INTEGRATED SEMIGROUPS AND LINEAR PARTIAL
DIFFERENTIAL EQUATIONS WITH DELAY

CORNELIA KAISER

ABSTRACT. We study existence and uniqueness of solutions for linear partial
differential equations with delay in LP-spaces using an approach of Batkai and
Piazzera and a recent perturbation result for integrated semigroups. We apply
our result to an equation with delay in the highest-order derivatives.

1. INTRODUCTION

Partial differential equations with delay play an important role in different fields,
e.g. in control theory. They have been studied for many years, using different meth-
ods.

We want to study equations that can be written as

u'(t) = Au(t) + Duy, t>0
u(0) == (1)
0

We use the standard notations (see [18]): A is an (unbounded) operator on a Banach
space X, ® is the delay operator, u; is the history function and z € X, f €
LP([-1,0], Z) are the initial values at time 0. Here Z is a Banach space such that
D(A) — Z — X with continuous embeddings.

Batkai and Piazzera [2, 3] showed that the delay equation (1) is equivalent to an
abstract Cauchy problem

{u’(t) =AU(t), t>0

on the space X = X x LP(|—1,0],Z). Then, using perturbation theory of Cy-
semigroups, they give sufficient conditions for (A4, D(A)) to be the generator of
a Cp-semigroup on X. One of these conditions is that (A, D(A)) generates a Cy-
semigroup on X. But there are important operators that do not have this property,
e.g. the Schrédinger operator ¢A on LP(R™) for p # 2 ([14]). A weaker condition
on A is that it generates an a-times integrated semigroup. We use the approach
of Batkai and Piazzera and a new perturbation theorem for a-times integrated
semigroups from [15] to show existence results for solutions of the delay equation

(1).
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Another restriction in the results of Batkai and Piazzera is that one can not treat
equations of the kind

0
u'(t) = Au(t) + yAu(t — 1) + / a(s)Au(t + s)ds (2)
—1
where A generates an analytic semigroup on X. On the other hand, in [7] there are
wellposedness results for such equations in the case that X is a Hilbert space. With
our approach we also can treat equations of the kind (2) on Banach spaces.

This paper is organized as follows. In Section 2 we recall the definition of a-times
integrated semigroups and state the perturbation result we will use later. In the
third section we prove our main result: If (4, D(A)) is densely defined and generator
of an a-times integrated semigroup on X and if there are numbers M € [0,1) and
Ao > 0 such that for all Re A = Ag

[@(eM RN, A) + R(A, A0) f)]] < M max{|le]lx, | £l Lo 1,002} 3)
then (A, D(A)) generates a (-times integrated semigroup for some § > «. This

means that the delay equation has a unique solution for all pairs (;) of initial

values in the domain of A" for n € N large enough. Finally we give conditions
under which (3) is satisfied. In the last section we apply our result to equation (2).

2. A PERTURBATION THEOREM FOR a-TIMES INTEGRATED SEMIGROUPS

We recall the definition of an a-times integrated semigroup.

Definition 2.1. Let oo > 0 and (A, D(A)) be a linear operator on a Banach space
X. Ais called generator of an a-times integrated semigroup if there are nonnegative
numbers w, M and a mapping S : [0,00) — £(X) such that

e (S(t))t>0 is strongly continuous and || f(f S(s)ds|| < Me“* for all
t>0,

e (w,00) C p(A) and

o R(AA) =X [[Ce M S(t)dt for A > w.

In this case, the family (S(¢))¢>0 is the a-times integrated semigroup generated by

A.

Remarks (1) If (A, D(A)) generates an a-times integrated semigroup (S(t))¢>o,
then the halfplane {A € C : ReA > w} is contained in p(A) and R\, A) =
A [T e MS(t)dt if Re A > w.

(2) By uniqueness of the Laplace transform (S(t)):>0 is uniquely determined.

