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Perturbations in the leading coefficient of DAEs

E(t)$ = A(t)x, E Ae C(Rzo;Rnxn)
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Perturbations in the leading coefficient of DAEs

I E(t)$ = A(t)x, E A€ C(Rzo;Rnxn)
[Marz 1991]: (E, A) is index-1 <
3QeC: Q) =Q() A imQ(t) =ker E(t), and 3D € C%:
J .
. S(Px) = (P+PD)Pz, P=1-Q
Ei=Az & { dt Qr = QDPz
____|
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Perturbations in the leading coefficient of DAEs

— E(t)$ = A(t)x, E Ae C(Rzo;Rnxn)
[Marz 1991]: (E, A) is index-1 <
3QeC: Q) =Q() A imQ(t) =ker E(t), and 3D € C%:
J )
L 4(Py) = (P+PD)Pz, P=1-Q
Fi=Ax < { Qr = QDPz
i1 = @9 1 = Dum
0 = n # r2 = Dxx
|
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4(Pzr) = (P+ PD)Pu,
Qr = @QDPx

] Et=Az <
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; .
. d(py) = (P+PD)Px
Er=A dt( ;
. x = Pzr+Qr=(I+QD)Px,
Ei=A :
PEAT T d(Pr) = (P+PD)Px
|
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(Pz) = (P+ PD)Pxz,
Qr = @QDPx

x = Pzr+Qr=(I+QD)Px,
4(Pz) = (P+PD)Px

g=(P+PD)y, y(to)= Pl(to)z(to)

uniqueness
e

On perturbations in the leading coefficient matrix of time-varying index-1 DAEs Index-1 DAEs

Thomas Berger TECHNISCHE UNIVERSITAT

Institute of Mathematics, llmenau University of Technology Page 3 /15 ILMENAU



crucial: E
|
Etr = Ax
& EPi = Ax
& §i(Px) = (P+PD)Pz,
Qr = @QDPx
|
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crucial:

—
Ei=(A+Aq)x
& EPi=(A+A))x
- 4(Pz) = (P+PD)Px
Qr = QDPx
m—
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crucial:

(E+ Ap)i = Ax

& (B4 Ap)Pi= Az
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crucial: E=FEP

|
(E+ Ap)t = Ax
4 (E+Ap)Pi= Az
(A): Ag € C(R>0; R™™) s.it. (E+ Apg, A) is index-1 and
ker E(t) = ker(E(t) + Ap(t)) |
|
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crucial: E=FEP

|
(E+ Ap)t = Ax
4 (E+Ap)Pi= Az
(A): Ag € C(R>0; R™™) s.it. (E+ Apg, A) is index-1 and
ker E(t) = ker(E(t) + Ap(t)) |
- .
. s#(Pr) = (P+ PD)Px+ PGAPr,
o OtApi=ds & Qr — QDPx+QGAPz
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G G = el ()

0= <A21 — AAH)(t)SL'l + (AQQ — AAlg)(t)xQ
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G G = el ()

|
0= <A21 — AAH)(t)SL'l + (AQQ — AAlg)(t)xQ
ex __ 100 ex __ 71_00 ex __ 0460 _
= [38), av=lg ol ar=[ggg]. 0w
|
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G G = el ()

|
0= (A21 — AAn)(t)x1 + (Aaa — AAj2)(t)z2
ex __ 100 ex __ 71_00 ex __ 060 _
B =[gds] =g o] ap=foss] o2
sin. of (B, A™): z1(t) = cre™t, xo(t) = coe™t, w3(t) =0
|
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G G = el ()

|
0= (A21 — AAn)(t)x1 + (Aaa — AAj2)(t)z2
~10 0 0350
Eex:[100:| AeX:|: ¢ ] ex_[ } 1
48 ool ae=[ii] o
sin. of (B, A™): z1(t) = cre™t, xo(t) = coe™t, w3(t) =0
sin. of (E® + A%, A™): 2q(t) = (1 — o)t + C2€7ﬁt,
xo(t) = czefflﬁt,
1
] z3(t) = —8(c1 — ca)e ! — %e Exl
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- Example: Perturbation not in ker £

= b ol ()= [0 1 ()

r1(t) = e tal
.I'Q(t) =0
exp. stable
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- Example: Perturbation not in ker £

