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Adaptive Control

System

Controller

Yret (1)

e no knowledge of system parameters, only “structure” of
mathematical model for the system

e aim: design controller such that y(t) “tracks” yyef(t)
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Relative degree r € N

&(t) = Az(t) + bu(t), y(t) = cx(t)
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Relative degree r € N

&(t) = Az(t) + bu(t), y(t) = cx(t)

y(t) = cAx(t) + cbu(t); cb#0 = r=1
ch=0 = §(t) = cA%x(t) + cAbu(t); cAb#0 = r=2
cAb=0 = ...

chb=cAb=...=cA"2b=0 A cA" b #0
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Funnel control

le(?)]

»(t) [ILCHMANN, RYAN, SANGWIN "02]:
This works!
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ut) 70 = u(t) v,
u(t) = —kp(0)%e(t) | () L —yrer(t) Up(t)
— kp(t) é(t) ~

lé(t)]
Yp(t)

kp(t) = — 2P
P(?) Vp(t) — le(t)] [HACKL, HOPFE, ILCHMANN,
kp(t) = Yp(t) MULLER, TRENN ’13]:

DA = 0@ = le@)] This works!

0<6< SYp(t)+p(t)
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ut) 70 = u(t) v,
u(t) = —kp(0)%e(t) | () L —yrer(t) Up(t)
— kp(t) é(t) ~

lé(t)]
Yp(t)

kp(t) = — 2P

P(?) Vp(t) — le(t)] [HACKL, HOPFE, ILCHMANN,
kp(t) = Yp(t) MULLER, TRENN ’13]:

DA = 0@ = le@)] This works!

0<6< SYp(t)+p(t)

Problem: derivative of y not available!
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High-gain observer for jj = u

u(t) R0

Observer ——

2 =2+ pik(y — 1),
o = u+ pak*(y — 21),
p1,p2 >0

[TORNAMBE '92]: k > 0 large enough
= 21~y N zryY
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High-gain observer for jj = u

u(t) R0

Observer ——

Z1 = 29 —i—plk:(t)(y — 2’1),
2o = u+ pak(t)’(y — 21),

. 2 ;\ - )‘7 IZ‘ > 5‘ R

k(t) = ~vdy 5 (y(t) — z1(1)), dy5(2) = qlzl =2 A<|s <A
’ ’ 0, 2] <A

[BULLINGER, ILCHMANN, z,k € L™ and

ALLGOWER '98]: dist(y — 21, [-\,A]) = 0
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Consider the modified observer for §j = u

Yo(t)
Yo(t) — ly(t) — z1(t)]

1=z + (@ +pik(t)(y — 21), k(t) =

Zo=u+ (g2 +p2k(t))(y — 21),
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Consider the modified observer for §j = u

Yo(t)
Yo(t) — ly(t) — z1(t)]

1=z + (@ +pik(t)(y — 21), k(t) =
Zo=u+ (g2 +p2k(t))(y — 21),
e1: =y — 21, € := 1 — 29, k(t) =

é1=-e3 — (q1 + pik(t))er,
é2 = —(q2 + p2k(?t))e1,
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Consider the modified observer for §j = u

Yo(t)
Yo(t) — ly(t) — z1(t)]

1=z + (@ +pik(t)(y — 21), k(t) =
Zo=u+ (g2 +p2k(t))(y — 21),
e1: =y — 21, € := 1 — 29, k(t) =

é1=-e3 — (q1 + pik(t))er,
é2 = —(q2 + p2k(?t))e1,

A= [_(ﬁ 1], P= [p“ pl?] st. ATP+PA=—1

—q2 0 ~|p12 22
_ _ b2 . p1
pr=1, ppo=—"; é=Ae—k(t)(})er
P22
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¢ = Ae—k(t) (B) ex

$eTPe=eT(ATP+ PA)e—k(t) (e (J2) Pe+e P (B)er)

2
—le))? = k(t) (p11 — 22 ) &2 < —|e|?
¢ bu P22 1= ¢
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¢ = Ae—k(t) (B) ex

deTpe=c' (ATP + PA)e — k(t) (el( )T PeteTP(B)e )

= el = 6) (1 — 22 & < ~Jel?