(3) If & = 0, the definition above is consistent with the definition of a Cy-semigroup
(see [1, Theorem 3.1.7]). In this case the generator A is densely defined and (S(t)):>0
is exponentially bounded. For o > 0 this may not be true in general. If (S(¢));>0 is
exponentially bounded, then the growth bound of (S(t));>¢ is defined by

w(S) :=inf{w € R: 3K > 0 such that ||S(t)|| < Ke“'}.
(4) If A generates an a-times integrated semigroup (Sq(f)):>0 then A also generates
a (O-times integrated semigroup (Sg(t))¢>o0 for each 5 > a.
(5) If A generates an a-times integrated semigroup (S(t));>o then the abstract
Cauchy problem

o’ :AU, 0,7/,
{(t) 0, telor] "
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has a unique classical solution for each x € D(A™*1) where n € Ny such that n—1 <
a < n ([12]). By a classical solution of (4) we mean a function u € C*([0, ), X)
such that u(t) € D(A) for all ¢ > 0 and (4) is satisfied.

We will also need the following definition:

Definition 2.2. A Banach space X has Fourier type p € [1,2] if the Fourier
transform extends to a bounded linear operator from LP(R, X) to L¥' (R, X), where
1,1

>+ =1

PP

Each Banach space has Fourier type 1. A Banach space has Fourier type 2 if and
only if it is isomorphic to a Hilbert space ([16]). If X has Fourier type p, then it
has Fourier type r for each r € [1,p]. Each closed subspace, each quotient space
and the dual space X™* of a Banach space X have the same Fourier type as X. If
X and Y both have Fourier type p, then X x Y also has Fourier type p. The space
L7 (2, 1) has Fourier type min{r, %5} ([17]). If X has Fourier type p and ¢ € [p, p'],
then L?(R, X') has Fourier type p ([10]). Each uniformly convex Banach space has
Fourier type p > 1 (4, 5]).

Then the following perturbation theorem holds. For the proof we refer to [15].

Theorem 2.3. Let X be a Banach space of Fourier type p € [1,2]. Let (A, D(A))
be the generator of an exponentially bounded co-times integrated semigroup (S(t))i>0
on X and let (B, D(B)) be a linear operator in X. Choose 3 > a—i—%. If A is densely
defined, D(B) 2 D(A) and there are constants Ao > max{0,w(S)} and M < 1 such
that
IBR(A, A)|| < M

for all X\ € C with Re X = Ao, then (A + B, D(A)) generates a (3-times integrated
semigroup.

3. MAIN RESULTS

We consider the equation

u(0) =z (5)
Ug = f
where
e X is a Banach space and x € X,
e (A,D(A)) is a closed linear operator in X,
o f € LP([-1,0],Z), 1 < p < oo, where Z is a Banach space such that
D(A) — Z — X with continuous embeddings,
e the delay operator ® : W1P([-1,0],Z) — X is linear and bounded,
o u:[—1,00) = X and
e u;: [—1,0] = X is defined by ut(o) = u(t + o) for o € [-1,0].
We say that a function u : [—1,00) — X is a (classical) solution of (5) if

(1) u € C([fl, OO), Z) N Cl([oa OO), X),
(ii) u(t) € D(A) and u; € WHP([-1,0], Z) for all t > 0 and
(iil) w satisfies (5) for all ¢ > 0.

We now want to investigate existence and uniqueness of solutions of (5) in the space
X. To do this we introduce, as in [3], the Banach space

X=X x LP([~1,0], 2)
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a=(g 4 ) ()

do

and the operator

in X with domain
D(A) = {(;) € D(A) x Wh([=1,0], 2) : f(0) = x}

The matrix operator A is closed, since A is, and it is densely defined, if A is. If
(5) has a solution wu, then ug = f € W'?([-1,0],Z) and u(0) = x € D(4) i.e.,
(%) e Da).
The problem (5) and the abstract Cauchy problem associated to the operator
(A, D(A))
1) —
{u (t)=AU{t), t>0 -

u) = (3).

on the space X are “equivalent”: there is a natural correspondence between the
solutions of the two problems (5) and (7). For a proof of the following Proposition
see [2, Proposition 2.3 and 2.4].

Proposition 3.1. Let (?) € D(A).

(a) If u: [—1,00) — X is a solution of the delay equation (5) then

[0,0) — X
U u(t)

v (W)

is a classical solution of the abstract Cauchy problem (7).

