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Control systems

System

Controller

u(t) y(t)

yref(t)

ẋ(t) = f
(
x(t), u(t)

)
, x(0) = x0

y(t) = h
(
x(t)

)
• Aim: design controller such that y(t) “tracks” yref(t)

• no knowledge of system parameters, only “structural
assumptions” on the model of the system
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a=const

v
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[Seifried, Blajer ’13]

Angle: 0◦ < α ≤ 90◦

spring, damper with nonlinear
characteristics: K(z), D(ż)

u(t) = F
y(t) = q(t) + z(t) cosα[

m1 +m2 m2 cosα
m2 cosα m2

](
q̈
z̈

)
=

(
u

−K(z)−D(ż) +m2g sinα

)

ÿ = −c1K
(
η−y cosα

γ

)
− c1D

(
η̇−ẏ cosα

γ

)
+ c2g sinα+ c3u

η̈ = −c4K
(
η−y cosα

γ

)
− c4D

(
η̇−ẏ cosα

γ

)
+ c5g sinα

relative degree = 2
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Angle: 0◦ < α ≤ 90◦

Input: velocity

relative degree = 1

Angle: α = 0◦

Input: force

relative degree = 3

Angle: α = 0◦

Input: force

no damping: D(ż) = 0

relative degree = 4
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Internal dynamics: remaining dy-
namics when output is fixed

η̈ = −c4K
(
η−y cosα

γ

)
− c4D

(
η̇−ẏ cosα

γ

)
+ c5g sinα

Lyapunov function: kinetic + potential energy

V =
1

2
(η̇ − ẏ cosα)2 + γVK

(
η−y cosα

γ

)
, d

dzVK(z) = K(z)

V̇ ≤ −c4D
(
η̇−ẏ cosα

γ

)
(η̇ − ẏ cosα)︸ ︷︷ ︸

≥β‖η̇−ẏ cosα‖2

+ (c6 + ‖ÿ‖)‖η̇ − ẏ cosα‖

y, ẏ, ÿ ∈ L∞ =⇒ η, η̇, η̈ ∈ L∞ (stable internal dynamics)
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Angle: 0◦ < α ≤ 90◦

Input: velocity

stable internal dynamics

Angle: α = 0◦

Input: force

stable internal dynamics

Angle: α = 0◦

Input: force

no damping: D(ż) = 0

no internal dynamics
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S

y

s

c

du
α

β

[Seifried, Blajer ’13]

Rotational Manipulator Arm

Input: angular velocity of first link

Output: position of S described
by angle y

relative degree = 1

unstable internal dynamics
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Funnel Control

System

u(t) = −k(t)e(t) +

y(t)u(t)

−yref(t)e(t)

t

ψ(t)

|e(t)|

k(t) =
ψ(t)

ψ(t)− |e(t)|

[Ilchmann, Ryan, Sangwin ’02]:
Works, if

• relative degree = 1

• stable internal dynamics
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Problem: higher relative degree

Relative degree 1:

ẏ(t) + cy(t) = u(t)
!

= −ky(t) =⇒ as. stable for k � 0

Relative degree 2:

ÿ(t) + cy(t) = u(t)
!

= −ky(t) =⇒ not as. stable

ÿ(t)+cy(t) = u(t)
!

= −k1y(t)−k2ẏ(t) =⇒ as. stable for k1, k2 � 0

Thomas Berger and Timo Reis Funnel Observation and Funnel Control
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ẏ(t) + cy(t) = u(t)
!

= −ky(t) =⇒ as. stable for k � 0

Relative degree 2:
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System (RD 2)

u(t) = −kP (t)
2e(t)

− kD(t) ė(t)
+

y(t)u(t)

−yref(t)e(t)

t

ψD(t)

|ė(t)|

kP (t) =
ψP (t)

ψP (t)− |e(t)|
,

kD(t) =
ψD(t)

ψD(t)− |ė(t)|
,

0 < δ ≤ d
dtψP (t) + ψD(t)

[Hackl, Hopfe, Ilchmann,
Müller, Trenn ’13]:
Works...