= e1,e2 € L®[0,w), standard funnel argument : k € L™
= w=o00 A e(t) >0 A k(t) =1
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Extension

y () = (A, T(y, 9.,y N®)+T (A, T(y, 9, - ..,y ) (#))u(t)
T :C — LS causal, local Lipschitz, BIBO

loc
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Extension
y () = F(dO), Ty, sy )O) T (), Ty -y V) (E))ul?)
T :C — LS. causal, local Lipschitz, BIBO
Examples:
#(t) = Az(t) + Bu(t), y(t) = Cz(t) with

(A1) rkc [MC_A ﬂ =n+m for all A € C with Re A > 0;

(A2) CB=CAB=...=CA"™ 2B =0and CA"'B € GL,(R).
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Extension
y () = F(dt), Ty, 9, .,y ) E)+T (A1), T(, 5, ...y )()ult)
T :C — LS. causal, local Lipschitz, BIBO
Examples:
#(t) = Az(t) + Bu(t), y(t) = Cz(t) with
(A1) tke [Mc_ A ﬂ =n+m for all A € C with Re X > 0;
(A2) CB=CAB=...=CA"™ 2B =0and CA"'B € GL,(R).
Is equivalent to $2(t) = A#(t) + Bu(t), y(t) = C#(t) with
0 Iy 0 - 0 0
A= 0010 , B= 0 , C':[Im0~-- 0 0]
RiRy - R S CA™—1B
PO - 0Q 0
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Extension
y ) = £(dt), T(y, 9,y D) 0)) T (d(E), T(y, 9, ...,y ™)) ult)
T :C — LS. causal, local Lipschitz, BIBO
Examples:

G (1) = A2(t) + Bul(t), y(t) = Ci(t) with

0 Im 0 - 0 0

A=l | B=] b | =m0 0]
Ry Rz - R, S CA™ 1B
PO - 0Q 0

y " (t) = Ryy(t) + ... Ry V(¢)

t
+ SeQtn(0) + / SeQU=) Py(r)dr + C A"  Bu(t).
0
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Extension
y ) = £(dt), T(y, 9,y D) 0)) T (d(E), T(y, 9, ...,y ™)) ult)
T :C — LS. causal, local Lipschitz, BIBO
Examples:

y () = T(y, 9, ...y D)(t) + Du(t)
with I' = CA"' B and

T(y,...,y" " D)(t)

t
= Riy(t) + ... Ry V(#) + Se¥n(0) + / SeQE=) py(r)dr.
0
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Extension
y () = F(dt), Ty, 9, .,y ) E)+T (A1), T(, 5, ...y )()ult)
T :C — LS. causal, local Lipschitz, BIBO
Examples:
i1 (t) = z2(t), ..., dro1(t) =2.(t), ()= (z1(t)",...,z. (&))"
ir(t) = g1(2(t),n(t)) + g2(2(t), n(t))u(t),
0(t) = gs(&(t),n(t)),
y(t) = z1(t)
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Extension
y ) = £(dt), T(y, 9,y D) 0)) T (d(E), T(y, 9, ...,y ™)) ult)
T :C — LS. causal, local Lipschitz, BIBO
Examples:

B1(t) = @a(t), ..oy Era(t) =an(t), @) = (@), 2 (1))
r(t) = g1(£(), n(t) + g2(£(t), n(t))u(t),

(t) = ga(2(t), n(t)),

y(t) = x1(t)

r— r— r— T
T(y,- oy N0 = Oy oty )T

y ) = g1 (T(y, -,y @®) + 92(T(y, ...y D) (X)) u(t)
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y () = f(dO), Ty, sy ) O) AT (), Ty G-,y V)(E))ul?)

21(t) = 22(t) + (g1 + prk(t)) (y(t) — 21(¢)),
Zo(t) = 23(t) + (g2 + p2k(t)) (y(t) — 21(¢)),

Zr(t) + (QT—I +pr—lk(t))(y(t) —Z1 (t)),

Tu(t) + (gr + prk(t)) (y(t) — 21(t)),
1

1= ()2 y(®) — ()]

S (t)
(1)

k(1)

with design parameters p; > 0, ¢; > 0, I € R™*" and the funnel
function ¢ : RZO — RZO
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21 = 2+ (q+p1k(t)) (y—21)
9 = 23+ (q2+p2k(t)) (y—21)

Zr—1 — 2+ (@r-1+pr—1k(t)) (y—21)
Zr = Pu+(QT+prk(t))(y_zl)

—q1 1
: - Py P12] 1) x(r—1
A= | |, P= Pi1 € R, Py € RU-Dx(r=1)
—gr—1 (1) [Png Py| 1 22
—qr

P1
1
st. A'P+PA=—T and D = ( _ )
<p}> _P221P1T2
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21 = 2+ (q+p1k(t)) (y—21)
9 = 23+ (q2+p2k(t)) (y—21)

Zr—1 — 2+ (@r-1+pr—1k(t)) (y—21)
Zr = Pu+(QT+prk(t))(y_zl)