(b) Let
[0,00) — X
U: { )

toe ()

be a classical solution of the abstract Cauchy problem (7) and u : [-1,00) — X

defined by
t t>0
u(t) == (1), -
[,  tel[-1,0].
Then uy = v(t) for allt > 0 and u is a solution of the delay equation (5).
We now want to give sufficient conditions such that (A, D(.A)) generates an a-times
integrated semigroup on X. Then the abstract Cauchy problem (7) has a unique

solution for z € D(A™"!) where n > « (see [12]). To be able to use the perturbation
result 2.3 we write A as sum Ay + B, where

A0
w5 1)
with domain D(Ay) := D(A) and
5= < 0 ¢ ) € £(D(Ag), X).

We first look at Ag.

Proposition 3.2. Let a > 0 and (A, D(A)) be the generator of an a-times inte-
grated semigroup (S(t))i>0 on X and let D(A) — Z — X. If
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(G) for each t > 0 and each x € X the function s — S(s)x is in LP(]0,t]; Z)
and there is a positive constant c; such that

t 1/p
( / ||s<s>:c||’;ds) < el

then (Ao, D(Ao)) generates an a-times integrated semigroup on X.

Remarks. (1) Condition (G) in Proposition 3.2 is automatically satisfied if Z = X.
(2) If (A, D(A)) generates an analytic semigroup (T'(t));>0 on X and if there is
d>w(T)and 0 < 0 < ]% such that D((§ — A)?) — Z < X with continuous and
dense embeddings, then condition (G) is satisfied for (T'(t));>0 (see [3]).

(3) Let (A, D(A)) be the generator of an a-times integrated semigroup (S(¢)):>0
on X and consider S(t) := fot S(s)ds. Then condition (G) is always satisfied for

(5(t))s>0: We have that
t 1/p
o [ 1861wl
t 1/p t 1/p
c(/ S(s)mf;ds) +c(/ ||AS(s)x|§(ds> .
0 0

t 1/p
([ 15azas)
0
Now we use the Uniform Boundedness Principle and the formula

IN

IN

~ s¢

AS(s)x = S(s)x — mm

(see [13, Proposition 2.4]). But (S(¢)):>0 is the («a + 1)-times integrated semigroup
generated by A. So we always can achieve (G) by enlarging the integration rate «.

For the proof of Proposition 3.2 we first compute the resolvent of (Ag, D(Ap)). For
A€ C and (g) € X we look for (;) € D(Ao) such that

-a(5)=(1).

This is the case if and only if there are z € D(A) and f € W'P([—1,0], Z) such
that

AN—Az=y, fO0O)==x2 and \f—f =g

If (A, D(A)) generates an a-times integrated semigroup on X, then the set {\ €
C : ReX > A\g} is contained in the resolvent set of A for some A\g € R. Therefore
x = R(A\ Ay for ReA > Ag. The differential equation \f — ' = g with initial
condition f(0) = x has a unique solution f € WP([-1,0], Z) for all A € C which
is given by

f(o)=e <x + /UO eMg(t)dt)

On the other hand, the operator
Aof=f'
with domain D(Ag) = {f € W'P([-1,0],Z) : £(0) = 0} has empty spectrum and

0
(R(X\, Ag)g) (o) = e)“’/ e_’\tg(t)dt.



6 KAISER

Therefore the resolvent of (Ag, D(Ap)) is given by

N A Az
R()\,Ao)(g) = (eA-R(/\fjlgy + R(A,Ao)g)

for Re A > Ag.
We fix some notations. It is well known ([9, 1.4.17, I1.2.11]), that (Ao, D(Ao)) gen-
erates the nilpotent shift semigroup (To(t))i>0 in LP([—1,0], Z) given by

flo+1), o+t <0,

(To(t) f)(o) := { 0 o+t>0.

In particular, (Ao, D(Ay)) generates an a-times integrated semigroup (So(t)):>0,
where

So(t) = /0 %To(t)dt.

Moreover we define

(Sex)(1) = {

S(t+ 1)z, —t<71<0
0, 1< 7r<—t.

where (S(t))¢>0 is the a-times integrated semigroup generated by (A, D(A)). If (G)
is true, then it easily follows that S; : X — LP([—1,0], Z) is bounded for all ¢t > 0.

Now we prove Proposition 3.2:

Proof of Proposition 3.2 . Let

Solt) = < Sbﬁf) S(ﬁt) > t>0.

