™ = (Im Zy_crper) ™

Therefore, 7}, ox 72 = 0, and the full column rank of Z}, .x.r
implies z = 0. Now let 2 € ker(Z}, orr7) Ay, Zerez. Then

AV Zerezz € ker(Zy_crpr) | = (m Zy_eppr)® = (im Ay Zerer) ™

Thus, Zererz € ker AE and by choice of Z¢r,r7 we have
T T (Cl)
Zerrzz € ker [AC Ar A, AI] N ker AV = {0}7

Hence, we obtain z = 0 from the full column rank of Zer,7.

(b) By Proposition 6.4.2 it is sufficient to show that the pencil
E,—A, B sE,— A, =B, [T 0
(C; _ A = S T - T T — T . T T
’ |: _Cr 0 ] [ _Cr 0 :| [0 _[:|
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is regular. Observing that £ = €T > 0 and A+ A" < 0, we can
use Lemma 6.1.4 to further reduce the problem to showing that
ker & Nker A = {0}:

Let z = (21, 22, 23, 24, 25) € ker & Nker A be sultably partitioned
according to the block structure of E,., A,, B, and C, as in (6.6.6).
Then, by (C2), the equation 2"z = 2" (A + A")z = 0 gives rise
to 29 = 0 and

7 € ker [A¢ Ag] ! Zeper

The equation Az = 0 further implies z3 = 0 and
2 €ker AL Zhprr N 21 € ker(Z)) AL Zbprr
The latter implies
Al Zhpera € ker(Z5)T = (im Z5)* = (im Af)*,

whence
21 €ker AL Zpn

Altogether, we have

Zhrer €ker [Ae Ax Ap Al
The full column rank of Z/p .7 now implies that z; = 0. Now using
that z1 = 0, 29 = 0 and 23 = 0, we can infer from Az = 0 that
z5 = 0 and -
(ZéRKI)TAIZ/IZ4 =0.
Thus,

ArZ7zy € ker(Zoger)" = (im Zogpr)®
= (1m [AC AR AL AI]) (1111 AI) .
Therefore, A7Z;z; = 0 or, equivalently,
Zrzy € ker A7 = (im A7)t = (im Z7) ™.

This implies Z%24 = 0, and since ZJ has full column rank, we have
that zy = 0.
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(¢) It can be obtained from simple row and column operations that for
all A € C we have

K AN —A —-B ~ ik MET - WAT —-WBU|
el o o | Tl —uTer 0o |-
\E, — A, —B,

k !‘~ T T 2k

rc{ G O]+ 4

and, similarly,

sE—A —B sE,— A, —B,
I‘kR(S) |: —C 0 :| = rkR(S) |: _5(7‘ 0 :| +2]€4

This implies that the eigenvalues of [ coincide with those

of [Slig‘lr *fr} and hence the assertion is proved.

sE_EA —OB ]

This concludes the proof of the proposition. OJ
We are now in the position to prove the main result of this section.

Theorem 6.6.7 (Funnel control for circuits).

Let [E, A, B,C| € ¥, mm with (6.3.1), (6.3.3) be an MNA model of an
electrical circuit and suppose that (C1) and (C2) hold. Assume that the
system [E, A, B, C| does not have any invariant zeros on the imaginary
axis. Let Zegprer be a matriz with full column rank such that

im Zerer = ker [Ac Ar A, AI] "
Then funnel control is feasible for [E, A, B,C] on
B> (Rzo; im A x ker ZCTRLIAV) )
Proof: Step 1: Use the notation from Proposition 6.6.6 and define
[E,A,B,C) = [WET,WAT,WBU,UCT].

Then, by Lemma 6.6.5, it suffices to prove that funnel control is feasible
for [E, A, B,C] on

S :=U"B> (Rsp;im A7 x ker ZCTRLIAV) .
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Step 2: We show that [Er, A,, B, 5,] has asymptotically stable zero
dynamics. By Proposition 6.6.6 (¢), the zero dynamics of [E,., A,, B, C,]
are autonomous. Furthermore, by Proposition 6.6.6 (d) and the fact
that the invariant zeros of [E, A, B, C] all have negative real part, we
obtain from Theorem 6.4.5 that the zero dynamics of [Er, A“B,, C W]
are asymptotically stable.

