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|
E i(t) = Ax(t) + B u(t) E,AcR™"
y(t) = C x(t) B,CT ¢ R™™
Regularity: det(sE — A) € R[s] \ {0}
Solutions: (z,u,y) € C*(R;R™) x C(R; R™) x C(R;R™)
|
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Zero dynamics

Def

(x,u,y) solves (E,A,B,C)

ZDg.a,B,c) =3 (2,u,Y) and y=0
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Zero dynamics

|
Def
T,u, solves (E,A,B,C
ZD(g.A,B.C) = { (@, u,y) ‘ gnd y; — 0 ( ) }
Transfer function  G(s) = C(sE — A)"'B € R(s)™*™
has proper inverse: lim G(s)*1 c Rmxm
|
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Theorem: Zero Dynamics Form

— E ZEZ; Z ézig + B ult) & C(sE— A)~'B has proper inverse
—
y(t)
35,7 € GL(R) : fjgg — 71 ()
24(t)
solves (SET,SAT,SB,CT) ~
0 = A y(t)+ Aiz x2(t) + u(t)
o) = Q 2o(t) + Aay y(t) unique: dimx;, Ay
— z3(t) = S04 Nis Ezy yUt0(t) unique mod similarity: @, Ns3
z4(t) = 0
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Stable zero dynamics

Def

| .

(E,A,B,C) has stable zero dynamics <=

(1’, Uy) € ZD(E,A,B,C) - (x(t)a u(t)) —0
Prop
(E,A,B,C) has stable zero dynamics <<= ¢(Q) C C_
Proof
= A11 y(t) + A12 .Iig(t) + u(z‘)

|

o
|

) = Quaat)+ An (0
x3(t§ = Y720 Nig Ba y((t)
0
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Characterization of stable zero dynamics

Theorem
|
(E, A, B,C) has stable zero dynamics
<~
Vs eCy: det FEC A B} 20
<~
(i) (E,A,B,C) is stabilizable (Vs Cy : rk[sE — A, B] = n)
(i) (E,A,B,C) is detectable (Vs€ C,: tk[sET — AT, CT] =n)
(i) U(s)"' C(sE— A)"'B V(s)~ = diag { ald, J"i))}
Vs € Ch: €(s)#0
<~
Ik >0 VhkeRst [k >k limoa(t) =0
____|

where z(-) solves ‘u(t) = ky(t) & (E, A, B,C)’
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High-gain stabilization: sketch of proof

N 0 = Ap y(t)+ Az 2o(t) +u(t)
Ta(t) = Q wa(t) + Aar y(t)
z3(t) = Y- 01N33 Esy yUth(t)
u(t) = ky(t)
—(An +kln)yt) = Apxa(t)
Za(t) = Qua(t) + Aay(t)
xS(t) = Z N33 E3y y(H—l)( )
1> lAu]
= iat) = Q- An(An + kL) ] aa(t) "R Qua(t
z3(t) = Y1y Nig Espy(tD () O
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Theorem: Funnel control

— Suppose:  (E, A, B,C) has stable zero dynamics
and G(s) = C(sE — A)"'B has proper inverse.

Then the  funnel controller

€(t) = y(t)_yref(t)

applied to (E, A, B,C) vyields:

1
- ()er® k()eL® A Je>0V120: fle@)l] < o5~
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Mass-spring-damper system

C2

] p i;i m1 u ma i;i

dl d2

z1
mlél (f) + d1731 (t) +c121 (f) )\(f) =0
mgég(t) + doZo (t) + CQZQ(t) + )\(i) =0 (1)
zo(t) — z1(t) = u(t)
y(t) = z2(1),

mmm  Defining z(t) = (21(t), 21(t), 22(t), 22(t), A(t)) T, the model (1) may be

rewritten as a linear differential-algebraic input-output system.
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Simulations
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|
Def: non-positive strict relative degree
srdeg G(s) = sup {k € Z| lim sPG(s) € Glm(R)} <0 exists
____|
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Strict relative degree and proper inverse

Prop
— srdegG(s) <0 : G(s) has ‘proper inverse'
i.g.
Proof
p <0 is largest integer : lims_, o s” G(s) € Gl (R)
_—
G(s) = P(s) + Gsp(s),  P(s) =1, Pis'
N
srdeg G(s) = —deg P(s), Pn € Gl,(R)
_—
3 P~ Y(s)
BN
Sherman-Morrison-Woodbury formula:
GL(s) = PY(s) — P~1(s)Gup(s) [ + P~1(5)Gup(s)] " P1(s)
| =
3G Y(s) and G~(s) proper O
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