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G : real linear reductive group

(G “ GpRq, real points of a connected complex reductive algebraic group G)

pGadm: admissible dual.

pGtemp: tempered dual.

Equipped with

#

Plancherel measure
Fell topology

Knapp-Zuckerman classification for pGtemp

pGtemp for G “ SLp2,Rq
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Cartan motion group

Riemm. symm. space G{K ,
curvature ă 0

G : real reductive group

K : maximal compact subgroup

g “ k‘ p: Cartan decomposition

Tangent space
p “ T1GK pG{Kq

Cartan motion group:

G0 “ K ˙ p

(isometry group of flat p)
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Deforming G to G0

Riemm. symm. space G{K ,
curvature ă 0

ϕ : K ˆ pÑ G

pk, vq ÞÑ exppvqk,

The family pGtqtą0 :

For t ą 0, use

ϕt : K ˆ pÑ G

pk, vq ÞÑ expptvqk,

to define

Gt “ group

#

with underlying set K ˆ p

product law making ϕt isom.
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A puzzle

Group G Gt » G
(t ą 0)

G0
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A puzzle, continued

Two problems:

Mackey, 1971-75 : there should exist a natural bijection pGtemp Ø xG0.

Connes & Higson, 1990-94 : the Baum-Connes-Kasparov isomorphism,
between K pC˚r pG0qq et K pC˚r pG qq, should be a reflection of its properties.

Group G Gt » G
(t ą 0)

G0

Dual
space

pG xGt
xG0
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A puzzle, continued

Two problems:

Mackey, 1971-75 : there should exist a natural bijection pGtemp Ø xG0.

Connes & Higson, 1990-94 : the Baum-Connes-Kasparov isomorphism,
between K pC˚r pG0qq and K pC˚r pG qq, should be a reflection of its properties.

Group G Gt » G
(t ą 0)

G0

Dual
space

pGtemp pxGtqtemp xG0

Reduced
C˚-algebra

C˚r pG q C˚r pGtq C˚r pG0q

5 / 21



Constructing the (tempered) Mackey bijection

xG0 Ø pGtemp
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Unitary dual of G0

Main tool: action of K on p‹.

Fix χ P p‹ and µ P xKχ.

1 Consider the centralizer

ZG0pχq “ Kχ ˙ p

2 Out of pχ, µq, build a representation of ZG0pχq:

µb e iχ

3 Form the induced representation

M0pχ, µq “ IndG0
Kχ˙ppµb e iχq.

Theorem (Mackey 1949):

All unitary irreducible representations of G0 have this form.
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Unitary dual of G0

G “ SLp2,Rq

action of K on p ÐÑ SOp2q ýR2

1 Fix χ P p‹ and µ P xKχ, form

ZG0pχq “ Kχ ˙ p

2 Out of pχ, µq, build a rep. of ZG0pχq:

µb e iχ

3 Form the induced representation

M0pχ, µq “ IndG0
Kχ˙ppµb e iχq.
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What should a Mackey bijection look like?

Rescaling maps in the duals

for α ą 0, RxG0
α : xG0 Ñ xG0

Start with π P xG0

Write it as M0pχ, µq, where

#

χ P p‹

µ P xKχ

Send it to M0p
χ
α , µq
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What should a Mackey bijection look like?

Rescaling maps in the duals

for α ą 0, R
pGtemp
α : pGtemp Ñ pGtemp

Start with π P pGtemp

Write π as a submodule of IndG
MANpσ b e iχq

LN: cuspidal parabolic subgroup
L “ MA: Langlands decomposition of L
σ: discrete series representation of M
χ P a‹

Send π to the irreducible subrepresentation of

IndG
MANpσ b e i

χ
α q

that has the same restriction to K as π.
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What should a Mackey bijection look like?

Rescaling-invariant representations

For G0: representations of the form M0p0, µq, with µ P pK .

copy of K̂

For G : reps that occur in some IndG
MANpσ b e i0q, σ P pMDS:

Irreducible tempered reps of G with real infinitesimal character

Any bijection that commutes with the rescaling maps
must induce a bijection between pK and pGRIC.
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Lowest K -types and a theorem of Vogan

Vogan introduces a positive-valued function }¨}
pK on pK

For R ą 0, there are only a finite number of λ P pK such that }λ}
pK ď R.

