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Definition (solution)
z € C'((a,b),R™) is called:

e solution :< z(-) fulfills (E,A) for all ¢t € (a,b)
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z € C'((a,b),R™) is called:

solution :< z(-) fulfills (E,A) for all ¢ € (a,b)

(right) extension of another solution 7 : (a, b) — R®
< x(-) is a solution ANb<b AN T==x \(a;))

e right maximal :< b = b for every extension Z : (a,b) — R”

right global :& b = c©

global :& (a,b) =R
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SeC, TeC!, detS(t), detT(t) #0, t €R:

E1 (t)$ = A1 (t):L‘
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SeC, TeC!, detS(t), detT(t) #0, t €R:
El(t)l" = Al(t)l‘

s SHE()i=St)A ()
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SeC, TeC!, detS(t), detT(t) #0, t €R:
El(t)l" = A1 (t):L‘
& SHE(t)i=S(t)A(t)z
"2V SHE)T()g = (SE)A()T(E) — SO EL (T ())y
=:FEs(t) =:As(t)
]
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]

SeC, TeC!, detS(t), detT(t) #0, t €R:

El(t)l" = A1 (t):L‘
& SHE(t)i=S(t)A(t)z
"2V SHE)T()g = (SE)A()T(E) — SO EL (T ())y
=:FEs(t) =:As(t)

— (E1, Ay) ~ (E2, Ag).

]
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Definition (SCF)

(E,A) is called transferable into standard canonical form (SCF)
<= dny,ne € N:

w5 w b onl)

0. 0
J:R— Rm*X™M N :R — R"X"2 and N(t):[ \ :|
* 0
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Definition (consistent initial values)

Vv = {(t°2°% |3 solution to (E,A), z(t°) =2° }
V(%) = {ZL‘O | %, 2% eV }
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Definition (consistent initial values)

Vv = {(t°2°% |3 solution to (E,A), z(t°) =2° }
V(%) = {ZL‘O | %, 2% eV }

o Vt9 e R: V(tV) is a linear subspace of R"

e z:J — R" solution to (E,A) = z(t) € V(¢) for all t € J
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(E,A) transferable into SCF via S, T"

/.

2% eV «— 2% cimT (%) i
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Theorem

. transferable into SCF via S, T"
0 0 Inl
(t°, x )EV<:>.1‘€1HIT(LL)|:O:|.
0
x:R—-R" t— T(t) [é‘](é ) 8} T (%120,
=:U(t,0)

is the unique global solution to (E,A), (t°) = 2 for (t°,2°) € V.

____|
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|

W (E,A) transferable into SCF via S, T"

2% eV «— 2% cimT (%) {181] .

®;(t,t% 0

m:R—JR",tHT(t)[ 0 0

} T(t%)1af,

=:U(¢,t9)
is the unique global solution to (E,A), (t°) = 2 for (t°,2°) € V.

U(-,-) is the generalized transition matrix of the system (E,A); it is
mmm \Vell-defined.
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|
¥l Proposition (properties of U(-,-))

(E,A) transferable into SCF. V¢,r,s € R:
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___
-
(E,A) transferable into SCF. V¢,r,s € R:
o E(t) $U(t,s) = A(t) U(t, s)
e im U(t,s) =V(t)
o U(tyr) U(r,s) =U(t,s)
o Ut,t)2 =Ul(t,t)

eV eV(t): Ult,t)x=x
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exponential stability:
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exponential stability:

IXO]
_—
5=
1 1 ——t o3 3t @eit
tO
Ja,B3>0Vt" eR IS >0Vl € Bs(0) V() € S(t°, 2Y) :
_—

(%, 00) Cdomz A VE>0: |z(t)] < ae P20
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ODEs

