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Linear systems

S Ba(t) = Au(t) + Bu(t) (£, 4, B)

E,A e R*™ B e RA>™

B ={ (x,u) € C' x C | Bi(t) = Ax(t) + Bu(t) }
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Linear systems

S Ba(t) = Au(t) + Bu(t) (£, 4, B)

E,A e R*™ B e RA>™

B ={ (x,u) € C' x C | Bi(t) = Ax(t) + Bu(t) }

Def.: 7 C R"” is controlled invariant :<—
Val e v 3 (z,u) €B VE>0: 2(0)=2" A 2(t) eV
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Theorem (controlled invariance)
The following is equivalent for (E, A, B) and 7 C R™:

(1) 9 is controlled invariant
(2) AVCEVY+imB
(3) IF e R™*": (A+ BF)Y C EV
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Theorem (controlled invariance)
The following is equivalent for (E, A, B) and 7 C R™:

(1) 9 is controlled invariant
(2) AVCEVY+imB
(3) IF e R™*": (A+ BF)Y C EV

Proof: (1)=(2):
eV = Az’ = Az(0) = Ei(0) — Bu(0) € EY +im B
(2)=(3):

imV =4, AV=EVW+BU = F:=-UV'V)"'v’
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Existence lemma: E, A € R*™ such that im A C im E, then

Vil e R" 3z e c>® VteR: z2(0) =2 A Ei(t) = Az(t)
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Existence lemma: E, A € R*™ such that im A C im E, then

Vil e R" 3z e c>® VteR: z2(0) =2 A Ei(t) = Az(t)

(3)=(1):

2 =Vuw’ € v, im(A+ BF)V CimEV
M2 Jwe 0 w(0) =uw’ A EVi(t) = (A+ BF)Vuw(t),
= x:=Vw, u:= FVw satisfy

(z,u) € B, £(0)=2"and z(t) € V, t >0 O
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Nonlinear systems

i B(x(t) = f(x(t) + g(x(t) u(t) (B, f.9)

X CR"open,0 € X, E,f: X =R g: X — R>™ diff., £(0) =0

B={(z,u) € ctx ¢ | (z,u) is a maximal solution of (E, f,g) }
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Nonlinear systems

i B(x(t) = f(x(t) + g(x(t) u(t) (B, f.9)

X CR"open,0 € X, E,f: X =R g: X — R>™ diff., £(0) =0

B={(z,u) € ctx ¢ | (z,u) is a maximal solution of (E, f,g) }
M — connected submanifold of X with 0 € M

Def.: M is locally controlled invariant :<—-
Jopen neighborhood U of 0 € X such that
Val e MNU 3(x,u) € B Ity € domz, x(tg) = 2° :
(Vt € domz, t >tg: z(t) e MNU)
V (3t €domu,t >t Vt € [to,t): z(t) e MNU A z(f) € J(MNU))
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Theorem (local controlled invariance)

Eec? f,gec', M connected submanifold of X with 0 € M
such that, in a neighborhood of 0 € M,

dim E'(z)T,M = const A dim (E'(2)T,M + im g(z)) = const

Then the following is equivalent:
(1) M is locally controlled invariant.
(2) f(z) € E'(z)TxM +img(z) in M NU.

(3) Juec(MNU —R™): f(z)+ g(x)u(z) € B'(x)T,M in
MNU.
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Theorem (local controlled invariance)

Eec? f,gec', M connected submanifold of X with 0 € M
such that, in a neighborhood of 0 € M,

dim E'(z)T,M = const A dim (E'(2)T,M + im g(z)) = const

Then the following is equivalent:

(1) M is locally controlled invariant.

(2) f(z) € E'(z)TpM +img(z) in M NU.

(3) Juec(MNU —R™): f(z)+ g(x)u(z) € B'(x)T,M in
MNU.

Proof: (1)=(2): 2°e M NU

= f(a%) = E'(2(0))2(0) — g(x(0))u(0) € E'(2°)T,0 M +im g(z°)
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Theorem (local controlled invariance)

Eec? f,gec', M connected submanifold of X with 0 € M
such that, in a neighborhood of 0 € M,

dim E'(z)T,M = const A dim (E'(2)T,M + im g(z)) = const

Then the following is equivalent:

(1) M is locally controlled invariant.

(2) f(z) € E'(z)TpM +img(z) in M NU.

(3) Juec(MNU —R™): f(z)+ g(x)u(z) € B'(x)T,M in
MNU.

Proof: (1)=(2): 2°e M NU

= f(a%) = E'(2(0))2(0) — g(x(0))u(0) € E'(2°)T,0 M +im g(z°)

(2)=(3): technical, but not difficult



UH Controlled invariance for DAEs
iti Thomas Berger
LoV Universitat Hamburg

Existence lemma: U C R"” open, F, f: U — R diff. and
VeeU: tkE'(x)=r A f(z)e E'(z)T,U,
— Va2’ e U3z e c'(I-R")Vtel: 2(0)=2"AS$E=®) = f(2(?))
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Existence lemma: U C R"” open, F, f: U — R diff. and
VeeU: tkE'(x)=r A f(z)e E'(z)T,U,
— Va2’ e U3z e c'(I-R")Vtel: 2(0)=2"AS$E=®) = f(2(?))