= b G- 106

r(t) = e taf
za(t) = et/exl

not exp. stable
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Bohl exponent and perturbation operator

E(t)§®(t, to) = A(t)®(t,t0),  Plto)(®(to, to) — I) = 0.
(B, A) exp. stab. < Fu, M >0Vt > ty: ||B(t,to)| < Me #(=t0)
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Bohl exponent and perturbation operator

E(t)§®(t, to) = A(t)®(t,t0),  Plto)(®(to, to) — I) = 0.
(B, A) exp. stab. < Fu, M >0Vt > ty: ||B(t,to)| < Me #(=t0)

kp(E, A) =inf { peR ‘ AN, >0VE= 50 [[0(t )] < Npe) )
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Bohl exponent and perturbation operator

E(t)§®(t, to) = A(t)®(t,t0),  Plto)(®(to, to) — I) = 0.
(B, A) exp. stab. < Fu, M >0Vt > ty: ||B(t,to)| < Me #(=t0)

kp(E, A) =inf { peR ‘ AN, >0VE= 50 [[0(t )] < Npe) )

Rem.: kp(F,A) <0 <= (E, A) exp. stable
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Bohl exponent and perturbation operator

- E(t)§®(t, to) = A(t)®(t,t0),  Plto)(®(to, to) — I) = 0.
(E,A) exp. stab. < Jpu, M >0Vt>ty: ||B(tt)] < Me 1)
kp(E,A) = inf{ peR ‘ IN, >0Vt >s: |0t s)]| < Npert?) }
Rem.: kp(F,A) <0 <= (E, A) exp. stable

Lto : Lz([t07oo)7Rn) — LQ(HO? OO),R”), f() = $(),
x solves E(t)i = A(t)x + f(t), P(to)x(tp) =0
|
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Bohl exponent and perturbation operator

$O(t,t0) = A(t)®(t,t0),  P(to)(®(to,t0) — I) = 0.

|
(E,A) exp. stab. & Ju, M >0Vt >1ty: ||P(t,t0)]] < Me H(t—to)
BB, A)=inf{ peR |IN, >0Vt > 55 |B(L,5)]] < Nje"t™) |
Rem.: kp(E,A) <0 <= (E,A) exp. stable
—

t L?([to, 00); R") = L*([to, 00); R"), f(-) = a(-),
x solves E(t)i = A(t)x + f(t), P(to)x(tp) =0
Lemma [Du et al. 2006]: (E, A) exp. stable and (BC) hold —
Ly, is linear bd. operator and to + || Ly,|| is mon. nonincreasing
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_—
Theorem (Robustness of Bohl exponent)
(E, A) index-1, @ bounded, given € > 0:
Ap satisfies (A), ||AE||oo suff. small
— |kp(E+Ap, A) <kp(E, A) + ¢
—
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100 -1 00 060
Eex:[mo}, Aexz[()—lo}, exz[oao}
— 000 0 01 B 500
1
sin. of (B + AP, A%): a1(t) = (c1 — ca)e™ + cpe” 1477,
_1y
To(t) = c2e :
— _ —t __ dco ——Lt
x3(t) = =d(c1 — c2)e [2e T4
]
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x _[100 x_[-100 x_ [0d0
— L e R S ]
sln. of (B + ASK, A%):  ay(t) = (¢ — ca)e™t + cpe” T3,
23(t) = cae T,
23(t) = —0(c1 — ca)e™" — %e =k
1
’k,B(EeX’ AE'X) — 71‘ ]CB(EQX + A%:Aex) - 6 > 0
1+6
|
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z3(t) = —6(c1 — co)et — %e st
1
BB A%) = 1] kp(B™ + AR, 4%) = — | 6> 0

€
1—¢

5 S kB(EeX + %{7146)() S kB(EeX’AeX) +€
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B Theorem (Robustness via perturbation operator)

(E, A) index-1 and exp. stable, (BC) hold, Ay satisfies (A):