Step 3: We reduce the feasibility problem of funnel control to that of
the o
system [E,, A, B,, C,]. Let

(E, 711,@ € %[E,Z,E,é] and Yo = U’ (yref,l) s

Yref 2
Since
. .5 N -
Yref1 € IM A =1im Z) = (im Zz)" = ker A

and

T .
Yret 2 € ket Zop 7 Ay = im Zy_crer

. L T
= (im Zy_crez)” = ker (25 _crez)

we obtain that
~ ~ ~ T
Yref = (07 07 Yref 1, yref,Q) )

- =T ~ . .
where Yyer1 = (Z’I) Yref,1 AN Yper o = ZJ_CRtIyref;g. By suitably parti-
tioning

i;g w(t) yi(t)
T(t)=|xs(t) |, )= ng; = zjg;
ijgg ua(t) ya(t)

according to the block structure of sE — A as in (6.6.4), and §7 C
as in (6.6.5), we obtain Zjp,7AvZ},_epr%5 = 0, whence, by Proposi-
tion 6.6.6 (b), we have x5 = 0, and thus also y; = 0. Moreover, yo =0
and

L T / —1/ 1 TAT
1= ~(ZeretAv2y_crer) (Zy_crer) AvZererta — u,
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and, further
l’g(t) ‘ ‘
5t = |20 | m(t)(%)? @.(ﬂ(yxt))

satisfy
(T, 0, 9y) € %[ET,E,.,E,,@]'

Application of the funnel controller (6.6.1) then yields & = —k(J — Jret)
and hence u; = 0 and us = 0. Therefore, funnel control is feasi-
ble for [E,E,Eﬁ} on § if, and only if, funnel control is feasible for
[E,, A,, B,,C,] on B*(Rso; RFs*#6). The latter however follows from
Step 2 and Proposition 6.6.4. This concludes the proof of the theo-
rem. U

Remark 6.6.8 (Topological criteria for funnel control).
We analyze the constraints on the reference trajectories in
Theorem 6.6.7.

(a) The subspace restriction
Vit >0: yet(t) € im A; x ker ZCTRCIAV (6.6.7)

on the reference signal can be interpreted as follows: If the circuit
contains a V-cutset, then, by Kirchhoff’s current law, the currents
of the voltage sources in the V-cutset sum up to zero. Likewise,
if the circuit contains an Z-loop, then Kirchhoff’s voltage law im-
plies that the voltages of the current sources in the Z-loop sum up
to zero. Condition (6.6.7) therefore means that, in a sense, the
reference signal has to satisfy Kirchhoff’s laws pointwise, see also
Figure 6.1.

(b) Invoking that
1
ker ZCTRLZ = (im ZCR[;I)l = (ker [AC Ar Ag AI]T>
=im [AC AR Aﬁ AI]7
we find

ker Zop 7 Ay = {zeR™ |Ayzcim[Ac Ag Ar Af] }.



294 6 Electrical circuits

,,,,, o, O = iyt = dim(t)

Uz (t)< >U12(t) = ugn(t) = up(t)

Figure 6.1: Interpretation of condition (6.6.7) in terms of Kirchhoff’s laws

In particular, this space is independent of the choice of the matrix
ZCRLI with im ZCRﬁI = ker [Ac AR AL‘ AI]T.

c) We have that ker ZJ, .,Ay = R™ if, and only if,
CRLT

im Ay C ker Zjp 7 = (im Zegez)t = (ker [AC Ar Ar AI}T)L
= im [Ac Ar A, Az].
Hence, by (C1), ker Z/5 .7Ay = R™ is equivalent to
im[Ac Ag Ap Az] =R™.

The latter is, by Lemma 6.2.4, equivalent to the absence of V-
cutsets in the given electrical circuit.
Furthermore, imA] = R™ if, and only if, {0} = (im A;)L =
ker Az. By Lemma 6.2.4 the latter is equivalent to the absence of
Z-loops in the given electrical circuit.

(d) By virtue of Theorem 6.6.7 and Corollary 6.4.4, we see that funnel
control is feasible for passive and connected electrical circuits (on
a suitable set of reference trajectories) provided that at least one
of the following two properties is satisfied:

(i) The circuit neither contains Z£-loops except for Z-loops, nor
VC L-cutsets except for VL-cutsets.

(ii) The circuit neither contains VC-cutsets except for V-cutsets,
nor ZCL-loops except for ZC-loops.