For each ¢t > 0, Sp(t) € L(X). Moreover (So(t));>0 is strongly continuous since
(S(t))i>0 and (So(t))s>0 are strongly continuous.

Then, for A € R large,
o o
)\a/ e MS(t)dt = R(\, A)  bzw. )\‘X/ e MSy(t)dt = R(\, Ay).
0 0
Hence we get for x € X and 7 € [—1, 0]

)\O‘/ e M (Sx)(T)dt = )\O‘/ e MS(t + 7)xdt
0 -7

= e”)\o‘/ e MS(t)xdt
0

RN, A)x.
This shows -
R(\, Ag) = \* / e MSy(t)dt,
0

ie., (So(t))i>0 the a-times integrated semigroup generated by (Ao, D(Ao)). O

From now on we assume that (A4, D(A)) generates an a-times integrated semigroup
(S,D(S)) on X such that condition (G) in Proposition 3.2 holds. We use the per-
turbation results from Section 2 to find conditions on the delay operators ® such
that (A, D(A)) generates a (-times integrated semigroup on X for some 3 > a.
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If Re A > Ag then

.

X :‘Kg §)<@Rwigfﬁx%ﬁ>

— || B R, Az + R(A, Ao) )|

X

fiir (;;) € X. Here || - || x is one of the equivalent norms on X x LP([—1,0], Z). Using
Theorem 2.3 we get

Theorem 3.3. Let X be a Banach space and let (A, D(A)) be densely defined
and generator of an a-times integrated semigroup on X, where o is chosen such
that condition (G) in Proposition 3.2 holds. Let D(A) — Z — X and ® €
LWP([-1,0],2),X), 1 < p < co. If there are numbers M € [0,1) and Ao > 0
such that for all Re A = g

: (9)

X

o oo <)

then (A, D(A)) generates a B-times integrated semigroup for all 3 > o+ L, where
X =X x LP([-1,0], Z) is of Fourier type r. In particular, if X is of Fourier-type
q € [1,2], then one can choose r = min{p,1 — %,q}.

In the following we give examples for delay operators ® that satisfy the condition

(9)-

Ezample 3.4. Let D(A) — Z — X and ® € L(LP([-1,0],Z),X). Then
(e RO Az -+ RO Ao)f1x < @ (IR Az + <171, )
’ ’ - ’ ReX " "P

for all z € X, all f € LP([—1,0],Z) and all Re A large enough. Hence there is
Ao € R such that (9) is satisfied for Re A = Ao provided that ||®|| is small enough
and [|[R(X, A)||z(x,z) is uniformly bounded for X in a half-plane. O

Ezample 3.5. Let D(A) — Z — X and let n : [-1,0] — £(Z,X) be of bounded
variation. If ® : C([-1,0], Z) — X is given by

0
@f;:/ anf,  feC(-1,0,2)

-1

then ® € £L(C([-1,0],Z), X). In particular, ® is bounded from W?([—1,0], Z) to
X since WHP([-1,0], Z) is continuously embedded C([—1,0], Z). If the real part of
A is large enough we get

0
[B(eM RO A)e) | x =\V(www%uﬂn
—1 X
0
< [;M“wmnmuﬂnw
< (=1 0D IR Az
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and

JRO A0)flx = H / dn(o) (RN, A0) ) (o)

X

- | s,
// *R““”||f<>||zdtd|m<>
/( / ) Va1,

(ReAq) ™/ [n|([~1,0]) | f1l,,

where % + % =1 and |n]| is the positive Borel measure on [—1, 0] defined by 1. Hence

there is Ag € R such that (9) is satisfied for Re A = Ag provided that |n|([—1,0]) is
small enough and ||R(X, A)||z(x,z) is uniformly bounded for A in a half-plane. [

Ezample 3.6. Let D(A) — Z — X, U € L£(C([-1,0],X),X) and B € L(Z,X)
such that || BR(\, A)|] < M < ||¥|~! for Re\ large enough. We define the delay
operator ® € L(C([-1,0],Z),X) by

f =W(s — B(f(s)))-
Then, for all z € S, f € LP([-1,0], Z) and all Re A large enough,
(RN Az)|x = [[T(eMBR, A)x)||x < ||‘1’||7183p<1||€ASBR(>\7A)$||X