—q1 1
: - Py P12] 1) x(r—1
A= | |, P= Pi1 € R, Py € RU-Dx(r=1)
—gr—1 (1) [Png Py| 1 22
—qr

P1
1
st. A'P+PA=—T and D = ( _ )
<p}> _P221P1T2

Theorem [B., REIs ’16]:
Yooy € L® = 2, 2, k€ L A |y(t) — 21(2)] < vo(t)
limsup [le(t)]| < M, e(t) = (y(t) = 21(0), ...,y () = 2 (1))

t—o00
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Simulation - bioreactor
aym(t)s(t)

m(t) = am(®) + @) m(t)u(t),
o ajasm(t)s(t) wr— ()
§(t) = (@ 130 (ag — s(t))u(t),
y(t) = mf(t),

m - concentration of microorganisms, m(0) = 0.075
s - concentration of substrate, s(0) = 0.03

u - substrate inflow rate
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Simulation - bioreactor
aym(t)s(t)

m(t) = am(®) + @) m(t)u(t),
o ajasm(t)s(t) wr— ()
§(t) = (@ 130 (ag — s(t))u(t),

y(t) = m(t),

m - concentration of microorganisms, m(0) = 0.075
s - concentration of substrate, s(0) = 0.03

u - substrate inflow rate

0.08, € [0,30) =0, q=1, =02,
u(t)=14 0.02, t€[30,50) p1=1, pp=4
0.08, t > 50,

p(t) = ste7t + Warctant.

™
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A-strip observer [BIA '98]: funnel observer:
S S o1, \
01 l‘--‘~-,~~j .
0.08i
008 {
{
oo 0.06
N B 0.04
A\ L e
it 0.02
N \—'///TM—’\/"—‘ 0
" . " . " " i J 0 10 20 30 40 50 60 70
0.025|

0.025
0.02
0.015}
0.01

0.005

30 %
tme (]
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u(t) — y(t)

z2 (t)

z1 (t)

N2 =20+ (@ + prk(®))(y — 21)
o 22 = u+ (g2 + p2k(1)) (y — 21)

|

funnel controller

Tyref(t) Tyret'(t)

e given 9(t), we have |y(t) — yper(t)| < ¥(t) for all t >0
e controller only needs y, 21, 22

Thomas Berger and Timo Reis Funnel Observation and Funnel Control

A~ A




UH Funnel Observation and Funnel Control
i Thomas Berger and Timo Reis
LoV Universitat Hamburg

straightforward approach:

u(t) = —kp(t)*(y(t) — yret (t)) — kp(t)(22(t) = Gret (1)),
22(t) = y(t) — ea(t)
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straightforward approach:

u(t) = —kp(t)*(y(t) — yret (t)) — kp(t)(22(t) = Gret (1)),
22(t) = y(t) — ea(t)

Problem: performance depends on ||e2||o; we need litngzb[)(t) > |le2]loo
>
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straightforward approach:

u(t) = —kp(t)*(y(t) — yret (t)) — kp(t)(22(t) = Gret (1)),
22(t) = y(t) — ea(t)

Problem: performance depends on ||e2||o; we need litngzb[)(t) > |le2]loo
>

alternative approach: What if we put 21 — yref into the funnel?
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straightforward approach:

u(t) = —kp(t)*(y(t) — yret (t)) — kp(t)(22(t) = Gret (1)),
22(t) = y(t) — ea(t)

Problem: performance depends on ||e2||o; we need %n(f) Yp(t) > |lez2]loo
>

alternative approach: What if we put 21 — yref into the funnel?

[y (t) = Yret(0)] < |21(8) = gt (B)] + le1 ()] < ¥p(t) + Yo(t)

Given 0(t), let ¥p(t) = o (t) = Lu(t)
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straightforward approach:

u(t) = —kp(t)*(y(t) — yret (t)) — kp(t)(22(t) = Gret (1)),
22(t) = y(t) — ea(t)

Problem: performance depends on ||e2||o; we need %n(f) Yp(t) > |lez2]loo
>

alternative approach: What if we put 21 — yref into the funnel?