6.7 Simulation 295

(e) By virtue of Proposition 6.6.4 and Theorem 6.4.5, we see that fun-
nel control is feasible for passive and connected electrical circuits
(on the set of all sufficiently smooth reference trajectories) pro-
vided that at least one of the following two properties is satisfied:

(i) The circuit neither contains ZL£-loops, nor VCL-cutsets except
for YV L-cutsets with at least one inductor.

(ii) The circuit neither contains VC-cutsets, nor ZC L-loops except
for ZC-loops with at least one capacitor.

6.7 Simulation

For purposes of illustration we consider an example of a discretized
transmission line. We derive an MNA model (6.3.1), (6.3.3) and show
that the funnel controller (6.6.1) achievs tracking of a sinusoidal refer-
ence signal with prescribed transient behavior of the tracking error.

We consider a discretized transmission line as depicted in Figure 6.2,
where n is the number of spacial discretization points.

Rr/n  Lr/n Rr/n  Lr/n Rr/n  Lr/n

Gr/n Cr/n

Gr/n Cr/n Gr/n

1 1

Figure 6.2: Discretized transmission line

The element related incidence matrices of this circuit can be calcu-
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lated as
0
Acs = diag 0], 0 ey 0 eR(?nJrl)x”’
1 1 1
1 1 1
AR = diag |:_1:| S I:_1:| , —1 , AC c R(Qn-‘rl)xZn7
0
Aﬁ = dlag |: 11:| G]R(Q’rwrl)xn7
1
Ay = [1,0,...,0]T € R@»H+x1,

Ar = [0,,..,07 1]T6R<2”“> L

The matrices expressing the consecutive relations of capacitances, re-
sistances (and conductances, resp.) and inductances are given by

C= ﬁjna g = dlag (_Inu gTjn) ) L= ﬁlﬂ
n R

The differential-algebraic system (4.1.1) describing the discretized
transmission line is then given by [E, A, B, C] for the matrices in (6.3.1).

The circuit in Figure 6.2 does not contain any ZL-loops. Further,
the only VCL-cutset of the circuit is formed by the voltage source and
the inductance of the left branch. We can therefore conclude from The-
orem 6.4.5 that [F, A, B, C] has asymptotically stable zero dynamics.
Then, by Proposition 6.6.4, funnel control is feasible for [E, A, B, C] on
B>*(Rxp; R?).

For the simulation we chose the parameters

TL:50, CT:RT:gTZET:L

and the (consistent) initial value for the closed-loop system [F, A, B, C/,
(6.6.1) by

=(—1,-1.04,2,1.96,...,2,1.96, 2,...,2 ,—2) e R**2 (6.7.1)
——

(n —1)-times (n+1)-times
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Figure 6.3: Simulation of the funnel controller (6.6.1) with funnel boundary
specified in (6.7.2) and reference signal y,ef = (sin, cos)' applied
to system [E, A, B, C| with initial data (6.7.1).

As reference signal we take yf = (sin,cos)’ € B¥(Rso;R?). The
funnel F, is determined by the function

0 :Rsg = Rsg, t+—0.5te " +2 arctant. (6.7.2)

Note that this prescribes an exponentially (exponent 1) decaying funnel
in the transient phase [0, 7], where T' & 3, and a tracking accuracy
quantified by A = 1/ thereafter, see Figure 6.3d.

Note further that the asymptotic stability of the zero dynamics can
also be verified by a numerical test which shows that all invariant zeros
of [E, A, B, C] have real part —1.

The simulation has been performed in MATLAB (solver: odelbs,
relative tolerance: 107!, absolute tolerance: 107'%). In Figure 6.3 the
simulation, over the time interval [0, 10], of the funnel controller (6.6.1)
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with funnel boundary specified in (6.7.2) and reference signal y.¢ =
(sin, cos) ", applied to system [E, A, B, C] with initial data (6.7.1) is
depicted. Figure 6.3a shows the output components y; and ¥, tracking
the reference signal 1o within the funnel shown in Figure 6.3d. Note
that an action of the input components u; and us in Figure 6.3c and the
gain function k in Figure 6.3b is required only if the error ||e(t)]] is close
to the funnel boundary ¢(¢)~1. It can be seen that initially the error
is very close to the funnel boundary and hence the gain rises sharply.
Then, at approximately t = 1, the distance between error and funnel
boundary gets larger and the gain drops accordingly. In particular we
see that the gain function & is non-monotone.