But: derivative of y not available!
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High-gain observer for ÿ = u

ÿ(t) = u(t)

Observer

u(t) y(t)

z(t)

ż1 = z2 + p1k(y − z1),
ż2 = u+ p2k

2(y − z1),
p1, p2 > 0

[Tornambe ’92]: k > 0 large enough

=⇒ z1 ≈ y ∧ z2 ≈ ẏ
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High-gain observer for ÿ = u

ÿ(t) = u(t)

Observer

u(t) y(t)

z(t)

ż1 = z2 + p1k(t)(y − z1),
ż2 = u+ p2k(t)2(y − z1),

k̇(t) = γd2
λ,λ̂

(y(t)− z1(t)), dλ,λ̂(z) =

{
λ̂− λ, |z| ≥ λ̂
|z| − λ, λ ≤ |z| ≤ λ̂

0, |z| ≤ λ

[Bullinger, Ilchmann, z, k ∈ L∞ and

Allgöwer ’98]: dist
(
y − z1, [−λ, λ]

)
→ 0
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Funnel Observer for ÿ = u

ż1 = z2 +
(
q1 + p1kO(t)

)
(y − z1), kO(t) =

ψO(t)

ψO(t)− |y(t)− z1(t)|
ż2 = u+

(
q2 + p2kO(t)

)
(y − z1)

e1 := y − z1, e2 := ẏ − z2, kO(t) =
ψO(t)

ψO(t)− |e1(t)|
ė1 = e2 −

(
q1 + p1kO(t)

)
e1,

ė2 = −
(
q2 + p2kO(t)

)
e1

A :=

[
−q1 1
−q2 0

]
, P =

[
p11 p12
p12 p22

]
s.t. A>P + PA = −I

p1 = 1, p2 = −p12
p22

; ė = Ae− kO(t) ( p1p2 ) e1
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ė = Ae− kO(t) ( p1p2 ) e1

d
dte
>Pe = e>(A>P + PA)e− kO(t)

(
e1 ( p1p2 )> Pe+ e>P ( p1p2 ) e1

)
= −‖e‖2 − kO(t)

(
p11 −

p212
p22

)
e21 ≤ −‖e‖2

=⇒ e1, e2 ∈ L∞[0, ω), standard funnel argument : kO ∈ L∞
=⇒ ω =∞ ∧ e(t)→ 0 ∧ kO(t)→ 1
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) with

(A1) rkC

[
λI −A B
C 0

]
= n+m for all λ ∈ C with Reλ ≥ 0;

(A2) CB = CAB = . . . = CAr−2B = 0 and CAr−1B ∈ Glm(R).
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:

ẋ(t) = Ax(t) +Bu(t), y(t) = Cx(t) with

(A1) rkC

[
λI −A B
C 0

]
= n+m for all λ ∈ C with Reλ ≥ 0;

(A2) CB = CAB = . . . = CAr−2B = 0 and CAr−1B ∈ Glm(R).

Is equivalent to d
dt x̂(t) = Âx̂(t) + B̂u(t), y(t) = Ĉx̂(t) with

Â =


0 Im 0 ··· 0
...

. . .
. . .

. . .
...

0 ··· 0 Im 0
R1 R2 ··· Rr S
P 0 ··· 0 Q

 , B̂ =

 0
...
0

CAr−1B
0

 , Ĉ = [ Im 0 ··· 0 0 ]
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:

d
dt x̂(t) = Âx̂(t) + B̂u(t), y(t) = Ĉx̂(t) with

Â =


0 Im 0 ··· 0
...

. . .
. . .

. . .
...

0 ··· 0 Im 0
R1 R2 ··· Rr S
P 0 ··· 0 Q

 , B̂ =

 0
...
0

CAr−1B
0

 , Ĉ = [ Im 0 ··· 0 0 ]

y(r)(t) =R1y(t) + . . . Rry
(r−1)(t)

+ SeQtη(0) +

∫ t

0
SeQ(t−τ)Py(τ)dτ + CAr−1Bu(t).
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:

y(r)(t) = T (y, ẏ, . . . , y(r−1))(t) + Γu(t)

with Γ = CAr−1B and

T (y, . . . , y(r−1))(t)

= R1y(t) + . . . Rry
(r−1)(t) + SeQtη(0) +

∫ t

0
SeQ(t−τ)Py(τ)dτ.
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:

ẋ1(t) = x2(t), . . . , ẋr−1(t) = xr(t), x̂(t) = (x1(t)
>, . . . , xr(t)

>)>

ẋr(t) = g1(x̂(t), η(t)) + g2(x̂(t), η(t))u(t),

η̇(t) = g3(x̂(t), η(t)),

y(t) = x1(t)
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Extension

y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

T : C → L∞loc causal, local Lipschitz, BIBO

Examples:

ẋ1(t) = x2(t), . . . , ẋr−1(t) = xr(t), x̂(t) = (x1(t)
>, . . . , xr(t)

