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ODE-Systeme

z:R—=R" u,y:R—R™, fi, fo, f3 differenzierbar;
I': R™ — R™>™ differenzierbar
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ODE-Systeme

z:R—=R" u,y:R—R™, fi, fo, f3 differenzierbar;
I': R™ — R™*™ differenzierbar

(1) interne Dynamik
(2) Eingangs-Ausgangs-Verhalten
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#(t) = fi(z(t), y(1)), z(0) =% (1)
§(t) = f2(y(®) + fa(z(t) + Ty@)ult), y(0)=y". (2)
Relativgrad:

hat strikten Relativgrad » € N :<=- [Isidori, 1995]
o VEER"VE=0,...,7r —2: LyL5h(€) =0,
[Lyh = (0h/02) f]
e VEER™: det LyL} 'h(€) # 0.
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#(t) = fi(z(t), y(1)), z(0) =% (1)
§(t) = f2(y(®) + fa(z(t) + Ty@)ult), y(0)=y". (2)
Relativgrad:

hat strikten Relativgrad » € N :<=- [Isidori, 1995]
o VEER"VE=0,...,7r —2: LyL5h(€) =0,
[Lyh = (0h/02) f]
e VEER™: det LyL} 'h(€) # 0.

(1), (2) hat str. Relativgrad 1 <= detI'(y) #0 Vy € R™
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#(t) = fi(z(t), y(1)), z(0) =% (1)
§(t) = f2(y(®) + fa(z(t) + Ty@)ult), y(0)=y". (2)
Nulldynamik:

ZD:={ (z,u) | 2(t) = f(2(t)) + g(2(t))u(t), 0= h(z(t)) };
ZD stabil <= V(z,u) € ZD: 1tlirgo(z(t),u(t)) =0
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#(t) = fi(z(t), y(1)), z(0) =% (1)
§(t) = f2(y(®) + fa(z(t) + Ty@)ult), y(0)=y". (2)
Nulldynamik:

ZD:={ (z,u) | 2(t) = f(2(t)) + g(2(t))u(t), 0= h(z(t)) };
ZD stabil <= V(z,u) € ZD: 1tlirgo(z(t),u(t)) =0

ZD1),(2) stabil, wenn (1) input-to-state stable: [Sontag, 1989]

Jae KL, eV (x%y) € R" x CO'(Rsg; R™)

Vt>0: [e(t;2%y)ll < all2’],t) + s%pﬂﬁ(lly(S)ll),
se|0,
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[llchmann & Ryan, 2009]: Regelung funktioniert wenn

e strikter Relativgrad 1 und “high-gain Matrix" T'(y) pos. def.
fur alle y € R™

e (1) ist ISS (Nulldynamik ist stabil)
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o(t) = fi(z(t),y(t)) z(0) =2, (1)
§(t) = fa(y(t) + fa(z(t)) + D(y(D))ut), y(0)=1°. (2)
4
&(t) = fi(z(t), y(1)), z(0) =2, (3)
D)) 9(t) = f2(y(1)) + f3(x(t) + ult), y(0)=y’ (4)

{(1), (2) mit str. Relativgrad 1} = {(3), (4)}
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Y1=up — U = /y1=/ul—u1
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Theorem (Funnel-Regelung)

:I)(t) = fl(x(t)vy(t))v x(o) = xov (3)
L(y(1) §(t) = fo(y(t)) + fa(z(t)) +u(t), y(0) =4 (4)
e (3)ist ISS

e I'(y) = RG(y)R", wobei G(y) >0 Vy € R™
e imK =ker R" und K fj K beschrinkt
o k> [(KTE)™ - supyepm | K f3(y) K|
o y¥sodass K" (fa(y?) + f3(2?) — k(" — 4ret(0))) = 0
Dann erreicht der Funnel-Regler
u(t) = —k(t) e(t), wobei  e(t) = y(t) — yret(t)
k(1) = k/ (1= o) e®)]?),

dass: (z,5,k) € L, A Je>0Vt>0: |le®t)| <o)t —¢

Thomas Berger, Achim lichmann, Timo Reis



((®) + f3(x(t)) + u(t), y(0) =
(3), (4) —
L
Funnel- e = Yref

le(®)]]

Regler
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k-Bedingung

() = fi(z(t),y(1)), z(0) =2°, (3)
Ly() 4(t) = foly(®) + f3(a(®) +u(t), y(0) =y (4)
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k-Bedingung

() = fi(z(t),y(1)), z(0) =2°, (3)
Ly() 4(t) = foly(®) + f3(a(®) +u(t), y(0) =y (4)

y(t) = [K, R] [(([gg))_llg;] y(t) = [K, R (yl )>
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k-Bedingung

() = fi(z(t),y(1)), z(0) =2°, (3)
Ly() 4(t) = foly(®) + f3(a(®) +u(t), y(0) =y (4)

)
T T
ot =11 (e e | v = e (49)

RT: (1 RGO R 7] (1)) = (RTRIGW0) (R i) =
KT(@): 0= KT (0030 + HEO) A0, y0) - Hoe) - b0e(0)
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k-Bedingung

() = fi(z(t),y(1)), z(0) =2°, (3)
y(0) =4 (4)

D(y(t) §(t) = f2(y(t) + f3(2(t)) +u(t),
o) = 1.1 [\ T] W) = K. 1) (ggg)
RT(4): (RTR)G(y(t))R" K, R] < ; R R)ya(t)=. ..
KT(4): 0= K" (f5y()g(t) + fi(x(t) f(a(), y(t) — k(t)e(t) — k(1))

= 0= (K" f3(y(t)K — k(t) (KK + H(t,y1(t), y2(t))) )51 (2)

=T

+ w(tv Y1 (t)v y2(t)v y2(t))
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k-Bedingung

() = fi(z(t),y(1)), z(0) =2°, (3)
y(0) =4 (4)

Fw(®) () = L) + f((t) + u)
T T
o =11 |G g ]y(t)—[K,RJ (ggg)

RT(4): (RTR)G(y(t))R" K, R] < ; R R)ya(t)=. ..
KT (4): 0= KT (f5y(0)g(t) + f5(x(0) f(x(t), y(t) — k(t)e(t) — k(t)é(t))

= 0= (K" f3(y(t)K — k(t) (KK + H(t,y1(t), y2(t))) )51 (2)

+ ¢(f yl(t)v y2(t)v y2(t))

H>0, k(t) > k> |(K"K)™"| - sup |[K' f5(y)K| = T inv.
yeR™
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Vergleich ODEs und DAEs

ODEs DAEs

(1) ist ISS (3) ist ISS

' > 0 (Relativgrad 1) | T' > 0 (gemischter Relativgrad)

k=1 k> (KT E)7!| - supyeqm [ KT f3(0)K H
yOGRm KT(fQ( )+f3( ) k(y _yref( )))
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