6.8 Notes and References

(i) The modified nodal analysis procedure has been developed by Ho

et al. [116] at IBM, see also [93,204,206-208,242]. As described
in Sections 6.2 and 6.3, MNA is based on a graph theoretical
consideration of the electrical circuit; the circuit topology can be
directly read off from the equations arising from 6.3.1. It is a
very general modeling method which can handle all basic circuit
elements and, moreover and not discussed in Sections 6.1 - 6.7,
other elements such as the operational amplifier, two-port ele-
ments including the gyrator, and the ideal transformer. At the
same time, the MNA model takes a very compact form (cf. 6.3.1)
and is hence widely used and an appropriate tool for the compu-
tational solution of circuit equations. In particular, the modeling
can be done automatically and MNA is hence used in several cir-
cuit simulation programs, such as SPICE®.
For a historical overview of the development of MNA and ac-
companying simulation software see [196]. A very good survey of
“DAEs in circuit modelling” including MNA can also be found
in [208].

(ii) In the MNA model (6.3.1)—(6.3.3) of a given electrical circuit we
chose the input vector to consist of the currents of current sources
and voltages of voltage sources, which is a canonical choice. How-
ever, choosing the output vector to consist of the voltages of cur-
rent sources and currents of voltage sources is restrictive, since
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(iii)

one may want to measure the current through any element of the
circuit or the voltage between any two points of the circuit. This
can be achieved within the framework of the model (6.3.1)—(6.3.3)
by adding ‘virtual” sources to the circuit in the following way®:

1) If the current through an element X needs to be measured,
then establish a series connection of X with a voltage sources
(which is added to the circuit) of voltage v = 0. The current 4
through the voltage source is the same as the current through
X and can hence be measured at the source. Since v = 0,
the addition of the source does not influence the remaining
circuit.

2) If the voltage between two points of the circuit needs to be
measured, say two nodes with potentials 7, and 79, then estab-
lish a parallel connection of the circuit between these points
and a current source (which is added to the circuit connecting
the two nodes) of current i = 0. It follows that the voltage
v across the voltage source satisfies v = 1, — 1, i.e., it is the
same as the voltage between the two points of the circuit and
can hence be measured at the source. Since i = 0, the addition
of the source does not influence the remaining circuit.

With this procedure it can be achieved that any current or volt-
age in the circuit can be assigned as output, while the circuit
can still be described by a model of the form (6.3.1)—(6.3.3),
where some input constraints (currents and voltages of the added
sources must be zero) have to be added. This can be realized by
adding respective rows to B and zero rows to the pencil sE — A.
Of course, the analysis presented in the previous sections cannot
simply be carried over, but a thorough investigation with respect
to the additional input constraints must be performed; this is an
open problem.

It is interesting to note that the MNA procedure can also han-
dle so called memristive devices. One such device, the memris-
tor (memory-resistor), has been postulated by CHUA [72] as the
fourth basic circuit element besides resistors, capacitors and in-
ductors, on the basis of symmetry considerations. The memristor

!Many thanks to Thomas Hotz (Ilmenau University of Technology) for pointing this out to me.
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provides a functional relation between electric charge and mag-
netic flux. The actual discovery of the memristor by STRUKOV et
al. [225] from HP labs in 2008 (see also [249]) had a great impact
in the electrical engineering community and a lot of potential ap-
plications have been reported since, see [208] and the references
therein. Recent research [94,255] reveals that the MNA method
can be extended to treat memristors by introducing the magnetic
flux as a new state variable. As a consequence, SPICE-like circuit
simulators can be used for electrical circuits with memristors.
An interesting topic for further research is the investigation of
high-gain and funnel control for nonlinear electrical circuits con-
taining memristors.
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List of Symbols

N7 N07 Z
l(a), |af
K

set of natural numbers, Ny = N'U {0}, set of all integers,
resp.

length ¢(a) = [ and absolute value |a| = S2'_ o, of a
multi-index o = (v, ..., ) € N/

rational numbers Q, real numbers R or complex numbers

C

Rxo (Rso, R<g, Rep)

C,, C_

= [0,00) ((0,00), (—00,0], (—00,0)), resp.

the open set of complex numbers with positive, negative
real part, resp.

the ring of polynomials with coefficients in a ring R and
indeterminate s

the quotient field of R[s]

the degree of the polynomial p(s) € R][s]

ith canonical unit vector in R", or e; if the dimension is
clear from the context

the set of n X m matrices with entries in a ring R

= diag(1,...,1) € R™" or I if the dimension is clear
from the context

a zero matrix of size n x m
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0,

Ny, = 1\:|€Rka7k€N

10

[10.