DAEs

T
A P+PA=-Q
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ODEs

DAEs

T
A P+PA=-Q

V(x)=x Px
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ODEs DAEs

T T T
A P+PA=-Q A PE+E PA=-Q

T T
V(x)=x Px V(x)=(Ex) P(Ex)

uations for Exponential stability
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ODEs DAEs

|
T T T
A P+PA=-Q A PE+E PA=-Q
T T
V(x)=x Px V(x)=(Ex) P(Ex)
T .
— A P+PA+P=-Q
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ODEs DAEs
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T T T
A P+PA=-Q A PE+E PA=-Q
T T
V(x)=x Px V(x)=(Ex) P(Ex)
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== | A P+PA+P=-Q =P A PE+E PA+—(E PE)=-Q
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().

3Q(-) € Pg, P(-) € C with E(-)TP(-)E(-) € Pgn C*' and
(PGTVLE) holds =

Ja,8 >0V (% 2% e R x R" V() € Go(t°, 20)

V>0 |z(@)] < ae P20
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().

3Q(-) € Pg, P(-) € C with E(-)TP(-)E(-) € Pgn C*' and
(PGTVLE) holds =

Ja,8 >0V (% 2% e R x R" V() € Go(t°, 20)
Ve >0 [|lz(t)] < ae P20,

Sketch of proof: Consider z(-) € Go(t°,2") # 0 and the Lyapunov
function V: G —» R, (t,2) — (E(t)x) " P(t)(E(t)z);
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().

3Q(-) € Pg, P(-) € C with E(-)TP(-)E(-) € Pgn C*' and
(PGTVLE) holds =

Ja,8 >0V (% 2% e R x R" V() € Go(t°, 20)
Ve> 10 ||lz(®)]| < ae P20

Sketch of proof. Consider z(-) € Qo(to 2%) # () and the Lyapunov
function V : G — R, (t,z) — (E(t)z)" P(t)(E(t)x); prove

Je>0vt>t0: LVt a(t) < —cV(tz(t)
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().

(E, A) transferable into SCF.

©® 3Q(-) € Pg, P(-) € C with E(-)T P(-)E(:) € P¢ N C" and
(PGTVLE) holds = (FE, A) exponentially stable
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().

(E, A) transferable into SCF.

©® 3Q(-) € Pg, P(-) € C with E(-)T P(-)E(:) € P¢ N C" and
(PGTVLE) holds = (FE, A) exponentially stable

® B0).N() € CY E()TE(),Q() € Pgi E(), (B() + A())
(E,A) e;<ponentially stable = I solution P(-) to (PGTVLE)
with E(-)TP(-)E(-) € Pg N CL.
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Projected generalized time-varying Lyapunov equation (PGTVLE)
AC)TP(E() + E()TP()AC) + &(EC)TP(E()) =g —Q().

(E, A) transferable into SCF.

©® 3Q(-) € Pg, P(-) € C with E(-)T P(-)E(:) € P¢ N C" and
(PGTVLE) holds = (FE, A) exponentially stable

® B0).N() € CY E()TE(),Q() € Pgi E(), (B() + A())
(E,A) e;<ponentially stable = I solution P(-) to (PGTVLE)
with E(-)TP(-)E(-) - Pg ncL.

P:R—-RY™™ t— S(t )T [ U(s, )T Q(s)U(s, ) ds T(t)S(t)
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E(t) = o ol At) = 0 el t € R.
— (t) “tceR
r = —X I = ce 7, C
(E,4) « = el xa(t) = 0
|
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e
- (t) ~ ceR
r = —X I = ce 7, C
(B,4) < = el x9(t) = 0
(1 P1 p2] {Ch Qﬂ
g =R xim ;. P = , Q=
<0> [P:ﬂ D4 @ q3 q4
|
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1 0 -1 0
B0)= |y o A0=4 4] rem
- (t) ~ ceR
r = —X I = ce 7, C
(£, 4) < = el xa(t) = 0
g:inm(1>; p_. [Pl p2]7Q:: {Ch Qﬂ
0 P3 D4 q3 q4
{_Zl _ﬂ — Q= ATPE+E'PA+ $(ETPE) =
—q3 —q4
—2p1 +p1 e'py
elps 0
—
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1 0 -1 0
B0)= |y o A0=4 4] rem
- (t) ~ ceR
r = —X I = ce 7, C
(E,4) « = el xa(t) = 0
R xim (1> Cp_ [m m] 0= {cn Qﬂ
0)’ p3s pal’ a3 q4
-1 —q2 VT T d (T
{_qg _qJ =-Q=A'"PE+E ' PA+ §(E' PE) =
—2p1 +p1 €'po
elps 0
(PGTVLE) < —2p1+p1=-—q
_—
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g:inm(é>; p_. [Pl p2]7 0= {Ch Qﬂ
P3 P4 q3 44

