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ÿ(t) = u(t)

u(t) = −kP (t)
2e(t)

− kD(t) ė(t)
+

y(t)u(t)

−yref(t)e(t)

t

ψP (t)

|e(t)|

kP (t) =
ψP (t)

ψP (t)− |e(t)|
,

kD(t) =
ψD(t)

ψD(t)− |ė(t)|
,

0 < δ ≤ d
dtψP (t) + ψD(t)

[Hackl, Hopfe, Ilchmann,
Müller, Trenn ’13]:
Das funktioniert!

Problem: Ableitung von y nicht verfügbar!
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High-gain Beobachter für ÿ = u

ÿ(t) = u(t)

Observer

u(t) y(t)

z(t)

ż1 = z2 + p1k(y − z1),
ż2 = u+ p2k

2(y − z1),
p1, p2 > 0

[Tornambe ’92]: k > 0 groß genug

=⇒ z1 ≈ y ∧ z2 ≈ ẏ
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High-gain Beobachter für ÿ = u

ÿ(t) = u(t)

Observer

u(t) y(t)

z(t)

ż1 = z2 + p1k(t)(y − z1),
ż2 = u+ p2k(t)2(y − z1),

k̇(t) = γd2
λ,λ̂

(y(t)− z1(t)), dλ,λ̂(z) =

{
λ̂− λ, |z| ≥ λ̂
|z| − λ, λ ≤ |z| ≤ λ̂

0, |z| ≤ λ

[Bullinger, Ilchmann, z, k ∈ L∞ und

Allgöwer ’98]: dist
(
y − z1, [−λ, λ]

)
→ 0
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Betrachte modifizierten Beobachter für ÿ = u

ż1 = z2 +
(
q1 + p1k(t)

)
(y − z1), k(t) =

ψO(t)

ψO(t)− |y(t)− z1(t)|
ż2 = u+

(
q2 + p2k(t)

)
(y − z1),

e1 := y − z1, e2 := ẏ − z2, k(t) =
ψO(t)

ψO(t)− |e1(t)|
ė1 = e2 −

(
q1 + p1k(t)

)
e1,

ė2 = −
(
q2 + p2k(t)

)
e1,

A :=

[
−q1 1
−q2 0

]
, P =

[
p11 p12
p12 p22

]
s.t. A>P + PA = −I

p1 = 1, p2 = −p12
p22

; ė = Ae− k(t) ( p1p2 ) e1
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ż1 = z2 +
(
q1 + p1k(t)

)
(y − z1), k(t) =

ψO(t)

ψO(t)− |y(t)− z1(t)|
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ė = Ae− k(t) ( p1p2 ) e1

d
dte
>Pe = e>(A>P + PA)e− k(t)

(
e1 ( p1p2 )> Pe+ e>P ( p1p2 ) e1

)
= −‖e‖2 − k(t)

(
p11 −

p212
p22

)
e21 ≤ −‖e‖2

=⇒ e1, e2 ∈ L∞[0, ω), Standard Funnel-Argument : k ∈ L∞
=⇒ ω =∞ ∧ e(t)→ 0 ∧ k(t)→ 1
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc kausal, lokal Lipschitz, BIBO

Beispiele:
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc kausal, lokal Lipschitz, BIBO

Beispiele:

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) mit

(A1) rkC

[
λI −A B
C 0

]
= n+m für alle λ ∈ C mit Reλ ≥ 0;

(A2) CB = CAB = . . . = CAr−2B = 0 und CAr−1B ∈ Glm(R).
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc kausal, lokal Lipschitz, BIBO

Beispiele:

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) mit

(A1) rkC

[
λI −A B
C 0

]
= n+m für alle λ ∈ C mit Reλ ≥ 0;

(A2) CB = CAB = . . . = CAr−2B = 0 und CAr−1B ∈ Glm(R).

Ist äquivalent zu d
dt x̂(t) = Âx̂(t) + B̂u(t), y(t) = Ĉx̂(t) mit

Â =


0 Im 0 ··· 0
...

. . .
. . .

. . .
...

0 ··· 0 Im 0
R1 R2 ··· Rr S
P 0 ··· 0 Q

 , B̂ =

 0
...
0

CAr−1B
0

 , Ĉ = [ Im 0 ··· 0 0 ]
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc kausal, lokal Lipschitz, BIBO

Beispiele:

d
dt x̂(t) = Âx̂(t) + B̂u(t), y(t) = Ĉx̂(t) mit

Â =


0 Im 0 ··· 0
...

. . .
. . .

