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Control objective

u(t) y(t)

System

~N
~

Controller €

Treatt

x(t) = f(t,x(t),u(t)), x(t)eX
y(t) = h(x(1))
O Goal: simple controller, so that “y(t) tracks yycf(t)”

o only uses y(t), no knowledge of x(t) € X or system parameters
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High-gain adaptive control
Consider y(t) = F(T(y)(t)) + Gu(t), G > O, T : C — L;° BIBO stable
classical (non-adaptive) high-gain controller

u(t) = —ky(t), k > O suff.large = y(t) — O

Drawbacks: k may be unnecessary large; restricted to linear systems
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High-gain adaptive control
Consider y(t) = F(T(y)(t)) + Gu(t), G > O, T : C — L;° BIBO stable

classical (non-adaptive) high-gain controller
u(t) = —ky(t), k > O suff.large = y(t) — O

Drawbacks: k may be unnecessary large; restricted to linear systems

adaptive high-gain control (since approx. 1983)
u(t) = —k(t)(D), k() = [ly(®)]?

[BYRNES, ILCHMANN, LOGEMANN, MAREELS, MARTENSSON, MORSE, NUSSBAUM,
OWENS, PRATZEL-WOLTERS, WILLEMS, ...]

Drawbacks: k(t) mon. increasing; restricted to linear systems

Thomas Berger 3/26



ol g
adaptive \-tracker (since approx. 1994)

u(t) = —k(t) (y(t) — yree(t)),
=:e(t)

. max{ e(t)] 2.0}
k(t) = eor 0 &0 #0,
o, e(t)=0

Funnel control for the Fokker-Planck equation

/\/\ A
V

lle()]

[ALLGOWER, ASHMAN, BULLINGER, ILCHMANN, LOGEMANN, RYAN, SANGWIN, ...]

Drawbacks: k(t) mon. increasing; transient behavior not controlled

Thomas Berger
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Funnel control

u(t)

7 (2) ° >

(%) = y(t) = F(T(y)(1)) + Gu(t)

1
O = e

Thomas Berger

Funnel control for the Fokker-Planck equation

/\/\/\Wﬂa)
t

le(®)l]

[ILCHMANN, RYAN, SANGWIN '02]:
Feasible,if T : C — LS is
o causal and loc. Lipschitz

o BIBO stable
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Funnel control for co-dimensional systems
O systems which have a relative degree: [ILCHMANN, SELIG, TRUNK "16],
[B., PUCHE, SCHWENNINGER "20]
O moving water tank [B., PUCHE, SCHWENNINGER "19]

u(t)
= —h )
0/%4 0022, i h(t,¢) v(t,C) lg
S SRS

7;(t,0) = zp(t,1) =0 Oi
y(t) = my > (z ( 1) — z(t, 0)) (2ho + z1(t, 1) + z:(t, 0))
#h wo ! u(t)
+7T z( C)d<+T/()Z1(t<) ( C)d<+m7T
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Funnel control for co-dimensional systems
O boundary controlled heat equation [REIS, SELIG "15]
ox(t) = Ax(t), u(t) = (v - Vx(1))loq,
v = | ()

O general class of boundary control systems based on m-dissipative
operators [PUCHE, REIS, SCHWENNINGER "18, PUCHE '19]

x(t) = Ax(t), x(0) =x0 € D(A) C X,
u(t) = Bx(t), y(t) = &x(t)

e.g. lossy transmission line, wave equations, diffusion equation

Thomas Berger 7/ 26
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Funnel control for co-dimensional systems

© monodomain equations [B., BREITEN, PUCHE, REIS "19] — model for the
electric activity of the human heart to describe defibrillation processes

Ov(t) = V- (DVV(L)) + pa(v)(t) — w(t) +Isi(t) + Bls (1),
Ow(t) = csv(t) — caw(t),
y(t) = Bv(t
where p3(v) = —civ + cv? — cav3,

allows for distributed control/observation with B € (R, L2(£2)) and
boundary control/observation with B € £(R, W'2(Q)")

