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Regularization of linear systems

S Ba(t) = Au(t) + Bu(t) [E, 4, B]

E,A e R*" B e RA>™

Aim: [E, A, B] ~ [E, A, B
s.t. sk — A is regular

1. approach: state feedback

2. approach: behavioral equivalence

3. approach: 1. + 2. + permutation

Thomas Berger, Timo Reis On the regularization of linear descriptor systems



UH On the regularization of linear descriptor systems
iti Thomas Berger, Timo Reis
LoV Universitat Hamburg

Some basic notions
sE — Ais regular, if { =n and det(sE — A) € R[s] \ {0}

Thomas Berger, Timo Reis On the regularization of linear descriptor systems



UH On the regularization of linear descriptor systems
iti Thomas Berger, Timo Reis
LoV Universitat Hamburg

Some basic notions
sE — Ais regular, if { =n and det(sE — A) € R[s] \ {0}

regular sE — A has index v € Ny, if

sl, —J 0
S(sE—A)T—{ 0 SN 1, .|
then v := 0, iftr=n,
o min{k‘ENO‘Nk’:O}, ifr<n
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Some basic notions
sE — Ais regular, if { =n and det(sE — A) € R[s] \ {0}

regular sE — A has index v € Ny, if

sl, —J 0
S(sE—A)T—{ 0 sN—In_T]’
then v := 0, iftr=n,
o min{k‘ENO‘Nk’:O}, ifr<n

augmented Wong sequences:
% :=R", ¥ :=A(EY+imB), i>0, V* ::m%
i>0
Wo = {0}, W11 :=E (AW, +imB), i >0, W*:= U Wi

>0
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Approach 1: State feedback

Here: { =n, wu(t) = Fz(t) for some F € R™*"

4 Bx(t) = (A+ BF)z(t)
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Approach 1: State feedback
Here: { =n, wu(t) = Fz(t) for some F € R™*"

4 Bx(t) = (A+ BF)z(t)

Thm. [Bunse-Gerstner et al. '92]:
JF e R™": sE — (A+ BF) is regular and has index < 1
<= [E, A, B] is impulse controllable (im £+ A ker E+im B=R")
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Approach 1: State feedback

Here: { =n, wu(t) = Fz(t) for some F € R™*"
4 Bx(t) = (A+ BF)z(t)

Thm. [Bunse-Gerstner et al. '92]:
JF e R™": sE — (A+ BF) is regular and has index < 1
<= [E, A, B] is impulse controllable (im £+ A ker E+im B=R")

Thm.: 3 F e R™*": sE — (A+ BF) is regular
— dim(EV* +im B) = dim ¢*  [Ozcaldiran/Lewis '90]
— dim(AW* + im B) = dimW*  [Ozcaldiran/Lewis '90]
= tkp(y[sE — A, B] =n [Duan/Zhang '03]
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Def.: [E, A] is autonomous, if
d _ — —
5Ex(t) = Az(t) AN Ex(0) =0 = z=0

Lemma:
sE — Aisregular < (=n A [E,A]is autonomous
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Def.: [E, A] is autonomous, if
d _ — —
5Ex(t) = Az(t) AN Ex(0) =0 = z=0

Lemma:
sE — Aisregular < (=n A [E,A]is autonomous

Thm. [Fletcher '86]:

AFeR™"™: [E,A+ BF]isaut. <= rkpy[sF —A,B] >n
(s)
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Def.: [E, A] is autonomous, if
d _ — —
5Ex(t) = Az(t) AN Ex(0) =0 = z=0

Lemma:
sE — Aisregular < (=n A [E,A]is autonomous

Thm. [Fletcher '86]:
JFeR™": [E,A+ BF]isaut. <= tkgy[sE—A,B|>n
Thm. [B./Reis '15]:

JF e R™": [E, A+ BF] is autonomous
= tkpy)[sE—A,B] >n
— dim(EV* 4+ im B) > dim V"
— dim(AW" +im B) > dim W".
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Approach 2: Behavioral equivalence

Example:

10 0 0

(t) = z § o(t) 2 [0 0] i(t) = [(1) ﬂ 2(1)

500—10isreular
00/ [0 1 &
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Approach 2: Behavioral equivalence

Example:
10 00
0 1|2 = |1 0] 2() & [8 8] i(t) = [(1) ﬂ 2(t)
0 0 0 1

500—10isreular
00/ [0 1 &

Def.: The behavior of [E, A, B] is
Bipap = { (1) € C% x ¢ | Bilt) = As(t) + Bu(t) }.