Every representation in pGadm has a finite number of lowest K -types.

Theorem (Vogan 1981):

1 If π has real infinitesimal character, then π has a unique lowest K -type.

2 Inequivalent π in pGRIC have different lowest K -types.

3 Every K -type occurs as the lowest K -type of a representation in pGRIC.

So there exists a unique bijection

pK Ñ pGRIC

µ ÞÑ VG pµq

that is compatible with lowest K -types.
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What should a Mackey bijection xG0 Ñ pGtemp look like?

If it is compatible with rescaling maps and preserves lowest K -types,
then it must coincide with µ ÞÑ VG pµq on pK .

Every representation in xG0 reads M0pχ, µq for some pχ, µq.

Can we build a representation of G out of a pair pχ, µq when χ ‰ 0?
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Building a representation of G by a “Mackey recipe”

Main tool: action of K on p‹.

Fix χ P p‹ and µ P xKχ.
1 Consider the centralizer

ZG0pχq “ Kχ ˙ p

2 Out of pχ, µq, build a representation of ZG0pχq:

µb e iχ

3 Form the induced representation

M0pχ, µq “ IndG0
Kχ˙ppµb e iχq.

Theorem (Mackey 1949):

All unitary irreducible representations of G0 have this form.
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Building a representation of G by a “Mackey recipe”

Start with χ in p‹ and µ in xKχ.

Set
Lχ “ tg P G , Ad‹pgqχ “ χu

“ centralizer of χ in G .

Then Kχ Ă Lχ, and is a maximal compact subgroup there.

Define
σ “ VLχpµq b e iχ,

a tempered irreducible representation of Lχ.

Mackey datum pχ, µq ù

#

Lχ “ centralizer of χ in G ,

σ “ VLχpµq b e iχ.

Build
Pχ “ LχNχ,

a parabolic subgroup with Levi factor Lχ (it contracts on Kχ ˙ p).

Inflate σ to a representation of Pχ, and define

Mpχ, µq “ IndG
Pχ pσq .

Theorem („ 2016):

Mpχ, µq is always irreducible ;

The correspondce pχ, µq ÞÑMpχ, µq induces a map xG0 Ñ pGtemp;

The correspondence is a bijection.
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The Mackey-Higson bijection: a few reasons to like it

IndG0
Kχ˙p

`

µb e iχ
˘

ÐÑ IndG
LχNχ

`

VLχpµq b e iχ
˘

preserves lowest K -types and commutes with the rescaling maps

is a piecewise homeomorphism

Ñ leads to a new proof of the Baum-Connes-Kasparov ‘conjecture’

is continuous from pGtemp to xG0 (joint work with A. M. Aubert)

Ñ see recent work of Higson & Romàn on C˚-algebra embeddings

extends (easily) to a bijection between the admissible duals

Ñ related to several results of Higson & Subag

Ñ related to work of Bernstein, Higson & Subag on algebraic families
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Deformations of tempered representations

One representation at a time

11 / 21



Pursuing contractions

Starting with pχ, µq,

View it as a Mackey datum for G ù construction of π ýV

For t ą 0, view it as a Mackey datum for Gt ù construction of πt ýVt

As t Ñ 0, is there a kind of convergence of Vt to V0 and πt to π0?

A way to give this a meaning:

Embed all Vts in a common space E.
This will determine evolution operators VÑ Vt .
Could there be a topology on E for which “everything” converges?
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The discrete series

G : connected semisimple with rankpG q “ rankpK q. Fix π in pGdiscrete series.

We want to see how π “contracts” onto its lowest K -type µ.

Parthasarathy-Atiyah-Schmid :

π » space of L2 solns of a Dirac equation on G{K .

For a special finite-dim. K -module U “ V µ5

b S that contains µ exactly once,

‚ the equivariant bundle E “ G ˆK U over G{K
‚ and the G -invariant Dirac operator D (acting on smooth sections of E)

satisfy:

Theorem (Atiyah-Schmid ´ 1977) :

1. The L2 kernel of D carries an irreducible repn of G with class π.

2. In fact, sections in the L2 kernel of D explore the sub-bundle G ˆK W µ.
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We want to see how π “contracts” onto its lowest K -type µ.