Thomas Berger 8/ 26
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It6 stochastic differential equation

dXt = b(t,Xt, U(t))dt —+ O'(t,Xt, U(t))th, X(t = 0) = )(07

o Xt : Q — R™—random vectors Ob:Rso xR xR™ —» R"—

o Q —sample space of a probability drift function
space (2, F,P) 0 0 :Rsp x R" x R™ — R"¥9
o (W;)¢=0 — d-dimensional — covariance matrix
Wiener process with zero mean O u:R>g — R™—the control
value and unit variance input

Thomas Berger 9/ 26
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Fokker-Planck equation

— models evolution of probability density p associated with process (X;):>0

n

Litx) == 5 (bt xu®p(e)

p(0.x) = po(x), inR",

where  C(t,x,u) = 3o (t,x,u)o(t,x,u)",

Thomas Berger 10/26
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Fokker-Planck equation

— models evolution of probability density p associated with process (X;):>0

Litx) == 5 (bt xu®p(e)

p(0.x) = po(x), inR",

where  C(t,x,u) = 3o (t,x,u)o(t,x,u)",

Solution properties: p(t,x) >0 A p(t,x)dx =1
Rn

Thomas Berger 10/26
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The Ornstein-Uhlenbeck process

— describes the motion of a massive Brownian particle under the influence of
friction; applications in neurobiology and finance

b(t,x,u) =u—~x, o(t,x,u)=0c>0, >0

Thomas Berger 1 1/ 26
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The Ornstein-Uhlenbeck process

— describes the motion of a massive Brownian particle under the influence of
friction; applications in neurobiology and finance

b(t,x,u) =u—~x, o(t,x,u)=0c>0, >0

2
?;(t X) = cgg(t X) +fyaax(xp(t,x)) —u(t )gp(t x), in(0,00) x R,
(O7X) - ( )7 inR
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The Ornstein-Uhlenbeck process

— describes the motion of a massive Brownian particle under the influence of
friction; applications in neurobiology and finance

b(t,x,u) =u—~x, o(t,x,u)=0c>0, >0

2
?;(t X) = cgg(t X) +fyaax(xp(t,x)) —u(t )gp(t x), in(0,00) x R,
(O7X) - ( )7 inR

YO = €] = [ xplex)ax

—00

O y(t) is assumed to be available for control purposes fort > O
O approximate by data-driven methods, e.g. Monte Carlo integration

Thomas Berger 11/26
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Comparison with the literature

recent results available by [BREITEN, KUNISCH, PFEIFFER 18], [HOSFELD,
JACOB, SCHWENNINGER "20] consider

g’;(t, x) = cAp(t,x) + V- (p(t,x)VV(t,x)), in(0,o00) x Q,
0=v'-(cVp(t,x)+p(t,x)VV(t,x)), in(0,00)x 0L,
p(O,X) :pO(X)v in 2

Thomas Berger 12/26
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Comparison with the literature

recent results available by [BREITEN, KUNISCH, PFEIFFER 18], [HOSFELD,
JACOB, SCHWENNINGER "20] consider

g’;(t, x) = cAp(t,x) + V- (p(t,x)VV(t,x)), in(0,o00) x Q,
0=v'-(cVp(t,x)+p(t,x)VV(t,x)), in(0,00)x 0L,
p(O,X) :pO(X)v in 2

Q c R" boundeddomain «+— Q =R,

V(tx) = W)+ Mu®)(x), > W) =2-
W e w?>=(Q)

Thomas Berger 12/26



. Funnel control for the Fokker-Planck equation
I! UNIVERSITAT

PADERBORN
The Fokker-Planck operator

2
$(x) = % H:=L2R.e?) and V:= W2(R;e %)

Thomas Berger 1 3/ 26
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The Fokker-Planck operator

2

P(x) = %, H:=L*R;e™®) and V:= W' (R;e %)

— use form methods, cf. [ARENDT ET AL. 15, LECTURE NOTES 18TH ISEM]
a:VxV =R, (v,vy) — (V],vh)y

Proposition

1A D(A) C V — Huwith
DA)={veV|JuecHVzeV: a(v,z)= (uz)y },

VveDA)VzeV: a(v,z) = (Av,z)p.