(3)=(1): 2’ = w(wo) eMnU, ¥:G— MNU parametrization of M
def E =Fo ’l/}, ]Z = f (@) ’l} + (q f¢) ’l/})(u o 1))

— 1k E'(z) =tk E'(¢(2))¢' (z) = dim E'(¢(2))Ty(z)M = const,
f(x) € E'(§(@)TyyM = E'((2))¢/(2)T,G = E'(2)T,G

2 Jwe M= G): w(0) =uw® A SE(w(t) = flw(t)),

= (z:=v¢ow, uow) € B, z(0) =

and z(t) e M NU, Vte I,t >0
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Existence lemma: U C R"” open, F, f: U — R diff. and
VeeU: tkE'(x)=r A f(z)e E'(z)T,U,
— Va2’ e U3z e c'(I-R")Vtel: 2(0)=2"AS$E=®) = f(2(?))

(3)=(1): 2’ = w(wo) eMnU, ¥:G— MNU parametrization of M
def E =Fo ’l/}, ]Z = f (@) ’l} + (q f¢) ’l/})(u o 1))

— 1k E'(z) =tk E'(¢(2))¢' (z) = dim E'(¢(2))Ty(z)M = const,
f(x) € E'(§(@)TyyM = E'((2))¢/(2)T,G = E'(2)T,G

2 Jwe M= G): w(0) =uw® A SE(w(t) = flw(t)),

= (z:=v¢ow, uow) € B, z(0) =

and z(t) e M NU, Vte I,t >0

Remains: show that (z,u o z) can be extended to a maximal sin.
— Zorn's Lemma d
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Zero dynamics

§B=(t) = fz(®) +g(x®) ult), y(t) = h(z(t)) (E, f,9,h)

E,f: X >R g: X 5 R>™ h: X — RP diff.,, £(0) = 0,h(0) =0
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Zero dynamics

§B=(t) = fz(®) +g(x®) ult), y(t) = h(z(t)) (E, f,9,h)

E,f: X >R g: X 5 R>™ h: X — RP diff.,, £(0) = 0,h(0) =0

Zero dynamics:

ZD ={ (z,u) € B [y(t) = h(x(t)) = 0 }
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Zero dynamics

§B=(t) = fz(®) +g(x®) ult), y(t) = h(z(t)) (E, f,9,h)

E,f: X >R g: X 5 R>™ h: X — RP diff.,, £(0) = 0,h(0) =0

Zero dynamics:
ZD={ (z,u) €B | y(t) = h(z(t)) =0 }
M — connected submanifold of X with 0 € M

Def.: M is output zeroing :<—
M is locally controlled invariant and M C h~1(0)
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Example

1 = 0
0 = z7+u M::{:UER2 xlza:%}gh_l(())
Yy = T1— Ty
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Example

1 = 0
0 = z7+u M::{x€R2 xlza:%}gh_l(())
y = I1— !Eg
2= (29,29)T e M = x(t) =20 u(t) = -2V, t € R, satisfy

(z,u) € B and 2(0) = 2°, x(t) € M fort € R
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Example

1 = 0
0 = z7+u M::{x€R2 xlza:%}gh_l(())
y = I1— !Eg
2= (29,29)T e M = x(t) =20 u(t) = -2V, t € R, satisfy

(z,u) € B and 2(0) = 2°, x(t) € M fort € R

= M is output zeroing submanifold
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Example

1 = 0
0 = z7+u M::{x€R2 xlza:%}gh_l(())
y = I1— !Eg
2= (29,29)T e M = x(t) =20 u(t) = -2V, t € R, satisfy

(z,u) € B and 2(0) = 2°, x(t) € M fort € R

= M is output zeroing submanifold

Note: u must satisfy the algebraic constraint u = —xz;
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Theorem (zero dynamics algorithm)

E? fug7h' c COO: def. MO = h71<0) and
My, = { € My ‘ f(x) € E'(2)TpMy_1 +img(x) };

suppose that My, is a connected submanifold with 0 € M
(1) IE* eNgVjeN: My My D ... My =: Z* = My j
(2) dim E'(x)T,Z* = const
A dim (E'(z)T,Z* +img(z)) = const in Z*NU,
=—> Z" is a locally maximal output zeroing submanifold

(3) 3 open neighborhood U of 0 € X V open O C U V (z,u) € B
with z(t) € O, t € dom x:

(x,u) € ZD <= z(t)€ Z*NO Vit e domuw.
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Example revisited

1 = 0
0 = z1+u M:={zeR?®|z1=23 } Ch (0
Yy = X123

Thomas Berger Controlled invariance for DAEs



UH Controlled invariance for DAEs
iti Thomas Berger
LoV Universitat Hamburg

Example revisited

1 = 0
0 = z1+u M:={zeR?®|z1=23 } Ch (0
Yy = X123

M=My=M =Z*

= M is locally maximal output zeroing submanifold
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Example revisited

xrKT = 0
0 = z1+u M:={zeR?®|z1=23 } Ch (0
Yy = X123

M=My=M, =2*
= M is locally maximal output zeroing submanifold

BUT!

dim E' ()T, Z* = dimim [232}

and dim (B'(2)2° + img(a)) = dimim |%5? ]
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