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Linear systems with uncertainties and actuator faults

u(t)

v(t)

y(t)
x(t) = Ax(t)+Bv(t)+d(t)
y(t) = (1)
d(t) x(t)

d(t) = f(t, x(t), u(t))

s AcR™" BeR™™ CeRP" m>p

= f continuous and bounded (modelling errors, uncertainties,

disturbances, actuator saturation, etc.)
- LeC®R —=R™ M) st. L, L, ..., L") bounded (reliability of
actuators)
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X(t) = Ax(t) + BL(t)u(t) + f(t, x(t), u(t),  y(t) = Cx(t)

» rk BL(t) = q > p (e.g. q groups of actuators which perform the
same control task; in each at least one (partially) functional)
typical: g =p

- CAKBL(-) =0, CAf(-) =0 forall k =0,...,r —2

= [ := CA""1B € RP*™ satisfies rk [L(t) = p for all t € R
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Control objective

t t
u(t) W y(t)

'C—| e(t) _}’ref(t) 1/¢(t)

ontroller

D)
Ay

t
le(t)]l

©, ¢, ..., o) bounded,
o, = el (R = R)| p(r) >0 forall 7 >0,

and liminf, o @(7) >0
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Theorem [B. ’17] - EXT. OF [ILCHMANN & MULLER '07]

3 Lyapunov transf. U (under mild conditions)

st(A&éyzaumuhU%U&mw*y
f(t,z,u) == U)F(t, U(t) 'z, u)

have the form

0 / 0 0 0
o 0 I 0 0 0
AD=15 §  o , s BO= e [T
Ri(t) Ra(t) - Rr—1(t) Re(t) S(2) FL(t) ;
PL(t) Pa(t) = Pa(t) Po(t) QD) N(t) g
& =[ho- ol
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o 5 0 o 0 0
o 0 0 0 0
O=1 5 5 v, o Bo=l A=l
Ri(t) Ra(t) = Re—1(t) Ro(t) S(t) N((tf)) %
P1(t) Pa(t) - Pra(t) Pr(t) Q(t) "

C=[ho-0]

(rkBL(t)=) g=p = Pr=...=P,=0A N=0
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Transformation: (y(t),y(t),... ,y(’_l)(t),n(t)) = U(t)x(t)

= ZR (=D(£) + S(t)n(t) + TL(t)u(t)
+f(t y(), YD), m(e), u(t)),
ZP YOI () + Qe)n(t) + N(t)u(t)

+fn(t,y( £),...yU7D(E), (), u(t))
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Transformation: (y(t), y(t),...,y=(t),n(t)) = U(t)x(t)
)y (-1(t ,
Z Ri + 5(t)n(t) +[£(/Q (t)

+#€Fyéé—yi—1€ﬁﬁ7€t%&€t+)
— Z Pi(t)yU=D(t) + Q(t) n(t) + Mt)ult)
P S~~~

+77 ) P — ) )
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Funnel controller for systems with known relative degree r € N
eO(t) = e(t) = y(t) - }/ref(t)a
e1(t) = éo(t) + ko(t) eo(t),
e2(t) = é]_(t) + kl(t) el(t),

er1(t) = éra(t) + kra(t) eral),
k() = 1/(1 - ei(ePllede)?), i=0,...,r—1
u(t) = —kr—1(t)e,—1(t)

Theorem [B., HoANG, REIs 18]

Yeef EWR®, 0, €, i(0)]ei(0)]| <1 = u, ki,y(),pe L™
and
lei(t)]| < @i(t) ™ —&;
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y(t)

u(t) v(t) | x(t)

v(t) = L(t)u(t) Ax(t) + Bv(t) + d(t)

d(t) x(t)

d(t) = f(t,x(t), u(t))

i(t) e(t) L —yerlt)

u(t) = K(t)i(t) FC, d(t) = —kr—1(t)er—1(t) D;

=
(D).
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u(t) v(t) | x(t) = Ax(t)+ Bv(t)+d(t) 0
V(t):L(t)”(t) y(t) _ CX(t)
d(t) x(t)

d(t) = f(t,x(t), u(t))

() = k(00— Tec, a6 = —k(t)er 206 bt rer®

(D).

u(t) = — k1 (t)K(t)er1(t)]

YO0 = 3 R(EYII(E) + S(e)m() + TLOK(D)a() +
i0) = 3 POy D) + Q) + NOK(D)a(t) + £,
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u(t) v(t) | x(t) = Ax(t)+ Bv(t)+d(t) 0
V(t):L(t)”(t) y(t) _ CX(t)
d(t) x(t)

d(t) = f(t,x(t), u(t))

() = k(00— Tec, a6 = —k(t)er 206 bt rer®

(D).

u(t) = — k1 (t)K(t)er1(t)]

for controller weight matrix K € C*°(R — R™*P) with
- 3a>0: TLOK(E) + (TLOK(®) " > alp,
« N(t)K(t) =0
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X(t) = Ax(t) + BL(t)u(t) + f(t, x(t), u(t),  y(t) = Cx(t)

Theorem [B. ’17]

= U is a Lyapunov transformation
n(t) = Q(t)n(t) is uniformly exponentially stable (min. phase)
Ja>0: TL(HK() + (TLOK(L) " > al,
N(t)K(t) =0
* Yref €WI, i € &1, 0i(0)[[ei(0)]| <1
— u, kj,x € L*° and

lei(®)] < i(t) ™ e
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Choice of K(t)

g > p: Only possible when system parameters and L are known!
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Choice of K(t)

g > p: Only possible when system parameters and L are known!
g = p: Recall: N(t) =0;
choose K(t) =TT and assume that

F(L(t)+L(e) )T > adp

— there are at least p lin. ind. actuators, the reliability of which
does not converge to 0;
Advantage: only ' must be known
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Example: Lateral motion of a Boeing 737 aircraft (linearized);

taken from [TAO ET AL. ’04]

—0.13858 14.326 —219.04 32.167 O
—0.02073 —2.1692 0.91315 0.000256 0

A= 0.00289 —0.16444 —0.15768 —0.00489 0
0 1 0.00618 0 0
0 0 1 0 0

0.15935 0.15935 0.00211 0.00211
0.01264 0.01264 0.21326 0.21326

B = | —0.12879 —0.12879 0.00171 0.00171 s
0 0 0 0
0 0 0 0

00
00

010]
001

X = (Vbapbarba¢7¢)—ra u= (drlaeradalada2)T

= vp, - lateral velocity = dy1 + dy2 - rudder position
= pp - roll rate = dj1 + dap - aileron position

= rp - yaw rate
¢ - roll angle
= 7 - yaw angle
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0
L(t) = diag (1 (). L. (t)). F(t.u) = B (fﬂfg"z))
dyo: slowly decreasing efficiency to 50% on [0, 6]; at t = 6 additional
fault which leads to actuator saturation by 1
dsp: sudden total fault at t =7

1 \
!
i
0.8+ :
i
06} i
i
———e
L i
02t T fZ (tv 1) ‘y
***** la(t) i
ob—————————___ - i
0 2 4 6 8 10
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Yref,1(t) = 2sint,  yper 2(t) =cost, x(0)=0,

1 _
po(t) = (5e T +0.1)7L,  oi(t) = (3e 2t +0.1)

- 0.01184 —0.12879

_ T _ | 001184 —0.12879

K(t)=T" = [0.21327 0.00171 ]
0.21327 0.00171

\ Y1 (t) = Yret1 ()
[ [ (1) - Yret2(t)
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