Parthasarathy-Atiyah-Schmid :

π » space of L2 solns of a Dirac equation on G{K .

Transfer everything to p.
ù action of Gt and Gt -inv. metric on p.
ù Gt-invariant Dirac operator

Dt ýΓpp,V µ5

b Sq.

Trivialize and project ù diffl operator

∆t ýC8pp,W µ
q

L2 kernel Ht carries irred. rep. » VGt pµq.

13 / 21



The discrete series

G : connected semisimple with rankpG q “ rankpK q. Fix π in pGdiscrete series.

We want to see how π “contracts” onto its lowest K -type µ.

Parthasarathy-Atiyah-Schmid :

π » space of L2 solns of a Dirac equation on G{K .

Transfer everything to p. The dilation
zt : pÑ p

v ÞÑ v{t

intertwines the G - and Gt - actions on p.

Metrics ηt and z‹t η1 are proportional

“Dirac” operators ∆t and ∆1 are
conjugate (up to ˆ constant)

The zooming-in operator f ÞÑ f ˝ z´1
t

yields a contraction HÑ Ht .
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The discrete series

G : connected semisimple with rankpG q “ rankpK q. Fix π in pGdiscrete series.

We want to see how π “contracts” onto its lowest K -type µ.

Parthasarathy-Atiyah-Schmid :

π » space of L2 solns of a Dirac equation on G{K .

Transfer everything to p. The zooming-in operator f ÞÑ f ˝ z´1
t

defines a contraction HÑ Ht .

The K -equivariant zooming-in
eventually contracts H onto W µ,
for the topgy of C8pp,W µq.

In the K -isotypical subspaces ofH
for K -types other than µ,
all sections vanish at 1K .
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The spherical principal series
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The spherical principal series

Fix an Iwasawa decomposition G “ KAN. For each χ in a‹,

G{K Ñ C

neHK ÞÑ exiχ`ρ,Hy

x2ρ,Hy :“ tr ad|npHq

Analogue of a plane wave on G{K :
Horocycle wave eχ,b (Helgason)

(eigenvector for all. G -invariant diff. ops,
constant on the orbits of some N-conjugate.)

Sum of all eχ,bs as b varies:
spherical function ϕχ (Harish-Chandra)

( K -invariant function,
eigenvector for all G -invariant diff.ops.)

ϕχ : G{K Ñ C

x ÞÑ

ż

K

eχ,bpxqdb
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The spherical principal series

Start with regular χ in a‹. Both M0pχ, 1q and Mpχ, 1q can be realized either

on H “ L2pK -orbit of χ in p‹q, or

on a space of functions on p.

Helgason’s waves transferred to p.

Gt ý

"
ż

B

εtχ,bF pbqdb | F P L
2pBq

*
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The spherical principal series

Start with regular χ in a‹. Both M0pχ, 1q and Mpχ, 1q can be realized either

on H “ L2pK -orbit of χ in p‹q, or

on a space of functions on p.

Helgason’s waves transferred to p.

Gt ý

"
ż

B

εtχ,bF pbqdb | F P L
2pBq

*

ε0.25
χ,b
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The spherical principal series

Start with regular χ in a‹. Both M0pχ, 1q and Mpχ, 1q can be realized either

on H “ L2pK -orbit of χ in p‹q, or

on a space of functions on p.

Helgason’s waves transferred to p.

Gt ý

"
ż

B

εtχ,bF pbqdb | F P L
2pBq

*

ε0.125
χ,b
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The spherical principal series

Start with regular χ in a‹. Both M0pχ, 1q and Mpχ, 1q can be realized either

on H “ L2pK -orbit of χ in p‹q, or

on a space of functions on p.

Helgason’s waves transferred to p.

Gt ý

"
ż

B

εtχ,bF pbqdb | F P L
2pBq

*

ε0.0625
χ,b
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Deforming representations: contractions in Fréchet spaces

Start with π P pGtemp.

Look for a Fréchet space E, and for each t ą 0,

a subspace Vt Ă E
a map πt : K ˆ pÑ EndpVtq defining a repn of Gt on Vt ,

a map Ct : V1 Ñ Vt intertwining R
pGtemp
1
t

pπ1q and πt ˝ ϕ´1
t .

