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Zero dynamics:

Fr = Ax+ Bu

ZD =<} (z,u,y)
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Zero dynamics:

Fr = Ax+ Bu
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ZD autonomous :<—>

Ywi,wy € ZD VI C R open interval :

w1’12w21 — W1 = W2
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Zero dynamics:

Fr = Ax+ Bu
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ZD autonomous :<—>

Ywi,wy € ZD VI C R open interval :

’LU1’I: w2|1 — W1 = W2

sE—A —B

Prop.: ZD autonomous <= rkp _C 0
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Zero dynamics:

Eir = Ax+ Bu
0= y = Czx

ZD =<} (z,u,y)

ZD autonomous :<—>

Ywi,wy € ZD VI C R open interval :

’LU1’I: w2|1 — W1 = W2

sE—A —B
-C 0

ZD stable <= Yw € ZD: lim_, w(t) =0

Prop.: ZD autonomous <= r1kg(

}—n—&-m

Funnel control for linear DAEs zero dynamics

Thomas Berger TECHNISCHE UNIVERSITAT

ILMENAU

Institute of Mathematics, llmenau University of Technology Page 3 /8



Zero dynamics:

Eir = Ax+ Bu
0= y = Czx

ZD =<} (z,u,y)

ZD autonomous :<—>

Ywi,wy € ZD VI C R open interval :

’LU1’I: w2|1 — W1 = W2

sE—A —B
-C 0

ZD stable <= Yw € ZD: lim_, w(t) =0

Prop.: ZD autonomous <= r1kg(

}—n—&-m

Lem.: ZD stable = ZD autonomous
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" Theorem (“normal form”)
[E,A,B,C] € ¥, m with ZD autonomous
— 3I5e€GLR),TeGL,(R):
I, Es A1 Ap 0
SET = |0 E4|, SAT = [As A4|, SB= |I],
0 Fs 0 Ag 0
CT = [0,C4]
____|
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B Theorem (“normal form” DAE)
[E, A, B,C] € 5m with

e tkC' =m
e Z’D autonomous
o T'= —limy s00 1[0, [,]L(5)[0, I,,,] T € R™*™ exists, where

L(s) is left inverse of [S’?_CA _OB} over R(s)

— [E, A, B,C] can be put into the form

1 = Quxi1+ Ay — E13d3

Iy = Apy+U(z1(0),y) +u

wy = Yo NEEsykth
= 0 = Apy—Epy— Ei3is
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B Theorem (“normal form” DAE)
[E, A, B,C] € 5m with

e tkC' =m
e Z’D autonomous
o T'= —limy s00 1[0, [,]L(5)[0, I,,,] T € R™*™ exists, where

L(s) is left inverse of [S’?_CA _OB} over R(s)

— [E, A, B,C] can be put into the form

1 = Quxi1+ Ay — E13d3

Iy = Apy+U(z1(0),y) +u

wy = Yo NEEsykth
= 0 = Apy—Epy— Ei3is

Lem.: ZD stable <= o(Q) C C_
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BB 5 A, B,C] right-invertible :<—

Vy € C°(R;R™) I (z,u) € C(R;R™) x C(R;R™) :
(z,u,y) solves [E, A, B, C]
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BB 5 A, B,C] right-invertible :<—
Vy € C°(R;R™) I (z,u) € C(R;R™) x C(R;R™) :

_— (z,u,y) solves [E, A, B, C]
Proposition
e ZD autonomous
o I'= —limg 00 510, I L(8)[0, I,y T exists
[E, A, B, C] right-invertible <= rtkC =m A
1 = Qx1+ Ay — Ei33
Ty = Apy+T¥(21(0),y) +u
x3 = Yop_o NFEsy+y
] 0 = Apy— Eiy— Y vly BEisNFEsyyt?)
=0 =0 =0
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B Theorem (funnel control)

[E,A,B,C] € ¥, m with
e ZD stable

e [E, A, B,C] right-invertible
o I'= —limy 00 5[0, [,n] L(8)[0, I,,] " existsand T =TT >0

Then the funnel controller

u(t) = k() elD),  where  o(t) = y(t) — grut(?)
i
M = T e

applied to [E, A, B, (], achieves that

rE€L® keL® A Fe>0Vt>0: |et)] <o)t —¢
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Ei(t) = Ax(t)+ Bu(t)

y(t) Cz(t)
E. Ac Rlxn Be Rlxml C € Rmxn

Y J[E A B,C| o7
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funnel e —  UYref
controller ~
e(t 1
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