Two systems [E;, A;, B;], i = 1,2, are behaviorally equivalent
([Er, A1, By] s [Ea, Az, By), if

Bg1,41,B1) = B(Ey,42,B,] -
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Def.: [E, A, B] is minimal, if

Vke{l,...,0} V[E, A, B] with k rows :

<[E’A’B] = HOei,J ’ {Oein] ’ {Of—im” — k= E) '
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Def.: [E, A, B] is minimal, if

Vke{l,...,0} V[E, A, B] with k rows :
E

<[E’A’B] = HW—MJ ’ {Oein] ’ {Of—im” — k= E) '

Thm. : [E, A, B] is minimal
<= rtkpy)[sE — A, B] ={ [Polderman/Willems '98]
— EV*+ AW* +imB =R’ [B./Reis '15]
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Approach 3: Combination of 1 and 2 + permutation

Feedback transformation of [E, A, B]:

S[sE - A, —B] [T 0}

v
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Approach 3: Combination of 1 and 2 + permutation
Feedback transformation of [E, A, B]:

S[sE - A, —B] [T 0}

v
Lemma: [El,Al, Bl] >~y [EQ,AQ,BQ] <~ HU(S) € Glg(R[S]) :

[SEl - Al, —Bl] == U(S)[SEQ - AQ, —Bl]
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Approach 3: Combination of 1 and 2 + permutation
Feedback transformation of [E, A, B]:

SbE—A—m[T ﬂ

F Vv

Lemma: [Ey, Ay, By| ~gp [E2, A, Bs] < 3U(s) € GL(R[s]) :
[sEy — A1, —B1| =U(s)[sE2 — Aa, —Bj]

Behavioral and feedback transformation of [E, A, B]:

mng—A—m[T ﬂ

v
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!

To, T3 are free  ~-» x9,x3 are inputs in the behavioral framework

u=0 ~» wuis a state in the behavioral framework
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!

To, T3 are free  ~-» x9,x3 are inputs in the behavioral framework

u=0 ~» wuis a state in the behavioral framework

Permutation:
b )-8 3)- b )
bl
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Example:
1 0 0f.
[0 0 0} i) =

Approaches 1 and 2 do not work!

To, T3 are free  ~-» x9,x3 are inputs in the behavioral framework

u=0 ~- wuis a state in the behavioral framework
Permutation:
o ol Gi) =10 3] i)+ o o] C6)

10 0 0f . :
s [0 0] — [0 J is regular and has index 1

— general (numerical) procedure derived by [Campbell et al. '12]
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Thm. [B./Reis '15]:

U (s) € GL(R]s]), T € G1,(R), V € GL,(R), F € R™*" and a
permutation matrix P € Gl,,4,,,(R) such that

U(s) [sE — A, —B] E 3] p= [SE()fA O‘B]

where sE — A € R[s]"*™ is regular and has index at most 1
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Thm. [B./Reis '15]:

U (s) € GL(R]s]), T € G1,(R), V € GL,(R), F € R™*" and a
permutation matrix P € Gl,,4,,,(R) such that

U(s) [SE — A, —B] [T 0] p_ [sE—A —B]’

Fr v

Or,ﬁ Or,ﬁz

where sE — A € R[s]"*™ is regular and has index at most 1

e [E, A, B] is minimal
e explicit construction of transformation matrices using

feedback canonical form [Loiseau et al. '91]

e the subsystem [E, A, E] is fully determined by the augmented
Wong sequences
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Proof: Feedback canonical form [Loiseau et al. '91]

o[ e e ] e[ e

10
a= (al,...,ak) € N* multi-index, |a| = Zk Lo, o) =k
o = diag(Ng,, ..., No,) € RloIxlel,