. . .
...

0 ··· 0 Im 0
R1 R2 ··· Rr S
P 0 ··· 0 Q

 , B̂ =

 0
...
0

CAr−1B
0

 , Ĉ = [ Im 0 ··· 0 0 ]

y(r)(t) =R1y(t) + . . . Rry
(r−1)(t)

+ SeQtη(0) +

∫ t

0
SeQ(t−τ)Py(τ)dτ + CAr−1Bu(t).
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc kausal, lokal Lipschitz, BIBO

Beispiele:

y(r)(t) = T (y, ẏ, . . . , y(r−1))(t) + Γu(t)

mit Γ = CAr−1B und

T (y, . . . , y(r−1))(t)

= R1y(t) + . . . Rry
(r−1)(t) + SeQtη(0) +

∫ t

0
SeQ(t−τ)Py(τ)dτ.
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc kausal, lokal Lipschitz, BIBO

Beispiele:

ẋ1(t) = x2(t), . . . , ẋr−1(t) = xr(t), x̂(t) = (x1(t)
>, . . . , xr(t)

>)>

ẋr(t) = g1(x̂(t), η(t)) + g2(x̂(t), η(t))u(t),

η̇(t) = g3(x̂(t), η(t)),

y(t) = x1(t)
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Erweiterung

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)
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ẋr(t) = g1(x̂(t), η(t)) + g2(x̂(t), η(t))u(t),

η̇(t) = g3(x̂(t), η(t)),

y(t) = x1(t)

T (y, . . . , y(r−1))(t) :=
(
y(t)>, . . . , y(r−1)(t)>, η(t; η0, y, . . . , y(r−1))>

)>
y(r)(t) = g1

(
T (y, . . . , y(r−1))(t)

)
+ g2

(
T (y, . . . , y(r−1))(t)

)
u(t)
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y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

ż1(t) = z2(t) +
(
q1 + p1k(t)

)
(y(t)− z1(t)),

ż2(t) = z3(t) +
(
q2 + p2k(t)

)
(y(t)− z1(t)),

...

żr−1(t) = zr(t) +
(
qr−1 + pr−1k(t)

)
(y(t)− z1(t)),

żr(t) = Γ̃u(t) +
(
qr + prk(t)

)
(y(t)− z1(t)),

k(t) =
1

1− ϕ(t)2‖y(t)− z1(t)‖2

mit Design-Parametern pi > 0, qi > 0, Γ̃ ∈ Rm×m und der
Funnel-Funktion ϕ : R≥0 → R≥0
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ż1 = z2+
(
q1+p1k(t)

)
(y−z1)

ż2 = z3+
(
q2+p2k(t)

)
(y−z1)

...
żr−1 = zr+

(
qr−1+pr−1k(t)

)
(y−z1)

żr = Γ̃u+
(
qr+prk(t)

)
(y−z1)

A :=

 −q1 1

...
. . .

−qr−1 1
−qr 0

 , P =

[
P11 P12

P>12 P22

]
P11 ∈ R, P22 ∈ R(r−1)×(r−1)

s.t. A>P + PA = −I and

(
p1
...
pr

)
=

(
1

−P−122 P
>
12

)
Theorem:
y, . . . , y(r−1) ∈ L∞ =⇒ z1, . . . , zr, k ∈ L∞ ∧ |y(t)−z1(t)| < ψO(t)
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Simulation - Bioreaktor

ṁ(t) =
a1m(t)s(t)

a2m(t) + s(t)
−m(t)u(t),

ṡ(t) = − a1a3m(t)s(t)

a2m(t) + s(t)
+
(
a4 − s(t)

)
u(t),

y(t) = m(t),

m - Konzentration Mikroorganismen, m(0) = 0.075

s - Konzentration Substrat, s(0) = 0.03

u - Substrateinflussrate

u(t) =


0.08, t ∈ [0, 30)
0.02, t ∈ [30, 50)
0.08, t ≥ 50,

Γ̃ = 0, q1 = 1, q2 = 0.2,

p1 = 1, p2 = 1
11

ϕ(t) = 1
2 te
−t + 100

π arctan t.
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ṁ(t) =
a1m(t)s(t)

a2m(t) + s(t)
−m(t)u(t),
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λ-strip Beobachter [BIA ’98]: Funnel-Beobachter:
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