El/{i = Ki(EvAa Q)vl = 172737 Q1= mln{ lim |Lt0|_17"€3} )
to—00

. a
lim HAE‘tooo H <
o0

to—r00 K1 + Ko«

— (E+ Ag, A) is exponentially stable
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100 -1 00 060
px=[818], a==[0 o], ag=[0s0]
000 0 01 600
|
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i p=[ghd]. a4 =[y ao], ap=[058]
% I2((to, 00); BY) - L3([to, 00 B,
(2o ) =+ (1 g / &9 1y (s) dis,
/ ) ds ) )
—
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ex _ [100 ex __ _190 ex _ [000
pr=[g08] av=[0 o] ap=[80]
]
Ly L2 ([to, 00); R*) — L*([to, 00); R?),
t
(f1(), f2(), f3(:)) = <75 — diag </ e =9 f1(s) ds,
t
. 0
[ e n as-n ) )
to
1LY =1, to>0| ki=ro=rs=1, [AF|=2[f]
]
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ex _ [100 ex __ _190 ex _ [000
B = [ods]s A =[] aw=[ogy)
_—
Liy : L*([to, 00); R?) — L2([to, 00); R?),
¢
(f1()s f2(), f3()) = <75 — diag </ e 79 f1(s) ds,
¢
. 0
[ e n as-n ) )
to
1LY =1, to>0| ki=ro=rs=1, [AF|=2[f]
9] < ! (B 4+ A%, A) exp. stable
— , Xp.
| 2\/5 p
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Stability radius

nx2n E+A ,A—‘—A is index-1,
— 77::{ [AE,AA]GB(R>O;R/X2,)‘ ( E A) is index }’

ker B(t) — ker(E(t) + Ap(t))
S:={ (E,A) € C(Rs0;R"™™)? | (E, A) is exponentially stable },

[AE,AA}€730r }

reay= it Lse sl | BEAYETR s

[Ap,A4leP

(B, A)

.- (A
(. A)

index-1 and
exp. stable
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amm Proposition (Properties of the stability radius)

e r(E,A)=0 & (E,A) ¢S
e r(a(E,A)) =r(aF,aA) =ar(E,A) foralla >0

e V(t) time-varying subspace of R™ with constant dimension,

— Ky 3 [E,A] — r(E, A) is continuous
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Example: e > 0: F=¢, A= -1
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Example: e > 0: F=¢, A= -1

_ 14+ Aa()

e=>0: et Ap(D)
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Example: e > 0: F=¢, A= -1

— . =14+ Aut)
>0: = —="
c et Ap(t)
0<r(,~-1)<e limr(e,—-1)=0
e—0
____|
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Example: e > 0: F=¢, A= -1

— ' . =14 Au(t)
e>0: 75+AE(t)x
0<r(e—-1)<eg limr(e,—-1)=0
e—0
e=0: 0= (—14Ax())x
[Ap,Aal=[0,1—-1/n] € P,neN = |[Ag,A4]=[0,1]€P
____|
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Example: e > 0: F=¢, A= -1

. =14 Aut)
T e r AR

0<r(e—-1)<eg limr(e,—-1)=0
e—0

e>0:

e=0: 0= (—1+A4))x

[Ap,As)=10,1-1/nje P,neN = |[Ag,As]=[0,1] €P

r(0,—-1) <1; |[Aallec <1 = 0= (=14 Ax(t))x is exp. stable
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Example: e > 0: F=¢, A= -1

. =14 Aut)
T e r AR

0<r(e—-1)<eg limr(e,—-1)=0
e—0

e>0:

e=0: 0= (—1+A4))x

[Ap,As)=10,1-1/nje P,neN = |[Ag,As]=[0,1] €P

r(0,—-1) <1; |[Aallec <1 = 0= (=14 Ax(t))x is exp. stable

lim (g, —1) =0 # 1 = (0, —1)
e—0
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Theorem (Lower bound for the stability radius)

(E, A) index-1 and exp. stable, (BC) holds
—

dk; = ki(E,A,Q),i=1,2,3, «a:= min{ lim ]Lto\l,ng} ,
to—o0

< (B, A)

K1 + Ro«x
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Theorem (Lower bound for the stability radius)

(E, A) index-1 and exp. stable, (BC) holds
—

dk; = ki(E,A,Q),i=1,2,3, «a:= min{ lim ]Lto\_l,ng} ,
to—o0

< (B, A)

K1 + Ro«x

Cor.: V(t) time-varying subspace of R™ with constant dimension,

- o xon (E, A) is index-1 and exp. stable,
Sy = { (£, A] € B(Rxo; R"**") ker E(t) = V(t) for all t € Rxg
—

— Sy is open in Ky
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