Ais self-adjoint, positive, has compact resolvent

13/26
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The Fokker-Planck operator
2
P(x) = %, H:=L*R;e™®) and V:= W' (R;e %)
— use form methods, cf. [ARENDT ET AL. "15, LECTURE NOTES 18TH ISEM]
a:VxV =R, (v,vy) — (V],vh)y
Proposition
A D(A) C V — Hwith
DA)={veV |JueHVzeV: a(v,z)=(u,z2)y },
VveDA)VzeV: a(v,z) = (Av,z)p.
Ais self-adjoint, positive, has compact resolvent

Crucial ingrediient: injectionj : V — H is compact [JOHNSON '00]

Thomas Berger 13/26
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The Fokker-Planck operator
Recall the Hermite polynomials defined by

dn
Ho(x) = (—1)"e" <dx” Xz), x €R, ne€Ng
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The Fokker-Planck operator

Recall the Hermite polynomials defined by

dn
Ha(x) = (—1)"e" <dx” Xz), x €R, neNg

oo(A)={N|jeNo}, Ay=\y

N =26% vi(0) = ajHi(x), agi= /L, 9;:\@

O (Vj)jen, is complete orthonormal system in H, orthogonal system in V

() = /Avi-x)
0 limy_ 400 €~ ?My;(x)v(x) = Oforallv € V
(proof via Barbalat's Lemma)

Thomas Berger 14/ 26
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The Fokker-Planck operator
5 = {e—¢f ‘feH}:LZ(R;e‘f’), = {e—¢f ‘fev},
T:H— 9, f— e %f,
(#@1,22)5 = (T (21), T 22))m = (e71,€"23) i,

(z1,22)0 = (T (21), T (22))v = (°21,€°22)1s + ((€°71)', (€”22) )1,

Thomas Berger
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The Fokker-Planck operator
5 = {e—d’f ‘feH}:LZ(R;e‘f’), = {e—¢f ‘fev},
T:-H— 9, f+—>e_¢f
(#@1,22)5 = (T (21), T 22))m = (e71,€"23) i,

)H
(z1,22)0 = (T (21), T (22))v = (°21,€°22)1s + ((€°71)', (€”22) )1,

a0 x V=R, (z1,22) ( (1), T (z2) ) = ((e%n1)', (€°22) ),
A:=ToAoT: D) :=T(DA) CV—H

Thomas Berger
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The Fokker-Planck operator
5 = {e—d’f ‘feH}:LZ(R;e‘f’), = {e—¢f ‘fev},
T:Hﬁﬁ,f+—>e_¢’f
(#@1,22)5 = (T (21), T 22))m = (e71,€"23) i,

)H
(z1,22)0 = (T (21), T (22))v = (°21,€°22)1s + ((€°71)', (€”22) )1,

a0 x V=R, (z1,22) ( (1), T (z2) ) = ((e%n1)', (€°22) ),
A:=ToAoT: D) :=T(DA) CV—H

y=Uv <« VzeV:a(T'W),2)=(T"(y).2n
IO ywew: a(v,w) = ({y,w)g

Thomas Berger
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The Fokker-Planck operator

The operator 2 satisfies

o o(2A) = o(A),
o zisan eigenfunction of 2(if, and only if, e?z is an eigenfunction of A,

0 zj := e %v; defines a complete orthonormal system of eigenfunctions
in $), orthogonal system in 3,

o Z/(x) = —/Nzia(x),

0 limy_ 400 €#Mzj(x)z(x) = Oforallz € U

Thomas Berger 16/26
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The Fokker-Planck operator

Recall ezey <« €%z, (e¢z)/ €eH
e zc W (R;e?) <« e%z,e%7 €H

o Mlw = y/le?Vlln + VY Ik # [Vliwageee)

Thomas Berger 1 7/ 26
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The Fokker-Planck operator

Recall ezey <« €%z, (e(bz)/ €eH
e zc W (R;e?) <« e%z,e%7 €H

o Mlw = y/le?Vlln + VY Ik # [Vliwageee)

Proposition

o U = W"(R;e?)