—q1 —Qq2 DT T d T

{_qg _qJ =-Q=A'"PE+E ' PA+ §(FE' PE) =

—2p1 +p1 €'po
elps 0

(PGTVLE) < —2p1+p1=-—q
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1 = —x r1(t) = cet, ceR
(B,4) < 0 = elay x2(t) = 0
g:inm(1>- P [m m] 0= {cn Qﬂ
0)’ p3 paf’ a3 qa
{_(h _qﬂ — Q= ATPE+E'PA+ $(ETPE) =
—q3 —q4
—2p1+p1 e'ps
elps 0
(PGTVLE) < —2p1+p1=-—q
—
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E(t):[(l) O}, A(t):hl 2:} tEeR.

1 = —x r1(t) = cet, ceR
(B,4) < 0 = elay xo(t) =
(1 P1 p2] { Qﬂ
g =R xim ;P = , Q=
<0> [P:ﬂ D4 @ q4
{_(h _qﬂ — Q= ATPE+E'PA+ $(ETPE) =
—4q3 —q4
—2p1 +p1 e'py
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— i (t) “t ceR
I = —I1 T = ce ", ¢
(E7 A) ~ 0 — etl'Q SUQ(t) — O
g:inm(1>; P [m p2]7Q:: {cn Qﬂ
0 P3 D4 g3 q4
—q3 —q4
—2p1 + p1 elpo
etp?,
(PGTVLE) < —2p1+p1=-—q
] 1

Q=1 = P(t)= [(2) p?t)] ,p(-) € C is a solution
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Proposition (uniqueness)

(E, A) transferable into SCF and exponentially stable, Q(-) € C;
Pi(-), Px(+) € C solutions to (PGTVLE) with E(-)T P;(-)E(-) € C*,
i=1,2 and

Vi=1,230a;0 >0: oI, <g E()"P()E(-) <g Biln.

= E()"Pi(")E() =g E()T R()E()
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Proposition (uniqueness)
(E, A) transferable into SCF and exponentially stable, Q(-) € C;
Pi(-), Px(+) € C solutions to (PGTVLE) with E(-)T P;(-)E(-) € C*,
i=1,2 and

Vi=1,23a;,8 >0: a;I, <g E()"P(")E(") <g Biln.
= E()"Pi(")E() =g E()T R()E()
Sketch of proof. Let s € R and consider

M(t) :=U(t,s)"E@t) (P (t) — P,(t)E@)U(t,s), t>s.
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Proposition (uniqueness)
(E, A) transferable into SCF and exponentially stable, Q(-) € C;

Py(-), Py(-) € C solutions to (PGTVLE) with E(:)" P;(-)E(-) € C1,
i=1,2and

Vi=1,230a;0 >0: oI, <g E()"P()E(-) <g Biln.
= E()TPi()E(-) =¢ E(-)" P(")E(-)
Sketch of proof: Let s € R and consider

M(t) :=U(t,s)"E@t) (P (t) — P,(t)E@)U(t,s), t>s.
Show M (t) = 0 and lim; oo M(t) =0 = M (s) =0
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