_ (k—1)xk

Ky _ \\10} eR keN

Ly = \\}eR’“kaeN

N, = diag (N,,, ..., No,) € Rl for some multi-index
Oz—(Oq,..., k) e N*

K, = diag (K., ..., K,,) € Rle=0xlel for some multi-index
a=(ay,..., o) € NF

L, = diag (La,, - - -, Lo, ) € RUAIZRXIl for some multi-index
a=(ap,...,0p) € NF

E, = diag (enl }, ey [a"]) € RI*¥F for some multi-index
a=(ap,...,0p) € NF

Gl,(R) the set of invertible n x n matrices with entries in a ring
R

On(R) the group of orthogonal matrices in R"*"

o(A) the spectrum of a matrix A € R™" with entries in a ring
R

det(A) the determinant of a matrix A € R™" with entries in a
ring R

rkp A, imp A, kerp A;
the rank, image and kernel of A € R"*™ over a subring
P of aring R resp., or tk A, im A, ker Aif P =R

rke(coE — A)
=rkc FE for E, A € C*™

spec(sE — A)
= { A S C | det(AE — A) =0 }7 the SpGCtI"uIn of a ma-
trix pencil sE — A € (C[S]nxn
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specy(sE — A)

A*
]

1Al
AS

ATLS

WENLR™)
L(I;R")

CH(I;R™)

B*(I;R")

~
Iz
S

={AeCU{oo} | tke(A\E — A) < n }, the augmented
spectrum of a matrix pencil sE — A € C[s]"*"

= ZT, the conjugate transpose of A € C"*™
= Va Tz, the Euclidean norm of x € R"

=max{ ||[Az| |z € R™, ||z[| =1 }, the induced matrix
norm of A € R

= { Az |z €S8 }, the image of a set S C K™ under
A 6 K'ILX"L

={zeK" | Az € § }, the preimage of the set S C K"
under A € K"

={2eK"|VseS: 2*s=0 }, the orthogonal com-
plement of § C K"

the set of locally Lebesgue integrable functions f : I —
R", where [,.||f(t)| dt < oo for all compact K C I and
I C R is an interval

the (ith) weak derivative of f € L] (I;R"),i € Ny, I CR
an interval, see [1, Chap. 1]

loc loc

k€ NoU{oco}, I CR an interval

={ fell (LRY) | f9 el (I;R") fori=0,....k },

the set of essentially bounded functions f : I — R,
I C R an interval, see [1, Chap. 2]

the set of k-times continuously differentiable functions
f:I—=R" kEeNyU{oo}, I CR an interval

= { fecHL;RY) |f<i>GE°°(I;R'L) fori=0,...,k },
k€ NoU{oco}, I CR an interval

means that f,g € L .(I;R") are equal ‘almost every-
where’, i.e., f(t) = g(t) for almost all (a.a.) t€ I, I CR
an interval
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List of Symbols

ess-sup, | f|

Or

El,n,m,p

By, 4]

B(p,A.B,C]

ZDig,4,B,C]
ViE.A.B)

Vg

RfE.,A,B]

RiE,4,8

the essential supremum of the measurable function f :
I — R"over J C I, I CR an interval

the 7-shift operator, i.e., for f : I — R", [ C R an
interval, o, f : [ —7 = R" t— f(t+71)

the reflection operator, i.e., for f : I — R" [ C R an
interval, of : =1 — R", t — f(—t)

set of systems (3.4.1) or [E, A], resp., with E, A € R>*"

set of systems (3.1.1) or [E, A, B], resp., with £, A € R>"
and B € R>™

set of systems (4.1.1) or [E, A, B,C], resp., with E, A €
]Rlxn7 Bc Rlxm and C € RP*»

= {(z,u) € L] (R;R" xR™) | Ex € Wllo’j(R; RY) and
(z,u) satisfies $Ex(t) = Ax(t) + Bu(t) for almost all
te R}