[y (t) = Yret(0)] < |21(8) = gt (B)] + le1 ()] < ¥p(t) + Yo(t)

Given 0(t), let ¥p(t) = o (t) = Lu(t)

Seek a system of relative degree 2 with output 3 := 21!
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21 =2+ (@ +pik(t))er,  é1=e2— (@1 +pik(t))er,
w_ ) B2 mut(@tpk@®)e,  é2=—(a+pkt)e,
) ¥ =2
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21 =2+ (@ +pik(t))er,  é1=e2— (@1 +pik(t))er,

w_ ) B2 mut(@tpk@®)e,  é2=—(a+pkt)e,
o U =z
L9 =204 (q1 + p1k(t))en,
($)%5 = u+ (g2 + p2k(t))er + prk(t)er + (g1 + prk(t))éx
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s =2+ (@ +pik(t))er, €1 =ex— (qu + pik(t))er,

w_ ) B2 mut(@tpk@®)e,  é2=—(a+pkt)e,
) ¥ o=a

internal dynamics

(q1 + p1k(t))en,
(Q2 + pok(t))er + prk(t)er + (q1 + prk(t))ér

T(Yo.%o0,e1,e2)EL>
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s =2+ (@ +pik(t))er, €1 =ex— (qu + pik(t))er,

w_ ) B2 mut(@tpk@®)e,  é2=—(a+pkt)e,
) ¥ o=a

internal dynamics

(q1 + p1k(t))en,
(Q2 + pok(t))er + prk(t)er + (q1 + prk(t))ér

T(Yo.%o0,e1,e2)EL>

[HACKL ET AL. '13]: PD-funnel controller can be applied to 3!
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21 =2+ (@ +pik(t))er,  é1=e2— (@1 +pik(t))er,
w_ ] 2 =ut (g2 + p2k(t))en, ég = —(q2 + pak(t))er,

internal dynamics

+ (q1 + p1k(t)) e,
g=u+ (g2 +pk(t))er + pik(t)er + (q1 + prk(t))éx

-~

T (Y0 ,Y0,e1,2)EL>
[HACKL ET AL. '13]: PD-funnel controller can be applied to 3!
u(t) = —kp(t)* (21(t) = yret (t) —kp (£) (21(t) ~ Grer (t))

(
= —kp(t)*(21() = yrer (t))
— kp(t) (z2(t)+ (g1 + prk(t)) (y(t) =21 (t)) = et ()
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u(t y(t
u(t) s B0

ZQ(l)

z1(t)

a

1 21 =2 + (1 + pik(t)) (y — 21)
s =u+ (g2 + p2k(t)) (y — 21)

u = —kp(t)* (21— Yret)
— Ekp(t) (224 (a1 + prk(t)) (y—21) — Bret)

Tymfa) Tmm

ly(t) — z1(1)] < Yo(t), 21(t) — yret (t)| < ¥p(2)
121(t) = Gret ()| < ¥D(t),  |y(t) — wret ()| < Pp(t) +Po(t)
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Extension
PO 21 = 2+ (q+pik(t)) (y — 21)
e 2y = Ju+ (g2+p2k(t)) (y — 21)
9 =T(x1,22)+yu p+ _ Y
Y= U = kP(t) (Zl yref)
—kp(t) (z2+ (q1+p1k(t)) (Y—21) — Yrer)
>0, 5> 0

Vay,xe €C: w1 € L® = T(x1,22) € L™
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Extension
PO 21 = 2+ (q+pik(t)) (y — 21)
e 2y = Ju+ (g2+p2k(t)) (y — 21)
9 =T(x1,22)+yu p+ _ Y
Y= U = kP(t) (Zl yref)
—kp(t) (z2+ (q1+p1k(t)) (Y—21) — Yrer)
>0, 5> 0

Vay,xe €C: w1 € L® = T(x1,22) € L™

Theorem [B., REIs ’16]:

ly(t) — 21()] < vo(t), 21(t) = Yret(t)| < ¥p(t)
‘2}1 (t) - yref(t)‘ < wD(t)7 ’y(t) - yref(t)‘ < wP(t) + o (t>
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Simulation

y(t) = (1)

Figure: Mass-spring-damper system

Yref () = sint
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21~ Yref
21— Yot
****** pp

””” ¥p

Funnel Observation and Funnel Control
Thomas Berger and Timo Reis

kp
ko
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3 \\\ \\ 21— Yref 5 4
ot NN 21— Ghet |
\ S ) \
“ N B Yp \
1r \\\ B [N Up \\
] e
0 N 0 —=T=
At 7 e /
/ 7 /
20/ o /
// // ’/
-3 ! - - - - ! 5 r' L L L L ,
0 1 2 , 3 4 5 0 2 4 6 8 10
60
kp
50 ‘ kp
ko
40
30
20
10
0 A
0 2 4 6 8 10
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Open problems

choice of design parameters ?

v = g(wy,2) > 07
condition on T: V1,29 € L™ : T(x1,29) € L>® ?

higher relative degree 7
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