_dlag(Ka“__, o) € Rilal=R)xlal,
= dlag(La” ooy Loy ) € R(\alfk)xm\
= dlag(e [ak]) Rlalxk

[SET, SAT + SBF, SBV] =

I,y O 0 0 0 0 NI 0O 0 0 0 ©
0 Lg 0 0 0 O 0 Ksg 0 0 0 0 an 8 8
0 0K] 0 0 0 0 0L, 0 0 0 0 B, 0
0o 0o 0oL; o o]’ o o oK, 0 o]’ 8 8 8
0 0 0 0 N. O 0 0 0 0 Iy 0 0 00
0O 0 O 0O 0 I”E 0 0O 0 0 0 Az
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Proof: Feedback canonical form [Loiseau et al. '91]

AN AN

10
a= (al,...,ak) € N* multi-index, |a| = Zk Lo, o) =k
o = diag(Ng,, ..., No,) € RloIxlel,

_dlag(Ka“__, o) € Rilal=R)xlal,
= dlag(La” ooy Loy ) € R(\alfk)xm\
= dlag(e [ak]) Rlalxk

[SET, SAT + SBF, SBV] =

I,y 00 0 0 0 NI o 0 0 0 0
0 Lg 0 0 0 O 0 Kg 0 0 0 O Eo 00
0 0K] 0 0 0 0 0L, 0 0 0 8 ,878
0o 0o 0oL; o o]’ o o oK, 0 o]’ 8 8 8
0 0 0 0 N, O 0 0 0 0 I, O 0 00
0 0 0 0 0 In 0 0 0 0 0 A
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Vi—1

k ntk
Z SN | (sNx = 1) = =g, v = IAx K
k=0

Thoma Timo Reis On the regularization of linear descriptor systems



UH On the regularization of linear descriptor systems
iti Thomas Berger, Timo Reis
LoV Universitat Hamburg

Vi—1

Z s*NE| (sN, — Lo) =1, ve= IAx K

k=0
vy—1
Z ska [SKJ - LI, —-E,\] = [—LI, -E), v, = max
k=0
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Vi—1

Z s*NE| (sN, — Lo) =1, ve= IAx K

k=0
vy—1
Z ska [SKJ - LI, —-E,\] = [—LI, -E), v, = max
k=0

R N NS
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Vi—1

Z s*NE| (sN, — Lo) =1, ve= IAx K

k=0
vy—1
Z ska [SKJ - LI, —-E,\] = [—LI, -E), v, = max
k=0

N NS EN

vy—1

v v~y —1
Y SFNE) (sK] - L)) =s"Ny K] - L)
k=0

v vy—1 T
. _ jp ol
and: 0= N;” = N, '[K],0]
Thomas Berger, Timo Reis On the regularization of linear descriptor systems



UH On the regularization of linear descriptor systems
iti Thomas Berger, Timo Reis
LoV Universitat Hamburg

T 0
U(s)[sE — A,—B] [F vl=
sliq—Nqg 0 0 0 0 0
0 sLg—Kg 0 0 0 0 _ga 8 8
0 0 —LT 0 0 0 0 —E,0
0 0 0 sL{i-KJ o0 0 ’ o 99
0 0 0 0 ~I O 0 0 0
0 0 0 0 0 sln —Ag

Thomas Berger, Timo Reis On the regularization of linear descriptor systems



UH On the regularization of linear descriptor systems
iti Thomas Berger, Timo Reis
LoV Universitat Hamburg

T 0
U(s)[sE — A,—B] [F vl=
sliq—Nqg 0 0 0 0 0

0 sLg—Kg O 0 0 0 —gJa 8 8
0 0 —-L] 0 0 0 0 —E,0
0 0 0 sLi-K] 0 0 o 0 0

o0 0 00
0 0 0 —I,, O 0O 0 0
0 0 0 0 0 slp—Az

—1
T_ Ty — |6]—£(5)
Ps(s) (sLs — Ky ) [0[(5)7&—6(5)]

I 0] lo 0c2sk(vy_ )
1

Ls| .
Ps(s) = [ T] diag [6:i—1\T
Ej s(ept )1 0 i=1,...,0()
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U(s)[sE — A, —B] E 3] _

