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Modified Nodal Analysis (MNA)

$Ex(t) = Ax(t) + Bu(t), y(t) =Cx(t)| u= (ZI> U= (_UI>
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Modified Nodal Analysis (MNA)

S Ex(t) = Az(t) + Bu(t), y(t)=Cax(t)| u= (ZI> V= (_UI>

SACCAL +AgGA; A Ay —A7 0
sE—A= —A] st 0|, B=C"=]0 0
—A), 0 0 0 —I,
Ac, Ag, A, Ay, A7 — element-related incidence matrices
C, G, L — consecutive relations of capacitances,

resistances and inductances

passivity: C=(C' >0,L=,">0,G6+G >0
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Lis K —loop :<= [(isa loop in the graph that consists

of edges contained in XC only

corr. Z-loop, ZcL-loops, etc.

Lis K —cutset :<= deleting £ C K results in a disconnected

graph and £ is minimal

corr.. V-cutset, VCL-cutset, etc.
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Ei(t) = Ax(t)+ Bu(t)
y(t) = Cult)

v J[E A4,B,C] —
+
funnel e —  Yref
controller ~
e(t 1
e .
t
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Zero dynamics:

ZD :={ (z,u,y) | Ei(t) = Az(t) + Bu(t), y(t)=Cz(t)=0 }
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Zero dynamics:

ZD :={ (z,u,y) | Ei(t) = Az(t) + Bu(t), y(t)=Cz(t)=0 }

ZD autonomous <>

Ywi,we € ZD VI C R open interval :

wil; = wa|;, = w1 =ws
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Zero dynamics:

ZD :={ (z,u,y) | Ei(t) = Az(t) + Bu(t), y(t)=Cz(t)=0 }

ZD autonomous <>

Ywi,we € ZD VI C R open interval :

wil; = wa|;, = w1 =ws

ZD stable <= Yw € ZD: lim;_, w(t) =0
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Zero dynamics:

ZD :={ (z,u,y) | Ei(t) = Az(t) + Bu(t), y(t) = Cx(t) =

ZD autonomous :<—>
Ywi,we € ZD VI C R open interval :

wil; = wa|;, = w1 =ws

ZD stable <= Yw € ZD: lim;_, w(t) =0

A € C is invariant zero :<—

AME—-A —-B sE—A —B
rke _C 0 < rkR(S) _C 0
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Theorem (stable zero dynamics)

Let [E, A, B,C] be a MNA model of a circuit.

e ZD autonomous
ZD stable <«— . ]
e all invariant zeros C C_

ZD autonomous <= neither Z-loops nor V-cutsets

e neither ZL-loops except for
TI-loops, nor V(CL-cutsets except
for VL-cutsets

e neither V(C-cutsets except for
V-cutsets, nor Z(CL-loops except
for ZC-loops
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Theorem (funnel control - stable zero dynamics)

Let [E, A, B,C] be a MNA model of a circuit with
e ZD stable,

* Yref € B®(R>0; R™).

Then the funnel controller

u(t) = —k(t) e(t), where  e(t) = y(t) — yret(t)
1
MO = T e

applied to [E, A, B, C] achieves that

zeLl® keLl™® A Je>0Vt>0: [le®)] <o) —e
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Ei(t) = Ax(t)+ Bu(t)
y(t) = Cult)

v J[E A4,B,C] —
+
funnel e —  Yref
controller ~
e(t 1
e .
t
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Theorem (funnel control - stable invariant zeros)

Let [E, A, B,C] be a MNA model of a circuit with
e all invariant zeros C C_

® Ypof € B (Rzo; im A} x ker ZZ‘KLIA'V)’ where

im ZCKLI = ker [AC AR AL AI]T .

Then the funnel controller

u(t) = —k(t) e(t), where  e(t) = y(t) — yre(t)
1
Ok O]

applied to [E, A, B, C] achieves that

Tt E€L® keL™® A Fe>0Vt>0: |let)] <o) —c
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Interpretation of
Yret (t) € im AJ X ker Z;@IA{V Vt>0

—  Yror satisfies Kirchhoff's laws pointwise!

77777 i1 (t) iva(t) o - ifVl (t> - i’V? (t)

= U711 (t) = Uzg(t)
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