IN

IA

IN

< ¥IBRA, Az < M[|¥[ <1
and

[®R(A, Ao)fllx = [[W(s = B((R(A Ao)f)(s))llx

- ofora o)

0
< el s | f e*<”>B<f<t>>dtH
—1<s5<0 s X
0
< || sup / e~ R B(f (1)) xdt
—1<5<0 Js
0
< IIB] sup / e~ RN | £ (1) 2t
—1<5<0 Js
< |WIIBIReAD) 1l 1r (102

Using the triangle inequality we obtain that there is Ag € R such that (9) is satisfied
for Re A = Ag. O

4. APPLICATIONS

We consider the equation
0
u'(t) = Au(t) + yBu(t — 1) + / a(s)Bu(t + s)ds,
-1
(10)

where v € C and a € L'([-1,0]).



INTEGRATED SEMIGROUPS AND DELAY EQUATIONS 9

First we assume that (A4, D(A)) generates a bounded analytic semigroup on a Ba-
nach space X and that B € L(D(A), X) is relatively bounded with respect to A,
i.e., there are nonnegative «, 8 with

|Bz|| < af|Az|| + Bz, =€ D(A).
Let K := Supge o [[AR(A, A)||. Then
K
[BRA, A)|| < (K +1) + %7 Re > 0.
Define ¥ € £(C([-1,0], X), X) by
0

Wi =y f(-1) + / a(s)(s)ds

-1

and let
0

Of :=VU(s— Bf(s)) =vBf(-1) +/ a(s)Bf(s)ds.

-1
Now we apply Example 3.6 which yields that condition (9) is satisfied for Re A large
enough if

a(K +1) < ||w||~h
In particular, this is the case if (K +1) < (|v| + [|el]1) 7
Now Theorem 3.3 yields the following proposition:
Proposition 4.1. Let (A, D(A)) be the generator of a bounded analytic semigroup

on a Banach space X with K := supg, xs¢ [[AR(X, A)|| and let B be a linear operator
in X bounded from D(A) to X such that there are numbers o, 3 > 0 with

[Bz|| < af|Az|| + 5]z

forallw € D(A). Lety € C and a € L'([-1,0]) such that a(K+1) < (|y|+|lall1)~!.
Then there ism € N such that (10) has a unique solution for all (?) € D(A™), where
A is the matriz operator associated to (10).

For a second application let X = LP(R) where 1 < p < co and let m > 2 be an
integer. We define the operator (A,,, D(Ay,)) by

A f =i fm if m is even,
and by

A f = f) if m is odd,
with domain D(A) := W™P(R) in LP(R).

Then (A, D(A,,)) generates a Cp-semigroup on X if and only if p = 2 ([12]). For
m = 2 this was proved first by Hormander [14] in 1960. If p # 2, (A, D(An))
generates an a-times integrated semigroup on X for o > |1 — ;1)| ([12]).

We again consider the Delay equation (10) where A = A, and (B, D(B)) is given
by
Bf:=Vv.f0®
with maximal domain
D(B):={f e L’(R): V- e L’(R)}
in LP(R). Here, V is a potential and [ € NU {0}.

We will use the following lemma from [15].
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Lemma 4.2. Let X = LP(R), 1 < p < 0o, and let one of the conditions

(1)1 < ;(m—1) and V € LP(R)
. (i) L =0 and V € LP(R) + L>(R)

hold true. Let (A, D(An)) and (B, D(B)) be defined as above. Then D(A) C D(B)
and for each M > 0 there is a \yy € R such that | BR(\, Ap)|| < M for all X € C
such that Re X > Ay

In particular, D(A) — D(B) — X and B € L£(D(B), X), since B is closed. If we
define ¥ and ® as above, then Example 3.6 yields that condition (9) is satisfied for
Re A large enough. We again use Theorem 3.3 and obtain

Proposition 4.3. Let X = LP(R) and let A = A,, and B be defined as above,
where

(i)lg%(m—l) and V € LP(R)
. (i) =0 and V € LP(R) + L®(R).

Let v € C and a € L'([-1,0]). Then there is n € N such that (10) has a unique
solution for all (;) € D(A™), where A is the matriz operator associated to (10).
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