[[ sl —NJ 0 0 0 0 0 ] i
0 sLg—Kz O 0 0 0 ~Eo 0 0
0 o —LT 0 0 0 9 00
v 0 —E,0
0 0 0 —Ijsj—¢s) O 0 5] 0o 0 0
0 0 0 Ogs),15—2(s) O 0 8 8 8
0 0 0 0 =14 0 0 0 0
[ o 0 0 0 0 sly,—Acz | ]
P 1T gy = | ~Lel-ao)
(5) (sLf — KJ) = |
£(8),|6]—£(5)
0;—2 _k T k
Ps(s) = Lo | fiag foon 0110 3555 s" (N5 )
ET [6:;—1]\T 1
) s(ej ) 1 0 :
i=1,....£(9)
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[sI, —NJ 0 0 0 0 0o ]
| x| [eY
0 sLg—Ks 0 0 0 0 —Eo 0 0
0 o LT 0 0 0 0 00
~ 0 —F,0
0 0 0 —Ijsj—¢s) O 0 5] 0o 0 0
0 0 0 Ogs),[s-e(5) O 0 e 90
0 0 0 0 =1 0 0 0 0
L o 0 0 0 0 slp—Ac | ]
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sLg—Kgz 0 | 0
0 ~LT |-E
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.
sLg—Ksz 0 | 0 Lg 0 Bp
0 T l-e |0 Ly O
i (I AR

SSEN RN N

10

= (sLg — Kp)L§ = sljg_u(s) — Ng_
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.
sLg—Ksz 0 | 0 Lg 0 Bp
0 g || 0 Ly 0

g 0 EI 0

~

SIS e SIS

= (sLp — Kp)L§ = sligj_u(p) — Nj_
10\\ T 10\\ [ 0] 00
™o ™o B 0 0|’ k% = o 1

T T
= L)L,+E,E] =1
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.
sLg—Ksz 0 | 0 Lg 0 Bp
0 g || 0 Ly 0

g 0 EI 0

SIS e [
= (sLg — Kp)Lj = slip—(s) = Ny
S SJ= [ 3] =l
= L)L,+E,E] =1,
[10\\10} ex =0, [01\\01} ex=er1 = (sLg—Kpg)Eg=—FEz_,
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LY 0 E
slg—Kg 0 | 07170 0/3 _[sDp1-epy —Ng_y 0 |=Ep
0 A B ) | = 0 ~I | 0

SIS e [
= (sLg — Kp)Lj = slip—(s) = Ny
S SJ= [ 3] =l
= L)L,+E,E] =1,
[10\\10} ex =0, [01\\01} ex=er1 = (sLg—Kpg)Eg=—FEz_,

Thomas Berger, Timo Reis On the regularization of linear descriptor systems



UH On the regularization of linear descriptor systems
ati Thomas Berger, Timo Reis
LoV Universitat Hamburg

T 0} P [SE—A -B
F Vv 005y n—p 00(8),m+u

b

UE)IsE - A,-B] |

where p=€(8) —4(v) € Z

[ sIja—N_ 0 0 0 0 0
T
o 0 sligl—esy—Ng_1 O 0 0 0
SE _ A — 0 0 7I|’Y\ 0 0 0 ,
0 0 0 71‘5|_1{(,§) 0 0
0 0 0 0 ~I, O
L o 0 0 0 0 sl —Az
rE. 0 0
A 0 Eg—10
B=|0 0 o0
0 0 0
Lo 0 0 U
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b

U(s)[sE — A, =B [T 0} P= [SE—A -B

F Vv 005y n—p 00(8),m+u
where p=€(8) —4(v) € Z

[ sIja—N_ 0 0 0 0 0
0 sligl—eey—Ng_1 0 0 0 0
sE— A= 0 0 ~Iy 0 0 0
0 0 0 71‘,”_1/,(5) 0 0 ’
0 0 0 0 ~I O
L o 0 0 0 0 sl —Az
M Ea 0
. 0 Es_10
B=|0 0 o0
0 0 0
L0 0 0 g

e the number of redundant equations is £(4)
e the number of free states is £(3)

e the number of constrained inputs is £(7)
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