= {(z,u,y) € LL (R;R" x R™ x R?) | Ex € W) (R;R!)
and LEz(t) = Az(t) + Bu(t), y(t) = Cux(t) for almost
all { € R}

= { (7, u,y) € Bip.aB0) ‘ y=0 }, the zero dynamics
of [E7 A7 Ba C] € 2l,n,m,p

={2" e R" | I(z,u) € Bpap : € Wlt’cl(R; R™) A
z(0) = 2"}, the set of consistent initial states

={2"€eR" | I(z,u) € Bpap : z € WE(R;R™) A

loc
Ex(0) = Ex"}, the set of consistent initial differential
variables
={2" e R" | I(z,u) € Bpap : € WIEJ(R;R") A
z(0) =0 A z(t) = 2"}, the reachable space at time ¢ > 0

= U0 RfE_’A_’B], the reachable space
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C[tE,A,B]

krL(E,A)

= {:BO € R" | I(z,u) € Bjpap : ¢ € Wllo’cl(R; R™) A
z(0) = 2" A x(t) = 0}, the controllable space at time
t>0

= Utzo C[tE7 AB) the controllable space

denotes the equivalence of matrix pencils in Chapter 2

denotes the system equivalence of systems in %, ,,, by
invertible matrices W and T in Chapter 3

denotes the feedback equivalence of systems in %, ,,, by
invertible matrices W, T and V' and some feedback ma-
trix £ in Chapter 3

denotes the system equivalence of systems in ¥, ,,,,, by
invertible matrices S and 7" in Chapter 4

= inf{,u € R | M, > 0Vae € By for aa t >
st flz@)|| < Mue"=||z(s)||}, the Lyapunov exponent
of [E7 A] S El,n
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List of Symbols

Abbreviations

BIF Byrnes-Isidori form

DAE differential-algebraic equation
IQKF interim quasi-Kronecker form
IQKTF interim quasi-Kronecker triangular form
KCF Kronecker canonical form

MNA modified nodal analysis

ODE ordinary differential equation
QKF quasi-Kronecker form

QKTF quasi-Kronecker triangular form
QWF quasi- Weierstrafl form

WCF Weierstral canonical form

ZDF zero dynamics form
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Index
asymptotically stable, 212 controllability, 18
controllable

backward system, 100 at infinity, 102, 114, 116, 123,
behavior, 96, 128, 159, 176 143, 149

image representation, 118 completely, 103, 114, 116,

interconnected, 137, 198 123, 143

shift invariant, 98 impulse, 102, 114, 116, 123,
behavioral approach, 160 133, 143, 149

branch
directed, 269
set, 269
Byrnes-Isidori form, 208, 246

canonical form, 46, 171
Brunovsky, 113
Hermite, 156
Jordan, 28, 80
Jordan control, 156
Kronecker, 17, 30, 74, 80, 120
of full rank pencil, 59
Weierstraf, 17, 28, 46
capacitance, 265, 272
closed-loop system, 212, 223,
281, 284
control
compatible, 137, 198
in the behavioral sense, 136
stabilizing, 137, 198
via interconnection, 136
control system, 95, 159, 211

in the behavioral sense, 103,
114, 116, 123, 143, 149
R-, 103, 116, 123, 142
strongly, 104, 114, 116, 123,
143
within the set of reachable
states, see R-controllable
controllable space, 97
current, 265, 273
source, 265, 272
cutset, 270, 272
K-, 271
IC-, 276

decomposition

feedback, 113

system equivalence, 111
derivative feedback, see feedback
detectable

in the behavioral sense, 189,

192

differential-algebraic  equation,
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15, 81
autonomous, 129
completely stabilizable, 128
completely stable, 129
decoupled, 111
stabilizable in the behavioral
sense, 129
stable in the behavioral
sense, 129
strongly stabilizable, 128
strongly stable, 129
underdetermined, 129
dimension formula, 52
duality, 190
dynamical system, 176

eigenspace

decomposition, 45

generalized, 42
eigenvalue, 41, 111, 267, 275
eigenvector

chains, 41

generalized, 41
electrical circuit, 21, 265, 273

passive, 273
elementary divisor, 74

finite, 74, 79

infinite, 74, 77
equivalence class, 46
equivalent

feedback, 107

in the behavioral sense, 108,

120

matrix pencils, 25

system, 107, 160
extended pencil, 120

feedback

constant-ratio proportional
and derivative, 157

derivative, 118

form, 113

group, 157

PD, 118

stabilization by, 132

state, 132, 206

funnel control, 20, 220, 259, 283,

291

feasibility, 284

topological criteria, 293

gain
function, 224
initial, 222

graph, 269
circuit, 272
connected, 270
finite, 269
isomorphic, 269
sub-, see subgraph