>)>

ẋr(t) = g1(x̂(t), η(t)) + g2(x̂(t), η(t))u(t),

η̇(t) = g3(x̂(t), η(t)),

y(t) = x1(t)

T (y, . . . , y(r−1))(t) :=
(
y(t)>, . . . , y(r−1)(t)>, η(t; η0, y, . . . , y(r−1))>

)>
y(r)(t) = g1

(
T (y, . . . , y(r−1))(t)

)
+ g2

(
T (y, . . . , y(r−1))(t)

)
u(t)
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y(r)(t) = f
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
+Γ
(
d(t), T (y, ẏ, . . . , y(r−1))(t)

)
u(t)

ż1(t) = z2(t) +
(
q1 + p1kO(t)

)
(y(t)− z1(t)),

ż2(t) = z3(t) +
(
q2 + p2kO(t)

)
(y(t)− z1(t)),

...

żr−1(t) = zr(t) +
(
qr−1 + pr−1kO(t)

)
(y(t)− z1(t)),

żr(t) = Γ̃u(t) +
(
qr + prkO(t)

)
(y(t)− z1(t)),

kO(t) =
ψO(t)

ψO(t)− |y(t)− z1(t)|

with design parameters pi > 0, qi > 0, Γ̃ ∈ Rm×m and the funnel
function ψO : R≥0 → R≥0
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ż1 = z2+
(
q1+p1kO(t)

)
(y−z1)

...
żr−1 = zr+

(
qr−1+pr−1kO(t)

)
(y−z1)

żr = Γ̃u+
(
qr+prkO(t)

)
(y−z1)

A :=

 −q1 1

...
. . .

−qr−1 1
−qr 0

 , P =

[
P11 P12

P>12 P22

]
P11 ∈ R, P22 ∈ R(r−1)×(r−1)

s.t. A>P + PA = −I and

(
p1
...
pr

)
=

(
1

−P−122 P
>
12

)
Theorem [B., Reis ’16]

y, . . . , y(r−1)∈L∞ ⇒ z1, . . . , zr, kO∈L∞ ∧ |y(t)−z1(t)| < ψO(t)

lim sup
t→∞

‖e(t)‖ ≤M, e(t) = (y(t)− z1(t), . . . , y(r)(t)− zr(t))
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Simulation - bioreactor

ṁ(t) =
a1m(t)s(t)

a2m(t) + s(t)
−m(t)u(t),

ṡ(t) = − a1a3m(t)s(t)

a2m(t) + s(t)
+
(
a4 − s(t)

)
u(t),

y(t) = m(t),

m - concentration of microorganisms, m(0) = 0.075

s - concentration of substrate, s(0) = 0.03

u - substrate inflow rate

u(t) =


0.08, t ∈ [0, 30)
0.02, t ∈ [30, 50)
0.08, t ≥ 50,

Γ̃ = 0, q1 = 1, q2 = 0.2,

p1 = 1, p2 = 1
11

ψO(t)−1 = 1
2 te
−t + 100

π arctan t.
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λ-strip observer [BIA ’98]: Funnel Observer:
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System (RD 2)

ż1 = z2 +
(
q1+p1kO(t)

)
(y−z1)

ż2 = u+
(
q2+p2kO(t)

)
(y−z1)

Funnel Controller?

u(t) y(t)

z2(t)

z1(t)

yref(t) ẏref(t)

• given ψ(t), we have |y(t)− yref(t)| < ψ(t) for all t > 0

• controller only needs y, z1, z2
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straightforward approach:

u(t) = −kP (t)2(y(t)− yref(t))− kD(t)(z2(t)− ẏref(t)),
z2(t) = ẏ(t)− e2(t)

Problem: performance depends on ‖e2‖∞; we need inf
t>0

ψD(t) > ‖e2‖∞

alternative approach: What if we put z1 − yref into the funnel?

