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Linear systems with relative degree r ¢ N

x(t) = Ax(t) + Bu(t), y(t) = x(t), x(0)=x° (%)

o AcR™" B, CT e R™M x0 ¢ R"
O(B=CAB=...=CAB=0, CA'BcGl,(R)
O minimum phase <=

A—X, B

VieC_: rk[ c 0

}:n—i-m
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Control objective
“( y(®
()]
2(t) = F(t,2(t), x(t), yeer () | €(1) & —yrer(t) 1/90(0
u(t) = G(t, z(t), x(t), yrer (1)) N t

le(t)l]

Oy Dy, gp(r) bounded,
d, =< pel'(Rso = R)| ¢(r) > 0forall7 >0,
and liminf, o (1) >0
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Basic idea

1. Define a new output such that
o the new system has a higher relative degree r + ¢
o the unstable part of the internal dynamics is eliminated
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Basic idea

1. Define a new output such that
o the new system has a higher relative degree r + ¢
o the unstable part of the internal dynamics is eliminated

2. Define a new reference signal s.t. it belongs to YW+

3. Apply the available funnel controller to the system with new output and
new reference signal

4. Show that the original tracking error satisfies the control objective
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Definition of new output

Byrnes-Isidori form: 3 U € Gl,(R) s.t.
Ux(t) = (y(&) T, y(0) T, ...,y D(0)T, 77(1‘)T)T transforms () into

y(1) ZRY(' t)+Sn(t)+ T u(t),

0(t) = Py(t) + Qn(t)
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Definition of new output

Byrnes-Isidori form: 3 U € Gl,(R) s.t.
Ux(t) = (y(&) T, y(0) T, ...,y D(0)T, 77(t)T)T transforms () into

y(1) ZRY(' t)+Sn(t)+ T u(t),

0(t) = Py(t) + Qn(t)

Assumption: QT = [31 %2] P = {g}
Q e R™<tm and @y € ROk witho(Q) CC_,k=n—rm—I(m>0
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Definition of new output
Z Riy =D (t)+Sim (1) + Sym(t)+Tu(t),

1( ) = Qun(t) + Qu(t) + Py(t),
m(t) = Qua(t) + Py(t)
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1( ) = Qun(t) + Qu(t) + Py(t),
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K:=[0,...,0,r B, &b,... Q"B

Assumption
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Y4 .
)= . A&,

y( )_ ryn W +Z’_ rKOEF yr(lew)( )
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Definition of new output

= Yuew isflatoutput for 7y(t) = @nz(t) + Py(t)

Thomas Berger 7



. Funnel control for linear non-minimum phase systems
I! UNIVERSITAT

PADERBORN

Definition of new output

= Yuew isflatoutput for 7y(t) = @nz(t) + Py(t)

+0
a0 =3 Ryl (0 + sm() + u(),

!

_ o .
in(0) = 32 ByED () + Gun(1)
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Definition of new reference signal

Muret(t) = Qnaret(£) + Pyrec(t),  1arer(0) = n?,ref
yref(t) = K”Z,ref(t)
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Definition of new reference signal
Mret (1) = Omyret (1) + Pyres(t),  Marer(0) = 19 er
Vret (1) = K res ()

Lemma: We have jof € W6, if

& 0 O
owaw—"'= [0 @ 0 |witho(®)CC_,o()CCy,
0 0 &
o(®&) CiR
Okxky | oo
o =W [ —ly ] [ e Pyyer(s)ds
7 Okyxky | O

0 z(t) = Qsz(t) + Psyret(t), z(0) = 0 has a bounded solution z(-)
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Controller structure
e(t)
+ AN = Yret (1)
NS
y(1)
X = T, =G re f’
u(t) x(t) = Ax(t) + Bu(t) Yaon () nzA.Nf(t) Qe (t) + Pres(t)
y(t) = (1) Fret (8) = K rer ()
yuew(t) = KUz(f) 772,ref(o) = ng-er
a(0) = () + folD) o) Vret (2)
a(t) = &(t) + k() a(r) +
: of) &, —
erpo—1(t) = ep—2(t) + kero—2(t) €rp0—2(t) T
k(1) = 1/(1 = pi(0)le(DI)
u(t) = ke ea() erren(t) From [B., L&, REIS 18]
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Theorem
Yoot € WTE 01 € ®p 0, 0i(0)]|€(0)] <1fori=0,....r+¢—1

. X, 772,ref, u, k07 ey kr+£71 c [ and

(&)l < wi(t) ™" —&;
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Theorem
Veet EWTH i€ &4 o, 0i(0)]|e(0)]| <1fori=0,....,r+¢—1

= X,Mrefs U, ko, ..., Kryy—1 € L°° and

(&)l < wi(t) ™" —&;

Original tracking error satisfies: ||e(t)|| < W(t)

O W is known a priori and depends on ; and €;(0),i = 0,...,r +¢ —1
0 ¢ € ®, given — choose o, . . ., Prpo—1 st W(t) < o(t)™!
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Simulation

A

(1—cost),

Veet (1) = { 0.

Thomas Berger

-11 00
0 -30 1
1.0 =20 (>
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Funnel control for linear non-minimum phase systems

0
B= [é] C=1,0,-3,0], x°=0, r=2

t € [0, 2n],
t > 2r.

1



" Funnel control for linear non-minimum phase systems
I! UNIVERSITAT

PADERBORN

Simulation

A

PR 9 0
[1 6 —28]’ B:|:(2):|’ C:[1’07_370]a X :O,I'ZZ
0 0 3 -1 0

| (1—=cost), te]0,2n],
Vet (1) = { 0, t>2r.

y(t) = —18y(t) — Ty(t) + m(t) — 8m(t) + 2u(t)
m(t) = —m(t) +m(t)
m(t) = m(t) +3y(1)

Thomas Berger 1
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Simulation

A

P 2 0
[1 6 —28]’ B:|:(2):|’ C:[1’07_370]a X :O,I'ZZ
0 0 3 -1 0

| (1—=cost), te]0,2n],
Yoot (1) = { 0, t>2r.

y(t) = —18y(t) — Ty(t) + m(t) — 8m(t) + 2u(t)
m(t) = —m(t) +m(t)
m(t) = m(t) +3y(1)

—_

1

(=1,Q=1,P=3K= = Yaew(t) = tm(t) = 1x6(2)

oN—
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Simulation

ng,ref = _%'

o(t) = (e +0.01) ",
o) = (2¢72+0.01) 7,

pr(t) = (2¢77° 4+ 0.01) "

Funnel control for linear non-minimum phase systems
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Outlook

1. features of funnel control are lost: not model-free, not robust
2. additional measurements required: View, Vaews - - - » Vi !

3. construction method for ¢; so that W(t) < ¢(t)~" not available yet

Thomas Berger 13