O [[Vlilwra(riesy < Cllvilw
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The Fokker-Planck operator

Now: —c®l := Fokker-Planck operator

Motivation: for v € 3 such that (e¢v)/ eV

—Av=c (e_¢ (e¢v>/> =" +c(¢'v), ' (x) =
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The Fokker-Planck operator

Now: —c®l := Fokker-Planck operator

Motivation: for v € 3 such that (e¢v)/ eV

—Av=c (e_¢ (e¢v>/> =" +c(¢'v), ' (x) =

p(t,x) = —cAp(t,x) — B (p(t,-),u(t))(x), in(0,00) x R,
p(0.x) = po(x), inR,

B:UYxR—H, (v,u)—u-V

Thomas Berger 18/26



" Funnel control for the Fokker-Planck equation
I! UNIVERSITAT

PADERBORN
Weak solutions
p(t,X) = —Cle(t,X) -3 (p(tv -),U(t))(X), in (Oa OO) x R,
p(0.x) = po(x), inR

foru € C([O, T]), pis called (weak) solutionon [O, T, if

o p € L0, T;B)NC([0,T];H).p € L2(0,T; '), p(0) = po,
o forallv € Uand almostall t € [O, T] we have

(p(t).v)5 = —ca(p(t).v) — (B (p(t), u(t)). v)5

Thomas Berger 19/26
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Weak solutions
p(t,X) = —Cle(t,X) -3 (p(tv '),U(t))(X), in (Oa OO) x R,
P(O>X) :pO(X)v inR

foru € C([O, T]), pis called (weak) solutionon [O, T, if
o p € L0, T;B)NC([0,T];H).p € L2(0,T; '), p(0) = po,
o forallv € Uand almostall t € [O, T] we have

(B(t). V)5 = —calp(t).v) — (B (p(t).u(t)).v)s
Proposition
o [ plt.x)dx = [ polx)dx
opo(t)>0 = p(t-)>0
0 [ZePo(x)dx =1
e Y(t))zp(t, xX)dx = £ (1+ Ke=")

Thomas Berger 1 9/ 26



" Funnel control for the Fokker-Planck equation
I! UNIVERSITAT

PADERBORN

Weak solutions
Sketch of proof: 1j(t) := (p(t), zj) s, pp—1(t) := O then

f1i(t) = —ca(p(t), z;) — (B (p(t),u(t)),z)s
= —cipi(t) + /() pia(1)

Thomas Berger 20/ 26
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Weak solutions
Sketch of proof: 1j(t) := (p(t), zj) s, pp—1(t) := O then
fut) = —ca(p(t),z;) — (B (p(t), u(t)). zi)s
= —cNipi(t) + v/ Au(t)pia(t)
o0 = [ ey o) pledx = [ apeom—y(o2

—0o0

2o (VZ(X) N ZVO(X)) . xeR

a2 a0

Thomas Berger 20/ 26



" Funnel control for the Fokker-Planck equation
I! UNIVERSITAT

PADERBORN

Weak solutions
Sketch of proof: 1j(t) := (p(t), zj) s, pp—1(t) := O then

f1i(t) = —ca(p(t), z;) — (B (p(t),u(t)),z)s
= —cipi(t) + /() pia(1)

o0 = [ ey o) pledx = [ apeom—y(o2
1 2
1=y () 200) g

X

2
— o)} = %(1 n MZZa(i) B M;g; ) . %(1 +g(b)
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Weak solutions
Sketch of proof: 1j(t) := (p(t), zj) s, pp—1(t) := O then

f1i(t) = —ca(p(t), z;) — (B (p(t),u(t)),z)s
= —cipi(t) + /() pia(1)

o0 = [ ey o) pledx = [ apeom—y(o2

—0o0

) 1 (vz(x) N 2vo(x)

X\ =—
402 \ oy aQ

, XER

2
— o)} = %(1 n MZZa(i) B M;g; ) . %(1 +g(b)

g(t) = —2~g(t) — g(t)z — %(1 + Ke—nyt) 0

Thomas Berger 20/26
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Feedforward control

p(t,x) = —cAp(t,x) — B (p(t,-), u(t))(x), in (0,00) x R,
p(0,x) = po(x), inR,
u(t) = Yret(t) + Wret(t),  Yretr € WLOO(RZO)

Thomas Berger 21/ 26
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Feedforward control

p(t,x) = —cAp(t,x) — B (p(t,-), u(t))(x), in (0,00) x R,
p(0,x) = po(x), inR,
u(t) = Yret(t) + Wret(t),  Yretr € WLOO(RZO)

Proposition

3! solution p on R such that
O p €L>®(0,00;9)
o y(t) - yref(t) + (y(O) - Yref(o))ei'yt