• ż1 = z2 +
(
q1 + p1kO(t)

)
(y − z1)

• |y(t)−yref(t)| ≤ |z1(t)−yref(t)|+|y(t)−z1(t)| < ψP (t)+ψO(t)

Given ψ(t), let ψP (t) = ψO(t) = 1
2ψ(t)

Seek a system of relative degree 2 with output ŷ := z1!
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Σ =


ż1 = z2 +

(
q1 + p1kO(t)

)
e1, ė1 = e2 −

(
q1 + p1kO(t)

)
e1,

ż2 = u+
(
q2 + p2kO(t)

)
e1, ė2 = −

(
q2 + p2kO(t)

)
e1,

ŷ = z1
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Σ =


ż1 = z2 +

(
q1 + p1kO(t)

)
e1, ė1 = e2 −

(
q1 + p1kO(t)

)
e1,

ż2 = u+
(
q2 + p2kO(t)

)
e1, ė2 = −

(
q2 + p2kO(t)

)
e1,

ŷ = z1

d
dt ŷ = z2 +

(
q1 + p1kO(t)

)
e1,

( d
dt)

2ŷ = u+
(
q2 + p2kO(t)

)
e1 + p1k̇O(t)e1 +

(
q1 + p1kO(t)

)
ė1

Thomas Berger and Timo Reis Funnel Observation and Funnel Control



Funnel Observation and Funnel Control
Thomas Berger and Timo Reis

Σ =


ż1 = z2 +

(
q1 + p1kO(t)

)
e1, ė1 = e2 −

(
q1 + p1kO(t)

)
e1,

ż2 = u+
(
q2 + p2kO(t)

)
e1, ė2 = −

(
q2 + p2kO(t)

)
e1,

ŷ = z1 ︸ ︷︷ ︸
internal dynamics

d
dt ŷ = z2 +

(
q1 + p1kO(t)

)
e1,

( d
dt)

2ŷ = u+
(
q2 + p2kO(t)

)
e1 + p1k̇O(t)e1 +

(
q1 + p1kO(t)

)
ė1︸ ︷︷ ︸

T (ψO,ψ̇O,e1,e2)∈L∞
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Σ =
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( d
dt)
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)
e1 + p1k̇O(t)e1 +

(
q1 + p1kO(t)

)
ė1︸ ︷︷ ︸

T (ψO,ψ̇O,e1,e2)∈L∞

[Hackl et al. ’13]: PD-funnel controller can be applied to Σ!
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[Hackl et al. ’13]: PD-funnel controller can be applied to Σ!

u(t) = −kP (t)2(z1(t)−yref(t))−kD(t)(ż1(t)−ẏref(t))
= −kP (t)2(z1(t)−yref(t))
− kD(t)

(
z2(t)+

(
q1 + p1kO(t)

)
(y(t)−z1(t))−ẏref(t)

)
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ÿ = u

ż1 = z2 +
(
q1+p1kO(t)

)
(y−z1)

ż2 = u+
(
q2+p2kO(t)

)
(y−z1)

u = −kP (t)
2(z1−yref)

− kD(t)
(
z2+

(
q1 + p1kO(t)

)
(y−z1)−ẏref

)

u(t) y(t)

z2(t)

z1(t)

yref(t) ẏref(t)

|y(t)− z1(t)| < ψO(t), |z1(t)− yref(t)| < ψP (t),

|ż1(t)− ẏref(t)| < ψD(t), |y(t)− yref(t)| < ψP (t) + ψO(t)
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Extension

ẋ1 = x2
ẋ2 = T (x1, x2)+γu
y = x1

+


ż1 = z2+

(
q1+p1k(t)

)
(y − z1)

ż2 = γ̃u+
(
q2+p2kO(t)

)
(y − z1)

u = −kP (t)2(z1−yref)
−kD(t)

(
z2+

(
q1+p1kO(t)

)
(y−z1)−ẏref

)
γ > 0, γ̃ > 0
∀x1, x2 ∈ C : x1 ∈ L∞ ⇒ T (x1, x2) ∈ L∞

Theorem [B., Reis ’16]

|y(t)− z1(t)| < ψO(t), |z1(t)− yref(t)| < ψP (t),

|ż1(t)− ẏref(t)| < ψD(t), |y(t)− yref(t)| < ψP (t) + ψO(t)
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ż2 = γ̃u+
(
q2+p2kO(t)

)
(y − z1)

u = −kP (t)2(z1−yref)
−kD(t)

(
z2+

(
q1+p1kO(t)

)
(y−z1)−ẏref
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Simulation

(F)

y

a=const

v
(F)

y

v
(F)

y

v

Angle: α = 45◦

K(z) = 2z3 + 5z

D(ż) = 3ż

yref(t) = sin t

q1 = 1, q2 = 0.2, p1 = 1, p2 = 1
11

ψP (t) = ψO(t) = 5e−2t + 0.1, ψD(t) = 10e−2t + 0.5
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Outlook

• relative degree higher than 2 → cascade of observers

• unstable internal dynamics → servo control

• optimal choice of design parameters

• experiments
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