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Linear systems with relative degree r ¢ N

x(t) = Ax(t) + Bu(t), y(t) = x(t), x(0)=x° (%)
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Control objective

u(t)

()]

F(t,2(0), %(0), per(D) | () & —yer(t) 1/5(t)

>

(1)
u(t) = G(t, z(t), X(t), yret (1))

D).

le(t)]l

Oy Dy <p(') bounded,
d, =<2 pelC'(Rso = R)| ¢(r) > 0forall7 >0,
and liminf, o (1) > 0
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Basic idea

1. Define a new output such that
e the new system has a higher relative degree r + ¢
o the unstable part of the internal dynamics is eliminated
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Basic idea

1. Define a new output such that
e the new system has a higher relative degree r + ¢
o the unstable part of the internal dynamics is eliminated

2. Define a new reference signal s.t. it belongs to YW +6:>°

3. Apply the available funnel controller to the system with new output and
new reference signal

4. Show that the original tracking error satisfies the control objective
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Definition of new output

Byrnes-Isidori form: 3 U € Gl,(R) s.t.
Ux(t) = (y(&) T, y(0) T, ...,y D(0)T, 77(1‘)T)T transforms () into

y(1) ZRY(' t)+Sn(t)+ T u(t),

0(t) = Py(t) + Qn(t)
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Definition of new output

Byrnes-Isidori form: 3 U € Gl,(R) s.t.
Ux(t) = (y(&) T, y(0) T, ...,y D(0)T, 77(t)T)T transforms () into

y(1) ZRY(' t)+Sn(t)+ T u(t),

0(t) = Py(t) + Qn(t)

Assumption: QT = [31 %2] P = {g}
Q e R™<tm and @y € ROk witho(Q) CC_,k=n—rm—I(m>0

Thomas Berger 5/14



. Funnel control for linear non-minimum phase systems
I! UNIVERSITAT

PADERBORN

Definition of new output
Z Riy =D (t)+Sim (1) + Sym(t)+Tu(t),

1( ) = Qun(t) + Qu(t) + Py(t),
m(t) = Qua(t) + Py(t)
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Y4 .
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= Yuew Isflat output for 7y(t) = @nz(t) + Py(t)
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Definition of new output

= Yuew Isflat output for 7y(t) = @nz(t) + Py(t)

r+4 A .
G0 =" RiylED () + Sum(t) + u(2),

i=1

_ o .
in(0) = 32 BryfiD () + Gun(1)
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Definition of new reference signal

ﬁl,ref(t) = é”?l,ref(t) + ’BYref(t)a nZ,ref(o) = ngref
yref(t) = K'r]Z,ref(t)
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Definition of new reference signal

ﬁl,ref(t) = b”?l,ref(t) + ‘BYref(t)a nZ,ref(o) = ngref
yref(t) = K'r]Z,ref(t)

Lemma: We have jr € W5, if yrop € W and

@ 0 0
owaQw"'=|0 @& O0|witho(@)<C_,o(q)CCy,
0 0 &

o(®) CiR, WP=I[P", P AT

Olyxky | oo
o) ngref = w [ —liy ] [ e 25Pyyier(s) ds

Okyxky | O

0 z(t) = Qsz(t) + Psyret(t), z(0) = 0 has a bounded solution z(-)
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Definition of new reference signal

exosystem:  W(t) = Aew(t), Yeer(t) = Cew(t), w(0) = wP,
ﬁl,ref(t) - bnl,ref(t) + pyref(t)7 nZ,ref(o) - ngref
j\/ref(t) - Knl,ref(t)

o(Ae) € C_,any \ € o(Ae) N iR is semisimple
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Definition of new reference signal

exosystem:  W(t) = Aew(t), Yeer(t) = Cew(t), w(0) = wP,
7.72,ref(t) - bnl,ref(t) + pyref(t)7 nZ,ref(O) - ngref
j\/ref(t) - Knl,ref(t)

o(Ae) € C_,any \ € o(Ae) N iR is semisimple
Lemma: Funique X : X — XA. = (. and
Ok x ko

o _ ! 0
nz’ref — W - //(2 XW
0/(3 ></(2
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Controller structure
e(t)
+ AN = Yret (1)
NS
y(1)
T A b
u(t) x(t) = Ax(t) + Bu(t) Yoon () 7]2,:rcf(t) Qe (t) + Pyres(t)
y(t) = CX(f) yr5f(t) = K7/2.ref(t)
}/new(t) - KUZ(t) 772,I'ef(o) = ngref
a(0) = () + folD) o) Fret (t)
a(t) = &(t) + k() a(r) +
: of) &, —
erpo—1(t) = ep—2(t) + kero—2(t) €rp0—2(t) T
k(1) = 1/(1 = pi(0)le(DI)
u(t) = ke ea() erren(t) From [B., L&, REIS 18]
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Theorem
Veet EWTH i€ &4 o i, 0i(0)]|€(0)]| <1fori=0,....r+¢—1

- X, 772,ref, u, k07 ceey kr+£71 c [ and

(&)l < wi(t) ™" &
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Theorem
Vref € Wr=heo, 0i € iy, 0i(0)]|€(0)|| <1fori=0,....,r+¢—1

- X, M2 vefs U, /(0, R, /(r+g,1 € [~ and

(&)l < wi(t) ™" &

Original tracking error satisfies: ||e(t)|| < W(t)

O Wis known a priori and depends on ¢; and €;(0),i = 0,...,r+ ¢ —1

I =
O ¢ € &, given — choose g, . . ., prir—1 st V() < cp(t)
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Simulation
759
_ - 1
A=1770 20>
00 3 —1
1—cost
o ={ 17
Thomas Berger
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0
B= [é] C=1,0,-3,0], x°=0, r=2

t € [0, 2n],
t > 2r.

12/14
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Simulation

A

1100 0
[(1)03_028]> B:|:(2):|a C:[1’07_370]a XO:O,I'ZZ
00 3 —1 0
{(1—cost), t € [0, 27],

0, t>2m.

yref(t)

y(t) = —18y(t) — Ty(t) + m(t) — 8m(t) + 2u(t)
m(t) = —m(t) +m(t)
m(t) = m(t) +3y(1)
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Simulation

A

1100 0
[(1)03—028]’ B:|:(2):|’ C:[1’07_370]a XO:O,I'ZZ
0 0 3 -1 0
{(1—cost), t € [0, 27],

0, t>2m.

yref(t)

y(t) = —18y(t) — Ty(t) + m(t) — 8m(t) + 2u(t)
m(t) = —m(t) +m(t)
m(t) = m(t) +3y(1)

—_

1

(=1,Q=1,P=3K= = Yew(t) = tm(t) = 16(2)

oN—
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Simulation

ngref - _%'

o(t) = (e +0.01) ",
p(t) = (2672 +0.01) 7,

pr(t) = (2¢77° 4+ 0.01) "

Thomas Berger
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Outlook

1. the controller is robust w.r.t. disturbances which do not affect the unstable
part of the internal dynamics — extension?

2. afeature of funnel control is lost: not model-free

3. additional measurements required: Yoew, Vnews - - - » Yiide ™!

4. construction method for ¢; so that W(t) < ¢ ()~ not available yet
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