Try to arrange the choice of pE, pVtqtą0, pπtqtą0q so that as t Ñ 0,

@f P V1, the vector ft :“ Ct f goes to some limit f0,
@pk, vq P K ˆ p, πtpk, vq rfts goes to some limit π0pk , vqf0.

Then one obtains a representation pV0, π0q of G0.

Theorem (2018-2020)

For every π P pGtemp, a choice pE, pVtqtą0, pπtqtą0q can be made so that
the representation pV0, π0q of G0 is irreducible
and corresponds to π in the Mackey bijection.
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@f P V1, the vector ft :“ Ct f goes to some limit f0,
@pk, vq P K ˆ p, πtpk, vq rfts goes to some limit π0pk , vqf0.

Then one obtains a representation pV0, π0q of G0.

Theorem (2018-2020)

For every π P pGtemp, a choice pE, pVtqtą0, pπtqtą0q can be made so that
the representation pV0, π0q of G0 is irreducible
and corresponds to π in the Mackey bijection.
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Reduction to real infinitesimal character

We saw how to contract representations of the form

IndG
MANpe

iχq

where L “ MA is minimal and χ P a‹ is regular.

Every irreducible representation π P pGtemp reads

IndG
MANpτ b e iχq

where L “ MA parabolic and τ P pMtemp has real infinitesimal character.

To contract arbitrary tempered representations, we can proceed in two steps:

1 find a contraction for real-infinitesimal-character representations;
2 use the previous ideas to reduce the general case to that one.

The second step is full of technicalities... I will now focus on the first.
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Real infinitesimal character: a strategy

Fix π P pGRIC. Work of Vogan-Zuckerman, Knapp-Vogan, Wong:

Realizing π in a Dolbeault cohomology space for an elliptic coadjoint orbit G{L

There exists

a quasi-split Levi subgroup L Ă G

an irreducible representation pV , σq with real infinitesimal character,

and an infinite-rank bundle

V7 V 7

ÝÑ G{L V 7 : V twisted by a character of L

such that

π » Hp0,sqpG{L,V7q where s “ dimCpK{pK X Lqq.
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Real infinitesimal character: a strategy, continued

Realizing π in a Dolbeault cohomology space:

π » Hp0,sqpG{L,V7q,

L: a quasi-split Levi subgroup
s “ dimCpK{pK X Lqq

V : an irreducible tempered representation of L with real infinitesimal character
V 7: a twist of V by a character of L

A theorem of Mostow (1955) on the structure of G{L:

There exists a subspace s Ă g, stable under AdpK X Lq, s.t. the Cartan map

K ˆ sÑ G

factors through the quotient pK ˆ sq Ñ pK ˆ sq{pK X Lq, and

G{L » pK ˆ sq{pK X Lq.
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Contracting real-infinitesimal-character representations

Start with a real-infinitesimal-character representation π, realize it on

Hstart “ Hp0,sqpG{L,V7q s “ dimCpK{pK X Lqq,

1. Assume given a contraction of pV , σq to its lowest pK X Lq-type W

2. Use the Mostow map to “zoom-in on K{pKXLq”, while contracting in V

We can then associate to every element of Hstart an element of

Hcontracted “ Hp0,sqpK{pK X Lq,W7q où s “ dimCpK{pK X Lqq

Theorem (2019) :

The K -module Hcontracted yields a realization for the lowest K -type of π.
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Quasi-split groups and fine K -types

Last case that remains to be settled:

G : quasi-split group

π: real-infinitesimal-character irr. representation with a ‘fine’ K -type.

In that case
π ãÑ IndMANpζq

where L “ MA is minimal, M is abelian and ζ is a character of M.

“Theorem” (2018-2020):

Can realize π on a space of sections of the bundle G ˆK V µ over G{K

The construction mimics Helgason “waves”, in a rather unusual setting.

I will spare you the details...
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Three slogans

There is a simple and natural bijection between the irreducible
representations of G and those of G0 “ K ˙ p.

Realizing it as a deformation is possible, but (at the moment) uses the fine
details of available constructions.

Understanding it more conceptually seems to remain challenging.
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