Hautus test, 122
high-frequency gain matrix, 245
high-gain
adaptive controller, 20
control, 20, 211, 215, 252
lemma, 253
property, 211
stabilizability, 212, 281

incidence
map, 269
matrix, 270, 272
index
of a matrix pencil, 111
of a regular pencil, 37
of matrix pencils, 133
of nilpotent part, 77
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reduction, 122 K-, 271
inductance, 265, 272 VL-, 276
inhomogeneity Lyapunov
consistent, 17 equation, 216
initial differential variable, 97 exponent, 197
initial state, 97 function, 216
consistent, 97, 141 .
initial value matr}X
consistent, 17, 82, 94, 223, m.lpotentj 153
959, 984 matrix pencil, 25
inconsistent, 82, 92 equivalence, 25
problem, 82 regular, 27, 149
input, 95 1759 mechanical system, 234
interim quasi-Kronecker form, memr}stlve device, 299
20. 68 memristor, 299
interim quasi-Kronecker triangu- mnpmal )
lar form. 28. 64 in the behavioral sense, 108,
T 120

invariance

(AJE,B), 142, 161

restricted (E,A,B), 142
invariant subspace, 140

maximal, 162, 172
invariant zero, 280
inverse system, 178, 183
invertbility

right-, 178
invertibility

left-, 178

of a control system, 178

right-, 192

Jordan canonical form, 28

Kalman criterion, 157
Kalman decomposition, 146

left inverse

of system pencil, 187
linear relation, 41
loop, 270, 271

minimal indices, 74
column, 74
row, 74
modified nodal analysis, 265
model, 273
multiplicity
algebraic, 43
geometric, 43

node
initial, 269
set, 269
terminal, 269

ordinary differential equation, 15
orthogonal complement, 51
output, 159
output feedback

high-gain, 20, 211, 215
output map, 177

path, 270
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elementary, 270
PD feedback, see feedback
performance funnel, 219
pole
of a rational matrix function,
186
polynomial
Hurwitz, 136, 252

quasi-Kronecker form, 18, 30,
50, 110, 120, 130, 173

quasi-Kronecker triangular form,
29, 48

quasi-Weierstral3 form, 18, 27,
34, 153

rational matrix
pole, 186
positive real, 266
proper, 241
strictly proper, 241
zero, 186
reachable
completely, 103
strongly, 103
reachable space, 97, 141, 144
regular
matrix pencil, 27, 149
relative degree, 239
strict, 213, 245
vector, 242
resistance, 265, 272

shift invariant behavior, 98
singular chain, 54
linearly independent, 55
subspace, 57
Smith form, 52, 83
Smith-McMillan form, 186
solution

distributional, 82
of a control system, 95, 159
of a DAE, 82, 87
of an initial value problem, 82
on finite time intervals, 89
spectrum, 32, 41
augmented, 62
stabilizable
completely, 103, 114, 116,
123, 133
in the behavioral sense, 103,
114, 116, 123, 149, 192
strongly, 104, 114, 116, 123,
133
stabilization, 20, 132, 197
standard canonical form, 36
state, 95
feedback, see feedback, state
state transition map, 176
subgraph, 269, 271, 272
induced, 269
proper, 269
spanning, 269
Sylvester equation
generalized, 61
system inversion, 177
stable, 208
system inversion form, 181
system pencil, 160, 172, 278

transfer function, 213, 239
proper inverse, 241
transmission zero, 188, 192

unimodular
extension, 83
inverse, 83
polynomial matrix, 82

vector space isomorphism, 174



Index

329

voltage, 265, 273
source, 265, 272

Weierstrafl canonical form, 28
Wong sequences, 25, 31, 53, 162
augmented, 141, 146, 162

limits, 31, 48

Z€ero
invariant, see invariant zero

of a rational matrix function,
186

zero dynamics, 19, 159

asymptotically stable, 19,
160, 185, 190, 192

autonomous, 19, 159, 279
trivial, 172
zero dynamics form, 19, 167, 246
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