Thomas Berger 21/ 26
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Control objective revisited

ld(t)

u(t) y(t)

System

~
~

Controller ¢

Treto

x(t) = F(d(0).x(t).u(®). x(t) € X
y(t) = h(x(t))
O Goal: simple controller, so that “y(t) tracks yycf(t)”
O only uses y(t), no knowledge of x(t) € X or system parameters

or disturbance d(t)
Thomas Berger 22/26
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Funnel control for the Fokker-Planck equation
p(t,X) = —Cle(t,X) -3 (p(tv '),U(t))(X) + d(t,X), in (ov OO) xR,
p(0.x) = po(x), inR,

u(t) = _szf(g‘;ze(t)z’ e(t) = y(t) — yret(1),

v = | xplexix

whered € L°°(0, oo; $) such that [ d(t,x)dx = Oforaa.t > O

Thomas Berger 23/ 26
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Funnel control for the Fokker-Planck equation
p(t,X) = —Cle(t,X) -3 (p(tv '),U(t))(X) + d(t,X), in (ov OO) xR,
P(O>X) ZPO(X)? inR,

u(t) = —1_;"(5;16(027 e(t) = y(t) — yret(1),

v = | xplexix

whered € L°°(0, oo; $) such that [ d(t,x)dx = Oforaa.t > O
Theorem [B.'20]
3! solution p on R such that

o p € L%®(0,00;9),u,y € W(Rs)

0 3e>0Vt>0: le(t) <o) —¢
Thomas Berger 23/ 26
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Proof — Galerkin approximation
pi(t) := (p(t), zi)s, di(t) := (d(t), zi)s,.i € No, p(t) := O, then

f1i(t) = —ca(p(t), z;) — (B (p(t), u(t)), zi)s + (d(t),z)s5
= —cNipi(t) + /At (1) + di(t)

Thomas Berger 24/ 26
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Proof — Galerkin approximation
pi(t) := (p(t), zi)s, di(t) := (d(t), zi)s,.i € No, p(t) := O, then

fui(t) = —ca(p(t),zi) — (B (p(t),u(t),zi)5 + (d(t). zi)s
= —cNipi(t) + vV Au(t)pia(t) + di(t)
Observations:
0 zo = ape™? = do(t) = a0 [7_d(t,x)dx =0
0 X =0,do=0 = [0(t)=0
o y(t) = cyu(t) forsomecy > O

Thomas Berger 24/ 26
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Proof — Galerkin approximation
pi(t) := (p(t), zi)s, di(t) := (d(t), zi)s,.i € No, p(t) := O, then

fui(t) = —ca(p(t),zi) — (B (p(t),u(t),zi)5 + (d(t). zi)s
= —cNipi(t) + vV Au(t)pia(t) + di(t)
Observations:
0 zo = ape™? = do(t) = ap [ d(t,x)dx =0
0 X =0,do=0 = [0(t)=0
o y(t) = cyu(t) forsomecy > O
po  e(t)

1?W+d1(t)v e(t) :y(t)_yref(t)

y(t) = —chy(t) —

Thomas Berger 24/26
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Proof — Energy estimate

pn(t) == Y1 o ui(t)zi €W, t>0,neN,

= f;'g P ()l + lPnlliz(0,m.0) + IPnllizgo,7s0) < €

Thomas Berger 25/ 26
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pn(t) == Y1 o ui(t)zi €W, t>0,neN,
= f;'g P ()l + lPnlliz(0,m.0) + IPnllizgo,7s0) < €

C independent of n!
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pn — p weaklyinL2(0, T; ),
pn — p weaklyinL?(0, T; '),
pn — p weak®inL>°(0, c0; $) O
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Simulation
p(t,x) = —cAp(t,x) — B (p(t,-),u(t))(x) + d(t,x), in(0,00) x R,
P(0,x) = po(x), inR
u(y = — <

1= o(t)2e(0)? e(t) = y(t) — yret (1),
y(t) = /OO x p(t,x)dx

—00

withc = 0.1,y = 1, yyet(t) = sintand

1, —1<x<-1
po:R—=R, x—

O, otherwise

d:Rso xR — R, (t,x) — 3cos(4t) xe ¥
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